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EXAMPLE 1

| B . , ,
aQ cosz = 2 * + e ™), sinz = % (€ — e %)

It is quite remarkable that here in complex. functions come together that are unrelated in
real. This is not an isolated incident but is typical of the general situation and shows the
advantage of working in complex.

Furthermore, as in calculus we define

sinz cos z
2) tanz = . cotz = —
COS Z sin z
and
1 1
(3) secz = , cscz= — .
coS z sin z

Since €° is entire, cos z and sin z are entire functions. tan z and sec z are not entire; they
are analytic except at the points where cos 2 is zero; and cot z and csc z are analytic except
where sin zis zero. Formulas for the derivatives follow readily from (¢¥)’ = ¢ and (1)—~(3):
as in calculus,

@ (cos 7)) = —sinz. (sinz)’ = cosz. (tan )’ = sec?®z,

etc. Equation (1) also shows that Euler’s formula is valid in complex:
) e =cosz+isinz for all z.

The real and imaginary parts of cos z and sin z are needed in computing values, and
they also help in displaying properties of our functions. We illustrate this with a typical
example.

Real and Imaginary Parts. Absolute Value. Periodicity

Show that
(a) cosz=cosxcoshy —isinxsinhy
© (b) sinz =sinxcoshy + i cosxsinhy
and
7 (@)  Jcos g% = cos®x + sinh® ¥
” th) 'sin :|2 = sin®x + sinh®y

and give some applications of these formulas.
Solution. From (1).

cosz = E(ei(:z:ﬂ'.y) + e—i(x+iy))
=1e ¥cosx + isiny) + i¥cosx — isinx)
=3 + e7Y) cosx — di(e? — e Yy sinx.

This yields (6a) since, as is known form calculus,

8) coshy = 2(e¥ + ¢7Y), sithy = §(e¥ — e7¥);
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(6b) is obtained similarly. From (6a) and cosh? v=1+ sinh? v we obtain
[cos 212 = (cos2x) (1 + sinh?y) + sin® x sinh® y.

Since sin®x + cosZ x = 1, this gives (7a). and (7b) is obtained similarly.

For instance, cos (2 + 3i) = cos2 cosh3 — i sin 2 sinh3 = —4.190 — 9.109i.

From (6) we see that cos z and sin z are periodic with period 2+, just as in real. Periodicity of tan £ and
cot z with period 7 now follows.

Formula (7) peints to an essential difference between the real and the complex cosine and sine; whereas
Jeos x| = 1 and |sin x| = 1, the complex cosine and sine functions are no longer bounded but approach infinity
in absolute value as y — =<, since then sinh y — 2 in (7).

Solutions of Equations. Zeros of cos z and sin z
Solve (a) cos z = 5 (which has no real solution!), (b) cos z = 0, {c) sinz = (.

Solution. (a) ¢ — 108° + 1 = 0 from (1) by multiplication by ¢*. This is a quadratic equation in €%,
with solutions (rounded off to 3 decimals)

=¥ =5+125-1=9899 and 0.101
Thus e~ ¥ = 9.899 or 0.101, & = 1,y = %2292, x = 2nw. Ans. z = ¥2now £ 2292i(n =0, 1,2, - - ).
Can you obtain this from (6a)?
(b)cosx = 0,sinhy =0by (72), y = 0. Ans. z = '_"%(Zn + Dm n=0,1,2,---).
(n=0,

(c) sinx = 0, sinhy = 0 by (7b). Ans. z = *nw (n 1, 2, - - -). Hence the only zeros of cos z and
sin 3 are those of the real cosine and sine functions. |

General formulas for the real trigonometric functions continue to hold for complex
values. This follows immediately from the definitions. We mention in particular the

addition rules

©) cos (7 = zp) = €OS 71 COS Zg + SIN 24 SIN Zo

sin (z; & zp) = sin z; €OS 7o £ sin Zy COS 74
and the formula
(10) cos?z + sin®z = 1.

Some further useful formulas are included in the problem set.

Hyperbolic Functions

The complex hyperbolic cosine and sine are defined by the formulas
1) coshz = (" + e7), sinh z = (¢ — 7).

This is suggested by the familiar definitions for a real variable [see (8)]. These functions
are entire, with derivatives

(12) (coshz)’ = sinh z, (sinh )" = cosh z,

as in calculus. The other hyperbolic functions are defined by
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(13)

Complex Trigonometric and Hyperbolic Functions Are Related.
z by iz and then use (1), we obtain

a4) cosh iz = cos z,

629

h cosh z
. cothz = — .
cosh z sinh =
1
cschz = — .
sinh z

Ifin (11), we replace

sinh iz = i sin z.

Similarly, if in (1) we replace z by iz and then use (11), we obtain conversely

as) cos iz = cosh z,

sin iz = f sinh z.

Here we have another case of unrelated real functions that have relared complex analogs.
pointing again to the advantage of working in complex in order to get both a more unified
formalism and a deeper understanding of special functions. This is one of the main reasons
for the importance of complex analysis to the engineer and physicist.

. -‘==:- -~V — =iy wE—
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» e uny e . - —

1. Prove that cosz, singz, coshz sinhz are entire
functions.
2. Verity by differentiation that Re cos z and Im sin z are
harmonic.
36/ FORMULAS FOR HYPERBOLIC FUNCTIONS
Show that

3. coshz = coshxcosy + isinhxsiny

sinh z = sinh x cos y + i cosh x sin y.

4. cosh(z; + zg) = cosh z; cosh z; + sinh z; sinh z,

sinh (z; + z) = sinh z; cosh z5 + cosh z; sinh z,.

5. cosh?z — sinh?2z = 1
6. cosh®z + sinh®z = cosh 2z

Function Values. Compute (in the form u + iv)
7. cos (1 + i) 8. sin (1 + i)

9. sin 5i, cos 5i 10. cos 37i

11. cosh (=2 + 31, cos (=3 — 2i)

12. —i sinh (— 7 + 2i), sin (2 + i)

13. cosh(2n + Dm,n=1,2, - - -

14. sinh (4 — 3i) 15. cosh (4 — 6ri)

16. (Real and imaginary parts) Show that

R sin x cos x
etanz = —5 ——————5 —,
cos?x + sinh?y
sinh y cosh ¥
Imtan z =

cosZx + sinh?y ~

Equations. Find all solutions of the following
equations.

17. coshz = 0 18. sinz = 100
19. cosz = 2i 20. coshz = —1
21. sinhz =0

22. Find all z for which (a) cos z, (b) sin g has real values.

23-25| Equations and Inequalities. Using the

definitions, prove:

23. cosz is even, cos(—z) = cosz, and sinz is odd,
sin (—z) = —sinz.

24. [sinh y| = |cos z| = cosh y, [sinh y| = |sin z| = cosh y.
Conclude that the complex cosine and sine are not
bounded in the whole complex plane.

25. sinz; cos z; = 3[sin (z; + z5) + sin (z; — z,)]
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13.7 Logarithm. General Power

We finally introduce the complex logarithm, which is more complicated than the real
logarithm (which it includes as a special case) and historically puzzled mathematicians
for some time (so if you first get puzzled—which need not happen!—be patient and work
through this section with extra care).

The natural logarithm of z = x + iv is denoted by In 7 (sometimes also by log z) and
is defined as the inverse of the exponential function; that is, w = In z is defined for
z # 0 by the relation

(Note that z = 0 is impossible. since ¢ # 0 for all w; see Sec. 13.5.) If we set
w = u + iv and 7 = re*®, this becomes

v = eu+iu = 't
Now from Sec. 13.5 we know that ¢“** has the absolute value ¢* and the argument v.
These must be equal to the absolute value and argument on the right:

et =

¥, v=20
¢* = r gives u = Inr, where In r is the familiar real natural logarithm of the positive
number r = |z|. Hence w = u + iv = In z is given by

)] Inz=1Inr+i6 r=|74>0 6=arg).

Now comes an important point (without analog in real calculus). Since the argument of
z is determined only up to integer multiples of 27, the complex natural logarithm In g
(z # 0) is infinitely many-valued.

The value of In ; corresponding to the principal value Arg z (see Sec. 13.2) is denoted
by Ln £ (Ln with capital L) and is called the principal value of In z. Thus

) Lnz =Inlg +iArgz (z # 0).

The uniqueness of Arg z for given z (¥ 0) implies that Ln z is single-valued, that is, a
function in the usual sense. Since the other values of arg : differ by integer multiples of
24r, the other values of In 7 are given by

3) Inz=Lnz * 2nwi n=1.2.---).

They all have the same real part, and their imaginary parts differ by integer multiples of 27r.

If - is positive real, then Arg z = 0, and Ln z becomes identical with the real natural
logarithm known from calculus. If z is negative real (so that the natural logarithm of
calculus is not defined!), then Arg z = 7 and

Lnz=1Inlzg| + i (z negative real).
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From (1) and &' 7 = r for positive real r we obtain
(4a) eln z — c
as expected, but since arg (¢*) = y * 2n7r is multivalued. so is

(4b) In (&) = z = 2nmi, n=20,1,---.

EXAMPLE 1 Natural Logarithm. Principal Value

Inl =0, *2mi, 44, - Lnl =20
In4 = 1.386 294 * 2nmi Ln4 = 1.386 294
In(—1) = X, X3, £57i, - - In(—1)=mi
In(—4) = 1.386 294 *= 2n + 1)mri Ln(—4) = 1.386 294 + i
Ini = mil2, =372, 5%il2, - - - Lni= 7il2
In4i = 1.386 294 + #il2 = 2nmi Ln4i = 1.386 294 + 7i/2
In (—4i) = 1.386 294 — 7ri/2 * 2nmi Ln (—4i) = 1.386 294 — rif2
In(3-4i)=In5+iag(3— 4D Ln (3 — 4i) = 1.609 438 — 0.927 295i
= 1.609 438 — 0.927 295{ * 2nmi (Fig. 334) |
v 1
-09 +6r - Q(
—09+4n| ¢
-0.9+2n - i
09 ——_{_H_U
-09-2n ‘:

Fig. 334. Some values of In (3 — 4i) in Example 1

The familiar relations for the natural logarithm continue to hold for complex values,
that is,

5) (a8 In(gz) =Inz +1Inz,, (b) In(z/ze) =Ing —Inzy

but these relations are to be understood in the sense that each value of one side is also
contained among the values of the other side: see the next example.

EXAMPLE 2 Illustration of the Functional Relation (5) in Complex
Let

If we take the principal values

Inzy =Lnzy = 7,

then (5a) holds provided we write In(gyZp) = In 1l = 271i; however, it is not true for the principal value,
Ln(zz5) =Ln1 = 0. |
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Analyticity of the Logarithm

For every n = 0, =1, £2, - - - formula (3) defines a function, which is analvytic,
except at 0 and on the negative real axis, and has the derivative

6) (Ing) = (z not O or negative real).

PROOF We show that the Cauchy—Riemann equations are satisfied. From (1)~(3) we have

1 ¥
Inz=Inr+i6+c) = By In(x® + v?) + i(arctan - + c)
X
where the constant ¢ is a multiple of 27r. By differentiation,
x 1 |
Lt = —n—n— = U = ——— .
X2+ Yoo+ (vi)?® x

b} 1 y
U,= ——5 =-v,=—-——— |— =1}.
Yo x2 452 * 1 + (vix)? x2

Hence the Cauchy—Riemann equations hold. [Confirm this by using these equations in
polar form, which we did not use since we proved them only in the problems (to
Sec. 13.4).] Formula (4) in Sec. 13.4 now gives (6),

(In 2’ +i x L ! v X — iy 1 -
ni) =u v, = i - )l=———7=—.
¥ I 1 + (y/x)? x* a2+ y? b4

Each of the infinitely many functions in (3) is called a branch of the logarithm. The
negative real axis is known as a branch cut and is usually graphed as shown in Fig. 335.
The branch for n = 0 is called the principal branch of In z.

x

Fig. 335. Branch cut for Inz

General Powers

General powers of a complex number z = x + iy are defined by the formula
7 7€ = fInz (¢ complex, z # 0).

Since In z is infinitely many-valued, z¢ will, in general, be multivalued. The particular
value
Zc — ec Lnz

is called the principal value of z°.



