Sec. 12.4 Lagrange's Equations of Motion for a Single Particle 469

; ote
T in terms of Cartesian coordinates and then write 7' in terms of Lunu‘xh/cd (.OOI'(lln(llL,:] ,f:\lllu
. : HYOT!
that we are using T instead of K for kinelic energy.) Let x, y, and z be Cartesian ¢¢ ¢

[c in Cartesian
while gy, g, . . . . g, are generalized coordinates. The kinctic energy of the partic
coordinates is

: . . 12.15)
1= %m(,;‘2 + '),2 S _ (
(12.16)
since X =x(qy, Qg+ - -+ q,) = X(G) ;
(12.17)
similarly oy =q), z2=4Aq)
we can evaluate x in terms of g, by the following procedure:
_ oxdq  Ox g, 04
dq, ot dq, ot dq, dt
L 0x (")ql " Ox . (]2 18)
= — g = x(q, q) 4o
= 25 E ag, Ik = i

Thus we can describe the different components of velocity in terms of the gencmh/cd coordi-
nates g, and gencralized velocitics g,; that is,

X=x(q.9). y=y@qq, z=24q.q) (12.19)

We may now write Eq. (12.15) for kinetic energy as

T = smlx*q, q) + y%q, ) + 2%q, ¢)] (12.20)
Taking the derivative with respect to the generalized velocity ¢,.
| T Lo L ay L o7
— = m(x ooty w2 + Z di)
g, dq, aq, Y,
Using Lq. (12.18), we may write ' ' ‘

% _ o
0g, 54, (12.22)
Note that dx/dg, is the coefficient of ¢, in the expression of % in Eq_ (] i
. . . . ' . 2. ] . R N | y -
and similar expressions for other terms in Eq. (12.21), z G 18) Substituting this
T ( LI ax €
S oo mx Tty 4
| 99 99, og, qu) (12.23)
Now differentiatc both sides of this equation with respect to ¢ I
d [ a7 . Ox dy dz
== ) =y 4 my bomz 4 d [ ox .d (9
dt (aqk) ™ aq, 9 ag, T ( by = (%
. k k ]k dt aqk (It r')qk
d ( 0z )
+ mz - |-—
dt \dg, (12.24)
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To simplify the last three terms on the right side, we usc the fact that d/dt and 0194, are

interchangeable.
L (’f’i) oo (Fli‘) = 5 (12.25)
dr \oq, dg, \dt 94y
T'hus the fourth term on the right of Eq. (12.24) may be written as
mi () i 2 (2 i) (12.26)
dt \dg, dq,  dg; \2

with similar expressions for other terms. Also note that
Fo=mx, F,=my, F,=mz (12.27)
Combining Egs. (12.25) and (12.26) with Eq. (12.24), we obtain

d (adT 0x ay 0z g |1 ., : -5
() = F, _(»-— = Fo="= = - [—;71(.1'“ + y? Z“)J (12.28)
dr \dq, ag, T g, aqy 7n

Using the definition of generalized force and kinetic energy given by Eqgs. (12.8) and (12.20),

; " .

0. = F,-g + F,- Y. + F, d_z (12.8)
9q, ~ dq, ag,

T = mxq, §) + yXq. ¢) + 2%q, §)) (12.20)

in Bq. (12.28) gives

d (()T) oT
—=| =10, = (12.29)

dr \dg, £ og,
These differential equations in generalized coordinates describe the motion of 2 particle and are

known as Lagrange’s equations of motion.

Lagrange’s equations take a much simpler form if the motion is in a conservative force
field so that

A%
O =~ 92, (12.30)
which on substituting in Eq. (12.29) yields
d [T’ oT oV
d_t (971:) = G;IL - Eq_k (12.31)

Let us define a Lagrangian function L as the difference between the kinetic encrgy and poten-
tial energy; that is,

L=T-V or Lgq) =1 q) — Vg (12.32)
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Itis important to know that, if Vis a function of the gener

1 : “the gen
] iti alized coordinates and not of the
eralized velocities, then

6g;
[If V'is not independent of velocity g, then v = V(g, q) will lead to a tensor force, which we
will not discuss here.] Thus we may write

- s
V=Wg and 2 =g (=9

aL a aT
— = —(T-V)= _.
ep 9G ' gy
dL Ja .. aT oV
=0 -V= -
()qk qu ' aq; ()Qk
- Substituting these results in Eq. (12.31) yields | '
d (_ag) _aL_ (12.34)
dr \dq, 0qy

which are Lagrange’s equations describing the motion of a particle ina Conservativ.(: force field. .
To solve these equations, we must know the Lagrangian function L in the appropriate general-
ized coordinates. Since energy is a scalar quantity, the Lagrangian L is a scalar function. Thus
the Lagrangian L will be invariant with respect to coordinate transformations. This means that
the Lagrangian gives the same description of the system under given conditions no matter which

generalized coordinates are used. Thus Eq. (12.34) describes the motion of a particle moving

in a conservative force field in terms of any generalized coordinates.
N
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