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A person has on
average 1460 dreams
in 1 year.
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How Long Are You Delayed by Road Congestion?

No matter where you live, at one time or another, you have been stuck in traffic. To see
whether there are more traffic delays in some cities than in others, statisticians make
comparisons using descriptive statistics. A statistical study by the Texas Transportation
Institute found that a driver is delayed by road congestion an average of 36 hours per
year. To see how selected cities compare to this average, see Statistics Today—Revisited
at the end of the chapter.

This chapter will show you how to obtain and interpret descriptive statistics such as
measures of average, measures of variation, and measures of position.

Introduction

Chapter 2 showed how you can gain useful information from raw data by organizing
them into a frequency distribution and then presenting the data by using various graphs.
This chapter shows the statistical methods that can be used to summarize data. The most
familiar of these methods is the finding of averages.

For example, you may read that the average speed of a car crossing midtown
Manhattan during the day is 5.3 miles per hour or that the average number of minutes an
American father of a 4-year-old spends alone with his child each day is 42.!

In the book American Averages by Mike Feinsilber and William B. Meed, the
authors state:

“Average” when you stop to think of it is a funny concept. Although it describes all of us it
describes none of us. . . . While none of us wants to be the average American, we all want to
know about him or her.

The authors go on to give examples of averages:

The average American man is five feet, nine inches tall; the average woman is five feet,

3.6 inches.

The average American is sick in bed seven days a year missing five days of work.

On the average day, 24 million people receive animal bites.

By his or her 70th birthday, the average American will have eaten 14 steers, 1050 chickens,
3.5 lambs, and 25.2 hogs.?

“Harper’s Index,” Harper s magazine.

*Mike Feinsilber and William B. Meed, American Averages (New York: Bantam Doubleday Dell).
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In these examples, the word average is ambiguous, since several different methods
can be used to obtain an average. Loosely stated, the average means the center of the
distribution or the most typical case. Measures of average are also called measures of
central tendency and include the mean, median, mode, and midrange.

Knowing the average of a data set is not enough to describe the data set entirely.
Even though a shoe store owner knows that the average size of a man’s shoe is size 10,
she would not be in business very long if she ordered only size 10 shoes.

As this example shows, in addition to knowing the average, you must know how the
data values are dispersed. That is, do the data values cluster around the mean, or are they
spread more evenly throughout the distribution? The measures that determine the spread
of the data values are called measures of variation, or measures of dispersion. These
measures include the range, variance, and standard deviation.

Finally, another set of measures is necessary to describe data. These measures are
called measures of position. They tell where a specific data value falls within the data set
or its relative position in comparison with other data values. The most common position
measures are percentiles, deciles, and quartiles. These measures are used extensively in
psychology and education. Sometimes they are referred to as norms.

The measures of central tendency, variation, and position explained in this chapter
are part of what is called traditional statistics.

Section 3—4 shows the techniques of what is called exploratory data analysis. These
techniques include the boxplot and the five-number summary. They can be used to explore
data to see what they show (as opposed to the traditional techniques, which are used to
confirm conjectures about the data).

Measures of Central Tendency

Chapter 1 stated that statisticians use samples taken from populations; however, when
populations are small, it is not necessary to use samples since the entire population can
be used to gain information. For example, suppose an insurance manager wanted to know
the average weekly sales of all the company’s representatives. If the company employed
a large number of salespeople, say, nationwide, he would have to use a sample and make

3-3
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Objective [l
Summarize data,
using measures of

central tendency, such

as the mean, median,
mode, and midrange.

=, O aL Note

In 1796, Adolphe
Quetelet investigated
the characteristics
(heights, weights, etc.)
of French conscripts
to determine the
“average man
Florence Nightingale
was so influenced by
Quetelet's work that
she began collecting
and analyzing medical
records in the military
hospitals during the
Crimean War. Based
on her work, hospitals
began keeping
accurate records on
their patients.
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an inference to the entire sales force. But if the company had only a few salespeople, say,
only 87 agents, he would be able to use all representatives’ sales for a randomly chosen
week and thus use the entire population.

Measures found by using all the data values in the population are called parameters.
Measures obtained by using the data values from samples are called statistics,; hence, the
average of the sales from a sample of representatives is a statistic, and the average of sales
obtained from the entire population is a parameter.

A statistic is a characteristic or measure obtained by using the data values from a sample.

A parameter is a characteristic or measure obtained by using all the data values from a
specific population.

These concepts as well as the symbols used to represent them will be explained in
detail in this chapter.

General Rounding Rule In statistics the basic rounding rule is that when computa-
tions are done in the calculation, rounding should not be done until the final answer is
calculated. When rounding is done in the intermediate steps, it tends to increase the dif-
ference between that answer and the exact one. But in the textbook and solutions manual,
it is not practical to show long decimals in the intermediate calculations; hence, the
values in the examples are carried out to enough places (usually three or four) to obtain
the same answer that a calculator would give after rounding on the last step.

The Mean

The mean, also known as the arithmetic average, is found by adding the values of the
data and dividing by the total number of values. For example, the mean of 3, 2, 6, 5, and
4 is found by adding 3 + 2 + 6 + 5 + 4 = 20 and dividing by 5; hence, the mean of the
data is 20 + 5 = 4. The values of the data are represented by X’s. In this data set, X; = 3,
X, =2,X,=6,X, =5, and X; = 4. To show a sum of the total X values, the symbol X
(the capital Greek letter sigma) is used, and 2.X means to find the sum of the X values in
the data set. The summation notation is explained in Appendix A.

The mean is the sum of the values, divided by the total number of values. The symbol X
represents the sample mean.

o Xt Xt Xat - X, 35X
n n

where n represents the total number of values in the sample.
For a population, the Greek letter w (mu) is used for the mean.

Xt Xgt Xgt - - o+ Xy ZEX
H N N
where N represents the total number of values in the population.

In statistics, Greek letters are used to denote parameters, and Roman letters are used
to denote statistics. Assume that the data are obtained from samples unless otherwise
specified.

Days Off per Year

O The data represent the number of days off per year for a sample of individuals
selected from nine different countries. Find the mean.

20, 26, 40, 36, 23, 42, 35, 24, 30

Source: World Tourism Organization.
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Solution

- +26 + 40 + 36 + 23 + 42 + 35+ 24 +
‘Xzzgggzzzo 26 + 40 + 36 %; 42 + 35+ 24 30:22%§==307(hys

Hence, the mean of the number of days off is 30.7 days.

Hospital Infections

The data show the number of patients in a sample of six hospitals who acquired an
infection while hospitalized. Find the mean.

110 76 29 38 105 31

Source: Pennsylvania Health Care Cost Containment Council.
Solution

— 22X 110+76 +29+ 38+ 105+ 31 389
X=== 6 =76

The mean of the number of hospital infections for the six hospitals is 64.8.

= 64.8

The mean, in most cases, is not an actual data value.

Rounding Rule for the Mean The mean should be rounded to one more decimal
place than occurs in the raw data. For example, if the raw data are given in whole num-
bers, the mean should be rounded to the nearest tenth. If the data are given in tenths, the
mean should be rounded to the nearest hundredth, and so on.

The procedure for finding the mean for grouped data uses the midpoints of the classes.
This procedure is shown next.

The average time it
takes a person to find a
new job is 5.9 months.

Miles Run per Week
Using the frequency distribution for Example 2—7, find the mean. The data represent the
number of miles run during one week for a sample of 20 runners.

Solution
The procedure for finding the mean for grouped data is given here.
Step 1 Make a table as shown.

A B C D
Class Frequency f Midpoint X, fX,

5.5-10.5
10.5-15.5
15.5-20.5
20.5-25.5
25.5-30.5
30.5-35.5
35.5-40.5

|Nw.l>mut\>.—~

3
Il
)
S

Step 2 Find the midpoints of each class and enter them in column C.

S5+ 10. S5+ 15.
y 354105 o 105+155

1 tc.
' > > 3 etc
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/] 4 d

A person looks, on
average, at about
14 homes before he
or she buys one.

Step 3

Step 4
Step 5

For each class, multiply the frequency by the midpoint, as shown, and place
the product in column D.

1-8=8 2-13=26 etc.
The completed table is shown here.

A B C D

Class Frequency f Midpoint X, f-X,
5.5-10.5 1 8 8
10.5-15.5 2 13 26
15.5-20.5 3 18 54
20.5-25.5 5 23 115
25.5-30.5 4 28 112
30.5-35.5 3 33 99
35.5-40.5 2 38 76
n =20 2f-X, =490

Find the sum of column D.
Divide the sum by #n to get the mean.
X, 490

0 = 24.5 miles

X=

The procedure for finding the mean for grouped data assumes that the mean of all the
raw data values in each class is equal to the midpoint of the class. In reality, this is not true,
since the average of the raw data values in each class usually will not be exactly equal to
the midpoint. However, using this procedure will give an acceptable approximation of the
mean, since some values fall above the midpoint and other values fall below the midpoint

for each class, and the midpoint represents an estimate of all values in the class.

The steps for finding the mean for grouped data are summarized in the next

Procedure Table.

Procedure Table

Finding the Mean for Grouped Data
Step 1

Step 2
Step 3

Step 4
Step 5

Make a table as shown.

A B C D
Class Frequency f Midpoint X, f-X,

Find the midpoints of each class and place them in column C.

Multiply the frequency by the midpoint for each class, and place the product in
column D.

Find the sum of column D.

Divide the sum obtained in column D by the sum of the frequencies obtained in
column B.

The formula for the mean is

>f X,
n

y:

[Note: The symbols =f - X,, mean to find the sum of the product of the frequency (/) and the
midpoint (X,,) for each class.]
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Speaking of

Statistics

Ages of the Top 50 Wealthiest People

The histogram shows the ages of the top
50 wealthiest individuals according to
Forbes Magazine for a recent year. The
mean age is 66.04 years. The median
age is 68 years. Explain why these two
statistics are not enough to adequately
describe the data.

Ages of the Top 50 Wealthiest Persons

151
144
134
124
14
104
g__
8__
7__
6__
5__
4__
3__
2__
1 4

Frequency

f >

345 445 54.5 64.5 745 84.5 94.5
Age (years)

The Median

An article recently reported that the median income for college professors was $43,250.

—istorical NQle This measure of central tendency means that one-half of all the professors surveyed

The concept of earned more than $43,250, and one-half earned less than $43,250.

median was used The median is the halfway point in a data set. Before you can find this point, the data
by Gauss at the must be arranged in order. When the data set is ordered, it is called a data array. The
beginning of the median either will be a specific value in the data set or will fall between two values, as
19th century and shown in Examples 3—4 through 3-8.

introduced as a

statistical concept by The median is the midpoint of the data array. The symbol for the median is MD.

Francis Galton around

1874. The mode was Steps in computing the median of a data array

first used by Karl

Pearson in 1894. Step 1 Arrange the data in order.

Step 2 Select the middle point.

3-7
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Example 3—-4

Hotel Rooms

The number of rooms in the seven hotels in downtown Pittsburgh is 713, 300, 618,
595,311,401, and 292. Find the median.

Source: Interstate Hotels Corporation.
Solution

Step 1 Arrange the data in order.
292,300, 311, 401, 595, 618, 713

Step 2 Sclect the middle value.
292,300, 311, 49rl, 595,618, 713

Median
Hence, the median is 401 rooms.

National Park Vehicle Pass Costs

Find the median for the daily vehicle pass charge for five U.S. National Parks. The costs
are $25, $15, $15, $20, and $15.

Source: National Park Service.
Solution

$15 $15 $15 $20 $25
T
Median

The median cost is $15.

Examples 3—4 and 3-5 each had an odd number of values in the data set; hence, the
median was an actual data value. When there are an even number of values in the data set,
the median will fall between two given values, as illustrated in Examples 3—-6, 3—7, and 3—8.

Example 3—-6

Tornadoes in the United States

o The number of tornadoes that have occurred in the United States over an 8-year
period follows. Find the median.

684, 764, 656, 702, 856, 1133, 1132, 1303

Source: The Universal Almanac.

Solution

656, 684, 702, 764, 856, 1132, 1133, 1303
T
Median
Since the middle point falls halfway between 764 and 856, find the median MD by
adding the two values and dividing by 2.
_ 764 + 856 _ 1620
2 2
The median number of tornadoes is 810.

MD = 810
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Example 3=7

Asthma Cases

4 The number of children with asthma during a specific year in seven local districts
is shown. Find the median.

253, 125, 328, 417, 201, 70, 90

Source: Pennsylvania Department of Health.
Solution
70, 90, 125, 201, 253, 328, 417
T

Median

Since the number 201 is at the center of the distribution, the median is 201.

Example 3-8

Magazines Purchased

Six customers purchased these numbers of magazines: 1, 7, 3, 2, 3, 4. Find the

median.
Solution
1,2,3,3,4,7 MD=m=3
2
T
Median

Hence, the median number of magazines purchased is 3.

The Mode

The third measure of average is called the mode. The mode is the value that occurs most
often in the data set. It is sometimes said to be the most typical case.

The value that occurs most often in a data set is called the mode.

A data set that has only one value that occurs with the greatest frequency is said to
be unimodal.

If a data set has two values that occur with the same greatest frequency, both values
are considered to be the mode and the data set is said to be bimodal. If a data set has more
than two values that occur with the same greatest frequency, each value is used as the
mode, and the data set is said to be multimodal. When no data value occurs more than
once, the data set is said to have no mode. A data set can have more than one mode or no
mode at all. These situations will be shown in some of the examples that follow.

Example 3-9

NFL Signing Bonuses

o Find the mode of the signing bonuses of eight NFL players for a specific year.
The bonuses in millions of dollars are

18.0, 14.0, 34.5, 10, 11.3, 10, 12.4, 10
Source: USA TODAY.
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Solution
It is helpful to arrange the data in order although it is not necessary.

10, 10, 10, 11.3, 12.4, 14.0, 18.0, 34.5

Since $10 million occurred 3 times—a frequency larger than any other number—the
mode is $10 million.

Example 3-10

Branches of Large Banks
o Find the mode for the number of branches that six banks have.

401, 344, 209, 201, 227, 353

Source: SNL Financial.

Solution

Since each value occurs only once, there is no mode.
Note: Do not say that the mode is zero. That would be incorrect, because in some
data, such as temperature, zero can be an actual value.

3-10

Licensed Nuclear Reactors

o The data show the number of licensed nuclear reactors in the United States for a
recent 15-year period. Find the mode.

Source: The World Almanac and Book of Facts.
104 104 104 104 104

107 109 109 109 110
109 111 112 111 109

Solution

Since the values 104 and 109 both occur 5 times, the modes are 104 and 109. The data
set is said to be bimodal.

The mode for grouped data is the modal class. The modal class is the class with the
largest frequency.

Miles Run per Week

Find the modal class for the frequency distribution of miles that 20 runners ran in one
week, used in Example 2—7.

Class Frequency
5.5-10.5 1
10.5-15.5 2
15.5-20.5 3
20.5-25.5 5 ¢« Modal class
25.5-30.5 4
30.5-35.5 3
35.5-40.5 2
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Solution

The modal class is 20.5-25.5, since it has the largest frequency. Sometimes the
midpoint of the class is used rather than the boundaries; hence, the mode could also be
given as 23 miles per week.

The mode is the only measure of central tendency that can be used in finding the
most typical case when the data are nominal or categorical.

Area Boat Registrations

The data show the number of boats registered for six counties in southwestern
Pennsylvania. Find the mode.

Westmoreland 11,008
Butler 9,002
Washington 6,843
Beaver 6,367
Fayette 4,208
Armstrong 3,782

Source: Pennsylvania Fish and Boat Commission.

Solution

Since the category with the highest frequency is Westmoreland, the most typical case is
Westmoreland. Hence the mode is 11,008.

An extremely high or extremely low data value in a data set can have a striking effect
on the mean of the data set. These extreme values are called outliers. This is one reason
why when analyzing a frequency distribution, you should be aware of any of these
values. For the data set shown in Example 3—14, the mean, median, and mode can be
quite different because of extreme values. A method for identifying outliers is given in
Section 3-3.

Example 3-14

Salaries of Personnel

A small company consists of the owner, the manager, the salesperson, and two
technicians, all of whose annual salaries are listed here. (Assume that this is the
entire population.)

Staff Salary
Owner $50,000
Manager 20,000
Salesperson 12,000
Technician 9,000
Technician 9,000

Find the mean, median, and mode.

Solution
2X 50,000 + 20,000 + 12,000 + 9000 + 9000
M" = —_— =
N 5
Hence, the mean is $20,000, the median is $12,000, and the mode is $9,000.

= $20,000

3-11
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In Example 3—-14, the mean is much higher than the median or the mode. This is so
because the extremely high salary of the owner tends to raise the value of the mean. In
this and similar situations, the median should be used as the measure of central tendency.

The Midrange

The midrange is a rough estimate of the middle. It is found by adding the lowest and
highest values in the data set and dividing by 2. It is a very rough estimate of the aver-
age and can be affected by one extremely high or low value.

The midrange is defined as the sum of the lowest and highest values in the data set,
divided by 2. The symbol MR is used for the midrange.

_ lowest value + highest value

MR 5

Water-Line Breaks

o In the last two winter seasons, the city of Brownsville, Minnesota, reported these
numbers of water-line breaks per month. Find the midrange.

2,3,6,8,4,1
Solution
1+8 9
MR = > —2—45

Hence, the midrange is 4.5.

If the data set contains one extremely large value or one extremely small value, a
higher or lower midrange value will result and may not be a typical description of the
middle.

Example 3-16

3-12

NFL Signing Bonuses

Find the midrange of data for the NFL signing bonuses in Example 3-9. The bonuses in
millions of dollars are

18.0, 14.0, 34.5, 10, 11.3, 10, 12.4, 10

Solution
The smallest bonus is $10 million and the largest bonus is $34.5 million.

10 +345 445

MR > >

= $22.25 million

Notice that this amount is larger than seven of the eight amounts and is not typical of
the average of the bonuses. The reason is that there is one very high bonus, namely,
$34.5 million.
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The average American
drives about 10,000
miles a year.
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In statistics, several measures can be used for an average. The most common mea-
sures are the mean, median, mode, and midrange. Each has its own specific purpose and
use. Exercises 39 through 41 show examples of other averages, such as the harmonic
mean, the geometric mean, and the quadratic mean. Their applications are limited to spe-
cific areas, as shown in the exercises.

The Weighted Mean

Sometimes, you must find the mean of a data set in which not all values are equally repre-
sented. Consider the case of finding the average cost of a gallon of gasoline for three taxis.
Suppose the drivers buy gasoline at three different service stations at a cost of $3.22, $3.53,
and $3.63 per gallon. You might try to find the average by using the formula
¥=2X
n
322 +353+3.63 1038

3 3

But not all drivers purchased the same number of gallons. Hence, to find the true aver-
age cost per gallon, you must take into consideration the number of gallons each driver
purchased.

The type of mean that considers an additional factor is called the weighted mean, and
it is used when the values are not all equally represented.

= §3.46

Find the weighted mean of a variable X by multiplying each value by its corresponding
weight and dividing the sum of the products by the sum of the weights.

Y= wiXy + woXo+ - - -+ w, X, ZwX
witwyt+ s+ w, 2w
where w,, w,, ..., w, are the weights and X, X,, . . ., X, are the values.

Example 3—17 shows how the weighted mean is used to compute a grade point average.
Since courses vary in their credit value, the number of credits must be used as weights.

Grade Point Average

A student received an A in English Composition I (3 credits), a C in Introduction to
Psychology (3 credits), a B in Biology I (4 credits), and a D in Physical Education
(2 credits). Assuming A = 4 grade points, B = 3 grade points, C = 2 grade points,
D = 1 grade point, and F = 0 grade points, find the student’s grade point average.

Solution
Course Credits (w) Grade (X)
English Composition I 3 A (4 points)
Introduction to Psychology 3 C (2 points)
Biology I 4 B (3 points)
Physical Education 2 D (1 point)
)—(:EWX:3-4+3-2+4~3+2~122:2'7
2w 3+3+4+2 12

The grade point average is 2.7.

3-13
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Table 3—1 summarizes the measures of central tendency.

/] #) a

Table 3=1  Summary of Measures of Central Tendency

Of people in the

United States, 45% Measure Definition Symbol(s)

live within 15 minutes Mean Sum of values, divided by total number of values “, X

of their best friend. Median Middle point in data set that has been ordered MD
Mode Most frequent data value None
Midrange Lowest value plus highest value, divided by 2 MR

Researchers and statisticians must know which measure of central tendency is being
used and when to use each measure of central tendency. The properties and uses of the
four measures of central tendency are summarized next.

Properties and Uses of Central Tendency

The Mean
1. The mean is found by using all the values of the data.

2. The mean varies less than the median or mode when samples are taken from the same
population and all three measures are computed for these samples.

3. The mean is used in computing other statistics, such as the variance.
4. The mean for the data set is unique and not necessarily one of the data values.

5. The mean cannot be computed for the data in a frequency distribution that has an
open-ended class.

6. The mean is affected by extremely high or low values, called outliers, and may not be the
appropriate average to use in these situations.

The Median
1. The median is used to find the center or middle value of a data set.

2. The median is used when it is necessary to find out whether the data values fall into the
upper half or lower half of the distribution.

3. The median is used for an open-ended distribution.
4. The median is affected less than the mean by extremely high or extremely low values.

The Mode
1. The mode is used when the most typical case is desired.
2. The mode is the easiest average to compute.

3. The mode can be used when the data are nominal or categorical, such as religious
preference, gender, or political affiliation.

4. The mode is not always unique. A data set can have more than one mode, or the mode
may not exist for a data set.

The Midrange
1. The midrange is easy to compute.
2. The midrange gives the midpoint.
3. The midrange is affected by extremely high or low values in a data set.

3-14
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Mode Median Mean
() Positively skewed or right-skewed

y y
X |—|— X
Mean Mean Median Mode
Median
Mode
(b) Symmetric (c) Negatively skewed or left-skewed

Distribution Shapes

Frequency distributions can assume many shapes. The three most important shapes are pos-
itively skewed, symmetric, and negatively skewed. Figure 3—1 shows histograms of each.

In a positively skewed or right-skewed distribution, the majority of the data values
fall to the left of the mean and cluster at the lower end of the distribution; the “tail” is to the
right. Also, the mean is to the right of the median, and the mode is to the left of the median.

For example, if an instructor gave an examination and most of the students did
poorly, their scores would tend to cluster on the left side of the distribution. A few high
scores would constitute the tail of the distribution, which would be on the right side.
Another example of a positively skewed distribution is the incomes of the population of
the United States. Most of the incomes cluster about the low end of the distribution; those
with high incomes are in the minority and are in the tail at the right of the distribution.

In a symmetric distribution, the data values are evenly distributed on both sides of
the mean. In addition, when the distribution is unimodal, the mean, median, and mode
are the same and are at the center of the distribution. Examples of symmetric distribu-
tions are 1Q scores and heights of adult males.

When the majority of the data values fall to the right of the mean and cluster at
the upper end of the distribution, with the tail to the left, the distribution is said to be
negatively skewed or left-skewed. Also, the mean is to the left of the median, and the
mode is to the right of the median. As an example, a negatively skewed distribution
results if the majority of students score very high on an instructor’s examination. These
scores will tend to cluster to the right of the distribution.

When a distribution is extremely skewed, the value of the mean will be pulled toward
the tail, but the majority of the data values will be greater than the mean or less than the
mean (depending on which way the data are skewed); hence, the median rather than the
mean is a more appropriate measure of central tendency. An extremely skewed distribu-
tion can also affect other statistics.

A measure of skewness for a distribution is discussed in Exercise 48 in Section 3-2.

3-15



