: i y s 5
: e 15,233.21 15,233.00
] i =

3 20,564.77 | 20,564.55
L4 23,032.54 | 23,032.29
5 | 24,373.07 | 24,372.80
6 | 25,181.33 25,181.08
T 25,705.84 | 25,705.68
8 26.065.53 | 26,065.35
Bk , 26,322.80 | 26,322.62
10 3770.63 26.513.21 | 26,512.97
:; 3750.15 26,658.01 | 26,657.75
13 | 373437 26,770.65 | 26,770.42
4 | 372195 26,860.01 | 26,859.82
15 | 3711.98 26,932.14 | 26,931.94

.;) The experimentally observed splittings of the Zee-
man components agrees only for a few atomic
L species with the prediction of the normal Zeeman
iz, For most atoms it is more complicated.
For the H atom, for instance, it looks completely
. sFerent from the regular triplet pattern in Fig. 5.12.
The ground state of the H atom (n = 1,1 =0)shows
avery narrow splitting into two components (hyper-
fne structure), which differs for the two isotopes 'H
and *H = 2D.

Inorder to explain these deviations, the Schrodinger
e ory has to be extended and new atomic parameters
- 5 10 be included. This will be discussed in the next

Fen of :

| m-ilchei deviation between experimental results and
R~ ~i 4 -

o ; Predictions of the energy term values (5- 18)
4y, , Paned when the relativistic mass increase

" S elegyr . . .
S iy on during its motion around the nucleus 18
'ﬁ 0 2ccount,

(S

=

the nonrelativistic energy relation
E -

~

Plmig, (5.38)

E= \/—2\ .
VMo +p2 —my® + E

For the electron in the h
Ll'm electron is still sm
light ¢, which means th
We can therefore expa
the power series

pot -

(5.39)
ydrogen atom, the velocity v of
all compared to the velocity of
at Eyin << moc? or pl/mz-)c2 L 1.
nd the square root in (5.39) into

2
p 2 4
mgc 2771(2)C2 8 mdct

(5.40)

For Eyin, < mgc? we can neglect the higher order terms.
In this approximation the last term in (5.40) repres-
ents the relativistic correction A E; to the nonrelativistic
energy (5.38).

We can obtain the quantum mechanical expectation
value of this correction by substituting p — ih, which
leads to the expression

4

— * 4 ’
AET - 8771802 [ ]t[/u,l‘mv 1l’".l,m dr. (541)

Inserting for ¥ the wave functions of the hydrogen atom
Vn.1.m gives the “Darwin term” (see Problem 5.6)

' Z%a® (3 1
=Exw—— |\ 7=~ : (5.42)
Bl n (471 I+ 1/2)
The constant
¢ 7207353 %107 = —
o= — = 1. X i —
4mreghc 137
- (5.43)
is called Sommerfeld‘s fine structure constant.

The total energy of an cigen-statc for the H atom 1s

o2z (3 __'1__,)] ,
‘:1 - n 4n I+ l/2
(5.44

also on [! Th
and [ =0.

then ,
Z..
En1= —R)’"'?'f

which now depends not only on n but »
rclativistic correction is maximuin forn =
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er theory. Since this

‘ot be explained by the Schrading .
not be L\P}m“kd b- Iy ]'g‘)ﬂl\'L‘d with

splitting is very small and can be (.m O i
high resolution spectrographs, \\'hcx_c the hydr :., e
nes appear as a fine substructure. 1t was namec 11
structure. _

We start with a semiclassical model, treating the
angular momenta as vectors with quantized ub.'&‘olutc
values and quantized z components. In Sect. 5.2 1t was
shown that an electron with charge —e, moving with
the orbital angular momentum / on a circle around the
nucleus, produces a magnetic moment

2

I'=—(ug/h)-I.

L) = —
28] >
2m,

That is proportional to /.

In a coordinate system where the electron rests at
the origin, the nucleus with'positive charge Z- e moves
with the frequency vonacircle around the electron. This
causes a circular current Zev that produces a magnetic
ficld B at the location of the electron (Fig.5.18). Accor-
ding to Biot-Savart’s law (see texthooks on magnetic
fields) this magnetic field is

_ HoZe HoZe
'S G WX (=r))=-— —3(vxr)
HoZe
=—t—
473 m. (5.54)

because the angular momentum 1, of the proton cquals
the ncgative angular momentum I =me(r x v) of the
electron in a coordinate system where the electron
moves around the proton at rest.

The magnetic spin moment of the electron has two
spatial orientations in this field according to the two
spin directions s, = 4/ /2. This causcs an additional

T Hsz sz
[
+Z-e ‘
-
|
a) b)

Fig. 5.18a,b. Vector model of spin-orbit interaction. (a) vector
model. (b) transformation to a coordinate system, where the

clectronrests at r =0

-
-3
33

5
——— Jd £
- 't

energy (in addition to the C““"J'rh -~
D ¢y
Chey

3
.
P

-~

AL =—p- By =g,y NoZe ;
= 4:{"”-‘}:(‘ I’
1toe-
s-1).

Ay a2 La
dam?r’

Transforming the coordinate System p,.
frame of the nucleus by a Lorepy, "ans;;,' oy
a factor 1/2 (Thomas factor [5.2)), Whiq;:r“;"" h
fact that the electron spin in the rest-fram (,‘r:;:
precesses when moving around the nudem;i«‘::
precession). Ty,
The energy levels E, of (5.18), Which ...
obtained without taking into accoun; the c]%;:
now split, due to the spin-orbit coupling, iny, L'
structure components with energics

Ny
y
vk

/10282

En.(.: = En — My - BI s E,, + s 1) (1%

am23
T2

The scalar product (s-/) may be positive or ey,
depending on the orientation of the spin rclalixeiog;
orbital angular momentum,

When we introduce the total angular momentg

J=I+s with IJ1=j(j+Dh (331

s a vector sum of orbital angular momentum I 2
electron spin s (Fig.5.19), we can square this sum
obtain

FP=Pts2 0.5 (551

This gives for the scalar product
I L
PSS SRUGH D) =104 1) —s(s 4 1)) 68
With thig relation we can write (5.56) as

3 . — iy a .
Euri=g, FSUGH+1) =10+ 1) = ss+ D

(3.5
- -
i s
g Flg 5.1 oo of (\'ﬁ:‘
: - *9.19. Vector CO“P“n'—“!m‘m{
- - Spi:n Sular momentum / an¢ rm'.'“u
j=1+3 S 0 form the total "%

momcml,m J of the electron
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Ay of finding the electron at the location r s
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masurable quantity

I |P~A b,

= | ¥iaar¥sm T =>

m |

\3 = I \"lﬁ‘f.r":r?v‘r:\j‘;w; dr . (S~6()“)
iy Wk skt o ) . '

[1; ‘mm mechanical average (@) of the smn-m‘hil
g constant is then

Zeh? |

— R )
—/

tl'mlg / Vi dom o Vindom dr.
3 X

"
\
W)=

(5.60b)

.\anmn Ih‘
.. =W hydro
Y ml\'ﬁ ARUAN

gen wave functions fae
il can e functions Yy g (s h @),

solved and one obtains
e AN

e g LESVEENTE

| NStan

- ay Moce? 2

=

W
alivady

VORI DL e level vnere ey

(5.61)

(5.62)

Loy \
e el s e TR constant, which wis

ntvduead hovt A the

fin telanivistic

“\‘ ) MY\ ! 2
VORI aepatition o the two fine structure

vompanenis (el =Y ol (e = 1)
I e aeconting o (80 aad (561
,\t‘\;,\ ((t\ (i | l‘) F -, i
2, wl(d
L 1 /..
NN (3.64)

NTEEE

Uhis shows that the splitting s very small compared to
the onerny £ ot the tevels (O and justifies the name
e stinehue,

\ Ax can be seen from (5,04, the fine strueture split-
g decteases with inereasing quantum numbers n
ad but it inereases proportionally to - the: product
ST, Sinee the energies 2, ol the Tevels with prinet-
pal quantm number # tollow the relation ), Z"/NL".
we can write the fine steneture splitting: as

| AE), X == . 5,64
\ s TGRS Sl
|

ENANDPLLE

For the 2p level of the T atom, we have Z=\1,n=2,
J =1 and &, = =34V, From (5.03) we therefore
abtain for the fine structure splitting ALy, = 4.0 %

05 &V = AE/he=Ap=037cm™",

If both effects, the relativistic increase of the elec-
won mass and the spin-orbit coupling, are taken into
account we have to add (5.42) and (5.63) and obtain for
the energy of a line structure component (n, 1, j) (see

Problem 5.7)
YAl | 3
s =E e dn LgR(B.00
B ’"[l Y (.i +1/2 “”)] g
L

which tuens out to be independent of I
In the Coulomb field with Epo o | /r the encrgy
of o fine structure component (n, 1, j) does not
quantum number [, All levels with
and j have the same

-\

—

I————

s T R

depend on the
cqual yuantum numbers n

energy (Fig, 5.2 .
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