Vector Caleulus
V.AdV = ||A.ndS
“ ( U ndS

bl
v

A Y “‘ » |‘ LIS I\ ~e "
corem gives a passage from volume integral to surface integral. It

Divergence th

he a0r ‘
18 r!““"“‘ll-'i‘“‘“‘ of Green's theorem in the plane and is called Green's theorem in
‘ ————
et .

+» GREEN'S THEOREMS

Ny Green's First Identity or Theorem

”“ovhr*(VQL(VW]dV = [[ve).ds R
¥ S

ed by substituting A = VY in (73).

This 18 casily obtain

en's Second ldentity or Theorem

[ @vew-weradv = [Ty -Toa @)
S

‘l
interchanging o and W in (74) and subtracting the result from
formation formulae in

are most frequently

1.22.2 Gre

btained by
encountered as trans

This 18 ©
(T4)- Green's jdentities
m:\thenmticnl physics.

pxample 47
2,2 k where S is the upper half surface

V(Tif_\' SIC'}\‘CS A = (.‘\7 - J!) i + _)'Z;j _ y

» theorem for
2. 2= 1 and C its boundary.

of the sphere b ki : .
The boundary Cof Sisa circle in xy-plane of radius unity and centre at the origin.
Let x = cosh, y =sin6, »=0, 0<0<2n be the pﬂrametric equations of C. Then,
§C A.dr= ﬁ:(x—y) dx +y2* dy - y*2* dz
2n
= j(cosB—sinG)(—sinGdG) = .
0 n
i j k
209 2
Also, UxA= |odx Oy )z C
x=1 yz2 = )'222 Fig. 1.34
=ww£—wﬁ+ﬂm+un=k
since z = 0.
Th
en JJ(VXA) ndS: ij nds = ‘”dx dy
Since n.k _ S R
tircle of unﬁs —dfix dy and R is the projection of S on the xy-plane. But the ared of the
radius is 7. Thus Stokes’ theorem is verified.
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Example 48

Gloen A = 3yi + 2 + 22k find | (VxA).n dSover the hemisphere x* + 2,
. J Y .) + b o
3 |

220

First method

i j k

VXxA= _0_ i -—a— = - 2k
ox dy oz
3y x 2z

Since this plane area is in the xy-plane, we have

-~ ~

A=k; (VXA .f=-2k.k=-2
so the integral is

2 [ds = -9 5o = 92

Second method
Using Stoke’s theorem we evaluate §c A.dr around the circle x* + y* = a® in the xy.ply,

§.A.dr = $Byi+aj+2eK) (d i +dy ] +dz k)
= §3ydx+xdy+22dz.

Put x = a cosh, dx = - @ sin® d0 ; y = a sinb, dy = a cosd db;
z2=0, with 0 <0 < 2n.

2n 2n
§A.dr =~ 3a® jsin20d9+a2 Jcoszede = - 2na’.
0 0

Example 49
12
Use the divergence theorem to show that JSA-dS = —S—TIRS where S is the sphere

radius R and A = ix® + jy® + k2.
[[A.ds = [[[ v.aav

d 3. 0 3
V. A= — 34—y +—
But 3 ay aZ

=327+ 3y" + 322 =32 + y? + 2% = 3R?,

3

since x2+ y?+ 2% = R?,

jA.ds = m3R2 dV = I(SRz)(4nR2 dR)
= 121 [R' dR = 15—2nR5.
Example 50

Evaluate § A . n dS over the closed surface of an open cylinder, of height-h and radius A
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Vector Caleulus

By the divergence theorem, this 1s equal to IV

Jdx Jy 2z
o, At B 0L _ 5

A 8—)' dz
$A.ndS = [v.Adv = [3dv =3V
Surface of Volume of
cylinder cylinder
= 3 times volume of cylinder = 3nR*h.
Example 51

Show that the radius vector r = xi +yj + zk is irrotational.

Solution

To show Vxr=0

i ) k
d J J [0z dy
v =l = —|=il=—-—
TR Ry e '(ay az]
X y z
{222
Jdx 0z dx dy
=0+0+0=0
Example 52
If ¢ = 423 + 3y2% - 2, find V29 at (1, -1, -1).
Solution
2 g 2
V2¢ = 8_9_4._5)_?_4. J (E
ox® dy° oz
= 24x + 0 + (6y — 62)
= [(24) (1) + (6) (<1) - (6) (1))
=24
Example 53

Show that A.(BxC) = (AxB).C

Solution
i j k
A.BxCQ) =(Ali+A2j+A3k)- B, B, B,
C, G Cy
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46 Mechanics of Particles, V

c, C, Cy
, A '
;lfl 2 ﬂ: _ B By By
= (‘" (7; C] Al A2 Aa
II . N
Cl C? C:l
A Ay Ay

= C(A)\B) = (AXB).C

Example 54

Find v(_]TJ where r is position veclor.

Solution
1 . d P
V5| =|i—+j—+k— ) -
(’2) (336 ey z](T EES e
(2ﬂ+2>1+2’k) _ =2(xi+ yj + zh)
(x% + y% 4 22)2 r
_ “2r
r4
Example 55

Prove that V . r = 3 (r is a position vector). [OU March’97) (OU March 99

Solution
V.r= 1—+'i+ki (xi + yj+ 2k)
dox Jay 0z %
dx dy oz 3
=$+$+8_2=1+1+1:3 (Refer Example 2

Example 56

For scalar function &(x, y, 2) and a vector A = Al + A
=9 (VX A) + Vo x A,

yd + Ak show that v x (oA

Solution
VX (0A) =V X (04,1 + 04,j + 04, k)

1 j k
R )
“lax 3y %z

A, A, A,
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Veetor Calenlus 477

.
24, 90, 34y dody). [ 24y 30y 04y 0%, }k
+[, R I T T A

d4; 04y ). gf_x,__a_faq_].+(gﬁ a/\) }
- °K_ay_- % )”( 2 o ) \ax oy
. %,
3, 20, )., (%, _30,1); (a“ ) ]
+ {(8_):‘43—‘8_2-‘42)1*-(82‘41 axA3 J a 2 ay 1

i ) k
d I 9
=Vt IS ¥
A Ay A

= o(V x A) + (Vo) X A

Example 57
If ¢ is a scalar quanlity show that curl (grad ¢) = 0.
Solution
Cux (304,98 §g¢_k)
VX(VQ)—VX('—xl+ayJ % .
1 ] k
9 9 9]
_|ox oy 02
L ]
d0x dy oz
= i(a_ﬁb)_.i 3, 1(2@)__(99)]
9 \32) 32 \ay)|' |3x\3z) 0z \3x
i(a_ﬁb _i(?i)
dx \dy ) dy\ox
= _azi azq) ‘ 82¢ a2¢ .+{ﬂ_ﬂi\k
yoz azay - axaz_?);é; ) dxdy ayax
=0
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Yannde ai
bad V9 where ¢ = log|r|

Sohition

1
— | = — 2 "
vl vty ot 2k Then || = ‘/xQ 3 y2 +z2 and ¢ = log |r| 2 log (x .yt Y

» l > , 0 a
Vo= = Vieg (* +y* - 29

.~

(. d

J 2 2 2
l‘lis—log(.\‘ﬁ+y2+z2)+jailog(x2+)’2+22)+k52']°g(x ey
- ox 'y

1 [, 2x .9y +ka’_2’z_'3___}

Y 2

o Ry ) J 2
‘21.\‘3+y*+22 Liylez? xE+yitz

xi+yj+zk _ U
rQ r2

Example 59
Prove that V.(A+B) = V.A+V.B.

Solution
Let A = Aji+Ayj+A4sk, B = Bji+B,j+Bsk.
Then,
V.(A+B) = —i+"a‘:+ik] [(A +B))i+(4, +B,)j+(A; + B )k]
A =T e )+ (4
= —(A1+B)+ (Ag +Bz)+ (A3+B3)
_ afl, +aBl +aA2 +832 +8A3 +833
dx dx Jy dy I o
= (£1+8—J+a k) (AT + Ayj + Ayk)
+[~1+~ +ik
ox Jd J -(Bll+BZJ+B3k)
=V.A+v.B
Example 60

Show that diy (0A) = odiv A 4+ A .grad ¢
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e - 22)
IETAEE: VR L A

-1”"0" . = V A.1+04,)+ ¢A k)
) g BA) v(eA) = V. (@A + ) 84,
.,@1 )o—)—w\ )*IW\ y)
dx
Uiy ‘-‘ ,‘
Pl A+ 00 Ay, 99 A, + _,’7_\_; )i’\ r g—L
™ dx  dy dy dz dz
_ ﬂi’_.*ge..i' Q"?‘k]‘(.“l; Y -"'-»:i A 4'\‘l.()
- 01‘ (.))' 0z /
J d- d . s . .1
O, 954 =k|. (A +A,]+Ak)
,Q(arnayj % ) (A, 2) )
= (Vo). A+Q(V.A)
example 61 : . _
h=b j(.l’! +y%) + k(yz + ), then find the value of curl A at (1, -1, 1)
Solution
A= VxA
; F k
1 J
-l d
Jioa 2. i[——(ﬂ“-
It dy 02 dy
y 12+y‘ yz+zx
~| 3 o 0 a)']
# k| — (" +y) -
[ax( dy
=(3_0)'i - zj + (2 - Dk
=‘.l —‘,J + (r) - l)k
= (1)| - (1), + (@) - 1k
= | - ) + k
Bample g
R
&dx‘he value of the constant ‘a’ for which the vector A
' @) is a solenoidal vector.
SO'UhQn

AV&C

)

o
ox )

d

rAj 2t muEr o »
A'is solenoidal if its divergence is zero.

div A = . . ; .
lvAsv_A:(.la -——+k§-).[i(!+}’)+3(}'—2'

dy

-~

- a‘x(1+y)+-$_(y-gz)+i(x+az)

ay

(¢4

?)+[((x+a-’)]‘

-
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50 Mechanics of Particles, Waves & Oscillations

=1+1+a=0

a=-=2

Example 63

Evaluate div F where F = 2x% — .\‘y22j + 3y*x.

Solution
divF= V.F = i-a-+ji+12—a- C(2x%2i - xy%zj + 3y*xk)
ox "dy oz
d d d 0.2
= —(2x32) + — (- xyP2) + — (By"x)
PR Aol A
= 6x%z — 2xyz + 0
= 6x%z -~ 2xyz
Example 64
If £=xy%i + 2x%z) - 3y22k find curl fat (1, -1, 1)
)
Solution /(%’
@,
A 5 : @
i j k . O)‘\
Curl f=V xf= i i _8_ 4
dx  dy 0z ‘)
xy? 2x%yz - 3yZ’ g

[a NI :_[i_ 2y 0 2]?
_-g(_3yz)—az(2x yz) |1 Bx( 3yz*") az(x}’)J

E) 2 8 2 >
- . k
+ [ » (2x7yz) 7 (xy )J

= [- 322 - 2x%y] P - [0 + 0];' + [dxyz - 2xy]};
= (=322 - 22%)i + (0)] + (dxyz - 2xy)k
=i - 2k

where we have put x =1, y=-1 and z = 1.

Example 65
Show that the force F = (y? - x2)§ + 2xy} IS conservalive.

Solution
To show VXF =0

i i k
0 d 0 s 0 2 d, 2 2
vxF =| 2 2 921 ilo-ZLax|-jlo-Z —x)]
% 9y o '[ 3z o )J J[ % f}
yi-x? 2xy 0 !
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f1) | =t~y
\

TEOT Ualenlyg o\
3 i\ =+ \.{ —(l‘ (2xy) 0 : 2
/’3//71 f Mt Mt = Nieine o 3;.&.\" ) x‘\\
. ) — :0-\-0*‘\1(0'“‘)
M i o
;(‘U’\il\ O -
example 6

,-,ul ” f.onds, where T = dxzi - yzj +yzk and S is the surf
)

‘ ace of a cybe bounded by
)v‘il y=0y=1Lz=0andz=1
20,07

Solution

y fhe divergence theorem, the required integral is equal to

mv JdV = m {% (4x2) + a% (=¥ + g—z (yZ)\dV

/
? \

1
_ j{j(!lz—y)dv . ‘ g S(Az—y)dzdydx
x=0 y=0 2=0
1 . 321 [
- j J‘ZZ —yz\zzodydx = S &(‘Z—y)dydx :3—
x=0 y=0 x=0 y=0 ‘Z

g
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