6.5 LAGRANGE’S INTERPOLATION FORMULA

Newton's interpolation formulae developed in the earlier sections can be used
only when the values of the independent variable x are equally spaced. Also
(e differences of y must ultimately become small. If the values of the
independent variable are not given at equidistant intervals, then we have the
ic formula associated with the name of Lagrange which is derived as follows:
Let y = f(x) be a function which takes the values Yo, Y1, Y2 ---> Vn
corresponding to xg, Xy, X3, ..., Xp Since there are (n + 1) values of y
corresponding to (n + 1) values of x, we can represent the function f(x) by a
polynomial of degree n. Suppose we write this polynomial in the form

fx) =dg + 4 X + - + A,
or, more conveniently, in the form
y=f() = ap (x — x1) (x — x2) --- (@ —=xa) T & (x — x0) (x — X3) -+ (x — Xn)
+ay(x — xp) (x —xp) - (F—xp) ¥ ¥ an(x - Xo) (x — Xxy)---(x — Xp1)
(6.36)

Here, the coefficients a, are so chosen as to satisfy Eq. (6.36) by th~ (n + 1) pairs
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(x;, y;). Thus, Eq. (6.36) yields | N
Yo =S (x) = ag (o — X1) (X0 = %2) ... (¥ - x,)
Therefore,
A Yo
: —, (xp = x)(xp — X3) *** (xp — x,,)
Similarly, we obtain :
¥ N
Gy =
(5 = xp)(x = x) = (x — x,)
a = Ji B

O = x)(x = x) -+ (% = %)% = Xiyp) -+ (%, - x,)
and

Yn
(x, - xo)(_x_,, = Bp) nar (X e Xn1)

Now. substituting the values of a, ay, ..., a, into Eq. (6.36), we get

y =fly= LB -5) & - x)
Gy = )5 = 2) - (3 7,)

Yo

f XX - ) (x - x,)
: e N
(1 = x) (3 = x) - - (x5 — x,)

i + (x - Xp)(x — x) e (x - x,-_l)(x' — X)) e (x - x)
(x; — xp)(x; - X)) (X — WA = Xiia) ot (g = %) Yi+..

-G ) ) x|
U = )06 = H)(x, = x) -+ (x, = 5, ) 7 (637

Equation (6.37) is Lagrange’s formula for interpolation. This formula can be used

whether the values x,, *1, X3, ..., X, are equally spaced or not. Alternatively,
Eq. (6.37) can also be written in compact form as

Y=S) =Lo®) yo + Lix) py + ... + L{x)y;+ --- + Ly(x) yn

= 2 L(x)y,
k=0
= ){26 L(x)f (x;) (6.38)
et -

L(x) = (* - x)(x - X)) (x - XN x - Xiy) o (X = X,) 639
% = 2)(% - x) --. G = ) (x - Xipg) o (% = Xa)
We can easily observe that, L, (x,) = 1 and L, (x) =0, i #j Thus introduci®®
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I"i (»XJ-) = 6!}' ok {1 1fi=j

i : 0, ifi =g
curther, if we introduce the notation

e =T
(x) g (X = x) = (x = xg)x = x) o+ (x = %) (6.40)

-

that is, [1(x) 18 @ product of (n + 1) factors. Clearly, its derivative [T'(x) contains

a sum of (n + 1) terms in each of w

hich 1 bsent.
we also define, ich one of the factors of [1(x) will be abs
ko] e 641)
izk

which is same as [I(x) except that the factor (x — x,) is absent. Then
IT(x) = Py(x) + Py(x) + -+ + P,(x) (642)
But, when x = X, all terms in the above sum vanishes except Py(xp). Hence,
I = Pilxp) = (X — Xg) -+ Cp = Xpy) (o = Xpep) -+ Gx = Xn)  (643)
Therefore, using Eqs. (6.40)—(6.43), Eq. (6.39) can be rewritten as

S ¢ 1C.) N 5 1 I T(x)
= B T T - G = AT Lipa
Finally, the Lagrange’s interpolation polynomial of degree n can be written as
n n(x) n n
= = = L (x)f(x) = L, (x)y
y(x) = f(x) kzo S x,,)l'l’(x,,)f(xk) ;) k k :4:1) % (X) Y

! (6.45)
Lagrange’s interpolation is illustrated through the following examples.

Example 6.14 Find Lagrange’s interpolation polynomial fitting the points y(1)
=-3, ¥(3) = 0, »(4) = 30, y(6) = 132. Hence find »(5).

Solution The given data can be arranged as follows:

% 1 3 4 6
y=£(x) -3 . 0 30 132

using Lagrange’s interpolation formula (6.37), we have

- - Dx - Hx—6)
—3)(x = Nx -6 4 (x
Xx) = f(x) = (21_3)(1_4)(1_6) 1 G-D3-4HC3-6)

g -3)x—6) (x = Dx=3Nx - 4)
; ((:-11))(& -0 0 E-D6-6-3)

0

(132)




3 = 1322 + 5dx £ - 11x* +34x —-24

: — 72
g -3)+ 0)
-30 ( 6 :
3 Al A% 3 _8x2 +19x — 12
o Y0t Bl 08 p 8 B B I (132)
-6 30

On simplification, we get
1
y(x) = '1'16 (—5x3 +135x% — 460x + 300) = E(-;::3 +27x% — 92x +60)
which is the required Lagrange’s interpolation polynomial. Now, y(5) = 75.

' Example 6.15 Given the following data, evaluate f(3) using Lagrange’s
interpolating polynomial.

x 1 2 5
J&) 1 4 10

Solution Using Lagrange’s interpolation formula given by Eq (6.3
we have

fo) e EZBET) o0 G- mG-m) g

(x = x)(xg = X3) (x - Xo) (X = X3)

+ (x = x)(x - x)
(% = x0)(xy = x,)

J(x;)

Therefore,

B-23-5 @3-
fQ = A + D)) B-=1DB=-2 . = 649
1-20-5"" @ a5t Goye=2




EXERCISES

61 [Express A%y, and Ay in terms of the values of the function y.
6.2 Compute the missing values of yn and Ay, in the following table

In Ay, Ay,

Iis
4 .
13
18

 ud 24:,‘:

|

63, Show that EY.= A = SEV’
64 ; Prove that (1) 5 2 smh (hD/2),, and,; (i) u 2 cosh (hD)/2):
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6.5 Show that the operators 8, 4, E, A and V commute with one aNothe,

6.6 Explain the concept of linear interpolation. Using linear interpolaj,

i n, fi
f(3) for f(x) = 5*. Compare with the actual value. Comment on th, Tes“l:ﬁ
obtained.

6.7 The following table gives pressure of a steam at a given temperatyre Usiy
Newton’s formula, compute tie_pressure for a temperature of 1420 8

A T—

Temperature, °C 140 150 160 170 180

- Pressure, kgflem? . 3685 4854 6302 8076 1025
6.8 '

Find Newton’s backward interpolating polynomial for the following daty.

x 1 2 3 4
y . 1 -1 1 -1 1

6.9 A second degree polynomial passes through (0, 1) (1, 3), @, 7), and
(3, 13). Find the polynomial, using Newton’s forward difference formyl,,

6.10 The following data gives the melting point of an alloy of lead and zing;
where T is the temperature in °C and P is the percentage of lead in the alloy.

Find the melting point of the alloy containing 84% of lead using Newton's
interpolation method. :

P 60 70 80 - 9
T 226 250 276 304

. 6.11 Find the interpolating polynomial for the function f(x) given by

x 0 ) B 2 5
Cy=f 2 3 12 147
6.12 Find the interpolating polynomial for the following data using Lagrangt'
formula »
x : 1 Pt —4
y=J() 3 -5 4

6.13 Starting from Newton'’s divided difference interpolation.formula (6.59) 23;1
making use of Eq. (6.47) and recalling the definitions of I1(x) from Eq. (64
show that it can be reduced to Lagrange’s form given by Eq. (6.38).

A . 4
Find the interpolating polynomial by (i) Newton’s divided d‘fferegfat
formula (ii) Lagrange’s formula, for the following data and hence sho¥
both the methods give raise to the same polynomial.

6.14

y 0 7 2% 124




