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xample 3. Prove that H_(-x)=(-1)"H,(x).
Solution. We have

(1) a2
H"(x): }4__ ’
= (n=20)0
& s | n-2r
and H, ("‘)=Z(_" n!(-2x)
r=0 (n - 2r)! r!

]*SQ‘ (“l)r (_ l)u-‘ir n! (2x)u-2r

~ (n=2r) 7t

7.441. Laguerre's Differential Equation

‘The differeutial equation

" +(l-x)y' +ay=0 {7.18R)

where n 1s constant, 15 known as Lagucire's differeniial equation. This cqua-
*

tion has removable singuiarity ¢t x = 0 hence its solution can be tousnd using
series integrotion metliod. Let series solution of above equation be

Y=Zﬂrl”"' . . (7.189)
r=0
Substiutica of (7.189) in (7.188) yicids

2]
Zu, [{m wr) ™ (i ~—;i)x'""} =0 (7.19G)
r=0

The indicial equation then is

2
aam =0

giviag m = 0. Since ag is taken as arbitzary constaal.

Equaling the co-efficient 2™ * 7 equal to zero, we have
2
A e = (m+r--n)a,

m+r—nr .
e
a =- 74 .
of ral (mH+|)

and since M= 0

L)

V)



®

Differontial Equations and Polynomials

r=n
ap, = ———54,

(r+ l)l
This is recurrence relation for the co-efficients a,.
Substituting r =0, 1, 2, 3 etc. we get all the co-efficients.
|

a, = -na, = (—l)'nao = (——-l—)—-nao

(1)’

_=n _(=a)(i=n) _n(n-1) _(-)'a(a-1)

BERTATT T Ty T )t
2-n 2-n) (=1)*n(n-1)

a_\=(32)az=(32)( o=l

- (—l)"n(n—l)(n-Z)a
) (3’ ’

(=) a(n-1j...... (n—rH)x, . 118D

If n is a positive integer the series terminate when r = n +1 and ;L“::n
a. = n ' then soluticn y representing equation (7.192) becomes LAZ
o=t
polynomial L (x)

i. 5ome authors use a, = | and Laguerre polynomial is

(—l),_’i__ll
" 2 e

The two expressions metely differ by a constant factor.
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L,(x)=(-1)" |:X. ’);—!Xn-l +£—(;:—I)X""2 Ho +(~!)"n!]

Z x (7.193) &

r-O r' (""f
Thus a Laguerre's polynomial is the solution of Laguerre dxfferenha]
equation.
Generating Function for Laguerre Polyncmials
The generating function for Laguerre polynomials is
-x/(1-1)

Fla)== =ZL~ ("')’" for 1] < (7.194)
n.

-1 —

We have

s=0

: Z(:_'():;.%i)— P .(7.195)
r.a=0 K

is obtained b
The co-efficient of  (for fixed value of r) on R.H.S. is obtail Yy

putting r + s =nies=n—r and is given bY

0wt

The net co-efficient of is obtained by S

r

umming OVET ali allowed

values of r.
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