


A46 ¥ =

svandE—l’w

Following the definition of operator e e 1
= ik >4
V. ™ ¥ = YA e
Therefore. E -1

jon of operators 5 and E gives

= E“zyx o E-l/Zyx = (El/z i E-lfz) Vs

The definit
&y = Ve+(w2) — Yx-(h12)
Hence, : - 172
5=E"-F (6.29)

The definition of & and E similarly yields

Jud a2 Lo ~12
Ky = E[yx+(hI2) + yx—(h/2)] = ‘Z'(E +E )Yx
Therefore, ;

u= %(E“2 + E‘”z) . (6.30)

It is known that
Ey,=yxn=f(x+h)

using Taylor series expansion, we have
A2
By ST RS ol Tk

2
=@+ DA + D () + -

= h?D?

1+ —

( 1! + 21 +"'Jf(x.)=ewyx
Thus,

i oo , ,
Hence, all the operators are expressed ‘in %eﬁns fE (631
or L.

txample 6.5 Prove that

hD=log(l+A)=_10g(1__V)_

Solution Ui sinh™! (16
L sing the standard relationg (627)~6.3) HO)
Iso, ='°8£=]og(1+A)=_l 1 .31), we have
8 £ = _og (1 - V) (1:

y = l 12 1.7
Z(E tE uz)(Euz - E-I2 1
) = SE-EY - l(ehD

2

’P\ g5

- eP) = sinh (kD)
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i, hD = sinh '(u8) @

ons (1) and (2) constitute the required result.

0

4 ¢ 66 If A, V, & denote forward, backward and central difference
pnMP £ and p are respectively the shift aud average operators, in the

3] f‘l"::rsof data with equal spacing #, show that
)

2
& . : 6
:2-. tli -
o 1toH [1+——2] (i) E”--H+2

+

>

-1
am g @ ) s

A+ V
(v) Ho= TR

Solutions (i) From the definition of operators, we have

”5_ bln + E—V2)(E112 1/2) (E E“])

Therefore,

| L+ 128 = 14 LET - 24 Y = KB B W
Also,

i 2

| 1+ %- =1+ %(E"Z - E7)? = %(E + E (2)
, fom Egs. (1) and (2), the first result foliows

4 (i)Now

p i g_ . _;_(Ellz +E-l/2 +E-l‘.’ ol E-HZ) =E!/?

a2 .
§ ' the second result is proved.
() We can write : .

P! gv2 _ g2\
T +o\1+(8%4) ( )

2
(Em 4 E-uz)\/]+ _lv(Euz ¥ E-uz)z
4
+ =
1
3 E - 22+E—' +_12_(E”2 25 E-l/z)(Euz +E'”2)
_E-2+E"'" E-E”
= — +
2 2

=E -



- Example 6.7 Show that the operators 4 and £ commute.

and [;‘nsmeer.s

ienliyIls =S
" hods oﬁ('_’.ﬁ.-——-—-— o
Numerical Meth
104 . o
Using Eq. (6.27), We get E-1=4
iv) We have 1
(IV) - —(E i E—l)

ué = _!_(Euz +E'”2)(E”2 s E—uz) =
2

Now, using Eq. (6.27), We get j I
l(1+A—15") 8,-0-E")
2

=—+ =

2 2

\
Al TR L e LA
=E+2(E s o

(v) We car’ write

e -%—(E”z i E-.-uz)(Euz g E—IIZ) & %(E - E_])

Now using Eqs. (6.27) and (6.28), we have

1 (A4 Y

Solgtion From the definition of operators y and E, we haﬁf 4”’1)* (/11:
HEyy = py, = %0’3/2 * Vi) HE: e
While (o y
Epyy = %E O+ yan) = 510’3/2 + Vi) @)

Equating (1) and (2), we have
HE = Eu

Therefore, the operators 1 and E commute,

Theorem 6.1. (Differences of a polynomial). The nth differences of a polynomia]
of degree 7 is constant, when the values of the independent variable are given
at equal intervals,

Proof Let us consider a polynomial of degree n in the form
W= apx” + a,x"‘l + azﬂ'z . PR C a,.1x + a,,

where a5 # 0 and 4 f
: »a,a, .. a . ] o
differencing, Then b #ls 42 n 8r¢ constants. Let 4 be the interva

Yx+h = aglx + h)" + a(x + h.)"" + a)(x + ) i S T x+ AT o
. ”—
We now examine the differences of the polynomia]:

%= Yook =y = aglx + by g 4 ayf(x + hy=! - ']

B U ) i B BRI @py(x *+ 5 -3l
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’ v

_ gial ¢xpansion yields
4 5 = ag(x" t "C,X’Hh + "Cox"2h% + ... + A" — X7)
+ apfr™t + ONC R + NG 3R 4+ + B - X
+ G, h
= agnhx™! + [a"Col? + " NC AR - + a, ik
perefor®s 0 :
Ayy = agnhX™ + B2+ 3 4+ K+ T
Jhere B, it v x®, I are constants .involving h but not x. Thus, the first
jfference of a po;ynomlal of degree n is another polynomial of degree (n — 1).

Si!ﬂﬂaﬂy
Azyx = A(Ay,) = Ayyrn — Ay,

= agnh(x + kY™ - x™] + B(x + B -
+ K(x+ h—x)
on simplification, it reduces to the form
Ay, = apn(n — 1) K2 + b + ¢ + .- + g”
Therefore, Azy,, is a polynomial of degree (n — 2) in x. Similarly, we can form the
ligher order differences, and every time we observe that the degree of the

plynomial is reduced by one. After differencing n times, we are left with only
e first term in the form ' '

A", = agn(n — 1) (n—2) ... (2)(1) A" = ag (n!)h" = Constant

This constant is independent of x. Since A"y, is a constant, A"y = 0. Hence
e (n + 1)th and higher order differences of a polynomial of degree n are zero.

83 NEWTON'S FORWARD DIFFERENCE INTERPOLATION &
FORMULA

ety =f(x) be a function which takes values f(xo), f(xo + k), f(xo + 2h), ...,
;""esponding to various equispaced values of x with spacing 4, say xo, xo +
Yo+ 2h, ... Suppose, we wish to evaluate the function f(x) for a value x,
Ph, where p is any real number, then for any real number p, we have the

Perator £ such that EPf(x) = f(x + ph). Therefore, using Eq. (6.27) we have
T + ph) = BPf (xg) = (1+ AYPf (x0)

=|:l+pA+_&_:_l.)-A2 G ELRP 2 +--']f(xo) |
s 3!
I"itis,
!(x“ =1 -1 s
"PR) = £ (x0) + pAf (%) + E("%‘lﬁzf(xo) + ;.(p 2 87 () +

pp-10--(p-n+1 .
+ A ;
= f(xp) + Error 632)
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el . ard difference formula for imterpolq;. ‘
This is known as Newton s forward dijfcrer fand its leading diff T, * My

ives the value of f(x, + ph) in terms of f(xo) _ €renceg o |
& 10 -egory forward difference iy, s
formula is also known as Newton-Gregory Iso b filag o
Jormula. Here, p = (x — xo)/h. Equation (950 GH0 A0 De itiey n a
alternate form as

nC n
Nothe,

T p(p—D(p—-2) 5
)’x=)’0+PA)'0+£'(‘£2"_'_AyO+ 31 A)0'*“

Plp-Dp-n+1 . | Error
w ] (6.33)

-+

If we retain (- + 1) terms in Eq. (6.33), we obtain a polynomial of degree agreeing
with y, at x5, %, ..., X

This formula is mainly used for interpolating the values of Y near the
beginning of a set of tabular values and for extrapolating values of ¥, a short

distance backward from y,. We shall illustrate these formulae by considering the
following simple examples.

Example 6.8 Evaluate f(15), given the following table of values:

x 10 20 30 40 50
y=f(x) 46 66 81 93 101

Solution We may note that x = 15 is Very near to the beginning of the
table. Hence, we use Newton’s forward difference interpolation formula. The
forward differences are calculated and tabulated as given below:

x Y=/ Ay A%y A%y A'y
10 46

20 66 fg &

30 81 3 g 2 3
40 % ‘ 4 %

50 101 8

We have Newton’s forward difference interpolation formula as

%1 4 i
Y = Yo + pAy, + £(-pz-T_.)_AZy0 A, p(p 13)fp 2) A3y0

P(p —1)(p - 2)p - 3)
+ 41 Ay

In this example, from the above table, we have

()

BT N My s30, A= g ANl ikGy =3
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be the value of ¥ when x = 15, then ‘h,, /o (5;. N

o 14 P

_x-x 13-10 44 .7

. h 10 X Pk X, 40N 7!

. pk - '5‘ Xo
pottuting these values in Eq. (1), we get po 150
v I

(0505 ~ 1) b o

9= yis = 46 + (0.5(20) + (Sipidi (=5) P 7;&:'

‘ ~ 1)(05 - ~ 1)(05 - 2)(0.5 -3
, 0905 - DOS=2) (0505 = DOS - X )8 -3 s

6 24
=46 + 10 + 0.625 + 0.125 + 0.1172

therefore, f(15) = 56.8672 correct to four decimal places.

gxample 6.9 Find Newton's forward difference interpolating polynomial for
e following data:

e s 50 et

X 0.1 0.2 0.3 0.4 0.5
y=S(x) 1.40 1.56 1.76 2.00 2.28

e it

Solution 'We shall first construct the forward difference table to the given
data as indicated below:

x y=f(x) &y Ay Ay Ay
01 1.40

0.16
02 1.56 : 0.04
03 176 gig oos OO0 0.00
04 2.00 e 0.04 0.00
05 2.28 .

Since. third and fourth leading differences are zero, we have Newton’s forward
ifference interpolating formula as

(p-1
y =Yo +PAy, + £ p2 Ay, (1)
- this problem, x, = 0.1, yo = 1.40, Ayo = 0.16, A’y = 0.04, and

% -0l =10x - 1

p:

Subet: e o:
: Wstituting these values in Eq. (1), we obtain

(10x — 1)(10x - 2)
2

Y = f(x) = L40 + (10x - 1)(0.16) + (0.04)
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2+ x + 128 This is the ™€
y -

quired Newton’s interpojy,
1

That is,
olynomial. : following table:
]:: le 6.10 -Estimate the missing figure 10 the fo g
- Example 6. //" P .
i 1 ; 3 4 s
x e 7 = R
y=f(x) 2 e s

four entries in the tajnblc, the function y < ity
can be represented by 2 .polynomial of degree three. Using Theorem 6.1, we hayy

4 =
A3 (x) _ Constant  and A (x)=0
. quivalently, (E - 1)* £ (x0) = 0. Expan ding v

Solution Since we ar¢ given

for'all x. In particular, A (%) =0.E
ha_VC \ : (E4_4E3+6E2—4E+l)f(x0)=0

TR - (e + 6 — 4 () + /) = O

Using the values given in the table, we obtain

32—4f(x3)+6x7—4><5+2=0

which gives f(x3), the missing value equal to 14.

Example 6.11 Find a cubic polynomial in x which takes on the values -3, 3,11,
27, 57 and 107, whenx =0, 1,2, 3,4 and 5 respectively.

Solution Here, the observations are given at equal intervals of unit width
To determine the required polynomial, we first construct the difference table as

follows: |
. A A @) Ay (x) A
B 0 L .
: ; . .
; 2 11 8 z 6
3 27 16 i : 6
5 4 57 30 6
5 107 50 20

e——

Since the fourth and higher order di il
g . ifferences a Fequire
Newton's interpolation formula in the form re zero, we have the #%4

F(xo + ph) = f(x) + pA f( p(p-1)
Xo) o+ i T ) 42
T A (%)

;,_ p(p - D(p - 2)

3 ¢
Here, . Af(xO)
o xX~-0
SI:) 5 40 Ty T, Af(xp) = 6, A f(xg) = 2 ABf(xu)’6
ubstituting these values into Eq. (1), we h ‘
- (1), ave

&\\“ P —— I



runl'l--— - X
i ishes to interpolate the val |
o ¢ ue of the function y =
of ubl° of ‘:h\fti;na’g(li)tol:vttrap?latc value of the functionya sl'lfo(r)'ct)drimtar e e
f o e 'e ackward interpolation formula is used, whi hS e forv.vard
o ; follow*: S , which can be derived
Lety=/& e a function which takes o
" : n val
fx0 corr:asl;:g:du;g to equispaced values x,, ; e_Si (Zn),f Z(zn —h), f(x, — 2h),
. ’ n b T 9 too
to € e the function f(x) at (x, + ph). -wher:: pis any’ lz)z;ls: PP%SC,
umber,

g .. wish :
jen We have the shift operator £, such that
£ + PR = EP£(x,) = (E™)P f(x,) = (1= V)77 f(x,)

{ ginomial expansion yields,

f(x, +ph) = [l+pV+ PO+l p+DE+2) o
‘ 31 L a8 B

21!
+P(P+1)(P+2)"'(p+n—l) ‘
That i, e i Error] i
f(x, + ph) = f(x,) + pV. p(p + 1)
PVf(x,) + T—sz(xn)
p(p+ 1)(p+2
T 31 )V3f(xn)+"

% p(p+D(p+2)---(p+n-1
e Ll V"f(x,) + Error  (6.34)
frmula is also kn ewtons backward inter, :

0 polation :
formula, If we re tamvz:ljf Newton—Gregory backward dzﬁerencéf oi;'rula, This
Sieminbichip LA ity i SEA g b et
. Xy -ty --+» Xn—r- Alternatively, this formula cag a‘}egrge

SO be

Wntten as

Yy =Y, +pVy, + p(p + 1) o2
Pp+D . P+ D+
Y 2! In ¥ 31 2+2) V3Yn

LB+ D(p+2) - (prn-1)
nl V"y, + Error

Vhere (635)

p=x—x,,
h

Hore,
follow
§ a couple of examples for illustration.
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le 6.12 For the following table of values, estimate £01.5).

Example 6.
1 2 3 4 5 6 ﬁ
X :
T ] 8 27 64 125 216 343 515
y "'f(.X) R i R \

interpolated is at the end of the table, g,
backward interpolation formula. We g, i, |
able for the given data: Iny

Solution The value to be

is appropriate to use Newton’s
construct the backward difference t

3 T
x y=f&) Vy viy Vy l
1 1
: ; 1; 12 6
; o 37 # 6 0
4 64 61 24 6 0
e % 125 91 30 6 0
6 216 127 36 6 0
7 343 169 2
8 512

Since the fourth and higher order differences are zero, the required Newton!
backward interpolation formula 1is

PP+ Vg o PR+ DP+2)

Yo=Y ¥ PVt —, y, = ;
In this problem,
_x-x _715-80
I NN E L
and
- Vy, =169, Vi, =42, Vi, =6
Therefore,

-(42) +

Vas =512 +(-0.5)(169) + (-0—52)(.02

(=95) (25) 13 4

= 512 - 84.5 - 525 — 0.375
= 421.875

Example 6.13 The sales in a parti ' s
i y particular d t fivey \
is given in the following table: epartment store for the 1as I

Sales ( ‘ 1976 1978 1980 198
ales (in lakhs) 40 8 4
‘ 48 o LA
8

Estimate the sales for the year 1979,
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P e

Solution At the outset, we shall construct Newton’s backward difference
table for the given data as

Fi y Vy V2 vy vy
1974 40 -
1976 43 ;
1978 48 ¥ L i 5
1980 52 p 2

1982 57

In this example,

p = 1979 : [DEl¥e i

and ;
Vyn 0 5: szn ey 1: V3yn = 2’ V4y,. =5

Newton’s backward interpolation formula gives

(-1.5)(-0.5)
2

3 (-1.5) (—60.5) (0.5) 2

(D)

y1979 = 57 + ("'1.5)5 +

4 (-1.5)(-0.5)(0.5)(1.5)

; 24 :

=5§7-75+0375+0.125+0.1172

(5)

Thel'efm-e,

?

V1979 = 50.1172



