
EXAMPLE 9.14 Find the characteristic polynomal DðtÞ and the minimal polynomial mðtÞ of the block diagonal
matrix:

M ¼

2 5 0 0 0
0 2 0 0 0
0 0 4 2 0
0 0 3 5 0
0 0 0 0 7

266664
377775 ¼ diagðA1;A2;A3Þ;where A1 ¼ 2 5

0 2

� �
;A2 ¼ 4 2

3 5

� �
;A3 ¼ ½7�

Then DðtÞ is the product of the characterization polynomials D1ðtÞ, D2ðtÞ, D3ðtÞ of A1; A2; A3, respectively.
One can show that

D1ðtÞ ¼ ðt � 2Þ2; D2ðtÞ ¼ ðt � 2Þðt � 7Þ; D3ðtÞ ¼ t � 7

Thus, DðtÞ ¼ ðt � 2Þ3ðt � 7Þ2. [As expected, deg DðtÞ ¼ 5:�
The minimal polynomials m1ðtÞ, m2ðtÞ, m3ðtÞ of the diagonal blocks A1;A2;A3, respectively, are equal to the

characteristic polynomials; that is,

m1ðtÞ ¼ ðt � 2Þ2; m2ðtÞ ¼ ðt � 2Þðt � 7Þ; m3ðtÞ ¼ t � 7

But mðtÞ is equal to the least common multiple of m1ðtÞ;m2ðtÞ;m3ðtÞ. Thus, mðtÞ ¼ ðt � 2Þ2ðt � 7Þ.

SOLVED PROBLEMS

Polynomials of Matrices, Characteristic Polynomials

9.1. Let A ¼ 1 �2
4 5

� �
. Find f ðAÞ, where
ðaÞ f ðtÞ ¼ t2 � 3t þ 7; ðbÞ f ðtÞ ¼ t2 � 6t þ 13

First find A2 ¼ 1 �2
4 5

� �
1 �2
4 5

� �
¼ �7 �12

24 17

� �
. Then

(a) f ðAÞ ¼ A2 � 3Aþ 7I ¼ �7 �12
24 17

� �
þ �3 6
�12 �15
� �

þ 7 0
0 7

� �
¼ �3 �6

12 9

� �
(b) f ðAÞ ¼ A2 � 6Aþ 13I ¼ �7 �12

24 17

� �
þ �6 12
�24 �30
� �

þ 13 0
0 13

� �
¼ 0 0

0 0

� �
[Thus, A is a root of f ðtÞ.]

9.2. Find the characteristic polynomial DðtÞ of each of the following matrices:

(a) A ¼ 2 5
4 1

� �
, (b) B ¼ 7 �3

5 �2
� �

, (c) C ¼ 3 �2
9 �3
� �

Use the formula ðtÞ ¼ t2 � trðMÞ t þ jM j for a 2	 2 matrix M :

(a) trðAÞ ¼ 2þ 1 ¼ 3, jAj ¼ 2� 20 ¼ �18, so DðtÞ ¼ t2 � 3t � 18

(b) trðBÞ ¼ 7� 2 ¼ 5, jBj ¼ �14þ 15 ¼ 1, so DðtÞ ¼ t2 � 5t þ 1

(c) trðCÞ ¼ 3� 3 ¼ 0, jCj ¼ �9þ 18 ¼ 9, so DðtÞ ¼ t2 þ 9

9.3. Find the characteristic polynomial DðtÞ of each of the following matrices:

(a) A ¼
1 2 3
3 0 4
6 4 5

24 35, (b) B ¼
1 6 �2
�3 2 0
0 3 �4

24 35
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Use the formula DðtÞ ¼ t3 � trðAÞt2 þ ðA11 þ A22 þ A33Þt � jAj, where Aii is the cofactor of aii in the
3	 3 matrix A ¼ ½aij�.
(a) trðAÞ ¼ 1þ 0þ 5 ¼ 6,

A11 ¼ 0 4
4 5

���� ���� ¼ �16; A22 ¼ 1 3
6 5

���� ���� ¼ �13; A33 ¼ 1 2
3 0

���� ���� ¼ �6
A11 þ A22 þ A33 ¼ �35, and jAj ¼ 48þ 36� 16� 30 ¼ 38

Thus; DðtÞ ¼ t3 � 6t2 � 35t � 38

(b) trðBÞ ¼ 1þ 2� 4 ¼ �1

B11 ¼ 2 0
3 �4
���� ���� ¼ �8; B22 ¼ 1 �2

0 �4
���� ���� ¼ �4; B33 ¼ 1 6

�3 2

���� ���� ¼ 20

B11 þ B22 þ B33 ¼ 8, and jBj ¼ �8þ 18� 72 ¼ �62
Thus; DðtÞ ¼ t3 þ t2 � 8t þ 62

9.4. Find the characteristic polynomial DðtÞ of each of the following matrices:

(a) A ¼
2 5 1 1
1 4 2 2
0 0 6 �5
0 0 2 3

2664
3775, (b) B ¼

1 1 2 2
0 3 3 4
0 0 5 5
0 0 0 6

2664
3775

(a) A is block triangular with diagonal blocks

A1 ¼
2 5

1 4

� �
and A2 ¼

6 �5
2 3

� �
Thus; DðtÞ ¼ DA1

ðtÞDA2
ðtÞ ¼ ðt2 � 6t þ 3Þðt2 � 9t þ 28Þ

(b) Because B is triangular, DðtÞ ¼ ðt � 1Þðt � 3Þðt � 5Þðt � 6Þ.
9.5. Find the characteristic polynomial DðtÞ of each of the following linear operators:

(a) F:R2 ! R2 defined by Fðx; yÞ ¼ ð3xþ 5y; 2x� 7yÞ.
(b) D:V ! V defined by Dð f Þ ¼ df =dt, where V is the space of functions with basis

S ¼ fsin t; cos tg.
The characteristic polynomial DðtÞ of a linear operator is equal to the characteristic polynomial of any

matrix A that represents the linear operator.

(a) Find the matrix A that represents T relative to the usual basis of R2. We have

A ¼ 3 5
2 �7
� �

; so DðtÞ ¼ t2 � trðAÞ t þ jAj ¼ t2 þ 4t � 31

(b) Find the matrix A representing the differential operator D relative to the basis S. We have

Dðsin tÞ ¼ cos t ¼ 0ðsin tÞ þ 1ðcos tÞ
Dðcos tÞ ¼ � sin t ¼ �1ðsin tÞ þ 0ðcos tÞ and so A ¼ 0 �1

1 0

� �
DðtÞ ¼ t2 � trðAÞ t þ jAj ¼ t2 þ 1Therefore;

9.6. Show that a matrix A and its transpose AT have the same characteristic polynomial.

By the transpose operation, ðtI � AÞT ¼ tIT � AT ¼ tI � AT . Because a matrix and its transpose have
the same determinant,

DAðtÞ ¼ jtI � Aj ¼ jðtI � AÞT j ¼ jtI � AT j ¼ DAT ðtÞ
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9.7. Prove Theorem 9.1: Let f and g be polynomials. For any square matrix A and scalar k,

(i) ð f þ gÞðAÞ ¼ f ðAÞ þ gðAÞ, (iii) ðkf ÞðAÞ ¼ kf ðAÞ,
(ii) ð fgÞðAÞ ¼ f ðAÞgðAÞ, (iv) f ðAÞgðAÞ ¼ gðAÞf ðAÞ.

Suppose f ¼ ant
n þ � � � þ a1t þ a0 and g ¼ bmt

m þ � � � þ b1t þ b0. Then, by definition,

f ðAÞ ¼ anA
n þ � � � þ a1Aþ a0I and gðAÞ ¼ bmA

m þ � � � þ b1Aþ b0I

(i) Suppose m � n and let bi ¼ 0 if i > m. Then

f þ g ¼ ðan þ bnÞtn þ � � � þ ða1 þ b1Þt þ ða0 þ b0Þ
Hence,

ð f þ gÞðAÞ ¼ ðan þ bnÞAn þ � � � þ ða1 þ b1ÞAþ ða0 þ b0ÞI
¼ anA

n þ bnA
n þ � � � þ a1Aþ b1Aþ a0I þ b0I ¼ f ðAÞ þ gðAÞ

(ii) By definition, fg ¼ cnþmtnþm þ � � � þ c1t þ c0 ¼
Pnþm
k¼0

ckt
k , where

ck ¼ a0bk þ a1bk�1 þ � � � þ akb0 ¼
Pk
i¼0

aibk�i

Hence, ð fgÞðAÞ ¼ Pnþm
k¼0

ckA
k and

f ðAÞgðAÞ ¼ Pn
i¼0

aiA
i

� ��Pm
j¼0

bjA
j

�
¼Pn

i¼0

Pm
j¼0

aibjA
iþj ¼ Pnþm

k¼0
ckA

k ¼ ð fgÞðAÞ

(iii) By definition, kf ¼ kant
n þ � � � þ ka1t þ ka0, and so

ðkf ÞðAÞ ¼ kanA
n þ � � � þ ka1Aþ ka0I ¼ kðanAn þ � � � þ a1Aþ a0IÞ ¼ kf ðAÞ

(iv) By (ii), gðAÞf ðAÞ ¼ ðg f ÞðAÞ ¼ ð fgÞðAÞ ¼ f ðAÞgðAÞ.

9.8. Prove the Cayley–Hamilton Theorem 9.2: Every matrix A is a root of its characterstic polynomial
DðtÞ.

Let A be an arbitrary n-square matrix and let DðtÞ be its characteristic polynomial, say,

DðtÞ ¼ jtI � Aj ¼ tn þ an�1t
n�1 þ � � � þ a1t þ a0

Now let BðtÞ denote the classical adjoint of the matrix tI � A. The elements of BðtÞ are cofactors of the
matrix tI � A and hence are polynomials in t of degree not exceeding n� 1. Thus,

BðtÞ ¼ Bn�1t
n�1 þ � � � þ B1t þ B0

where the Bi are n-square matrices over K which are independent of t. By the fundamental property of the
classical adjoint (Theorem 8.9), ðtI � AÞBðtÞ ¼ jtI � AjI , or

ðtI � AÞðBn�1t
n�1 þ � � � þ B1t þ B0Þ ¼ ðtn þ an�1t

n�1 þ � � � þ a1t þ a0ÞI
Removing the parentheses and equating corresponding powers of t yields

Bn�1 ¼ I ; Bn�2 � ABn�1 ¼ an�1I ; . . . ; B0 � AB1 ¼ a1I ; �AB0 ¼ a0I

Multiplying the above equations by An; An�1; . . . ; A; I , respectively, yields

AnBn�1 ¼ AnI ; An�1Bn�2 � AnBn�1 ¼ an�1A
n�1; . . . ; AB0 � A2B1 ¼ a1A; �AB0 ¼ a0I

Adding the above matrix equations yields 0 on the left-hand side and DðAÞ on the right-hand side; that is,

0 ¼ An þ an�1A
n�1 þ � � � þ a1Aþ a0I

Therefore, DðAÞ ¼ 0, which is the Cayley–Hamilton theorem.
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Eigenvalues and Eigenvectors of 2	2 Matrices

9.9. Let A ¼ 3 �4
2 �6
� �

.

(a) Find all eigenvalues and corresponding eigenvectors.

(b) Find matrices P and D such that P is nonsingular and D ¼ P�1AP is diagonal.

(a) First find the characteristic polynomial DðtÞ of A:

DðtÞ ¼ t2 � trðAÞ t þ jAj ¼ t2 þ 3t � 10 ¼ ðt � 2Þðt þ 5Þ
The roots l ¼ 2 and l ¼ �5 of DðtÞ are the eigenvalues of A. We find corresponding eigenvectors.

(i) Subtract l ¼ 2 down the diagonal of A to obtain the matrix M ¼ A� 2I , where the corresponding
homogeneous system MX ¼ 0 yields the eigenvectors corresponding to l ¼ 2. We have

M ¼ 1 �4
2 �8
� �

; corresponding to
x� 4y ¼ 0
2x� 8y ¼ 0

or x� 4y ¼ 0

The system has only one free variable, and v1 ¼ ð4; 1Þ is a nonzero solution. Thus, v1 ¼ ð4; 1Þ is
an eigenvector belonging to (and spanning the eigenspace of) l ¼ 2.

(ii) Subtract l ¼ �5 (or, equivalently, add 5) down the diagonal of A to obtain

M ¼ 8 �4
2 �1
� �

; corresponding to
8x� 4y ¼ 0
2x� y ¼ 0

or 2x� y ¼ 0

The system has only one free variable, and v2 ¼ ð1; 2Þ is a nonzero solution. Thus, v2 ¼ ð1; 2Þ is
an eigenvector belonging to l ¼ 5.

(b) Let P be the matrix whose columns are v1 and v2. Then

P ¼ 4 1
1 2

� �
and D ¼ P�1AP ¼ 2 0

0 �5
� �

Note that D is the diagonal matrix whose diagonal entries are the eigenvalues of A corresponding to the
eigenvectors appearing in P.

Remark: Here P is the change-of-basis matrix from the usual basis of R2 to the basis
S ¼ fv1; v2g, and D is the matrix that represents (the matrix function) A relative to the new basis S.

9.10. Let A ¼ 2 2
1 3

� �
.

(a) Find all eigenvalues and corresponding eigenvectors.

(b) Find a nonsingular matrix P such that D ¼ P�1AP is diagonal, and P�1.

(c) Find A6 and f ðAÞ, where t4 � 3t3 � 6t2 þ 7t þ 3.

(d) Find a ‘‘real cube root’’ of B—that is, a matrix B such that B3 ¼ A and B has real eigenvalues.

(a) First find the characteristic polynomial DðtÞ of A:

DðtÞ ¼ t2 � trðAÞ t þ jAj ¼ t2 � 5t þ 4 ¼ ðt � 1Þðt � 4Þ
The roots l ¼ 1 and l ¼ 4 of DðtÞ are the eigenvalues of A. We find corresponding eigenvectors.

(i) Subtract l ¼ 1 down the diagonal of A to obtain the matrix M ¼ A� lI , where the corresponding
homogeneous system MX ¼ 0 yields the eigenvectors belonging to l ¼ 1. We have

M ¼ 1 2
1 2

� �
; corresponding to

xþ 2y ¼ 0
xþ 2y ¼ 0

or xþ 2y ¼ 0
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The system has only one independent solution; for example, x ¼ 2, y ¼ �1. Thus, v1 ¼ ð2;�1Þ is
an eigenvector belonging to (and spanning the eigenspace of) l ¼ 1.

(ii) Subtract l ¼ 4 down the diagonal of A to obtain

M ¼ �2 2
1 �1

� �
; corresponding to

�2xþ 2y ¼ 0
x� y ¼ 0

or x� y ¼ 0

The system has only one independent solution; for example, x ¼ 1, y ¼ 1. Thus, v2 ¼ ð1; 1Þ is an
eigenvector belonging to l ¼ 4.

(b) Let P be the matrix whose columns are v1 and v2. Then

P ¼ 2 1
�1 1

� �
and D ¼ P�1AP ¼ 1 0

0 4

� �
; where P�1 ¼

1
3 � 1

3

1
3

2
3

" #

(c) Using the diagonal factorization A ¼ PDP�1, and 16 ¼ 1 and 46 ¼ 4096, we get

A6 ¼ PD6P�1 ¼ 2 1

�1 1

" #
1 0

0 4096

" #
1
3 � 1

3

1
3

2
3

" #
¼ 1366 2230

1365 2731

" #

Also, f ð1Þ ¼ 2 and f ð4Þ ¼ �1. Hence,

f ðAÞ ¼ Pf ðDÞP�1 ¼ 2 1

�1 1

" #
2 0

0 �1

" #
1
3 � 1

3

1
3

2
3

" #
¼ 1 2

�1 0

" #

(d) Here
1 0
0

ffiffiffi
43
p

� �
is the real cube root of D. Hence the real cube root of A is

B ¼ P
ffiffiffiffi
D

3
p

P�1 ¼ 2 1

�1 1

" #
1 0

0
ffiffiffi
43
p

" #
1
3 � 1

3

1
3

2
3

" #
¼ 1

3

2þ ffiffiffi
43
p �2þ 2

ffiffiffi
43
p

�1þ ffiffiffi
43
p

1þ 2
ffiffiffi
43
p

" #

9.11. Each of the following real matrices defines a linear transformation on R2:

(a) A ¼ 5 6
3 �2
� �

, (b) B ¼ 1 �1
2 �1
� �

, (c) C ¼ 5 �1
1 3

� �
Find, for each matrix, all eigenvalues and a maximum set S of linearly independent eigenvectors.
Which of these linear operators are diagonalizable—that is, which can be represented by a
diagonal matrix?

(a) First find DðtÞ ¼ t2 � 3t � 28 ¼ ðt � 7Þðt þ 4Þ. The roots l ¼ 7 and l ¼ �4 are the eigenvalues of A.
We find corresponding eigenvectors.

(i) Subtract l ¼ 7 down the diagonal of A to obtain

M ¼ �2 6
3 �9

� �
; corresponding to

�2xþ 6y ¼ 0
3x� 9y ¼ 0

or x� 3y ¼ 0

Here v1 ¼ ð3; 1Þ is a nonzero solution.

(ii) Subtract l ¼ �4 (or add 4) down the diagonal of A to obtain

M ¼ 9 6
3 2

� �
; corresponding to

9xþ 6y ¼ 0
3xþ 2y ¼ 0

or 3xþ 2y ¼ 0

Here v2 ¼ ð2;�3Þ is a nonzero solution.

Then S ¼ fv1; v2g ¼ fð3; 1Þ; ð2;�3Þg is a maximal set of linearly independent eigenvectors. Because S is
a basis ofR2, A is diagonalizable. Using the basis S, A is represented by the diagonal matrixD ¼ diagð7;�4Þ.

(b) First find the characteristic polynomial DðtÞ ¼ t2 þ 1. There are no real roots. Thus B, a real matrix
representing a linear transformation on R2, has no eigenvalues and no eigenvectors. Hence, in particular,
B is not diagonalizable.
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(c) First find DðtÞ ¼ t2 � 8t þ 16 ¼ ðt � 4Þ2. Thus, l ¼ 4 is the only eigenvalue of C. Subtract l ¼ 4 down
the diagonal of C to obtain

M ¼ 1 �1
1 �1
� �

; corresponding to x� y ¼ 0

The homogeneous system has only one independent solution; for example, x ¼ 1, y ¼ 1. Thus,
v ¼ ð1; 1Þ is an eigenvector of C. Furthermore, as there are no other eigenvalues, the singleton set
S ¼ fvg ¼ fð1; 1Þg is a maximal set of linearly independent eigenvectors of C. Furthermore, because S
is not a basis of R2, C is not diagonalizable.

9.12. Suppose the matrix B in Problem 9.11 represents a linear operator on complex space C2. Show
that, in this case, B is diagonalizable by finding a basis S of C2 consisting of eigenvectors of B.

The characteristic polynomial of B is still DðtÞ ¼ t2 þ 1. As a polynomial over C, DðtÞ does factor;
specifically, DðtÞ ¼ ðt � iÞðt þ iÞ. Thus, l ¼ i and l ¼ �i are the eigenvalues of B.

(i) Subtract l ¼ i down the diagonal of B to obtain the homogeneous system

ð1� iÞx� y ¼ 0
2xþ ð�1� iÞy ¼ 0

or ð1� iÞx� y ¼ 0

The system has only one independent solution; for example, x ¼ 1, y ¼ 1� i. Thus, v1 ¼ ð1; 1� iÞ is
an eigenvector that spans the eigenspace of l ¼ i.

(ii) Subtract l ¼ �i (or add i) down the diagonal of B to obtain the homogeneous system

ð1þ iÞx� y ¼ 0
2xþ ð�1þ iÞy ¼ 0

or ð1þ iÞx� y ¼ 0

The system has only one independent solution; for example, x ¼ 1, y ¼ 1þ i. Thus, v2 ¼ ð1; 1þ iÞ is
an eigenvector that spans the eigenspace of l ¼ �i.

As a complex matrix, B is diagonalizable. Specifically, S ¼ fv1; v2g ¼ fð1; 1� iÞ; ð1; 1þ iÞg is a basis of
C2 consisting of eigenvectors of B. Using this basis S, B is represented by the diagonal matrix
D ¼ diagði;�iÞ.

9.13. Let L be the linear transformation on R2 that reflects each point P across the line y ¼ kx, where
k > 0. (See Fig. 9-1.)

(a) Show that v1 ¼ ðk; 1Þ and v2 ¼ ð1;�kÞ are eigenvectors of L.

(b) Show that L is diagonalizable, and find a diagonal representation D.

(a) The vector v1 ¼ ðk; 1Þ lies on the line y ¼ kx, and hence is left fixed by L; that is, Lðv1Þ ¼ v1. Thus, v1
is an eigenvector of L belonging to the eigenvalue l1 ¼ 1.

The vector v2 ¼ ð1;�kÞ is perpendicular to the line y ¼ kx, and hence, L reflects v2 into its
negative; that is, Lðv2Þ ¼ �v2. Thus, v2 is an eigenvector of L belonging to the eigenvalue l2 ¼ �1.

y

x
0

L P( )

P

L( )v2

v2
y k=

x

Figure 9-1
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(b) Here S ¼ fv1; v2g is a basis of R2 consisting of eigenvectors of L. Thus, L is diagonalizable, with the

diagonal representation D ¼ 1 0
0 �1
� �

(relative to the basis S).

Eigenvalues and Eigenvectors

9.14. Let A ¼
4 1 �1
2 5 �2
1 1 2

24 35: (a) Find all eigenvalues of A.

(b) Find a maximum set S of linearly independent eigenvectors of A.

(c) Is A diagonalizable? If yes, find P such that D ¼ P�1AP is diagonal.

(a) First find the characteristic polynomial DðtÞ of A. We have

trðAÞ ¼ 4þ 5þ 2 ¼ 11 and jAj ¼ 40� 2� 2þ 5þ 8� 4 ¼ 45

Also, find each cofactor Aii of aii in A:

A11 ¼ 5 �2
1 2

���� ���� ¼ 12; A22 ¼ 4 �1
1 2

���� ���� ¼ 9; A33 ¼ 4 1
2 5

���� ���� ¼ 18

Hence; DðtÞ ¼ t3 � trðAÞ t2 þ ðA11 þ A22 þ A33Þt � jAj ¼ t3 � 11t2 þ 39t � 45

Assuming Dt has a rational root, it must be among �1, �3, �5, �9, �15, �45. Testing, by
synthetic division, we get

3 1� 11þ 39� 45

3� 24þ 45

1� 8þ 15þ 0

Thus, t ¼ 3 is a root of DðtÞ. Also, t � 3 is a factor and t2 � 8t þ 15 is a factor. Hence,

DðtÞ ¼ ðt � 3Þðt2 � 8t þ 15Þ ¼ ðt � 3Þðt � 5Þðt � 3Þ ¼ ðt � 3Þ2ðt � 5Þ
Accordingly, l ¼ 3 and l ¼ 5 are eigenvalues of A.

(b) Find linearly independent eigenvectors for each eigenvalue of A.

(i) Subtract l ¼ 3 down the diagonal of A to obtain the matrix

M ¼
1 1 �1
2 2 �2
1 1 �1

24 35; corresponding to xþ y� z ¼ 0

Here u ¼ ð1;�1; 0Þ and v ¼ ð1; 0; 1Þ are linearly independent solutions.

(ii) Subtract l ¼ 5 down the diagonal of A to obtain the matrix

M ¼
�1 1 �1
2 0 �2
1 1 �3

24 35; corresponding to
�xþ y� z ¼ 0
2x� 2z ¼ 0
xþ y� 3z ¼ 0

or
x � z ¼ 0

y� 2z ¼ 0

Only z is a free variable. Here w ¼ ð1; 2; 1Þ is a solution.

Thus, S ¼ fu; v;wg ¼ fð1;�1; 0Þ; ð1; 0; 1Þ; ð1; 2; 1Þg is a maximal set of linearly independent
eigenvectors of A.

Remark: The vectors u and v were chosen so that they were independent solutions of the system
xþ y� z ¼ 0. On the other hand, w is automatically independent of u and v because w belongs to a
different eigenvalue of A. Thus, the three vectors are linearly independent.
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(c) A is diagonalizable, because it has three linearly independent eigenvectors. Let P be the matrix with
columns u; v;w. Then

P ¼
1 1 1
�1 0 2
0 1 1

24 35 and D ¼ P�1AP ¼
3

3
5

24 35

9.15. Repeat Problem 9.14 for the matrix B ¼
3 �1 1
7 �5 1
6 �6 2

24 35.
(a) First find the characteristic polynomial DðtÞ of B. We have

trðBÞ ¼ 0; jBj ¼ �16; B11 ¼ �4; B22 ¼ 0; B33 ¼ �8; so
P
i
Bii ¼ �12

Therefore, DðtÞ ¼ t3 � 12t þ 16 ¼ ðt � 2Þ2ðt þ 4Þ. Thus, l1 ¼ 2 and l2 ¼ �4 are the eigen-
values of B.

(b) Find a basis for the eigenspace of each eigenvalue of B.

(i) Subtract l1 ¼ 2 down the diagonal of B to obtain

M ¼
1 �1 1
7 �7 1
6 �6 0

24 35; corresponding to
x� yþ z ¼ 0

7x� 7yþ z ¼ 0
6x� 6y ¼ 0

or
x� yþ z ¼ 0

z ¼ 0

The system has only one independent solution; for example, x ¼ 1, y ¼ 1, z ¼ 0. Thus,
u ¼ ð1; 1; 0Þ forms a basis for the eigenspace of l1 ¼ 2.

(ii) Subtract l2 ¼ �4 (or add 4) down the diagonal of B to obtain

M ¼
7 �1 1
7 �1 1
6 �6 6

24 35; corresponding to
7x� yþ z ¼ 0
7x� yþ z ¼ 0
6x� 6yþ 6z ¼ 0

or
x� yþ z ¼ 0

6y� 6z ¼ 0

The system has only one independent solution; for example, x ¼ 0, y ¼ 1, z ¼ 1. Thus,
v ¼ ð0; 1; 1Þ forms a basis for the eigenspace of l2 ¼ �4.

Thus S ¼ fu; vg is a maximal set of linearly independent eigenvectors of B.

(c) Because B has at most two linearly independent eigenvectors, B is not similar to a diagonal matrix; that
is, B is not diagonalizable.

9.16. Find the algebraic and geometric multiplicities of the eigenvalue l1 ¼ 2 of the matrix B in
Problem 9.15.

The algebraic multiplicity of l1 ¼ 2 is 2, because t � 2 appears with exponent 2 in DðtÞ. However, the
geometric multiplicity of l1 ¼ 2 is 1, because dim El1 ¼ 1 (where El1 is the eigenspace of l1).

9.17. Let T :R3 ! R3 be defined by Tðx; y; zÞ ¼ ð2xþ y� 2z; 2xþ 3y� 4z; xþ y� zÞ. Find all
eigenvalues of T , and find a basis of each eigenspace. Is T diagonalizable? If so, find the basis S of
R3 that diagonalizes T ; and find its diagonal representation D.

First find the matrix A that represents T relative to the usual basis of R3 by writing down the coefficients
of x; y; z as rows, and then find the characteristic polynomial of A (and T ). We have

A ¼ ½T � ¼
2 1 �2
2 3 �4
1 1 �1

24 35 and

trðAÞ ¼ 4; jAj ¼ 2
A11 ¼ 1; A22 ¼ 0; A33 ¼ 4P

i

Aii ¼ 5

Therefore, DðtÞ ¼ t3 � 4t2 þ 5t � 2 ¼ ðt � 1Þ2ðt � 2Þ, and so l ¼ 1 and l ¼ 2 are the eigenvalues of A (and
T ). We next find linearly independent eigenvectors for each eigenvalue of A.
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(i) Subtract l ¼ 1 down the diagonal of A to obtain the matrix

M ¼
1 1 �2
2 2 �4
1 1 �2

24 35; corresponding to xþ y� 2z ¼ 0

Here y and z are free variables, and so there are two linearly independent eigenvectors belonging
to l ¼ 1. For example, u ¼ ð1;�1; 0Þ and v ¼ ð2; 0; 1Þ are two such eigenvectors.

(ii) Subtract l ¼ 2 down the diagonal of A to obtain

M ¼
0 1 �2
2 1 �4
1 1 �3

24 35; corresponding to
y� 2z ¼ 0

2xþ y� 4z ¼ 0
xþ y� 3z ¼ 0

or
xþ y� 3z ¼ 0

y� 2z ¼ 0

Only z is a free variable. Here w ¼ ð1; 2; 1Þ is a solution.

Thus, T is diagonalizable, because it has three independent eigenvectors. Specifically, choosing

S ¼ fu; v;wg ¼ fð1;�1; 0Þ; ð2; 0; 1Þ; ð1; 2; 1Þg
as a basis, T is represented by the diagonal matrix D ¼ diagð1; 1; 2Þ.

9.18. Prove the following for a linear operator (matrix) T :

(a) The scalar 0 is an eigenvalue of T if and only if T is singular.

(b) If l is an eigenvalue of T , where T is invertible, then l�1 is an eigenvalue of T�1.

(a) We have that 0 is an eigenvalue of T if and only if there is a vector v 6¼ 0 such that TðvÞ ¼ 0v—that is, if
and only if T is singular.

(b) Because T is invertible, it is nonsingular; hence, by (a), l 6¼ 0. By definition of an eigenvalue, there
exists v 6¼ 0 such that TðvÞ ¼ lv. Applying T�1 to both sides, we obtain

v ¼ T�1ðlvÞ ¼ lT�1ðvÞ; and so T�1ðvÞ ¼ l�1v

Therefore, l�1 is an eigenvalue of T�1.

9.19. Let l be an eigenvalue of a linear operator T :V ! V , and let El consists of all the eigenvectors
belonging to l (called the eigenspace of l). Prove that El is a subspace of V . That is, prove

(a) If u 2 El, then ku 2 El for any scalar k. (b) If u; v;2 El, then uþ v 2 El.

(a) Because u 2 El, we have TðuÞ ¼ lu. Then TðkuÞ ¼ kTðuÞ ¼ kðluÞ ¼ lðkuÞ; and so ku 2 El:
(We view the zero vector 0 2 V as an ‘‘eigenvector’’ of l in order for El to be a subspace of V .)

(b) As u; v 2 El, we have TðuÞ ¼ lu and TðvÞ ¼ lv. Then
Tðuþ vÞ ¼ TðuÞ þ TðvÞ ¼ luþ lv ¼ lðuþ vÞ; and so uþ v 2 El

9.20. Prove Theorem 9.6: The following are equivalent: (i) The scalar l is an eigenvalue of A.

(ii) The matrix lI � A is singular.

(iii) The scalar l is a root of the characteristic polynomial DðtÞ of A.

The scalar l is an eigenvalue of A if and only if there exists a nonzero vector v such that

Av ¼ lv or ðlIÞv � Av ¼ 0 or ðlI � AÞv ¼ 0

or lI � A is singular. In such a case, l is a root of DðtÞ ¼ jtI � Aj. Also, v is in the eigenspace El of l if and
only if the above relations hold. Hence, v is a solution of ðlI � AÞX ¼ 0.

9.21. Prove Theorem 9.80: Suppose v1; v2; . . . ; vn are nonzero eigenvectors of T belonging to distinct
eigenvalues l1; l2; . . . ; ln. Then v1; v2; . . . ; vn are linearly independent.
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Suppose the theorem is not true. Let v1; v2; . . . ; vs be a minimal set of vectors for which the theorem is
not true. We have s > 1, because v1 6¼ 0. Also, by the minimality condition, v2; . . . ; vs are linearly
independent. Thus, v1 is a linear combination of v2; . . . ; vs, say,

v1 ¼ a2v2 þ a3v3 þ � � � þ asvs ð1Þ
(where some ak 6¼ 0Þ. Applying T to (1) and using the linearity of T yields

Tðv1Þ ¼ Tða2v2 þ a3v3 þ � � � þ asvsÞ ¼ a2Tðv2Þ þ a3Tðv3Þ þ � � � þ asTðvsÞ ð2Þ
Because vj is an eigenvector of T belonging to lj, we have TðvjÞ ¼ ljvj. Substituting in (2) yields

l1v1 ¼ a2l2v2 þ a3l3v3 þ � � � þ aslsvs ð3Þ
Multiplying (1) by l1 yields

l1v1 ¼ a2l1v2 þ a3l1v3 þ � � � þ asl1vs ð4Þ
Setting the right-hand sides of (3) and (4) equal to each other, or subtracting (3) from (4) yields

a2ðl1 � l2Þv2 þ a3ðl1 � l3Þv3 þ � � � þ asðl1 � lsÞvs ¼ 0 ð5Þ
Because v2; v3; . . . ; vs are linearly independent, the coefficients in (5) must all be zero. That is,

a2ðl1 � l2Þ ¼ 0; a3ðl1 � l3Þ ¼ 0; . . . ; asðl1 � lsÞ ¼ 0

However, the li are distinct. Hence l1 � lj 6¼ 0 for j > 1. Hence, a2 ¼ 0, a3 ¼ 0; . . . ; as ¼ 0. This
contradicts the fact that some ak 6¼ 0. The theorem is proved.

9.22. Prove Theorem 9.9. Suppose DðtÞ ¼ ðt � a1Þðt � a2Þ . . . ðt � anÞ is the characteristic polynomial
of an n-square matrix A, and suppose the n roots ai are distinct. Then A is similar to the diagonal
matrix D ¼ diagða1; a2; . . . ; anÞ.

Let v1; v2; . . . ; vn be (nonzero) eigenvectors corresponding to the eigenvalues ai. Then the n eigenvectors
vi are linearly independent (Theorem 9.8), and hence form a basis of Kn. Accordingly, A is diagonalizable
(i.e., A is similar to a diagonal matrix D), and the diagonal elements of D are the eigenvalues ai.

9.23. Prove Theorem 9.100: The geometric multiplicity of an eigenvalue l of T does not exceed its
algebraic multiplicity.

Suppose the geometric multiplicity of l is r. Then its eigenspace El contains r linearly independent
eigenvectors v1; . . . ; vr. Extend the set fvig to a basis of V , say, fvi; . . . ; vr;w1; . . . ;wsg. We have

Tðv1Þ ¼ lv1; Tðv2Þ ¼ lv2; . . . ; TðvrÞ ¼ lvr;

Tðw1Þ ¼ a11v1 þ � � � þ a1rvr þ b11w1 þ � � � þ b1sws

Tðw2Þ ¼ a21v1 þ � � � þ a2rvr þ b21w1 þ � � � þ b2sws

::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::

TðwsÞ ¼ as1v1 þ � � � þ asrvr þ bs1w1 þ � � � þ bssws

Then M ¼ lIr A
0 B

� �
is the matrix of T in the above basis, where A ¼ ½aij�T and B ¼ ½bij�T :

Because M is block diagonal, the characteristic polynomial ðt � lÞr of the block lIr must divide the
characteristic polynomial of M and hence of T . Thus, the algebraic multiplicity of l for T is at least r, as
required.

Diagonalizing Real Symmetric Matrices and Quadratic Forms

9.24. Let A ¼ 7 3
3 �1
� �

. Find an orthogonal matrix P such that D ¼ P�1AP is diagonal.
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First find the characteristic polynomial DðtÞ of A. We have

DðtÞ ¼ t2 � trðAÞ t þ jAj ¼ t2 � 6t � 16 ¼ ðt � 8Þðt þ 2Þ
Thus, the eigenvalues of A are l ¼ 8 and l ¼ �2. We next find corresponding eigenvectors.

Subtract l ¼ 8 down the diagonal of A to obtain the matrix

M ¼ �1 3
3 �9

� �
; corresponding to

�xþ 3y ¼ 0
3x� 9y ¼ 0

or x� 3y ¼ 0

A nonzero solution is u1 ¼ ð3; 1Þ.
Subtract l ¼ �2 (or add 2) down the diagonal of A to obtain the matrix

M ¼ 9 3
3 1

� �
; corresponding to

9xþ 3y ¼ 0
3xþ y ¼ 0

or 3xþ y ¼ 0

A nonzero solution is u2 ¼ ð1;�3Þ.
As expected, because A is symmetric, the eigenvectors u1 and u2 are orthogonal. Normalize u1 and u2 to

obtain, respectively, the unit vectors

û1 ¼ ð3=
ffiffiffiffiffi
10
p

; 1=
ffiffiffiffiffi
10
p
Þ and û2 ¼ ð1=

ffiffiffiffiffi
10
p

;�3=
ffiffiffiffiffi
10
p
Þ:

Finally, let P be the matrix whose columns are the unit vectors û1 and û2, respectively. Then

P ¼ 3=
ffiffiffiffiffi
10
p

1=
ffiffiffiffiffi
10
p

1=
ffiffiffiffiffi
10
p �3= ffiffiffiffiffi

10
p

" #
and D ¼ P�1AP ¼ 8 0

0 �2
� �

As expected, the diagonal entries in D are the eigenvalues of A.

9.25. Let B ¼
11 �8 4
�8 �1 �2
4 �2 �4

24 35. (a) Find all eigenvalues of B.

(b) Find a maximal set S of nonzero orthogonal eigenvectors of B.

(c) Find an orthogonal matrix P such that D ¼ P�1BP is diagonal.

(a) First find the characteristic polynomial of B. We have

trðBÞ ¼ 6; jBj ¼ 400; B11 ¼ 0; B22 ¼ �60; B33 ¼ �75; so
P
i
Bii ¼ �135

Hence, DðtÞ ¼ t3 � 6t2 � 135t � 400. If DðtÞ has an integer root it must divide 400. Testing t ¼ �5, by
synthetic division, yields

�5 1� 6� 135� 400

� 5þ 55þ 400

1� 11� 80þ 0

Thus, t þ 5 is a factor of DðtÞ, and t2 � 11t � 80 is a factor. Thus,

DðtÞ ¼ ðt þ 5Þðt2 � 11t � 80Þ ¼ ðt þ 5Þ2ðt � 16Þ
The eigenvalues of B are l ¼ �5 (multiplicity 2), and l ¼ 16 (multiplicity 1).

(b) Find an orthogonal basis for each eigenspace. Subtract l ¼ �5 (or, add 5) down the diagonal of B to
obtain the homogeneous system

16x� 8yþ 4z ¼ 0; �8xþ 4y� 2z ¼ 0; 4x� 2yþ z ¼ 0

That is, 4x� 2yþ z ¼ 0. The system has two independent solutions. One solution is v1 ¼ ð0; 1; 2Þ. We
seek a second solution v2 ¼ ða; b; cÞ, which is orthogonal to v1, such that

4a� 2bþ c ¼ 0; and also b� 2c ¼ 0
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One such solution is v2 ¼ ð�5;�8; 4Þ.
Subtract l ¼ 16 down the diagonal of B to obtain the homogeneous system

�5x� 8yþ 4z ¼ 0; �8x� 17y� 2z ¼ 0; 4x� 2y� 20z ¼ 0

This system yields a nonzero solution v3 ¼ ð4;�2; 1Þ. (As expected from Theorem 9.13, the
eigenvector v3 is orthogonal to v1 and v2.)

Then v1; v2; v3 form a maximal set of nonzero orthogonal eigenvectors of B.

(c) Normalize v1; v2; v3 to obtain the orthonormal basis:

v̂1 ¼ v1=
ffiffiffi
5
p

; v̂2 ¼ v2=
ffiffiffiffiffiffiffiffi
105
p

; v̂3 ¼ v3=
ffiffiffiffiffi
21
p

Then P is the matrix whose columns are v̂1; v̂2; v̂3. Thus,

P ¼
0 �5= ffiffiffiffiffiffiffiffi

105
p

4=
ffiffiffiffiffi
21
p

1=
ffiffiffi
5
p �8= ffiffiffiffiffiffiffiffi

105
p �2= ffiffiffiffiffi

21
p

2=
ffiffiffi
5
p

4=
ffiffiffiffiffiffiffiffi
105
p

1=
ffiffiffiffiffi
21
p

264
375 and D ¼ P�1BP ¼

�5
�5

16

264
375

9.26. Let qðx; yÞ ¼ x2 þ 6xy� 7y2. Find an orthogonal substitution that diagonalizes q.

Find the symmetric matrix A that represents q and its characteristic polynomial DðtÞ. We have

A ¼ 1 3
3 �7
� �

and DðtÞ ¼ t2 þ 6t � 16 ¼ ðt � 2Þðt þ 8Þ

The eigenvalues of A are l ¼ 2 and l ¼ �8. Thus, using s and t as new variables, a diagonal form of q is

qðs; tÞ ¼ 2s2 � 8t2

The corresponding orthogonal substitution is obtained by finding an orthogonal set of eigenvectors of A.

(i) Subtract l ¼ 2 down the diagonal of A to obtain the matrix

M ¼ �1 3
3 �9

� �
; corresponding to

�xþ 3y ¼ 0
3x� 9y ¼ 0

or � xþ 3y ¼ 0

A nonzero solution is u1 ¼ ð3; 1Þ.
(ii) Subtract l ¼ �8 (or add 8) down the diagonal of A to obtain the matrix

M ¼ 9 3
3 1

� �
; corresponding to

9xþ 3y ¼ 0
3xþ y ¼ 0

or 3xþ y ¼ 0

A nonzero solution is u2 ¼ ð�1; 3Þ.
As expected, because A is symmetric, the eigenvectors u1 and u2 are orthogonal.

Now normalize u1 and u2 to obtain, respectively, the unit vectors

û1 ¼ ð3=
ffiffiffiffiffi
10
p

; 1=
ffiffiffiffiffi
10
p
Þ and û2 ¼ ð�1=

ffiffiffiffiffi
10
p

; 3=
ffiffiffiffiffi
10
p
Þ:

Finally, let P be the matrix whose columns are the unit vectors û1 and û2, respectively, and then
½x; y�T ¼ P½s; t�T is the required orthogonal change of coordinates. That is,

P ¼ 3=
ffiffiffiffiffi
10
p �1= ffiffiffiffiffi

10
p

1=
ffiffiffiffiffi
10
p

3=
ffiffiffiffiffi
10
p

�����
#

and x ¼ 3s� tffiffiffiffiffi
10
p ; y ¼ sþ 3tffiffiffiffiffi

10
p

One can also express s and t in terms of x and y by using P�1 ¼ PT . That is,

s ¼ 3xþ yffiffiffiffiffi
10
p ; t ¼ �xþ 3tffiffiffiffiffi

10
p
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Minimal Polynomial

9.27. Let A ¼
4 �2 2
6 �3 4
3 �2 3

24 35 and B ¼
3 �2 2
4 �4 6
2 �3 5

24 35. The characteristic polynomial of both matrices is

DðtÞ ¼ ðt � 2Þðt � 1Þ2. Find the minimal polynomial mðtÞ of each matrix.

The minimal polynomial mðtÞ must divide DðtÞ. Also, each factor of DðtÞ (i.e., t � 2 and t � 1) must
also be a factor of mðtÞ. Thus, mðtÞ must be exactly one of the following:

f ðtÞ ¼ ðt � 2Þðt � 1Þ or gðtÞ ¼ ðt � 2Þðt � 1Þ2

(a) By the Cayley–Hamilton theorem, gðAÞ ¼ DðAÞ ¼ 0, so we need only test f ðtÞ. We have

f ðAÞ ¼ ðA� 2IÞðA� IÞ ¼
2 �2 2
6 �5 4
3 �2 1

24 35 3 �2 2
6 �4 4
3 �2 2

24 35 ¼ 0 0 0
0 0 0
0 0 0

24 35
Thus, mðtÞ ¼ f ðtÞ ¼ ðt � 2Þðt � 1Þ ¼ t2 � 3t þ 2 is the minimal polynomial of A.

(b) Again gðBÞ ¼ DðBÞ ¼ 0, so we need only test f ðtÞ. We get

f ðBÞ ¼ ðB� 2IÞðB� IÞ ¼
1 �2 2
4 �6 6
2 �3 3

24 35 2 �2 2
4 �5 6
2 �3 4

24 35 ¼ �2 2 �2
�4 4 �4
�2 2 �2

24 35 6¼ 0

Thus, mðtÞ 6¼ f ðtÞ. Accordingly, mðtÞ ¼ gðtÞ ¼ ðt � 2Þðt � 1Þ2 is the minimal polynomial of B. [We
emphasize that we do not need to compute gðBÞ; we know gðBÞ ¼ 0 from the Cayley–Hamilton theorem.]

9.28. Find the minimal polynomial mðtÞ of each of the following matrices:

(a) A ¼ 5 1
3 7

� �
, (b) B ¼

1 2 3
0 2 3
0 0 3

24 35, (c) C ¼ 4 �1
1 2

� �
(a) The characteristic polynomial of A is DðtÞ ¼ t2 � 12t þ 32 ¼ ðt � 4Þðt � 8Þ. Because DðtÞ has distinct

factors, the minimal polynomial mðtÞ ¼ DðtÞ ¼ t2 � 12t þ 32.

(b) Because B is triangular, its eigenvalues are the diagonal elements 1; 2; 3; and so its characteristic
polynomial is DðtÞ ¼ ðt � 1Þðt � 2Þðt � 3Þ. Because DðtÞ has distinct factors, mðtÞ ¼ DðtÞ.

(c) The characteristic polynomial of C is DðtÞ ¼ t2 � 6t þ 9 ¼ ðt � 3Þ2. Hence the minimal polynomial of C
is f ðtÞ ¼ t � 3 or gðtÞ ¼ ðt � 3Þ2. However, f ðCÞ 6¼ 0; that is, C � 3I 6¼ 0. Hence,

mðtÞ ¼ gðtÞ ¼ DðtÞ ¼ ðt � 3Þ2:

9.29. Suppose S ¼ fu1; u2; . . . ; ung is a basis of V , and suppose F and G are linear operators on V such
that ½F� has 0’s on and below the diagonal, and ½G� has a 6¼ 0 on the superdiagonal and 0’s
elsewhere. That is,

½F� ¼

0 a21 a31 . . . an1
0 0 a32 . . . an2

::::::::::::::::::::::::::::::::::::::::
0 0 0 . . . an;n�1
0 0 0 . . . 0

266664
377775; ½G� ¼

0 a 0 . . . 0
0 0 a . . . 0
:::::::::::::::::::::::::::
0 0 0 . . . a
0 0 0 . . . 0

266664
377775

Show that (a) Fn ¼ 0, (b) Gn�1 6¼ 0, but Gn ¼ 0. (These conditions also hold for ½F� and ½G�.)
(a) We have Fðu1Þ ¼ 0 and, for r > 1, FðurÞ is a linear combination of vectors preceding ur in S. That is,

FðurÞ ¼ ar1u1 þ ar2u2 þ � � � þ ar;r�1ur�1
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Hence, F2ðurÞ ¼ FðFðurÞÞ is a linear combination of vectors preceding ur�1, and so on. Hence,
FrðurÞ ¼ 0 for each r. Thus, for each r, FnðurÞ ¼ Fn�rð0Þ ¼ 0, and so Fn ¼ 0, as claimed.

(b) We have Gðu1Þ ¼ 0 and, for each k > 1, GðukÞ ¼ auk�1. Hence, GrðukÞ ¼ aruk�r for r < k. Because a 6¼ 0,
an�1 6¼ 0. Therefore, Gn�1ðunÞ ¼ an�1u1 6¼ 0, and so Gn�1 6¼ 0. On the other hand, by (a), Gn ¼ 0.

9.30. Let B be the matrix in Example 9.12(a) that has 1’s on the diagonal, a’s on the superdiagonal,
where a 6¼ 0, and 0’s elsewhere. Show that f ðtÞ ¼ ðt � lÞn is both the characteristic polynomial
DðtÞ and the minimum polynomial mðtÞ of A.

Because A is triangular with l’s on the diagonal, DðtÞ ¼ f ðtÞ ¼ ðt � lÞn is its characteristic polynomial.
Thus, mðtÞ is a power of t � l. By Problem 9.29, ðA� lIÞr�1 6¼ 0. Hence, mðtÞ ¼ DðtÞ ¼ ðt � lÞn.

9.31. Find the characteristic polynomial DðtÞ and minimal polynomial mðtÞ of each matrix:

(a) M ¼

4 1 0 0 0
0 4 1 0 0
0 0 4 0 0
0 0 0 4 1
0 0 0 0 4

266664
377775, (b) M 0 ¼

2 7 0 0
0 2 0 0
0 0 1 1
0 0 �2 4

2664
3775

(a) M is block diagonal with diagonal blocks

A ¼
4 1 0
0 4 1
0 0 4

24 35 and B ¼ 4 1
0 4

� �

The characteristic and minimal polynomial of A is f ðtÞ ¼ ðt � 4Þ3 and the characteristic and minimal
polynomial of B is gðtÞ ¼ ðt � 4Þ2. Then

DðtÞ ¼ f ðtÞgðtÞ ¼ ðt � 4Þ5 but mðtÞ ¼ LCM½ f ðtÞ; gðtÞ� ¼ ðt � 4Þ3

(where LCM means least common multiple). We emphasize that the exponent in mðtÞ is the size of the
largest block.

(b) Here M 0 is block diagonal with diagonal blocks A0 ¼ 2 7
0 2

� �
and B0 ¼ 1 1

�2 4

� �
The char-

acteristic and minimal polynomial of A0 is f ðtÞ ¼ ðt � 2Þ2. The characteristic polynomial of B0 is
gðtÞ ¼ t2 � 5t þ 6 ¼ ðt � 2Þðt � 3Þ, which has distinct factors. Hence, gðtÞ is also the minimal polynomial
of B. Accordingly,

DðtÞ ¼ f ðtÞgðtÞ ¼ ðt � 2Þ3ðt � 3Þ but mðtÞ ¼ LCM½ f ðtÞ; gðtÞ� ¼ ðt � 2Þ2ðt � 3Þ

9.32. Find a matrix A whose minimal polynomial is f ðtÞ ¼ t3 � 8t2 þ 5t þ 7.

Simply let A ¼
0 0 �7
1 0 �5
0 1 8

24 35, the companion matrix of f ðtÞ [defined in Example 9.12(b)].

9.33. Prove Theorem 9.15: The minimal polynomial mðtÞ of a matrix (linear operator) A divides every
polynomial that has A as a zero. In particular (by the Cayley–Hamilton theorem), mðtÞ divides the
characteristic polynomial DðtÞ of A.

Suppose f ðtÞ is a polynomial for which f ðAÞ ¼ 0. By the division algorithm, there exist polynomials
qðtÞ and rðtÞ for which f ðtÞ ¼ mðtÞqðtÞ þ rðtÞ and rðtÞ ¼ 0 or deg rðtÞ < deg mðtÞ. Substituting t ¼ A in this
equation, and using that f ðAÞ ¼ 0 and mðAÞ ¼ 0, we obtain rðAÞ ¼ 0. If rðtÞ 6¼ 0, then rðtÞ is a polynomial
of degree less than mðtÞ that has A as a zero. This contradicts the definition of the minimal polynomial. Thus,
rðtÞ ¼ 0, and so f ðtÞ ¼ mðtÞqðtÞ; that is, mðtÞ divides f ðtÞ.
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