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Example 5.2

Cycloid Motion

A more exotic trajectory occurs if we include a uniform electric field, at right angles to the
magnetic one. Suppose, for instance, that B points in the x-direction, and E in the z-direction,
as shown in Fig. 5.7. A particle at rest is released from the origin: what path will it follow?
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[Position of particyle at any time= (0, y(t), z(t))

Velocity of particle at any time= (0,y,Zz) where y = %

where dot represents the time derivatives

= 0% + B2y — By?
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E=E2
F =Q(E + ¥ X B)
F=Q(E + % xB) = Q(E2+Bz9 — By?)
F = QBzy + Q(E — By)2
and hence, applying Newton’s second law F = ma = m(yy + Z2)
m(yy +Z2) = QBzy + Q(E — By)z
my = QBz mz = Q(E — By)



* For convenience we let

QB

w=—"

m

my = QBz oy VT W7
mz = Q(E — By) = QB

7 =-—(E/B~3)
Zz=w(E/B—17y)






The general solution of equation (1) and (2) is

E
y(t) = Cycoswt + C,sinwt + (E) A Sl O SRR

2(t) = CocoSWt — C1SINWE + Ch vov v v e e e et e e e

Boundary Conditions of The Problem

(i) Particle starts from rest.

y(0) =2(0) =0
(ii) Particles starts from origin.

y(0) =z(0) =0

(4)

(3)



To apply the boundary conditions we take the derivatives of
equation (1) and (2)

E
y(t) = —Ciwsinwt + C,wcoswt + (—) T )

zZ(t) = —C,wsinwt — C;wCOSWL ... .. v vev ver e e .. (6)

Apply these B.Cs y(0) = z(0) = 0 to the equations

y(t) = Cicoswt + C,sinwt + ( ) t + C3 and
2(t) = Cycoswt — Cysinwt + C,

y(0) = C;cosw(0) + C,sinw(0) + (E) (0) + C5 And  z(0) = Cycosw(0) — Cysinw(0) + C4

We get

0= Cl+63 0= CZ+C4




Apply these B.Cs y(0) = z(0) = 0 to the equations

y(t) = —Ciwsinwt + C,wcoswt + (g) and
z(t) = —C,wsinwt — C;wcoswt

0= —Ci;wsinw(0) + Cowcosw(0) + (g)

And 0= —C,wsinw(0) — C;wcosw(0)




The equations of constants after applying boundary conditions are

E
C1+C3:O 62:_(E)
Cz+C4:O C1=O
C3=O
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y(t) = (0)coswt — (&) sinwt + (g
y(t) = (g) t — (cf_B) sinwt + +0
y(t) = ((f_B) wt — (%) sinwt

z(t) = — (i) coswt — (0)sinwt + =
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2(t) = — (—B) coswt
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y(t) = (i) (wt — sinwt)

E E
wB Z(t) — E — (E) coswt
(t) = ( £ ) t nowt
7 \os b smet z(t) = i(1 — coswt)
wB
let R = —
wB

y(t) = R (wt — sinwt) z(t) = R (1 — coswt)



(y(t) — R wt) = Rsinwt

(y(t) — R wt)?= (Rsinwt)? (R — z(t))?= (Rcoswt) °

Adding these two

(2(8) = R*+(¥(t) - R wt)?=

Which is the equation of a circle of radius R with center (0, Rwt, R)

whose center moves with the constant speed .
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