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The table shows t
both sides , f(x) gets closer and closer to 8.

We say that 8 is the limit of f(x) whenx ap
f(x)>8asx—>2 or le(x )=38

sufficiently close to 2),

hat, as x gets closer and closer t0' 2 (

from |
proaches 7 and is written as.

SN lhe

1.4.5 Limit of a Function |
fﬁt a function f(x) be defined in an open interval near the number “a” (need not at a).

 from both left and right side of “g”, f(x) approaches a

= If,asx approaches “@’
called the limit of f(x) asx approaches ¢

specific number “L” then “L”, 18

Symbollcally 1t is written as:
Lim f(x)=L| readas “limit of f(x), as x > a,is L”.

It is neither desirable nor practicable to find the limit of a functlon by
" numerical approach. We must be able to evaluate a limit in some mechanical way.

The theorems on limits will serve this purpose. Their proofs will be a\\ssed n
/

higher classes. ' _
1.4.6 Theorems on Limits of Functions | ‘)
Let fand g be two functions, for which Lim f(x)=L and le g(x)=M, then

x=a

— M»““}
»!Th:.ofﬂ The limit of the sum of two functions is equal to the sum of thelr
(me limits.

le [f(x)+gx)]= Lzm f(x)+Ltmg(x) =L+M

X—=da

For example, Lzm(x +5)=Limx+ Lim5=1+5=6.

x—l x-1 /
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hml The limi , functions is equal to ¢,
imit of the difference of WO e
difference of their limits.
L”"[f(\) g(x)]=Lim f(x)- lung(*) =L-M
- X— I 1m‘3 3-5=-2

M f For example, L H;‘z( x=95)= I lm

heorem 34 1f k is any real number, then

Lim[kf (x)] = k Imxf (x) =KL

\=a 3(2) 6
' For example, L:m(h) =3 le(l)
’ W o product of the functions is equal to the product of

The limit of the
their limits.
“Lzm g(x) J

Lim [f(x)g@] = [Lim f)

[Lzm <2x>] [L,m <x+4>] (2)(5)=10

For example: L:m 2x)(x+4) =
uotient of the functions is equal to the qUOtlent of

eorem 5 The limit of the q
Iﬁﬁ' their limits provided the limit of the denominator is non-zero.
|

L
f(x)) bk g(x)#0,M #0

xa _

Lim| —— |=25 ’
x—a g(x) I‘_if:l g(X) M
3y +4 Lir;z(3x+4) 6+4 10
For example: Lim == ===
- =2 | x+3 Lim(x+3) 2+3 5
" I . x=2 ‘
| Theorem§; Limit of [f(x)]", where n is an integer

. bl (L,-m P )nz p

b
substitnfir ng th umbcr that x approaches i Into the function. .

Examp;e
f P(x) a x + n-1 | \
degreen ﬂ’]en sh a_x +.. ..ta x+aO is a pOlynOml ! fu .
ow that Lim P(x) = P(c) - al Tunction .of
c

X=c

Solution:-
‘ utlon.. Using the theorems o limits, we h
ave

 Lim P(x) = Lim (a,x" +q,_x™1 |
e taxtay)

Scanned by CamScanner



FIGURE'9

=2 .T\‘:‘ oo

RE 19

SECTION 1.5 THE LIMIT OF A FUNCTION 5%

,E] Definition We write
Ii‘m_ fix) =1L

- xapproaches a [or the limit of f(x) as x.

and say the left-hand limit of f(x) as xapp o st

approaches a from the left] is equal to L if we can make the val
trarily close to L by taking x to be sufficiently close to a and x less than a.

ire x to be less

Notice that Definition 2 differs from Definition 1 only in that we r.equ imit of
than a. Similarly, if we require that x be greater than a, we get “the right-hand limit o

f(x) as xapproaches a is equal to L” and we write

lim f(x) =1L
Thus the symbol “x — a”” means that we consider only x > a. These definitions are illus-
trated in Figure 9.

Lt /N
¥4 ¥4 Y A
_
L L
— 5

(b)lim finy=L

(@) lim f)=L

By comparing Definition 1 with the definitions of one-sided limits, we see that the fol-

lowing is true.
E] - lim fixx=L ifand oniy if lim f(x) =1L and lifn‘ fx) =1L J

¥x-—~a
Y

V| The graph of a function g is shown in Figure 10. Use it to state the values
(if they exist) of the following:

(a) lim g(x) (b) lim g(x) (c) lim g(x)
(@ lim g(x) (e) lim g(x) (f) lim g(x)

SCLUTICN From the graph we see that the values of g(x) approach 3 as x approaches 2
from the left, but they approach 1 as x approaches 2 from the right. Therefore

(a) ‘l_igl_ g(x) =3 and (b) lirg‘ g(x) =1

(c) Since the left and right limits are different, we conclude from [3] that lim,—., g(x)
does not exist.
The graph also shows that
(d) 'l_i.r?_ g(x) =2 and (e) lir?' glx) =2

P o\ - '\-
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ating Limitg Using the Limit Laws ‘

In Section 1 5 we used caley|

such methods don’t always | mors ar_]d graphs to guess the values of limits, but we saw 1/,

properties of limit ¥s lead to the correct answer. In this section we use the followin
S, called the Limit Laws, to calculate limits. .

——

Limit Laws Suppose that ¢ is a constant and the limits
lim f(x) and lim g(x)

exist. Then

1. Ei[n'[ fix) + g(n)] = lim f(x) + lim g(x) .

2 liin.[f(x) -g(x)] = Iiin fx) — !l_['fl g(0
| 3 hm [c(x] = clim A(»)
| & lim [ AN g(0] = lim £(x) - lim g()
lim f
9 B i, g0 #0

x—a

’ S P—'H g(x) - an: g(x)

L

These five laws can be stated verbally as follows:

1. The limit of a sum is the sum of the limits.

2 The limit of a difference is the difference of the limits.

3. The limit of a constant times a function is the constant times the limit of th

2
~

function.

4. The limit of a product is the product of the limits.

5. The limit of a quotient is the quotient of the limits (provided that the limit of e
denominator is not 0).

f
[3

It is easy to believe that these properties are true. For instance, if f(x) is close 0 1#
g(x) is close to M, it is reasonable to conclude that f(x) + g(x) is close to L + M Thisg™
us an intuitive basis for believing that Law 1 is true. In Section 1.7 we give a precist &
nition of a limit and use it to prove this law. The proofs of the remaining laws are gh¢**

Appendix F.

Use the Limit Laws and the graphs of £ and g in Figure I to evaluate ¥ &

lowing limits, if they exist.

@ 000 +590) @) Im{ M) (@ lim=
x— | =1 g(x

SOLUTION
(a) From the graphs of fand g we see that
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. ) €cessary to use the -solvi i .
of taking cases when dealing with absolute valyes. problem-solving princ pl

| EXAMPLE 1 [RS8 the inequality | x — 3 ¢ |x+ 2| <11,

SOLUTION Recall the definition of absolute valye:

|X|={x f'fxao
-x Ifx<Q ‘

It follows that ,X_”={x—3 ifx—320
=(x=3) ifx-3<90

_ xX—3 ifx=3
—-x+3 ifx<3

Similarly lx+2| = x+ 2 ifx+2=0
—(x+2) ifx+2<0
_)x+2 ifx= -2
—x—2 ifx< =2
Toke czses These expressions show that we must consider three cases:

< =2 -2<x<3 x=3

CASE I If x < —2, we have
[x=3]+|x+2| <11
—Xx+3—-x-2<1]
—-2x< 10

x> -5
CASE Il If =2 < x < 3, the given inequality becomes
—x+3+x+2<1l
5<11 (ahways i)
CASE Il If x = 3, the inequality becomes

x—3+x+2<11
2x< 12 .

x<6

Combining cases I, I1, and III, we see that the inequality is satisfied when —5 < x < 6.
So the solution is the interva] (-5, 6). pa—
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