can then make the following definition. : ‘ R

Dimension

 EXAMPLE 8/

° &

v |

DEFINITION  The dimension of a nonzero vector space V is the number of
. . basis for V. We often write dim V for the dim;nsion of V. Since thec.

zero.

The dimension of R? is 2; the dimension of R3is3; and in general, th,
sion of R" is n. ‘ 1

@\ al=7  The dimension of P, is 3; the dimension of P; is 4; and in general,
sion of P, isn +1. :

. It'can be shown that all finite-dimensional vector spaces of the g
- menision differ only in the nature of their elements; thetr algebraic pmy
are.identical. , . ; :

It can also be shown that if V' is a finite-dimensional vector space, i

ery nonzero subspace W of V has a finite basis and din W < dimV
T2): ' ‘

+

The subspace W of R? considered in Example 5 ha§ dimension 2.

We might also consider the subspaces of R? [recall that R? canb
as the (x, y)-plane]. First, we have {0} and R?, the trivial subsp
mension 0 and 2, respectively. Now the subspace V of ‘R? spannedty
v # 0is a one-dimensional subspace of R?; V is x_gpresentéd by ali’
the origin. Thus the subspaces of R? are {0}, R%,, ~ "'the lines

linearly dependent, it is natural to say that the vector space {0} hag dinq‘
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k you to show (Exercise T.8) that the subspaces of R3 .
all planes through the origin.

"+ 1 vectorg i 1 ' a vector space V has dimension n, then any set of
more thap ,, VeCiore | CCess'an!y linearly dependent (Exercise T.3). Any set of
g 1s linearly dependen;. Thus the four vectors in R3 -

can span v (1 SPace Vg of dimension n, thep, no set of n — 1 vectors in
Pi(t) and , 1) d in Example 3 of Section 6.3, polynomials
Pa(r) do n » Which is of dimensjon 3. ,
€ now Come
times ip : o ; . et

Sl \C\(])nsltruum aS1s containing a 8iven set of linearly independent

foll o e shall Jegy, the proof as an exercise (Exercige T.5). The example
/ Ollowing the theore completely ,

_" ' < imitates the proof.
THEOREM 6.8 | IfSisa linearly independen ina fini
Vv )

Lset of vectors in'q finite-dimensional vector space
Jor V, which contains S, i =

/- ~ Theorem 6.8 says that 3 Iinear
U _

ly indépendent set of vectors in a vector
Space V cap be ex :

tended tg a basis for v,
€ wish to find a t;as
=(=1,1, —=1,0).

We use Theorem 6.8 as follows, FiAr‘st,A let {e), e;, e;, €3} be the natura]
basis for R4, where Y .

is for R* that containg the vectors v; =

€ =(1,0,0,0) ©=(0,1.00), &=, 1,0),

" and ' : v
: ey =‘(0., 0,0,1).

Form the set § = 4{v1;v2,e,,e2,é3, ¢4). Since (e\'l, €2. €3, e4} spans R so

does S. We now us¢ the alternative proof of Theofem 6.6 to find a subset of §
that is a basis for g4, Thus, we form Equation (3), -

CIY1 +c2va + c3e) + C4€2 + cse3 + chey = 0,

which leads to the homogeneous system

€I —C2 4¢3 o =0
— ’
- +cy =
Cl — 0 + ¢s =(
7 =0

TranSforming the augmented matrix o reduced row echelon form, we obtain

rif /
(verlfy) L0 0 "1 g
0 1 o0 1 o 0:0
0 0 1 0 -1 0 0 0
0 0 0 o o 1o
=Since the leading 1’s appear in ens L 2, 3, and 6, we 0 e
(V1. V2, €1, e} is a basis for R containing v and y,. | p
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From the definition of a basis, a set of vectors in a vector gy, £

basis for V if it spans V and is lintarly independent. However, if we e

- the additional information that the dimension of V is n, we neeq onl
/ one of the two conditions. This is the content of the following theore

v

LIS AN R Lot V be an n-dimensional vector space, and let S = {vy, vy, . AP

of n vectors ih V.

(a) If S is linearly independent, then it is a basis for V.
(b) If S spans V, then it is a basis for V.

Proof Excrcise T.6.

As a particular application of Theorem 6.9, we have the follgy;
determine if a subset S of R” is a basis for R", first count the
l elements in S. If S has n elements, we can use either part (a) or pga

Theorem 6.9 10 determine whether S is or is not a basis. If S does g 5'
elements, it is not a basis for R”. (Why?) The same line of reasoning pd 2
1o any vector space or subspace whose dimension is known. .

m In Example S, W = span S is a subspace of R*, so dimW <4 g

contains five vectors, we conclude by Corollary 6.1 that § is not abg
W. In Example 2, since dim RY = 4 and the set S contains four vecy
possible for S to be a basis for R*. If S is linearly independent or spafi €
it is a basis: otherwise it is not a basis. Thus, we need only check on
J conditions in Theorem 6.9, not both. '

6.4 Exercises - By o _
(b (12 + 21 — 1,262 + 31 —2).

i 1. Which of the following sets of vectors are bases for R*? ..

‘r (a) {(1.3). (1, =), (©) 112+l.3f2+21.3l’2+21+l.612+6:+31
B () {(0.0).(1.2).(2.4)). @ B +2+ L2+ L2+

o

(c) i 2).(2.-3).(3.2)). 5. Which of the following sets of vectors aret:\.x-s'*;

@ | +203 +30,20 + 1,60 + 812 +6r+4 |
P2 41+ 1) i
) P+ + 10 =1L+ +1). f
3 2 ) 3 2
() (L =1).(2.3,4).¢4. 1. =1). (0, 1, = D)). (c) {r‘+tﬂ+r+l.r -1|-211+t+3.
. 20402 +3r+2, 0+ 12 +2+2)
€ 13.2.2).(-1.2.1), 0. 1.0)}.

“ p)
¥ -+ + 1, —1).
-f" () 1(1.0.0).(0.2. =1). (3.4, 1).(0. 1, 0)}. @i + )
4

{@) {(1.3).(=2.6)].

| 2. Which of the following sets of vectors are bases for R*?
| (@) [(1.2,0110,1.=1)).

6. Show that the matrices

B g ) B

form a basis for the vector space M.

~3. Which of the following sets of vectors are bases for R*?
(2) {(1.0.0.1).{0.1.0.0). (1. 1. 1, ). (0. 1,1, D).
(b) {(1.-1,0.2).(3.-1.2. 1).(1.0.0,1)).

<) f1=2,4.6.4),(0.1.2,0).(=1.2.3,2),
(=3,2,5.6).(-2.—1,0,4)).

In Exercises 7 and 8, determine which of the giwﬂ.d
forms a basis for R®. Express the vector (2. 1,3

(d) ((0.0.1,1).(=1.1,1.2). (1.1.0.0), 2. 1,2, D))

. 4. Which of the_ following sets of vectors are bases for P,?
“‘-\ ! @ (P +14+2,2° + 2 +3,4° = 1}.

combination of the vectors in each subset that is®
7. @ (1, 1,1).(1,2,3), (0. 1.0)).
- (b) {(1,2,3),(2,1,3),(0,0,0)).



1. (12,10 (1, 1, 4), (1,5, 1))
L. (2.2.0). (3.4 — D).

\\ [(=
‘\ “
ey Qand 10, determine which of the given subsets

- Lu,,q,far P:. Express 5t — 3t + 8 as a linear
p sion of the vectors in each subsct that is a basis.

r,[;ur-—l ¢4 1}
L= 1)
'lx,{ﬁ+r.1’.rz+l}.
wif+ 1.5 =+ 1)
FMS = [vi. V2. V3. V4), where

vy =(1.2,2), va=(3.2. 1L
“vy=(11,10,7), and = (7.6.4).°

1 £nd 2 basis for the subspace W = span S of R*. What
sdmW?
Lot = (¥1. V2. V3. Vi, V5], where
vi=(,1,0,—-1), v2=(0.1,2, D).
vy=(1.0,1,—1), i.—6.—=3).

wdvs = (=1, —5, 1, 0). Find a basis for the subspace
¥ =span S of R*. What is dim W?

Yy = (].

Consider the following subset of Pi:

20+ 1,07+ 1,2° =21,
26 + 313 — 4¢ + 3).»

Find a basis for the subspace W = span S. What is

g alb

- S={P +1% —

_I{v o o 1 1
O 1| |y o} 1
fird a basis for the subspace W = span § of Msa.

& & Find a basis for Mq What is the dimension of M2;7?
E&nenhzc to M,,

Consider the foilowmg subset of the vector space of all
7t rd-valued functions A

‘ - § = (cos®t, sin’ t, cos 2r}.
Flndabasns for the subspace W = span S. What s

'Exucues 17 and 18. find a basis for the given subspaces

s
. ? @) Al vectors of the form (a. b. ¢), where b = a +c
® All vectors of the form (a. b. ¢). where b = a.

Q ) An vectors of the form (a. b. ¢), where
UB+b—¢c=0.

r U All vectors of the form (a. b, ), where a = 0.

b(“

-
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(h) All vectorsof the form (a+c.a~b.b+c. —a + §)

(c) All vectors of the form (a. b, ¢), where
a—-b+5=0

It Exercises 19 arnd 20, find the dimensions of the zeven
subspaces of R*
19. (2) All vectors of the form(a. b.c.d). whered = g +5b

by All ve
and d =

ctors of the form (a. b.c.d). wherec =g —
a+b.

M. (a) All vectors of the form (a. b.c. d). wherea = b,
{(b) All vectors of the form
(a+c.—a+b.—b—c,.a+b+2c)
21. Find a basis for the subspace of P; consisting of all

vectors of the form ar® + bt + ¢, where c = 22 - 3p.

22. Find a basis for the subspace of P, consisting of all
vectors of the formar® + bt + cr + d. wherea = bang
c=d. -

23. Find the dimensions of the subspaces of R spanned by
the vectors in Exercise |.

24. Find the dimensions of the subspaces of R’ spanned by
the vectors in Exercise 2.

25. Find the dimensions of the subspaces of R* spanned by
the vectors in Exarcise 3.

26. Find the dimension of the subspace of P> consisung of
all vectors of the form at” + bt + c. wherec = b = 2a.

27. Find the dimension of the subspace of Py consisting of
all vectors of the form ar’ + 5r? + cr + d. where
b=3a—-3dandc=d +3a.

28. Find 2 basis for R* that includes the vectors
(a) (1.0 2).
(b) (1.0.2)and (O, 1. 3.

29. Find a basis for R* that includes the vectors (1,0.1.0)
and (0. 1. —1,0).

30. Find all values of @ for which {(a*.0. 1).({0.a,2)
(1.0, 1)} 1s 2 basis for R°.

31. Find a basis for the subspace W of M), consisting of all
SYmMmetne matngces.

32. Find a basis for the subspace of My, consisting of all
diagonal matrnices.

33. Give an example of a two-dimegsional subspace of R*.

34, Give an example of a m—odihcnsionﬂ subspace of Ps.

In Exercises 35 and 36, find a basis for the given plane.
35. 2v — 3v +4: = 0. 36. x+y—-3:=0.
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Theoretical Exercises

Tj ST g s

- T1. Suppose thar m the nonzero vector ypace V, the langest T.1L Lt § = (Vi V2, o Va)
miember of vectons 10 2 hnearly independent ect 18 m. ‘ ‘
¥ Show that ot of m lincart 1" o o i zero vectors in a vector space V o }
Show that any st of m hincarly independent vectors in be a set of nonzer w

) / ye written inone ;
Vo a basis for hat every vector in v Cﬂn. t ) ho and
g = near combination of the VeTlors ja s

~way as a li :
e asis for V.

T2 Show thatsf Vo a fimte<himensional vector space., s
Show that $ 1520

then cvery nonzero subspace W of V7 has a finite basis
and dim W =< dim V

that
T.12. Suppose (VieVaeo--o val

ow thatif Alisann xn

T3, Show that if dm V = », then any n 4+ 1 vectors in V

lineariy dependent”
are iy GCy e basis fol’ R’l. Sh

— i

T4, Show thatif dimV = n then nosetol r — 1 vectors in : nonsingular matrix. then
V' can xpan V A(Av;.Av;.,...Aan
€. Pro . int: See Exercise T.10j,
TS Pr \F Thearem 6.8 i« also a basis for R". (Hint: S_ce 103 /5
T.6. Prove Theorem 69 Section 6.3.) 5'
.7. Show that if W 1y a subspace of a finite-dimensional T.13. SUPPO_;C that
vector space Vand im % = dim V, then W = V. Avi. V2o Va)
T . " i . " i n ]
T.8. Show that the subspaces of R are {0}, R®. all lines is a lincarly independent set of veclors "LR andly.
through the onigm, and all planes through the origin. be a singular matrix. Prove or disprove that {
. = i y |
B T9. Show thatdf {v, . v.. . v, 1s 2 basis for a vector {Avi. AVa, .o Avnl -
1 space V and ¢ = (. then fcv,. v ..., v,]isalsoa - ; : ‘
& basis for V. | » is linearly independent. . r
- S P of all polynomialsi, -
T30, Let S = v, v.. vy be a basis for vector space V. T.14. Show that the vector sl_lac:e - lﬁ;my d‘;
: ‘ finite-dimensional. [Fint: Suppo ¢

Then show that T = {w,> w.. w; ). where
(pr(0). p2(t)eoevs pe()}

is a finite basis for P. Let d; = degree p;(r). ¥

" =\‘."‘:""\"\.

‘ W =Wy -V, iy
% J e Establish a contradiction.] ,
4 _l |
! e e T.15. Show that the set of vectors {r", ¢"7 1 ... 1. 1}inf,
‘ 4 W i o 7, . linearly independent. :
: p a
] MATLAB Exercises !
N H y g ]
) In order 10 use M ATLAB 1 this section, you shpuld have ML.1. S ={(1.2.1).(2, 1,'1), (2.2, D}in} _ R :
read Section |27 In the following exercises we relate the ML2. S ={2r— 2. P P 2¢2 — 8t +4)in y=!

. el CS LR . ;
theony developed in the section to computational procedures
i1 MATLAE 1har aud in analvzing the situation.

Todetermine sfaser S = {v,, v,..... Ty g e

ML.3..S = {(1.1.0,0). (2, 1. 1. =1, (0.0. 1. 1),
(1.2.1.2)}in V = R*.

vector space V. the definition requires that we show span Mi4. S=((1,2,1,0),(2. 1.3, D. (2, —2.4.2)]in
S =V und S is linearly independent. However. if we know V = span S.
that & V = k. then Thearem 6.9 implies that we need only [
Sl Sl gt ML.5. S=4(1.2,1.0),(2. 1.3, 1), (2.2, 1.2)}n
1. show that either span S = V or § is linearly independent. v __L( an S ek )
g/ The linear independence. in this special case, is easily e for
i1 - aralyzed using MATLAEB 's rref command Construct the : ML.6. V = the subspace of R? of all vectors of the fo®
d/ homageneous system Ax = 0 associated with the linear (@.b,c), where b = 2a — ¢ and
1 i independence/deperdence question. Then S is linearly $=10.1.=D. (1. 1, Dh}.
41 independent if und only if ¢
B ) In Exercises ML.7 through ML.9, use MATLAB'S l’"_" ]
= / L command to determine a subset of S that is a basis Jors
rref(A) = . .
{ | 0 S. See Example 5.
4 j
%‘; In Exercises ML 1 through ML.6, if this special case can be ML.7. § = ((1,1,0,0), (-2, —2,0,0), (1,0,2, 1)
4 applied. do so: otherwise, determine if S is a basis for V in (2.1,2, 1), (0, 1, 1, 1)).
' | the conventional manner- , Whatis dim span $? Does span § = R*?
'x ¢ .



