aDp—— CHAPTER 3 Systems of Linear Equations

Miscellaneous Problems

3.43. Let L be a linear combination of the m equations in n unknowns in the system (3.2). Say L is the
equation

(Clall +ooet cmaml)xl +oot (claln +ooeet cmamn)xn = Clbl e Cmbm (1)
Show that any solution of the system (3.2) is also a solution of L.

Let u = (ky,...,k,) be a solution of (3.2). Then

ank, + apk, + -+ a;,k, = b; (i=12,...,m) (2)
Substituting u in the left-hand side of (1) and using (2), we get

(Clall +oeee Cmaml)kl + o+ (Claln ot cmamn)kn
= (allkl +eee alnkn) + o+ Cm(amlkl +eee amnkn)
—ciby+ -+ ey,
This is the right-hand side of (1); hence, u is a solution of (1).

3.44. Suppose a system .# of linear equations is obtained from a system ¥ by applying an elementary
operation (page 64). Show that .# and ¥ have the same solutions.

Each equation L in .# is a linear combination of equations in .. Hence, by Problem 3.43, any solution
of . will also be a solution of .#. On the other hand, each elementary operation has an inverse elementary
operation, so . can be obtained from .# by an elementary operation. This means that any solution of ./ is a
solution of .#. Thus, ¥ and .# have the same solutions.

3.45. Prove Theorem 3.4: Suppose a system .# of linear equations is obtained from a system . by a
sequence of elementary operations. Then .# and . have the same solutions.

Each step of the sequence does not change the solution set (Problem 3.44). Thus, the original system .¥
and the final system .# (and any system in between) have the same solutions.

3.46. A system .# of linear equations is said to be consistent if no linear combination of its equations is
a degenerate equation L with a nonzero constant. Show that . is consistent if and only if £ is
reducible to echelon form.

Suppose .Z is reducible to echelon form. Then % has a solution, which must also be a solution of every
linear combination of its equations. Thus, L, which has no solution, cannot be a linear combination of the
equations in #. Thus, & is consistent.

On the other hand, suppose .Z is not reducible to echelon form. Then, in the reduction process, it must
yield a degenerate equation L with a nonzero constant, which is a linear combination of the equations in ..
Therefore, % is not consistent; that is, & is inconsistent.

3.47. Suppose u and v are distinct vectors. Show that, for distinct scalars &, the vectors u + k(u — v) are
distinct.

Suppose u + k; (u — v) = u + k,(u — v). We need only show that k; = k,. We have
ky(u —v) = ky(u —v), and so (kj — k) u—v)=0

Because u and v are distinct, v — v # 0. Hence, k; — k, = 0, and so k; = k,.

3.48. Suppose AB is defined. Prove

(a) Suppose 4 has a zero row. Then AB has a zero row.

(b) Suppose B has a zero column. Then 4B has a zero column.
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(a) Let R; be the zero row of 4, and Cy,..

(RiC1, R,C, - ..

aRiCn) = (070707“-70)

— >

., C, the columns of B. Then the ith row of 4B is

(b) BT has a zero row, and so BT4AT = (AB)T has a zero row. Hence, 4B has a zero column.

SUPPLEMENTARY PROBLEMS

Linear Equations, 2 x 2 Systems

3.49. Determine whether each of the following systems is linear:

(@ 3x—4y+2yz=8,(b) ex+3y=mn,() 2x—3y+hkz=4

3.50. Solve (a) tx =2, (b) 3x+2=5x+7—-2x,(c) 6x +2 —4x =5+2x—3

3.51. Solve each of the following systems:

(a 2x+3y=1 (b) 4x—-2y=5
Sx+Ty=3 —6x+3y=1

(c) 2x—4=3y
S5y—x=5

3.52. Consider each of the following systems in unknowns x and y:

(@ x—ay=1 (b)
ax—4y=>

ax+3y =2
12x+ay=5b

(c) x+ay=3
2x+5y=5>b

(d) 2x—4y=10

3x—6y=15

For which values of a does each system have a unique solution, and for which pairs of values (a,b) does

each system have more than one solution?

General Systems of Linear Equations
3.53. Solve

(@ x4+ y+ 2z= 4 (b)
2x+3y+ 6z=10
3x+6y+ 10z =17

3.54. Solve
(a x—-2y=5 (b)
2x+3y=3 2x+5y—8+6t=5
Ix+2y=7 3x+4y —5z42t=4
3.55. Solve
(@ 2x— y—4z=2 (b)

4x — 2y —6z=5
6x —3y—8z=38

X—=2y+ 3z=2 ()
2x—=3y+ 8z=17
3x—4y+13z=28

X4+2p—3z42t=2 (©)

x+2y— z4+3t= 3
2x+4y+4z+3t= 9
3x+6y— z+4+8t=10

3.56. Consider each of the following systems in unknowns x, y, z:

(a) x—2 =1 ®d) x+ 2y+2z=1 (c)
xX— y+az=2 X+ ay+3z=3
ay+9z=0>b x+1ly+az=5>b

x+2y+ 3z=
2x+3y+ 8=
Sx+8y 419z =11

x+ y+az=1
xX+ay+ z=4
ax+ y+ z=5»b

B W

xX+2y4+4z—-5t=3
3x— y+5z+4+2t=4
Sx—4y+6z4+9t=2

For which values of a does the system have a unique solution, and for which pairs of values (a, b) does the
system have more than one solution? The value of b does not have any effect on whether the system has a

unique solution. Why?



