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Comparison between Electrostatics and Magnetostatics
Magnetic Vector Potential



Electrostatics Magnetostatics

In Electrostatics, we have studied

𝐸 𝒓 =
1

4𝜋𝜖0

𝑄

𝓇2

In Magnetostatics

𝐵 𝒓 =
𝜇0

4𝜋
 

 𝐽(𝒓′) ×  𝓇

𝓇2
𝑑𝜏′

𝛻 × 𝐸 = 0 ( For Electrostatic Field) 𝛻. 𝐵 𝒓 = 0 (For Static Magnetic 
Field)



Electrostatics Magnetostatics

Any vector whose curl is equal to zero 
can be written as the gradient  of 
another another scaler. i.e.

𝐸 = −𝛻𝑉
We  had defined

𝑉 = Electric Potential
Using the  Coulomb’ law

𝛻. 𝐸 =
𝜌

𝜖0

Gauss’s Law

Any vector whose divergence is equal to 
zero can be written as the curl of 
another vector

𝐵 = 𝛻 ×  𝐴
Here we define

 𝐴 = 𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑣𝑒𝑐𝑡𝑜𝑟 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙
Using the Biot-Savart law

𝛻 × 𝐵 = 𝜇0
 𝐽

Ampere’s Law

𝛻. −𝛻𝑉 =
𝜌

𝜖0

𝛻 × 𝐵 = 𝛻 × 𝛻 ×  𝐴 = 𝛻 𝛻.  𝐴 − 𝛻2  𝐴

= 𝜇0
 𝐽

We choose vector 𝐀 such that its 𝛁. 𝐀 =
𝟎, but curl is not zero.



Electrostatics Magnetostatics

𝛻2𝑉 =
−𝜌

𝜖0

Passion’s Equation

−𝛻2  𝐴 = 𝜇0
 𝐽

𝛻2  𝐴 = −𝜇0
 𝐽

In components form
𝛻2𝐴𝑥  𝑥 + 𝛻2𝐴𝑦  𝑦 + 𝛻2𝐴𝑧  𝑧

= −𝜇0(𝐽𝑥  𝑥 + 𝐽𝑦  𝑦 + 𝐽𝑧  𝑧

𝛻2𝐴𝑥 = −𝜇0𝐽𝑥
𝛻2𝐴𝑦 = −𝜇0𝐽𝑦
𝛻2𝐴𝑧 = −𝜇0𝐽𝑧

𝜌  𝐽



Electrostatics Magnetostatics

Electric Potential
for charge density

𝑉 𝒓 =
1

4𝜋𝜖0
 

𝜌  𝑟′ 𝑑𝜏′

𝓇

Magnetic Vector Potential
By using the same token

𝐴𝑥 =
𝜇0

4𝜋
 

𝐽𝑥𝑑𝜏′

𝓇

𝐴𝑦 =
𝜇0

4𝜋
 

𝐽𝑦𝑑𝜏′

𝓇

𝐴𝑧 =
𝜇0

4𝜋
 

𝐽𝑧𝑑𝜏′

𝓇

And combining all these equations
We get equation of current density

 𝐴 =
𝜇0

4𝜋
 

 𝐽( 𝑟′)𝑑𝜏′

𝓇



Method-II

Derivation of magnetic vector potential



Magnetic Vector Potential

𝑉 𝒓 =
1

4𝜋𝜖0
 

𝜎  𝑟′ 𝑑a′

𝓇

For Surface Charge Density

 𝐴 =
𝜇0

4𝜋
 

𝐾( 𝑟′)𝑑a′

𝓇

For Surface Current Density

𝑉 𝒓 =
1

4𝜋𝜖0
 

λ  𝑟′ 𝑑l′

𝓇

For Line Charge Density

 𝐴 =
𝜇0

4𝜋
 

 𝐼𝑑𝑙′

𝓇

For Line Current Density
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Example 5.11

 𝐴( 𝑟) =
𝜇0

4𝜋
 

𝐾( 𝑟′)𝑑a′

𝓇

𝓇 = 𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′

𝐾 = σ  𝑣

𝑑  𝑎 = 𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

 𝑣 = 𝜔 × 𝑟′and

𝐾 = σ(𝜔 × 𝑟′)  𝐴( 𝑟) =
𝜇0

4𝜋
 

σ(𝜔 ×  𝑟) 𝑑a′

𝓇



𝑑𝑎′ = 𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

 𝑣 = 𝜔 × 𝑟′ =
 𝑥  𝑦  𝑧

𝑤𝑠𝑖𝑛ψ 0 𝑤𝑐𝑜𝑠ψ

𝑅𝑠𝑖𝑛𝜃′𝑐𝑜𝑠∅′ 𝑅𝑠𝑖𝑛𝜃′𝑠𝑖𝑛∅′ 𝑅𝑐𝑜𝑠∅′

= 𝑅𝑤 − 𝑤𝑐𝑜𝑠ψ𝑠𝑖𝑛𝜃′𝑐𝑜𝑠∅′  𝑥 + 𝑐𝑜𝑠ψ𝑠𝑖𝑛𝜃′𝑐𝑜𝑠∅′ − 𝑠𝑖𝑛ψ𝑐𝑜𝑠𝜃′  𝑦 + 𝑠𝑖𝑛ψ𝑠𝑖𝑛𝜃′𝑠𝑖𝑛∅′)  𝑧
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𝑟′ = 𝑅 𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝑟′𝑟𝑒𝑝𝑟𝑒𝑠𝑒𝑛𝑡𝑠 𝑡

ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 𝑙𝑦𝑖𝑛𝑔 𝑜𝑛 𝑡ℎ𝑒
𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑜𝑓 𝑠𝑝ℎ𝑒𝑟𝑒



 𝐴 =
𝜇0

4𝜋
 

𝐾( 𝑟′)𝑑a′

𝓇

=
𝜇0

4𝜋
 

𝐾( 𝑟′)𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′

 𝐴 =
𝜇0

4𝜋
 

σ  𝑣 𝑑a′

𝓇
=

𝜇0

4𝜋
 

𝜎(𝜔 ×  𝑟)𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′
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 𝐴 =
𝜇0

4𝜋
 

𝜎  𝑟 × 𝜔 𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′

 𝐴 =
𝜇0

4𝜋
 

𝜎 𝑅𝑤 − 𝑤𝑐𝑜𝑠ψ𝑠𝑖𝑛𝜃′𝑐𝑜𝑠∅′  𝑥 + 𝑐𝑜𝑠ψ𝑠𝑖𝑛𝜃′𝑐𝑜𝑠∅′ − 𝑠𝑖𝑛ψ𝑐𝑜𝑠𝜃′  𝑦 + 𝑠𝑖𝑛ψ𝑠𝑖𝑛𝜃′𝑠𝑖𝑛∅′)  𝑧 𝑅2𝑠𝑖𝑛𝜃′𝑑𝜃′𝑑∅′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′

 
0

2𝜋

𝑠𝑖𝑛∅′ 𝑑∅′ =  
0

2𝜋

𝑐𝑜𝑠∅′ 𝑑∅′ = 0

 𝐴 = −
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
0

𝜋 𝑐𝑜𝑠𝜃′𝑠𝑖𝑛𝜃′𝑑𝜃′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′
 𝑦
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 𝐴 = −
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
0

𝜋 𝑐𝑜𝑠𝜃′𝑠𝑖𝑛𝜃′𝑑𝜃′

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′
 𝑦

Let       𝑢 = 𝑐𝑜𝑠𝜃′ 𝑑𝑢 = −𝑠𝑖𝑛𝜃′𝑑𝜃′

 𝐴 =
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
0

𝜋 𝑐𝑜𝑠𝜃′ (−𝑠𝑖𝑛𝜃′𝑑𝜃′)

𝑅2 + 𝑟2 − 2𝑅𝑟𝑐𝑜𝑠𝜃′
 𝑦

 𝐴 =
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
1

−1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
 𝑦

For Limits
When 𝜃′ = 0 𝑢 = 𝑐𝑜𝑠0 = 1
When 𝜃′ = 𝜋 𝑢 = 𝑐𝑜𝑠𝜋 = −1
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 𝐴 = −
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
 𝑦

𝑁𝑜𝑤  
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
=  −

𝑅2 + 𝑟2 + 𝑅𝑟𝑢

3𝑅2𝑟2
𝑅2 + 𝑟2 − 2𝑅𝑟𝑢

−1

1

= −
𝑅2 + 𝑟2 + 𝑅𝑟 1

3𝑅2𝑟2
𝑅2 + 𝑟2 − 2𝑅𝑟 1 +

𝑅2 + 𝑟2 + 𝑅𝑟 −1

3𝑅2𝑟2
𝑅2 + 𝑟2 − 2𝑅𝑟 −1
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= −
𝑅2 + 𝑟2 + 𝑅𝑟 1

3𝑅2𝑟2
𝑅2 + 𝑟2 − 2𝑅𝑟 1 +

𝑅2 + 𝑟2 + 𝑅𝑟 −1

3𝑅2𝑟2
𝑅2 + 𝑟2 − 2𝑅𝑟 −1

= −
1

3𝑅2𝑟2
(𝑅2+𝑟2 + 𝑅𝑟) 𝑅 − 𝑟 − (𝑅2+𝑟2 − 𝑅𝑟)(𝑅 + 𝑟)

𝑰𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝑺𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝑹 > 𝒓

= −
1

3𝑅2𝑟2
(𝑅2+𝑟2 + 𝑅𝑟)(𝑅 − 𝑟) − (𝑅2+𝑟2 − 𝑅𝑟)(𝑅 + 𝑟)

= −
1

3𝑅2𝑟2
(𝑅3−𝑟𝑅2 + 𝑅𝑟2 − 𝑟3 + 𝑟𝑅2 − 𝑅𝑟2) − (𝑅3+𝑟𝑅2 + 𝑅𝑟2 + 𝑟3 − 𝑟𝑅2 − 𝑅𝑟2)
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= −
1

3𝑅2𝑟2
(𝑅3−𝑟𝑅2 + 𝑅𝑟2 − 𝑟3 + 𝑟𝑅2 − 𝑅𝑟2) − (𝑅3+𝑟𝑅2 + 𝑅𝑟2 + 𝑟3 − 𝑟𝑅2 − 𝑅𝑟2)

= −
1

3𝑅2𝑟2
(𝑅3−𝑟3) − (𝑅3+𝑟3)

 
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
=

2𝑟3

3𝑅2𝑟2
=

2𝑟

3𝑅2
𝑰𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝑺𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝑹 > 𝒓
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𝒐𝒖𝒕𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒔𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝒓 > 𝑹

= −
1

3𝑅2𝑟2
(𝑅2+𝑟2 + 𝑅𝑟)(𝑟 − 𝑅) − (𝑅2+𝑟2 − 𝑅𝑟)(𝑅 + 𝑟)

= −
1

3𝑅2𝑟2
(𝑟𝑅2 − 𝑅3+𝑟3 − 𝑅𝑟2 + 𝑅𝑟2 − 𝑟𝑅2) − (𝑅3+𝑟𝑅2 + 𝑅𝑟2 + 𝑟3 − 𝑟𝑅2 − 𝑅𝑟2)

= −
1

3𝑅2𝑟2
(−𝑅3+𝑟3) − (𝑅3+𝑟3)

 
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
=

2𝑅3

3𝑅2𝑟2
=

2𝑅

3𝑟2
𝒐𝒖𝒕𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝒔𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝒓 > 𝑹
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 𝐴 = −
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
 𝑦 = −

𝜇0𝑅
3𝜎𝑤𝑠𝑖𝑛ψ

2

2𝑅

3𝑟2
 𝑦

𝜔 ×  𝑟 = −𝜔𝑟𝑠𝑖𝑛ψ 𝑦

 𝐴 =
𝜇0𝑅

4𝜎

3𝑟3
𝜔 ×  𝑟

 𝐴 =
𝜇0𝑅

3𝜎(−𝑤𝑟𝑠𝑖𝑛ψ 𝑦)

2

2𝑅

3𝑟3

𝑶𝒖𝒕𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝑺𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝑹 > 𝒓

𝑂𝑢𝑡𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑆𝑝ℎ𝑒𝑟𝑒 𝐹𝑜𝑟 𝑅 > 𝑟

and
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 𝐴 = −
𝜇0𝑅

3𝜎𝑤𝑠𝑖𝑛ψ

2
 
−1

1 𝑢𝑑𝑢

𝑅2 + 𝑟2 − 2𝑅𝑟𝑢
 𝑦 = −

𝜇0𝑅
3𝜎𝑤𝑠𝑖𝑛ψ

2

2𝑟

3𝑅2
 𝑦

 𝐴 =
𝜇0𝑅𝜎(−𝑤𝑟𝑠𝑖𝑛ψ 𝑦)

3

 𝐴 =
𝜇0𝑅𝜎

3
𝜔 ×  𝑟

𝑰𝒏𝒔𝒊𝒅𝒆 𝒕𝒉𝒆 𝑺𝒑𝒉𝒆𝒓𝒆 𝑭𝒐𝒓 𝑹 > 𝒓

𝐼𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑆𝑝ℎ𝑒𝑟𝑒 𝐹𝑜𝑟 𝑟 < 𝑅
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let 𝜔 is along z axis, angle between 𝜔 and 𝑟 is 𝜃. Then 

In natural spherical coordinates(fig.5.45) , 𝑟 has angle 𝜃 making with z axis. 

𝜔 ×  𝑟 = −𝜔𝑟𝑠𝑖𝑛𝜃 ∅

 𝐴 =
𝜇0𝑅

4𝜎

3𝑟3
𝜔 ×  𝑟 =

𝜇0𝑅
4𝜎

3𝑟3
−𝜔𝑟𝑠𝑖𝑛𝜃 ∅ = −

𝜇0𝜔𝑅4𝜎

3𝑟2
𝑠𝑖𝑛𝜃 ∅

𝑂𝑢𝑡𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑆𝑝ℎ𝑒𝑟𝑒 𝐹𝑜𝑟 𝑅 > 𝑟 𝐴 = −
𝜇0𝜔𝑅4𝜎

3𝑟2
𝑠𝑖𝑛𝜃 ∅
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𝜔 ×  𝑟 = −𝜔𝑟𝑠𝑖𝑛𝜃 ∅

 𝐴 =
𝜇0𝑅𝜎

3
𝜔 ×  𝑟 =

𝜇0𝑅𝜎

3
−𝜔𝑟𝑠𝑖𝑛𝜃 ∅ = −

𝜇0𝜔𝑅𝜎

3
𝑟𝑠𝑖𝑛𝜃 ∅

𝐼𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑆𝑝ℎ𝑒𝑟𝑒 𝐹𝑜𝑟 𝑟 < 𝑅 𝐴(𝑟, 𝜃, ∅) = −
𝜇0𝜔𝑅𝜎

3
𝑟𝑠𝑖𝑛𝜃 ∅
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