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7.6.2 Simpson's Rules (Composite Forms)

In deriving Eq. (7.43), the Simpson’s 1/3 rule, we have used two Sibui

of equal width. In order to get a composite foﬂﬂlfla, we shall divide the j,,
of integration [a, ] into an even number of sub-intervals say 2N, €ach of w'.n“
(b — a)/2N, thereby we have xo = @, Xj, --» Xan = b a?nd et Rl 4™ ld&‘
..<s (2N = 1). Thus, the definite integral / can be written as g

x2 * 2y
I= j: f(x)dx = Lo f(x)dx + Lz f(x)dx+ -+ f,m_z f(x) ax 0y

Applying Simpson’s 1/3 rule as in Eq. (7.43) to each of the integrals op g, igh,
hand side of Eq. (7.50), we obtain

1= ‘;1[(}’0 +4y + ) + (y2 +4y3 +yg) + -
. N 5_.@Gv)
+ (Yan-2 + 4yon + yan)] — 9_0h ¥ (&)
That is,
x. h
o S dx= 300 + 401 +ys + - +yon)

+2(y; + ¥4 + ©* + y3n_3) + Ya5] + Error term (3]

This formula is called composite Simpson’s 1/3 rule. The error term E, which is
also called global error, is given by '

N s XN — X0 L4 (v)
E= - Spsying = _ X — %
e (3] e y™é %)

for some ¢ in [xg, x,y]. Thus, in Simpson’s 1/3 rule, the global error is of O(k').

Similarly in deriving composite Simpson’s 3/8 rule, we divide the interval of
integration into n sub-intervals, where n is divisible by 3, and applying the
integration formula (7.44) to each of the integral given below

I:f(x)dX=I:f(1)dx+j:f(x)dx+ +J;"_3f(x)dx

we obtain the composite form of Simpson’s 3/8 rule as

b 3
_L f(x) dx = Eh[)’(a) 30 43y, 42y, +3y, +3y, + 2y +

53)
+2y, 3+3y,., + 3Ypy * Y(B)]
with the global error E given by

X 4
E = - 2 )y W) ¢
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E<
r‘ms. (7.52) and (7.54), the global error in Simpson’s

: f the same order. However, if we consider the magnitudes
otice that Simpson’s 1/3 rule is superior to Simpson’s

we consider few examples,

¥ 378 rules a1 ©

¢ :
zfsd:ulc- vl
i 1.6 Find the api)roximate value of

{lustration,

i
E”mple

y:j:sin x dx

(ii) Simpson’s 1/3 rule by dividing the range of

: ﬁapezoidal rule,
ulate the percentage error from its true value

us::ﬂ Jtion into six equal parts. Calc
p

cases.
1 both the

n We shall at first divide the range of integration (0, m) into

Jutio
, : :;ml parts SO that each part is of width /6 and write down the table of
? :
alues: :
/i .I
X 0 n/6 n/3 n/2 2n/3  5ml6 /
y:sinx 00 05 0.8660 10 0.8660 05 00

——

Applying trapezoidal rule, we have

‘ ity h ,

jo sin x dx = 5[)’0 +y, + 200 +Y2 t Y3 T s +¥s)]
Here, h, the width of the interval is 7/6. Therefore,

y=["sin xdx = 11‘2- [0+0+2(3732)] = 9'—1-2-1-5- x 3732 = 19540

_;Al‘plying Simpson’s 1/3 rule (7.41‘), we have

L4
! h |
Ljum rdr= —3-[y0 +Y, +40q +y; tYs) 20y, +ya)!

u \
e alsog (4 % 2) + (2)(L732)] = 3'11:15 x 11464 = 2.0008

K
Wthe actual value of the integral is

g

Jo

Henge
- W the case of trapezoidal rule

sin x dx = [—cos x]5 =2

2 - 1954

pe
feentage of error = s 100 = 2.3
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'hile 1 : sentage error is
While in the case of Simpson’s rule the percentdg

2 - 2.0008 % 100 = 0.04 (sign ignored)
2

Example 7.7 From the foliowing data, estimate the vaise of

Ls log xdx

using Simpson’s 1/3 rulve. Also, obtain the value of A, so that the vajye of g

integral will be accurate up to five decimal places.

x TR T T TR T T
= logx 00000 04055 06931 09163 10986 12528 13863 15041 14
A Lo

Solution We have from the data, n=0,1, ..., 8, and & = 0.5. Now Using

Simpspn’s 1/3 rule,
5 h
Jl log x dx = 3 [yp +¥g +4(y +Y3+)s +y7) + 2(y; + Y4 +¥))
= %5— [(0 + 1.6094) + 4(4.0787) + 2(3.178)]

4 9;2(1.6094 + 163148 + 6356)

= 4.0467

The error in Simpson’s rule is given by

E= ﬁ’%-s:-o—xg hnt yl(i") © (ignoring the sign)

Since

(iv) = _.

»w

s nk
x2', y x}s ¥y

’

] i)
y = log x, Bt y r

iv) = : iv o2
fﬁai‘s”(w ®x)=6,  Min_ y™ (x) = 0.0096

Therefore, the error bounds are given by

4
(0.0096)(4)h g0 6)(@)h*
180 180

If the result is ¢o be accurate up to five decimal places, then

24h*

-S
180 <10
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Nume
o mmm—

i

o
gt 0 000075 or h < 0.09. It may be noted that the actual value of

ot 15

e
' jslog.xdxz[xlogx—X]f=510g5—4

178 Evaluate the integral

E“mplf
1 dx
T oy 4+ x?
2 (i) trapezoidal rule, (ii) Simpson's 1/3 rule by taking h = 1/4. Hence, compute
‘é!s:nsppmximate value of 7.
Solution At first, we shall tabulate the function as
GoAEE TR 1/4 12 3/4 1
LR e D 00! e I 0.5000
1+x

using trapezoidal rule, and taking h = 1/4
k!

1
i -’2'-[)10 vy + 200 + 3 40 = GllS + 223121 = 07828 ()
using Simpson’s 1/3 rule, and taking h = 1/4, we have

= %lyo +y0+ 40 +y3) + 2] = 1—12-[15 + 4(1512) + 1.6] = 0.7854 ()

" But the closed form solution to the given integral is

t J-; dx
0] +x
Equating (2) and (3), we get = 3.1416.

52 n
+[tan”' xJg = = 3)

2 4

e ———

Example 7.9 Compute the integral

{ =J-Tg-re"‘2’2 dx
T 0

Using Simpson’s 1/3 rule, taking » = 0.125.
mqﬂi:gtﬁon At the outset, we shall construct the table of the function as
\

2 0 0125 0250 0375 05 0625 0750 0875 1.0

V= le-ﬂrz I
0.7979 0. ; .
& il J, 0.7917 0.7733 0.7437 0.7041 0.6563 0.6023 0.5441 0.4839
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.

Using Simpson’s 1/3 rule, we have

I = g.[yo +yg + 40y + Y3 +¥s + Y1) + 2(y2 + Ya + Ye)]

01252670 + 04839 + 4(0.7917 + 0.7437 + 0.6563 + 0544

+ 2(0.7733 + 0.7041 + 0.6023)]

= %—23(12818 + 109432 + 4.1594) = 0.6827

Hence, I = 0.6827.

Example 7.10 A missile is launched from a ground station. The acceleratio
during its first 80 seconds of flight, as recorded, is given in the following table

t(s) O 109 20 <30 403 °50° &0 - 70 . 80
a (m/s®) 30 31.63 33.34 35.47 37.75 40.33 43.25 46.69 5067

compute the velocity of the missile when ¢ = 80 s, using Simpson’s 1/3 rule.

Solution Since acceleration is defined as the rate of change of velocity, we
have

_‘_jﬁ =a or V= [so d
dt T
Using Simpson’s 1/3-rule, we have

h
v = 3[()'0 +Yg) + 4y 3+ Y5+ y.) + 2(9y + 4 +Ye)]

10 ‘
— —5-[(30 +50.67) + 4(3163 + 3547 + 4033 + 46.69)

+ 2(33.34 + 37.75 + 43.25)]
= 3086.1 m/s
Therefore, the required velocity is given by v = 3.0861 km/s




P S o 55 T TR %

S8

7.8 DOUBLE INTEGRATION

i f the form
To evaluate numerically a double integral 0

o= [J'f(x’y) d"]dy |

0
y the linesx=a,x=b,y= c_’}""dwes%
pson’s ule, develop_ed in Sectionl;aﬂ
ble at a time. Noting that basy §
f values of the givep funey

over a rectangular region bounded bS'
employ either trapezoidal rule or Sim
repeatedly with respect to one ;?m:ion :
: : : ‘ a

Integrations are just a linecar combinad P i Oy
different values of the independent variable, we divide the interval [a, ) ity

equal sub-intervals of size h, such that 4 = (b —a) /N ;/;lnd'lt'?le Interval (c, 9y,
M equal sub-intervals of size k, so that k = (d — c)/M. Thus, we hay,

fori=12,..,N-1
fori=1,2,..., M-

x;=xg+ih, xo=a, xy=2>b,
Yi=yotik, yo=¢, ynu=4d,

Thus, we can generate a table of values of th.e integrand, and the aboy
procedure of integration is illustrated by considering a couple of example

Example 7.12 Evaluate the double integral
5
Chh g y

by using trapezoidal rule, with » = k = (.25.

Solution Taking x = 1,1.25,1.50,1.75, 2.0 and y = 1, 1.25, 1.50, 175,21
the following table is generated using the integrand

1
Sx, )= S
X % ikl
1.00 125 150 175 2.00

1.00 0.5 04444 o4 03636 0333
1.25 04444 04 03636 03333 0307
1.50 04 03636 * 03333 03077 0285
1.75 03636 03333 03077 gogs7 02667
2.00 033335 ,[03UIT ° 02887 02667 0B
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ing One€ variable say X fixed and varying the variable y, the
h‘; ;gn of tra pezmdal rule to each row in the above table gives
* [ 1) 0,2_5.[0 5 + 204444 + 0.4 + 0.3636) + 0.3333]

= 0.4062 (1)

s " 025104444 + 2(04 + 03636 + 03339) + 03077)
= 0.3682 @)

sz(l's’ y)dy = ggz[0.4 + 2(0.3636 + 0.3333 + 0.3077) + 0.2857]
| ®

= 0.3369

sz(1.75, ydy = 025 4 3636 + 2(0.3333 + 0.3077 + 02857) + 0.2667]
1
C))

= 0.3105

and

2 ;
f 12,y dy = 9-2—5-[0.3333 +2(0.3077 + 0.2857 + 0.2667) +0.25]

=0.2879 ®)

Therefore,

=L ?fy B r, ) +200(1.25,9) +/(1L5,9) + fAT5, 0 42 D)
©

Substituting Egs. (1)~(5) into Eq. (6), we get the required result as
025
I'==7104062 +2(0.3682 + 0.3369 + 0.3105) +0.2879] = 0.3407

Bample 7,13  Evaluate

InIZJﬂlz = dbdd

" wunerical double integration.

Sol :
lution Taking x = y = 0, 7/8, #/4, 3m/8, 7/2, we can gencrate the
table of the integrand

£, y) = Jsin(x +)




* Keeping one variable say x as fixed and y as variable, and applying trapeny
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P e R A
g /8 /4 37:/8\”/2
X S Al AN
0 0.0 06186  0.8409 0.9612 1o~
n/8 06186 08409 09612 10 0.96,,
7/4 0.8409 09612 1.0 0.9612 034y,
37/8 0.9612 1.0 0.9612 g.z?gz 0618 |,
~ . 9612 0.8409 ; 00
n/2 1.0 0 Ly

rule to each row of the above table, we get

n/2 V(4 ! : 2) + 0]=
[0 a =-l—6[0.0+2(0.6186+0.8409+0961) 1.0] = 1145

n/2 T :
fo f (E’ y) dx= ’; [0.6186 + 2(0.8409 + 0.9612 + 1.0) + 0.9612] = 1 41

16
Similarly, we get
%2 (® ‘ z2( 3@ 2
fo S (Z’ y) dc = 14778, | (?, y) dx = 1.4106,
and '

N dx = 1.146
o |307) &= 11469

Using these results, we’ﬁnally obtain

04 ‘

n/2 n‘li.‘"
jo Io y= (“Y)d"d)’-‘-%{f(O,yHZ[f(%,y) +f(£-y]

or (.o (35)

=Z 109
= 16 [1-1469 +2(1.4106 + 1.4778 + 14

+1.1469] = 2.1386



