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6.1 INTRODUCTION

Finite q:fﬁ.crc?ccs play an impornant role in numerical techniquesgq where
ubu'f“ed values of the functions are available. For instance. -onsider a function
v =[(x). As x takes valges Xov Xyo X3, - 4, let the corresponding values of )
be vo, V1 V2. -. .}t,,. That is, for a given table of values, (a4, wi), k=0,1,2, . ,m
the process of estimating the value of v, for any intermediate value of 1 1s called
i"“”P""J“”"-|H0WCVCT, the method of computing the value of y. for a given
value of x, lying outside the table of values of x is known as extrapolation. It
may be noted that if the function S (x) is known, the value of y corresponding
to any x can be readily computed to the desired accuracy. But, in practice, It may
be difficult or sometimes impossible to know the function 3 = f(x) in its
exact form.

To look at a practical example, let us consider the computation of
trajectory of a rocket flight, where we solve the Euler's dynamical equations of
motion to compute its position and velocity vectors at specified times during
the flight. Under the same conditions, suppose, we require the position and
velocity vector, at some other intermediate times; we need not compute the
trajectory again by solving the dynamical equations. Instead, we can use the

best known interpolation technique to get the desired values.
In general, for interpolation of a tabulated function, the concept of finite

differences is important. The knowledge about various finite difference operators
and their symbolic relations are very much needed to establish various

interpolation formulae.

6.2 FINITE DIFFERENCE OPERATORS

6.2.1 Forward Differences

o), k=0,1,2, ..., nwith equally-spaced abscissas
fine the forward difference operator A as follows:
lly expressed as

For a given table of values (x
of a function y = f(x), we de
tre firot forward difference 1s usua

Ayl = Vsl ~~ Yis i =0, Lo (! X ]) Ib})
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. we
v he explicnt, we wnit s
Tl o | .~ A‘ “ 2 .‘ i ‘l”

ayp =¥y = »

A_‘l‘,, | = Va~ Ya-l
‘the function y and are
These differences are called first difference Sdocfi s mfn S d""meq
by the symbol Ay,. Here, A is called thvﬂr e o ik
X Sjm;larly the differences of the first differences are called secong d'ﬁffcrccﬂ
defined by

A:,VO = A}l! - Ayo’ Azy] T Ayz g Ayl

Thuggin general
- A%y, = Ay, - By, (62
Here A? g called the second difference operator. Thus, continuing, We cap
define, rh difference of Y, as
Ay = Ay, - Ay, (6.3

X Yo
X, Vi 2}’0 Azyo ’
X2 Y2 ) Ay, A%y A4

Enmple 6.1 Construct 3 f -
i orward difference table for the following values of

x 0.1 0.3 05 o4 0.9 11 13

y 0003 0.067 0.148 0248 0370 0518 0697

-‘.
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Solution

and so on. Similarlv

Ay

L

Yy - Yo = An
y2 - = 4y
y1—-y2 =M
 — & = Alyq

Ay, — &y = Al}’l

and so on. Similarly, we can write

Aly, - Alyp = Ay

A’y; - Aly, = A%y,
and . on. Also, from Egs. (6.6) and (6.7), we can rewrite Ay, as

or
or

or

or
or

or

or

i']_ _n

2, =, by - T =
A%y, = Ay; - Dy, W =y) =0 =-Y)=y2-2 * Y

3 = AL 2
Avp = A% - A9 = 141 = Ay)) - (Ay) - Ay
03 - v) - Uy -

> (),’:. - "I) + ()}' 5o }}1'\)

Yo
Hence,}we observe that the coefficients of the values of v, in the expansion of
Ay A’vq are binomial coefficients. Thus, in general, we arrive at the following

A0 = Vo= "Ci¥p1 * "Co¥az - "Coyas + - + 100

We have from the forward Jifference table

yi=vo+ &y )
ys =y + Ay
yi=y2t+An

Ay, = Ayy + Ay
Ay, = By, + A%

Aly, = Ay + A’.vo}

AYy, = Aly, + Ay,

pi A
gyample 6.2 Express A%y, and A’y, in terms of the values of the function y.

Solution Noting that each higher order difference 1s defi i
i ned in t
wer order difference. we have in terms of the

(64)

Example 6.3 Show that the value of y, can be expressed in terms of the Jeading
[ value v, and the leading differences Ayo, AZyg, -0 Ay

(6.5)

(6.6)

6.7)
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Ay, = (Ayp Alyy) + (z_‘.?\u + A'yvo)
= Ayy + 2% + Ay, (64,
From Egs (6.5)-(6.8), vy can be rewrnitten
»y =yt an

= (v, + Ayy) + (Ay; + &%)

= (yo + Avg) + 2(Av + AZyg) + (A%yy + Ayy)

= yo + 34yp + 3A%, + Alyg

= (1+ &Yy (69,
Similarly, we can symbolically write

n=(+4p, =0+ »=0+8%

Continuing this procedure, we can show, in general

ya= (1 + A)yo
Hence, we obtain
Ya=yo + "CiAyy + "CrAly + - - - + Ay (6.10)
tquivalently, we can also write the result as

h

Yo = Y "C; Ay, (6.11)
i=0

6.2.2 Backward Differences

For a given table of values (xi, y4), k=0, 1, 2, ..., n of a function y = f(x) with
equally spaced abscissas, the first backward differences are usually expressed
in terms of the backward difference operator V as

Vi=Yi-y, di=nm-1), ., 1 (6.12)
Thus,
Vyi=»n -
Vys =y, -y
Vyn =nT Yn-)

The differences of these differences are called second differences and they are
denoted by V2y,, V3, .., V3, That is,

Vz)’z = Vy, - Vy,
Vz)‘] =Vy; - Vy,

v2y" s Vyu i Vy n-1
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In general, the second backward differences are

sz. = Vy, - Vyio1, PR A~ 1) .0 & (6.13)
while the kth backward differences are given as
Vhy = w1, _ Vel i=nm(n=-1), ..,k (¢ 14)

These bacl-(_ward differences can be systematicallv arranged for a table of valu=s
(X Vi) k=0, 1, .. 6 as indicated in Table 6.2.

Table 6.2 Backward Difference Table

X v y : Vy sz Vay de VSy V6y
X0 Vo ‘ :
- Vy

X) Vi } K"
b Y2 V2 szj Vs v
x Vi o s Wit Sy THNG

A Y3 v Vs i Vs S Vs
X4 Y4 Ya VZ)’5 Vys V4y Vys

S Vv Ve

o e g

From this table, it can be observed that the subscript remains constant
along every backward diagonal.

Example 6.4 Show that any value of y can be expressed in terms c%_f' ¥y, and its
backward differences. r gy Dy i V01
Solution From Eq. (6 12) we have - \Vin. = T3~ U‘Ji
Yt = ¥n ~ v.vn and Yn2 = Vn1 Vyn—l = jnoV]n- (\72,— \i’:}

>
Also from the definition as given in Eq. (6.13), we get = 9,-R 7t 7n

Vot = Vo = Vi y -0
From these equations, we obtain Gp 2 n- 3,‘
| _v,,_2=y,,—2Vy,, "’ZVZ,, ;:@,2V3ﬂ+l7/")

/ 3
Similarly, we can show tha 3 - ( an -7 /;4. 7/; )
= - V2 -V n G
vk T Yar W00 NI oy 2wy eagy
Symbolically, these results can be rewritten as follows: : e
P TR WP T p T CL L) o R

Thus is general, we can write
D (1 -»-nyn

That is,
i - TC\ Ty + TV — o+ IV, 615
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