Real Numbers

Much of calculus i based on propertics of the real sumber syatem. Real sumbery are
numbers that can be evpresscd as decimals, uxch as

-} - 0TSO0 ..

i—- RLILLT
VIeaa,

The dits ... 0 cach case indicate that the sequence of decmmal digns goes on forever
Every concenable decimal expanson represents a real pumber, although some numbers
have two representations For mstance, the mfinite decumals 9 and 1 000 reprc
scnit the same real number | A simlar staterment bolds for any number with an infinite tal
ol s

The real numbers can be represented goometnically as pounts on 3 number line called
e oo e 371564

L i i i " i Ld i

-2 Ili o * 12 F i 1

The symbol R denotes erther the real mumber system or, equivalently, the real line

The propertics of the real number svstem (a1l into three categones: alpebraic proper-
ties, ender propertics, and completencss. The algebraic properties wry that the real num-
bers can be added. subtracted. mubuphied, and dovoded (encept by 0) 1o produce more real

numbers under the usual rules of anthmetic. Fou oun mever divede e 0,
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The arder properties of real numbers are grven in Appendin 4. The followmg ueful
rules can be denved from them, where the symbol = means “implies™

Rules for lnegualities
If . b, and ¢ are real numbers, then:

I. a<=h=ag4+c<h+¢
l, a<h=mmg=-c< h=¢
J a<bande> 0= g0 < b
d o< bande <D= he < ac
Special piise @ < b == —h < —g
1

S. urx0m= =20

b, I aand b are both positive o both megatinve, then o < b = % < é

Nutice the rules for l'huhl.plymg an inequality by a pumber. Multiplving by a posstne num-
ber preserves the inaquality: multiplying by a negative number reverses the inequality
Also, reciprocation reverses the meguality for rembers of the wame ugn For example,
2 Shaut -2 > —%and 172 = 1/4

The completencs preperty of the real number syatem s deeper and hasder 1o deline
precisely. However. the property s exsential 1o the idea of a limat (Chapter 21 Roughly
speaking. 1 ways thal there are enough real numben to “complete”™ the real number bine, in
the sense that there are no "holes™ or "gaps™ in st Mamv theorem of caloulus would fal if
the real number system were not complete The wpic 1 best wived for 2 more advanced
coure, but Appendin 4 hunts about what by imohed and bow the real remben are con-
srucied

We distempuish three special subsets of resl numbers.
1. The natural sumbers, namely 1,2, 3.4, ...
L The lmtegers, namely 0, 21, =2 +3, .

The rations] numbery. namely the numbers tha can be exprevsad in the form of 2
fraction m/n, where m and w are integem and m @ 0, Examples are

]

I 4 -4 4 2 $7
3 I Ty e W™ =T

The rationil numbers are precisely the real numbers with decamal expansions thal ane
either

() terminating (ending i an infinite string of reros), for example,
§
3 = 0.75000... = 075 or

(b} eventually repeating (emdmy with 2 bleck of digits that repeats over and overl, for
example

Tha b wade i o e
. =21R Wenh ol repuating

=
[}
b

digtn
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1.1 Real Numbens and the Real Line 3

A terminating decimal expansion is a special type of repeating decimal unce the ending
rerom repeal.

The set of ratioral numbers has all the algebraic and order properties of the real pum-
bers but lacks the completencss property. For example, there is oo rational number whose
squire 13 2; there 1 a “hale™ in the rational line where %' 2 shiould be

Keal numbers that are not rational are called irrationsl numbers They are charscicr-
jred having noritcrminating amd nonrepeating devimal expanssons. Examples are
m V2 S, and logw 1 Since cvery decimal expansasn represents a real mumber, it
shoild be clear that there wre infniely mamy srrabional numbers Hoth ntional and irra-
fiorul sumbers gre found arbamranty close 1o amy posnt oa the real ling

St notation is very uschal for specsfying a particular subset of real numbers A sl s 8
collectien af objects, anl these objects arc the elements of the st 11 § n 2wt the potation
ae X means that o 1 20 clement of ¥, and o ¢ 5 means that o o pol . choent of 5 IF 5
and T are sets, then S U T s ther anion and conasts of all clements belongung aither w §
or Tiorto both § and T The intersection 5 M T comasts of all elements helongng ko hoth
Sand T, The empiy set 1) i3 the st that contums po clements bor evenple, the interwe-
ton of the ratwnal numbers snd the arataonal pumbers o the empty wt

Some scts can be described by Lisnng their elements i braces. For mstance. the wt
comisting of the natural munmbers (of posutive integens ) kew than & can e expressed as

A= [LLLALS)

The eatre sct of micgers (s wiitten as
{0, 21,22 &3 ... ]

Another way to describe 8 set 15 o enchose in braces a rule that generates all the eke-
ments of the st For instance, the set

A = [+]visan micgerand 0 < 1 < b)
i the st of posstive integers less than 6.

Intervais

A subset of the real line is called an Interval if it contain at keast two pumbers snd con-
tains all the real pumbers bying betaren any two of iy clemests. For example. the st of all
real musmbers vsuch that v = 6 18 an inferval, av s the set of all rexch that -2 =3 = 8
The set of all porzero real pumbers monot an isterval, simee 0 absert the st Qs to con-
tain every real number between — | and | for example)

Geometrically, intervals correspond 1o rayvs and ling sepments on the real lmne, along
with the real line itself Intervals of numbers corresponding o line segments are falie in-
tervaly, mtcrvals cormgaponsding 1o ravs amd the real hine are infinite intervab

A fmite mterval i o 1o be chosed 1f it contains both of s endpomts, half-epen if it
contains one endpoint bt rot the other, and spen if 1t contamy nerther endpomt. The end-
points are also called boundary points. they make up the mtorval’s bosndary The re-
maining points of the inferval arc interinr points and wgether comprse the nierval's in-
terdor Infmute mtervals are clined of they contam a finite endpomt, and open otherwise,
The entire real line H i an infinite interval that is both open and chosed.

Salving Inequalities

The process of finding the interval ot intervals of pumbers that satisfy an inequality in 1 n
called solving the mequality
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TABLE 1.1 Types of intervals

Vinlte:

Infinite:

Notation
fa. b
[a. K]
fu. B
i, b)
fa, o)
a. =)
(=oo. )

(BN

(=mo, ou)

Set description Type Fictury
{7]a < v < b} Open

'l L]
[xla = x = b} Closed

- »
[t1]a = x<Bb) Half-open

- »
[t]la < x=b) all-open

- -~
(sls > a) Open

-
{r|e = a) Closed -
[&]x =< k) Open A
[x]x = &) Cloned s
H (st of all real
pumbem) ok open

and closed
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FIGURE 1.2 Absadute valees give
deidandes bebaoon paiids on the pumber
lime

1.1 Beal Mombeny and the Beal Line 5

The solution sct is the open imterval | =377, = ) (Figure | 1h)

(e} The megualay 6/ie = 1) 2 5 can hold only of © > |, because otherwine 6/(z — 1)
is unde fmed or negative. Therefore, (1 — 10 1 posstive and the imeyuality will be pre-
served if we multiply both sides by (1 = 1), and we have

n
R | =3
b=y — 4% Wby Bl mibea by i — |
il = % Al ¥ e Bl e w
lil-ﬂ'l:. im 5 o
The solution sct is the half-open wterval (1, 11/3] iFiguee 1.1<) ]

Absolute Value
The alwolute value of 2 pumber 3. denoted by | 1], s defimed by the formula

i, 1=0
ju| =

i, i< 0

EXAMPLE 2  Finding Absolute Values
(3|=13 |0=0, |-5|=~I-51=35 |<|a|=|a B

Geometrically, the absalute value of ¢ in the distance from v 1o 0 on the real number

line. Sence distances are abways ponitive of 0, we see that [v| = O for every real sumber 1,
and| x| = 0uf and only if 1 = 0. Also,

v = | = the distance between ¢ and
on e real line (Figure | 20

Since the symbol "I..-': abways denotes the monmeputive square oot of @, an altornate
defmitwn of 1| i

i = 1."':
[t s important o remember that "'I.'IF = a|. Do nol wnte \I:! = @ unless you already
know thata = 0,

The absalute value has the followmg properties. ( You are asked 1o prone these proper-
tes in the enercises )

Abvalwie Yalur Properiies

L |-al=!af A nummber andd its additive mverse or negative have
the same absolute value
L lab =|a|b The atwolute value of a product is the prodhuct of
the abmolute values.
1 IE' =I'_1 The absolte value of 2 quotient 1 the guotient
ATy of ihe absolotc valacs

4 |a+b|=|a +|b The triangle inequality The sbsolute value of the
um of two numbers is less than or equal o the
sum of thew absolote values.
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1.3 Functiens and Their Graphs

Functions and Their Graphs

19

§— I —
lgnit L haignid
Hilewraain | ttangei

FIGURE 1,27 A dsagram slems ing o
Fungtiont e ksl of maching,

Functions are the major objects we deal with in caloulus because they are key to desenb-
ing the real world in mathematical terms. This section reviews the idzas of functions, their

graphs, and ways of represenung them

Functions; Domain and Range

The temperature 38 which water bouls depends on the elevation above wea level (the boding
point drops as you ascend) The siterest pasd on a cash isvestment depends on the length of
timie the imvestment 18 held. The area of 2 crcle depends on the radms of the circle The dus-
tance an obyect travels from an imitial koc st ion along s strasght line path depends on ms speed

In each case. the value of one vanashle guantiry, which we might call v, depends oa the
value of another vasuble quantry, which we mught call v Smce the value of v 15 come-
pletely determined by the value of 1, we say that v 1+ 3 function of 1. Often the value of v b
grven by 3 rude or formuls that seys hew to calculate ot from the varahle 1 For matance,

the cquation 4 = mr° o a rule that calculates the area 1 of a curcle from its radis r,

In calculus we may want to refer 1o an unspedified functon wthout havng amy part-

ular formula in mmd A symbolic way o say 7y Boa functon of 37 by wrmng
vo= fixl =y exuals f of 17}

In this netatjon, the symbal f represents the function. The letter 1, called the Independent
vuriable, reprosents the mput value of £, and v the dependent variable, reprosents the

corresponiding outpul value of | o 1,

DEFINITION Function

fiv)e Y weswh element ve 13

A funcilon from a sct [ to a set ¥ s a rale that assigns a wniger {vungle) element

The set £4of all possible nput values o called the domain of the function. The set of
all values of finl as v vames throughout [7 s called the ramge of the function The range

s may nol inclode every element in the st |

The domain and range of 8 function can be amy sty of obgects, but often in calkculus

they are scts of real numbery {In Chapters 11 16 many vanables may be imolved )

Think of a function f as 3 kind of machme that peoduces an output value fis) i its
range whenever we leed f an input value 1 from its domam (Frgure 1 220 The function
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D = deema st ¥ = ol svmiamimg
tha fanjn

FIGURE 1,23 A fusction froem s set [ 1o

a et ¥ amnigne 3 umigue elonsent of 1o
each element in 1

keys on a caloulator give an example of a funciuon as s mackne. For matance, the "\."'T'I.q
on a caloulator grves an output value (the squase rovd) whenever you enter 8 ponacgative
number 3 and press the V' v key. The output value sppeaning i the displey is wsually a deci-
mal appronimation o the square oot of & 1 you mput @ aumber v =0 0, then the caloulator
will indicate an error because 1 < 0 i nok in the domain of the function and cannot be sc-
cepted as an input. The % n key pn s calculator is ot the same s the evsct mathematical
fumction f defined by fiv) = Y& because it i lamuted 1o decimal outputs 2o has only fi-
mitely many inputs

A function can alw be pictured as an arrom diagram (Figure 120 Exch armmw
avsocliten an clement of the domain 0 3 wnigue or ungle element o the st 1 In Figure
1.2, the sreewn inadicate that fiah s associated with o, fio) is ausocited with v, and so on

The dimain of a functon may be restricied by conteat. For example, the domain of
the area function grven by 4 = =r% only allows the radus « to be postne. When we de-
e o function v = find with a formula and the domam s not stared expheitly or re-
stricied by context, the domam i assumed 1o be the larpest set of real tovalues for which
the formula gves real vovalues, the socalled matural demain 11 we want to revtrict the
domain in seme way, we must sy s The domain of ¢ = 17 is the entire set of real num-
bera. To restrict the function W, sy, positive values of v we would wite =y = 3% ¢ > 0~

Uhamging the domaun 1o which we apply a foemuba weally changes the range as well
Therangeof v = o+ [0, % | Therangeof v = 1%, 1 = 2_ 15 the set of all aumbens ob-
""3""‘" by sguarning numben greater than or equal 1o 2 In sot meetation, the rangr s
{r“Ir= 2o {s]v = 4] or [4. =}

When the range of 2 function is 4 set of real numbers, the fmcton m sand i be rrale
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20 Chapter 1: Preliminaries

IV = idewauien wnt ¥ = sl iestgiming
the ramyr
FIGURE 1,20 A Tuncoan From @ sct TV io

@ st ¥ adsigns o wangue element of Yo
cach chement i £

kevs on g calculator give an example of a function as 3 machse For matance, the vx key
on a calculabor grves an output value (the square root) whenover you enter 3 noanegative
mumber 1 pnid prews the Y 1 key The output value appearng m the dopley 1o usmally 2 deci-
mial approsmation W the square root of v 1 you npat 2 sumber « < 0, then the caloulator
will indicate an error becawse 1 < 0 s not in the dormam of the function and cannot be ac-
cepied as an input. The VW r kiey gn a caloulaton s pot the same an the cxact mathematical
functium [ defined by fin) = %5 hecanse ol is hmatad to decimal outputs and has only fi-
metely many nputs

A Tunction can also be prctured as an srrew diagream (Figure 1.23) Exch arrow
assoviites an element of the domain [0 3 wnwque of ungle ¢lement m the st ¥ In Figure

| .21, the arrovas tndacaie that fial i sssociated with o, fio) s assscated wath o, and soon

The domain of a function may be restrcted by context. For example. the doman of
the arca function gnven by 4 = =r° only allows the radun r 1o be postne. When we de-
finc & function v = fia) with a formula and the domain s mot stated explicaly or re-
stncied by conteat, the domaim i assumed 1o be the largest set of real r-values for which
the formula gives real v-values. the so-galled astural domain 11 we want 1o et the
domazn i some way, we must say w0, The doman of y = ¥ 15 the entire set of real num-
bers To restrict the Function o, sxy, positive values of 1, we would wnte *y = 17,1 > 0.7

Changing the domain to which we apply a formula ussally changes the range as well
The range of v = 1% 1 [0, %) The range of y = 1%, 1 = 2, s the set of all mambers ob-
tancd by squanng numbers grester than or equal to 2 In set notstion, the range I8
It'.|'l = 2jor vy = 4)or |4 x)

When the range of a function ix a st of real numbers, the function s said 1o be real-
valued The dormains and ranges of many real-valved functions of a real variable are mier-
vals or combinations of micrvals. The imtervals may be open, closed or half open. and may
be limite or mfinme.

EXAMPLE 1 Identifying Domain and Range
Venfy the domains and ranges of these fanctions

Function Domain (x) Hangr (¥l

y= g (=00, o) (RE

y = s (—nc.0)UI(0, %) [—oc_0)UI0, 5
y =V [0, %) [0, 2 )
y=Vi-gz (—oc, 4] [0, )
y=Vi—s [-1.1] [0, 1]

Solution The formmla v = x° grves a real y-value for any real number . s0 the domain
is {—2c, oo ), The range of ¥ = r"u[l:.nc:-bcuus-:lhcsquntnfmyrnlmh:ru
nonnegatve and every mennegative sumber v s the square of s own square TooL
y= {‘L'j]zfur_u = 0. | .
The formula v = 1/x grves a real y-value for every x execpl £ = 0. We cannot dnide
amy mumber by zero. The range of ¥ = 1 /1, the set of reciprocals of all noezero real pom-
bers. is the set of all nonzero real numbers, since ¥ = 1/(1/3). B
la v = Ve gives a real yvalue only if £ = 0. The range of ¥y = Vi
|u,ﬂﬂ:-mmnmml:ﬂh:umbﬂhmmﬂm\mmlmnuh

square oot of its own square L.
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In v = V4 = a, the quantity 4 — ¥ cannot be nogatnve. That is 4 = v 2= 0, ™
q - ot

£ = 4 The formula grves real y-valoes for all 1 = 4 The range of V4 = 1 1s [0, o),
the aet of all monnegative numbers.

The formula v = V1 - v grves a real yvalue for every @ @ the closed micrval
from =1 o 1 Cutside this domam, | = ¥ is negative and s square oot is not 3 real
number, The valies of 1 = 1° vary from 0 11 on the given domain. and the square roots
of these values o the same. The range of V1 = “u [0, 1] =

Graphs of Functions

Ancther way 1o vissalize 3 function s #ts graph. If f 1 3 function with doman 1), its graph
consists of the points in the Cantesian plane whose coondinates are the impul-output pairs
fior f. In st motation, the graph is

[t fish} | ve D).
The graph of the function flr) = x + 2 is the set of points with coondinates (1. v) for
which ¥ = v + 2. Its graph is sketched in Figure 124
The graph of a function [ 1 a weful picture of its behavior If (1, ¥) is 2 point on the
graph, then v = fl1) 18 the height of the graph above the pomt 1. The height may be posi-
tive or segative, depending on the sign of fladiFigure 1253

Vo= i 2

E R

i s = mm-

FIGLURE 1.74 The praphof FIGURE 1.2% I iw v} bos on the graph ol
Sish = g+ 2 b thee act of perits fo. v B F.them the value v = Jla) s the beght of
which v has the valoe x + 2. the praph above the poest o jor below o if

Fuuh s negarnel

EXAMPLE 2  Sketching a Graph
Graph the fanction y = ¥ over the intenval [ -2, 2],

Salutian
1. Make a table of xy-pairs that satisfy the function rule, in ths case the cquation y = 1.
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22 Chapter 1: Preliminaries

L Mot the pomis (e v ) whose X Dhvaw a smooth curve through the
conrdinates appear i the table. Llse plistted poseta. Label the curve wath
fractumns when they are comvenient s exjuation.
goumpatationally

W W
'l & A ik 'l.. (1] ik
[} ll-l.
ik 1
i
NS 8 H
I'I.‘l. 1k ..1'.-]' 113
i i i i L l\. i 1 )
=2 =1 o 1 b -2 =1 W 1 2 o
|fﬂﬂhlﬂﬂl.ﬂrﬂ1hlﬂﬂﬂkﬂlﬂm Ilmduulumihtlh:jn;hnf_r=l:&:lrm‘lkmlll.'nmd'm:mtl'_'
graph fsnctsons in ooch thes way—by
siringing together ploted poms—amd ' -
The aamy question arsed
._lll- \ .I_JI-I
of -
i i T i i W 1 i A 'l '
To fimd oant. we could phot more pomis. Bt bow would we then connect thom? The
hasic gquestion still remams: How do we know for sure what the graph looks hke
between the ponts we plot™ The anower bes i caleulun, as we will see in Chapter 4
There we will wae the dornatne to fnd a curve’s shape between plotted pointe. Mean-
while we will kave 10 settle for plotimg pomnts and connecting them as best we can
EXAMPLE 3  Evaluating a Function from Its Graph
’ The graph of a frut Ny population p s shewn in Frgure 126,
10 I —% 12} Fusd the populstions after 20 and 4% davs
e EEEEDJRER {b) What is the (approuimate) range of the population function over the time imterval
pesiey [ S _+_'r 0== %507
150} et A |
EERAEEEEN Salutien
| ——+ r—————
0 [ ' t (3} We ser from Fogure [ 26 that the pomt (20, 100) bes on the praph, so the valoe of the

populston p st 20w pi20) = 100, Likewise pf45) ts about 340,

Te alawsi

S (b) The mnge of the population fumction over 0 = 1 = 50 15 approumately [0, 3H43] We
FIGURE 1.28 Graph of a frus fiw also obeerve that the populstion sppears to get closer and closer 1o the value p = 350
population verius time | Evsmphe 1) as hme advances. =
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