
Electric Machinery
Fundamentals

Fifth Edition

Stephen J. Chapman



1 1 nt tradition ot quality and •xonlltnoa oontlnuoi...
f/ci hir Mih Hlrmry runckimintah > 1 nilinu"h to iu» ih» mtiii" 1 if it ilnu
on 11 binary In*I dun In lis ......null 1I1 MmIt nil III' 'Hi lly 1 1 w 'n n j« • m
iini H M li 11 il li i| ill 'i In II10 llsli I, ( 1 11 11 mil 11 i'ii 1 lm 11 ÿ oiling ill' null" " 'ÿ 1

nut ||| II I III!lllwl IIII Mil' Inlllh 1 III' I 1 Hi || III Hill mil lllliii'l'i

In tho mil 1 en Hill n i, IIIB 1 1MB 1 il MAII AW In IIV U)i |»m lit <i I In i mim|»l<
< tnei | '|i iblaiii'i wl inn ' i| i| m if nil lit « Hi" I' iiljtlai I' Hill IIHniul il I "< >V< Mlm
Imil ilt hiin yuu linvn ' omu In applet ml" Inn"' Iwon i"lnlnml in lhln
, it mil m I lew |in il Hi '1 1 hi 1 11 ivi ' Iit "'it liu li it lm I li ' mil H Hi' " the > Him u ly

rloh probldm n«tn.

K«y t ociluioi of flit 1 Iffh I' iltlon
1 1 'I ill ill IU 1 'I )|ei llvi "i 1 11 IV" I utwn flC H lei I tii II it" I t"i ill II lll1( | "I "tit 1 1

ohciploi In"ill 11 11 1' '"hlmlonl Imintlriu
ÿ Hnxible lopln tiovemyo eillewh dither tin m tin malarial to be
. eovered (lull

• A win iltli nl unci "IohaiHi 'i problem" 1 in 1 Inaluii"t 1, 1111my ot
II1. <m ii"w "i i"vln"ii liu"" uivllloiih Hinluiln iit'W Hynohmnaun
mat hlne and inclm lion mnlnt piolileum I.....ad un Ilia tkilci
«heat» 0! mtil maohlndii

ÿ MAIIAll ' overt u in lh li il'n111 ilei I lilit) |ill)t 'lei 1m ' ind ÿ >*( n 1 1|

ÿ ti| K H in " I tit ivm< ii_i' Hit I' H 'I' '• 1if 11" " ii" Ihrt 11 luhout the i"-l.
Int lutllny in< in 11 1'iocl 1 ' iVt'M ig" < >' ndw limit In in IIm lmlywlry, mu li

a# lh" ui" » of li K H 11 IH >nu' 'i iei< 1I1 h»i lm ' 1 ill 1 H h ii i" I' >W' n

Ilot. hif Mi it 11illK n h11 k A 11 1 11 'i ih ill........."I» H 'I'" 1 1 'V ' 1 wnl mil' ' I" 11 11 11 1
1 il www.mhhe 1 om/ohaiiman wliH h 1 novld"" hulutlnnn im limltm h on,

( in wr HI IIII »0UI"" "111 |t MAIIAH H )(Jl»( • i hi i| H Ht»i iit>i il on IIltl<if IIJ&llon lo
Powei Bldolronlcih, and mala,

Do More

tinMtClHWHIttemit)..
B* \ConiMt0 lmn
!PW \ Succnd



ELECTRIC
MACHINERY

FUNDAMENTALS
FIFTH EDITION

Stephen J. Chapman
BAESystems Australia

Connect
WJ3H \ Learn
KM 1Succeed
GEM,/
Mc
Gravu



The McGrawHillCompanies

Mc
Grauu

Connect
iLearn
1Succeed

ELECTRIC MACHINERY FUNDAMENTALS,FIFTHEDITION

Published by McGraw-Hill, a business unit of The McGraw-Hill Companies, Inc., 1221Avenue of
the Americas, New York, NY 10020. Copyright ©2012 by The McGraw-Hill Companies, Inc. All
rights reserved. Previous edition © 2005, 1999,and 1991.No part of this publication may be repro¬
duced or distributed in any form or by any means, or stored in a database or retrieval system, without
the prior written consent of The McGraw-Hill Companies, Inc., including, but not limited to, in any
network or other electronic storage or transmission, or broadcast for distance learning.

Some ancillaries, including electronic and print components, may not be available to customers
outside the United States.

This book is printed on acid-free paper containing 10% postconsumer waste.

1234567890DOC/DOC 10987654321

ISBN 978-0-07-352954-7
MHID 0-07-352954-0

Vice President & Editor-in-Chief: Many Lange
Vice President EDP/Cenrral Publishing Services: Kimberty Meriwether David
Global Publisher: Raghothaman Srimvasan
Senior Sponsoring Editor: Peter E. Massar
Senior Marketing Manager: Curt Reynolds
Development Editor: Darlene M. Schuetler
Senior Project Manager: Joyce Walters
Design Coordinator: BrendaA. Rolwes
Cover Designer: Studio Montage, St. Louis, Missouri
Cover Image: © Slockbyte/Pitnchslock ImagesRF
Buyer: Laura Puller
Compositor: Lascrwords Private Limited
Typeface: JO/12 Tunes Roman
Printer: R R Dotmelley

All credits appearing on page or at the end of the book are considered to be an extension of the
copyright page.

Library of Congress Catalogmg-in-Poblication Data

Chapman, Stephen J.
Electric machinery fundamentals / Stephen J. Chapman. —5th ed.

p. cm.
ISBN-13: 978-0-07-352954-7 (aik. paper)
ISBN-10: 0-07-352954-0 (alk. paper)
1.Electric machinery. I.Title. (')
TK2000.C46 2012
621.31'042—dc22 2010050474

www:mhht'.w.vj®



FOR MY DAUGHTER SARAH RIVKAHCHAPMAN,
WHO WILL LIKELY USE THIS BOOK INHER

STUDIES AT SWINBURNE UNIVERSITY,
MELBOURNE.





ABOUT THE AUTHOR

Stephen J. Chapman received a B.S. inElectrical Engineering from Louisiana
State University (1975) and an M.S.E. inElectricalEngineering from the Univer¬
sity of Central Florida (1979), and pursued further graduate studies at Rice
University.

From 1975 to 1980, he served as an officer in the U.S. Navy, assigned to
teach electrical engineering at the U.S. Naval Nuclear Power School in Orlando,
Florida. From 1980 to 1982, he was affiliated with the University of Houston,
where he ran the power systems program inthe College of Technology.

From 1982 to 1988 and from 1991 to 1995, he served as a member of the
technical staff of the Massachusetts Institute of Technology's Lincoln Laboratory,
both at the mainfacility inLexington, Massachusetts, and at the field site on Kwa-
jalein Atoll in the Republic of the Marshall Islands. While there, he did research
inradar signal processing systems. He ultimately became the leader of four large
operational range instrumentation radars at the Kwajalein field site (TRADEX,
ALTAIR, ALCOR, and MMW).

From 1988 to 1991,Mr. Chapman was a research engineer for Shell Devel¬
opment Company in Houston, Texas, where he did seismic signal processing re¬
search. He was also affiliated with the University of Houston, where he continued
to teach on a part-time basis.

Mr. Chapman is currently manager of systems modeUng and operational
analysis for BAE Systems Australia, in Melbourne.

Mr. Chapman is a senior member of the Institute of Electrical and Elec¬
tronic Engineers (and several of its component societies). He is also a member of
Engineers Australia.

vii





BRIEF CONTENTS

Chapter 1 Introduction to Machinery Principles l

Chapter 2 Transformers 65

Chapter 3 AC Machinery Fundamentals 152

Chapter 4 Synchronous Generators 191

Chapter 5 Synchronous Motors 271

Chapter 6 InductionMotors 307

Chapter 7 DC Machinery Fundamentals 404

Chapter 8 DC Motors and Generators 464

Chapter 9 Single-Phase and Special-Purpose Motors 565

Appendix A Three-Phase Circuits 613

Appendix B Coil Pitch and Distributed Windings 639

Appendix C Salient-Pole Theory of Synchronous Machines 659

Appendix D Tables of Constants and Conversion Factors 669

IX





TABLE OF CONTENTS

Chapter 1 Introduction to Machinery Principles l

1.1 ElectricalMachines, Transformers, and Daily Life 1
1.2 A Note on Units and Notation 2

Notation

1.3 Rotational Motion, Newton's Law, and Power Relationships 3
Angular Position d / Angular Velocity &> / Angular
Acceleration a / Torque r / Newton's Law ofRotation /

WorkW/Power P

1.4 The Magnetic Field 8

Production ofa Magnetic Field / Magnetic Circuits /
Magnetic Behavior ofFerromagnetic Materials / Energy
Losses ina Ferromagnetic Core

l.S Faraday's Law—InducedVoltage from a Time-Changing
Magnetic Field 28

1.6 Production of Induced Force on a Wire 33
1.7 Induced Voltage on a Conductor Moving in a Magnetic Field 34
1.8 The Linear DC Machine—A Simple Example 36

Starting the Linear DCMachine / The Linear DC

Machine as a Motor / The Linear DCMachine as a

Generator / Starting Problems with the LinearMachine

1.9 Real, Reactive, andApparent Power in Single-Phase AC Circuits 47
Alternative Forms of the Power Equations / Complex
Power / The Relationships between Impedance Angle,
CurrentAngle, and Power / The Power Triangle

1.10 Summary 53

Questions 54
Problems 55
References 64

xi



xii TABLE OF CONTENTS

Chapter 2 Transformers 65

2.1 Why Transformers Are Important to Modem Life 66
2.2 Types and Construction of Transformers 67
2.3 The IdealTransformer 69

Power inan IdealTransformer / Impedance Transformation
through a Transformer / Analysis of Circuits Containing
IdealTransformers

2.4 Theory of Operation of RealSingle-Pbase Transformers 77
The Voltage Ratio across a Transformer / The

Magnetization Current in a RealTransformer / The
Current Ratio on a Transformer and the Dot Convention

2.5 The Equivalent Circuit of a Transformer 86
The Exact Equivalent Circuit ofa RealTransformer /
Approximate Equivalent Circuits ofa Transformer /
Determining the Values ofComponents in the Transformer
Model

2.6 The Per-Unit System of Measurements 94
2.7 Transformer Voltage Regulationand Efficiency 99

The Transformer Phasor Diagram/Transformer Efficiency

2.8 Transformer Taps and Voltage Regulation 108
2.9 The Autotransformer 109

Voltage and Current Relationships inanAutotransformer /
The Apparent Power RatingAdvantage ofAutotransfonners /

The InternalImpedance ofanAutotransformer
2.10 Three-Phase Transformers 116

Three-Phase Transformer Connections/ The Per-Unit
Systemfor Three-Phase Transformers

2.11 Three-Phase Transformation Using Two Transformers 126
The Open-tx (orV-V) Connection /The Open-Wye-Open-
Della Connection / The Scott-T Connection / The Three-
Phase T Connection

2.12 Transformer Ratings and Related Problems 134

The Voltage and Frequency Ratings ofa Transformer / The
Apparent Power Rating ofa Transformer / The Problemof
Current Inrush / The Transformer Nameplate

2.13 Instrument Transformers 140
2.14 Summary 142

Questions 143
Problems 144
References 15 1



TABLE OF CONTENTS xiii

Chapter 3 AC Machinery Fundamentals

3.1 A Simple Loop Ina UniformMagnetic Field

The Voltage Induced in a Simple Rotating Loop / The
Torque Induced ina Current-Carrying Loop

3.2 The Rotating Magnetic Field

Proofof the Rotating Magnetic Field Concept / The
Relationship betweenEleclticalFrequency and the Speed

ofMagnetic FieldRotation / Reversing the Direction of
Magnetic Field Rotation

3.3 Magnetomotive Force and Flux Distribution on
AC Machines

3.4 Induced Voltage in AC Machines

The Induced Voltage in a Coil on a Two-Pole Stator / The
Induced Voltage in a Three-Phase Set of Coils / The RMS
Voltage in a Three-Phase Stator

3.5 Induced Torque in an AC Machine
3.6 Winding Insulation in an AC Machine
3.7 AC Machine Power Flows and Losses

The Losses in AC Machines / The Power-Flow Diagram

3.8 Voltage Regulation and Speed Regulation
33 Summary

Questions
Problems
References

Chapter 4 Synchronous Generators

4.1
4.2
4.3
4.4
4.5
4.6
4.7

4.8

4.9

Synchronous Generator Construction
The Speed of Rotation of a Synchronous Generator
The Interna] Generated Voltage of a Synchronous Generator
The Equivalent Circuit of a Synchronous Generator
The Phasor Diagram of a Synchronous Generator
Power and Torque in Synchronous Generators
Measuring Synchronous Generator Model Parameters

The Short-Circuit Ratio

The Synchronous Generator Operating Alone

The Effect ofLoad Changes on a Synchronous Generator
Operating Alone / Example Problems

Parallel Operation of AC Generators

The Conditions Requiredfor Paralleling / The General
Procedurefor ParallelingGenerators / Frequency-Power

152

153

160

169
1.72

J 78
182
182

186
187

187
188
190

191

192
197
197
198
202
205
208

213

224



XIV TABLE OF CONTENTS

and Voltage-Reactive Power Characteristics ofa Synchronous
Generator / Operation ofGenerators inParallel with Large

Power Systems / Operation of Generators inParallelwith
Other Generators of the Same Size

4.10 Synchronous Generator Transients 244
Transient Stability ofSynchronous Generators /
Short-Circuit Transients in Synchivnous Generators

4.11 Synchronous Generator Ratings 251

The Voltage, Speed, and Frequency Ratings / Apparent
Power and Power-Factor Ratings / Synchronous
Generator Capability Curves / Short-Time Operation and
Service Factor

4.12 Summary 261

Questions 262
Problems 263
References 270

Chapter 5 Synchronous Motors 271

5.1 Basic Principles of Motor Operation 271
The Equivalent Circuit ofa Synchronous Motor / The
Synchronous Motorfrom a Magnetic FieldPerspective

5.2 Steady-State Synchronous Motor Operation 275
The Synchronous Motor Torque-Speed Characteristic Curve /
The Effect ofLoad Changes on a Synchronous Motor / The

Effect ofFieldCurrent Changes on a Synchronous Motor /

The Synchronous MotorandPower-Factor Correction /
The Synchronous Capacitor or Synchronous Condenser

5.3 Starting Synchronous Motors 290
Motor Starting by Reducing Electrical Frequency / Motor
Starting with an External Prime Mover / Motor Starting
by Using Amortisseur Windings / The Effect of
Anwrtisseur Windings on Motor Stability

5.4 Synchronous Generators and Synchronous Motors 297
5.5 Synchronous Motor Ratings 298
5.6 Summary 298

Questions 300
Problems 300
References 306 /

Chapter 6 Induction Motors 307

6.1 Induction Motor Construction 309
tiL.% Rtja*5*" frwtcKnSirfm Miitffw tU I!



TABLE OF CONTENTS XV

r

The Development of InducedTorque inan Induction
Motor / The Concept ofRotorSlip / The Electrical
Frequency on the Rotor

6.3 The Equivalent Circuit of an InductionMotor 315

The Transformer Modelofan Induction Motor / The Rotor

Circuit Model / The FinalEquivalent Circuit

6.4 Power and Torque inInduction Motors 321

Losses and the Power-Flow Diagram / Power and Torque
in an. Induction Motor / Separating the Rotor Copper
Losses and the Power Converted in an InductionMotor's
Equivalent Circuit

6.5 InductionMotor Torque-Speed Characteristics 328

Induced Torquefrom a PhysicalStandpoint /The Derivation

of the InductionMotor Induced-Torque Equation /
Comments on the InductionMotor Torque-Speed Curve /
Maximum (Pullout) Torque inan Induction Motor

6.6 Variations in InductionMotor Torque-Speed Characteristics 343
Control ofMotor Characteristics by Cage Rotor Design /
Deep-Barand Double-Cage Rotor Designs / Induction
Motor Design Classes

6.7 Trends in Induction Motor Design 353
6.8 Starting Induction Motors 357

Induction Motor Starting Circuits

6.9 Speed Control of InductionMotors 363
Induction Motor Speed Control by Pole Changing / Speed
Control by Changing the Line Frequency / Speed Control
by Changing the Line Voltage / Speed Control by
Changing the Rotor Resistance

6.10 Solid-State InductionMotor Drives 372

Frequency (Speed) Adjustment / A Choice of Voltage and

Frequency Patterns / Independently Adjustable
Acceleration andDeceleration Ramps / Motor Protection

6.11 DeterminingCircuit Model Parameters 380

The No-Load Test / The DC Testfor Slator Resistance /

The Loclced-Rotor Test

6.12 The Induction Generator 388

The Induction Generator Operating Alone / Induction
GeneratorApplications

6.13 Induction Motor Ratings 393
6.14 Summary 394

Questions 396
Problems 397



'i TABLE OF CONTENTS

Chapter 7 DC Machinery Fundamentals

7.1 A Simple Rotating Loop between Curved Pole Faces

The Voltage Inducedina RotatingLoop / Getting DC
Voltage Out of the Rotating Loop / The InducedTorque in
the Rotating Loop

7.2 Commutation in a Simple Four-Loop DC Machine
73 Commutation and Armature Construction in Real

DC Machines

The Rotor Coils / Connections to the Commutator
Segments / The Lap Winding / The Wave Winding / The
Frog-Leg Winding

7.4 Problems with Commutation in Real Machines

Armature Reaction / Ldi/dt Voltages /Solutions to the
Problems with Commutation

7.5 The Internal Generated Voltage and Induced Torque
Equations of Real DC Machines

7.6 The Construction of DC Machines

Pole and Frame Construction / Rotor or Armature

Construction / Commutator andBrushes / Winding
Insulation

7.7 Power Flow and Losses in DC Machines

The Losses in DC Machines / The Power-Flow Diagram

7.8 Summary

Questions
Problems
References

Chapter 8 DC Motors and Generators
8.1
8.2
8.3
8.4

8.5
8.6

Introduction to DC Motors
The Equivalent Circuit of a DC Motor

The Magnetization Curve of a DC Machine
Separately Excited and Shunt DC Motors

The Terminal Characteristic ofa Shunt DC Motor /

NonlinearAnalysis of a Shunt DCMotor / Speed Control

of Shunt DCMotors / The Effect of an Open Field Circuit

The Permanent-Magnet DC Motor
The Series DC Motor

InducedTorque in a Series DCMotor / The Terminal
Characteristic ofa Series DCMotor / Speed Control of
Series DCMotors

404

404

416

421

433

445
449

455

458
458
458
461

464

465
467
468
469

491
493



TABLE OF CONTENTS xvii

8.7 The Compounded DC Motor 500
The Torque—Speed. Characteristic ofa Cumulatively

CompoundedDCMotor / The Torque-Speed
Characteristic ofa Differentially CompoundedDCMotor /
The NonlinearAnalysis of CompoundedDCMotors /

Speed Control in the Cumulatively Compounded DC Motor

8.8 DC Motor Starters 505

DC Motor Problems on Starting / DCMotor Starting
Circuits

8.9 The Ward-Leonard System and Solid-State Speed Controllers 514
Protection Circuit Section / Start/Stop Circuit Section /
High-Power Electronics Section / Low-Power Electronics
Section

8.10 DC Motor Efficiency Calculations 524
8.11 Introduction to DC Generators 526
8.12 The Separately Excited Generator 528

The Terminal Characteristic ofa Separately ExcitedDC

Generator / Control ofTerminal Voltage / Nonlinear
Analysis ofa Separately ExcitedDC Generator

8.13 The Shunt DC Generator 534

Voltage Buildup in a Shunt Generator / The Terminal
Characteristic ofa Shunt DC Generator / Voltage Control

for a Shunt DCGenerator / The Analysis ofShunt DC

Generators

8.14 The Series DC Generator 540
The Terminal Characteristic ofa Series Generator

8.15 The Cumulatively Compounded DC Generator 543

The Terminal Characteristic ofa Cumulatively
Compounded DC Generator / Voltage Control of
Cumulatively CompoundedDC Generators / Analysis of
Cumulatively Compounded DC Generators

8.16 The Differentially Compounded DC Generator 547
The Teminal Characteristic ofa Differentially
CompoundedDCGenerator / Voltage Control of
Differentially Compounded DC Generators / Graphical
Analysis ofa Differentially CompoundedDC Generator

8.17 Summary 551

Questions 552
Problems 553
References 564



XViii TABLE OP CONTENTS

Chapter 9

9.1

9.2

9.3

9.4
9.5

9.6

9.7

5£5j
Single-Phase and Special-Purpose Motors

The Universal Motor

Applications of UniversalMotors / Speed Control of
Universal Motors

Introduction to Single-Phase InductionMotors

The Double-Revolving-FieldTheory ofSingle-Phase
InductionMotors / The Cross-Field Tlteory ofSingle-
Phase InductionMotors

Starting Single-Phase Induction Motors

Split-Phase Windings / Capacitor-Start Motors /
Permanent Split-Capacitor and Capacitor-Start, Capacitor-

Run Motors / Shaded-Pole Motors / Comparison of
Single-Phase InductionMotors

Speed Control of Single-Phase Induction Motors
The Circuit Model of a Single-Phase Induction Motor

Circuit Analysis with the Single-Phase InductionMotor

Equivalent Circuit

Other Types of Motors

Reluctance Motors / Hysteresis Motors /
Stepper Motors / Brushless DCMotors

Summary

Questions
Problems
References

569

578

588
590

597

609
610
611
612

Appendix A Three-Phase Circuits

A.l
A.2

A.3

A.4
A.5
A.6

Generation of Three-Phase Voltages and Currents
Voltages and Currents in a Three-Phase Circuit

Voltages and Currents in the Wye (Y) Connection /
Voltages and Currents in the Delta (A) Connection

Power Relationships inThree-Phase Circuits

Three-Phase Power Equations Involving Phase Quantities /

Three-Phase Power Equations Involving Line Quantities
Analysis of Balanced Thr ee-Phase Systems
One-Line Diagrams
Using the Power Triangle

Questions
Problems
Reference

613

613
617

622

625
632
632
635
636



TABLE OP CONTENTS xix

Appendix B

B.l

B.2

B.3

Coil Pitch and Distributed Windings

The Effect of Coil Rtcboon AC Machines

The Pilch ofa Coil / The Induced Voltage ofa Fractional-
Pitch Coil / Harmonic Problems and Fractional-Pitch
Windings

DistributedWindings inAC Machines

The Breadth or Distribution Factor / The Generated
Voltage IncludingDistributionEffects / Tooth or Slot
Harmonics

Summary

Questions
Problems
References

639

639

648

656
657
657
658

Appendix C

C.l

C.2

Salient-Pole Theory of
Synchronous Machines 659

Development of the Equivalent Circuit of
a Salient-Pole Synchronous Generator 660
Torque and Power Equations of a Salient-Pole Machines 666
Problems 667

Appendix D Tables of Constants and Conversion Factors 669





PREFACE

In the years since the first edition of Electric Machinery Fundamentals was
published, there has been rapid advance in the development of larger and more

sophisticated solid-state motor drive packages. The first edition of this book stated
that dc motors were the method of choice for demanding variable-speed applica¬
tions. That statement is no longer true today. Now, the system of choice for speed
control applications is most often an ac induction motor with a solid-state motor
drive. DC motors have been largely relegated to special-purpose applications
where a dc power source is readily available, such as in automotive electrical
systems.

Tire third edition of the book was extensively restructured to reflect these
changes. The material on ac motors and generators is now covered in Chapters 3
through 6, before the material on dc machines. Inaddition, the dc machinery cov¬
erage was reduced compared to earlier editions. This edition continues with this
same basic structure.

Inaddition, the former Chapter 3 on solid-state electronics has been deleted
from the fifth edition. Feedback from users has indicated that that material was too

detailed for a quick overview, and not detailed enough for a solid-state electronics
course. Since very few instructors were using this material, it has been removed
from this edition and added as a supplement on the book's website. Any instruc¬
tor or student wishing to continue using the material in this chapter can freely
download it.

Learning objectives have been added to the beginning of each chapter to

enhance student learning.
Chapter 1provides an introduction to basic machinery concepts, and con¬

cludes by applying those concepts to a linear dc machine, which is the simplest
possible example of a machine. Chapter 2 covers transformers, which are not ro¬
tating machines, but which share many similar analysis techniques.

After Chapter 2, an instructor may choose to teach either dc or ac machin¬
ery first. Chapters 3 through 6 cover ac machinery, and Chapters 7 and 8 cover dc
machinery. These chapter sequences have been made completely independent of
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each other, so that an instructor cancover the material inthe order which best suits
his or her needs. Forexample, a one-semester course with a primary concentration
in ac machinery might consist of parts of Chapters 1, 2, 3, 4, 5, and 6, with any
remaining time devoted to dc machinery. A one-semester course with a primary
concentration in dc machinery might consist of parts of Chapters 1, 2, 7, and 8,
with any remaining time devoted to ac machinery. Chapter 9 is devoted to single-
phase and special-purpose motors, such as universal motors, stepper motors,

brushless dc motors, and shaded-pole motors.
The homework problems and the ends of chapters have been revised and

corrected, and more than 70% of the problems are either new or modified since
the last edition.

In recent years, there have been major changes in the methods used to
teach machinery to electrical engineering and electrical technology students.
Excellent analytical tools such as MATLAB® have become widely available in
university engineering curricula. These tools make very complex calculations
simple to perform, and they allow students to explore the behavior of problems
interactively. This edition of Electric Machinery Fundamentals makes selected
use of MATLAB to enhance a student's learning experience where appropriate.
For example, students use MATLAB in Chapter 6 to calculate the torque-speed
characteristics of induction motors, and to explore the properties of double-cage
induction motors.

This text does not teach MATLAB; it assumes that the student is familiar
with it through previous work. Also, the book does not depend on a student hav¬
ing MATLAB. MATLAB provides an enhancement to the learning experience if
it is available, but if it is not, the examples involving MATLAB can simply be
skipped, and the remainder of the text still makes sense.

This book would never have been possible without the help of dozens of
people over the past 25 years. It is gratifying for me to see the book still popular
after all that time, and much of that is due to the excellent feedback provided by
reviewers. For this edition, Iwould especially like to thank:

Ashoka K.S. Bhat
University of Victoria

William Butuk
Lakehead University

Shaahin Filizadeh
University ofManitoba

Jesus Fraile-Ardanuy
UniversidadPolitecnica de Madrid

Riadh Habash
University of Ottawa

Floyd Henderson
Michigan Technological University

(

MATLAB is a registered trademark of The MathWorks, Inc.
The MathWorks, Inc., 3 Apple Hill Drive, Natick, MA 01760-2098 USA
E-mail: info@mathworks.com; www.mathworks.com
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Ali Keyhani
The Ohio State University

.Andrew Knight
University ofAlberta

Xiaomin Kou
University of Wisconsin-Platteville
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CaliforniaPolytechnic State University,
San Luis Obispo
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M. HashemNehrir
Montana State University-Bozeman

Ali Shaban
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CHAPTER

1
INTRODUCTION
TO MACHINERY

PRINCIPLES

OBJECTIVES

• Learn the basics of rotational mechanics: angular velocity, angular accelera¬
tion, torque, and Newton's law for rotation.

• Learn how to produce a magnetic field.
ÿ Understand magnetic circuits.
• Understand the behavior of ferromagnetic materials.
« Understand hysteresis in ferromagnetic materials.

• UnderstandFaraday's law.

• Understand how to produce an induced force on a wire.
• Understand how to produce an induced voltage across a wire.

• Understand the operation of a simple linear machine.
• Be able to work with real, reactive, and apparent powers.

1.1 ELECTRICALMACHINES,
TRANSFORMERS, AND DAILYLIFE

An electrical machine is a device that can convert either mechanical energy to elec¬
trical energy or electrical energy to mechanical energy. When such a device is used
to convert mechanical energy to electrical energy, it is called a generator. When it
converts electrical energy to mechanical energy, it is called a motor. Since any given
eleelrival machine can convert' power in either direction, any machine can he used as



either a generator or a motor. Almost all practical motors and generators convert en¬

ergy from one form to another through tire action of a magnetic field, and only ma¬
chines usingmagnetic fields to perform such conversions are considered in this book.

The transformer is an electrical device that is closely related to electrical ma¬

chines. Itconverts ac electrical energy at one voltage level to ac electrical energy at

another voltage level. Since transformers operate on the same principles as genera¬
tors and motors, depending on the action of a magnetic field to accomplish the
change involtage level, they are usually studied together with generators and motors.

These three types of electric devices are ubiquitous in modern daily life.
Electric motors in the home run refrigerators, freezers, vacuum cleaners, blenders,
air conditioners, fans, and many similar appliances. Inthe workplace, motors pro¬
vide the motive power for almost all tools. Of course, generators are necessary to

supply the power used by all these motors.
Why are electric motors and generators so common? The answer is very

simple: Electric power is a clean and efficient energy source that is easy to trans¬

mit over long distances, and easy to control. An electric motor does not require
constant ventilation and fuel the way that an internal-combustion engine does, so
the motor is very well suited for use in environments where the pollutants associ¬
ated with combustion are not desirable. Instead, heat or mechanical energy can be
converted to electrical form at a distant location, the energy can be transmitted
over long distances to the place where it is to be used, and it can be used cleanly
in any home, office, or factory. Transformers aid this process by reducing the en¬

ergy loss between the point of electric power generation and the point of its use.

1.2 A NOTE ON UNITSAND NOTATION

The design and study of electric machines and power systems are among the old¬
est areas of electrical engineering. Study began in the latter part of the nineteenth
century. At that time, electrical units were being standardized internationally, and
these units came to be universally used by engineers. Volts, amperes, ohms, watts,
and similar units, which are part of the metric system of units, have long been
used to describe electrical quantities in machines.

InEnglish-speaking countries, though, mechanical quantities had long been
measured with the English system of units (inches, feet, pounds, etc.). This prac¬
tice was followed intire study of machines. Therefore, for many years the electri¬
cal and mechanical quantities of machines have been measured with different sys¬
tems of units.

In 1954, a comprehensive system of units based on the metric system was
adopted as an international standard. This system of units became known as the
Systeme International (SI) and has been adopted throughout most of the world.
The United States is practically the sole holdout—even Britain and Canada have
switched over to SI.

The SI units will inevitably become standard in the United States as time
goes by, and professional societies such as the Institute of Electrical and Elec¬
tronics Engineers (IEEE) have standardized on metric units for all work. How¬
ever, many people have grown up using Englishunits, and this system will remain
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in daily use for a long time. Engineering students and working engineers in the
United States today must be familiar with both sets of units., since they will en¬
counter both throughout their professional lives. Therefore, this book includes
problems and examples using both SI and English units. The emphasis in the ex¬
amples is on SIunits, but the older system is not entirely neglected.

Notation

In this book, vectors, electrical phasors, and other complex values are shown in bold
face (e.g., F), while scalars are shown in italic face (e.g., R). In addition, a special
font is used to represent magnetic quantities such as magnetomotiveforce (e.g., "3).

1.3 ROTATIONALMOTION,NEWTON'S
LAW,AND POWER RELATIONSHIPS

Almost all electric machines rotate about an axis, called the shaft of the machine.
Because of the rotational nature of machinery, it is important to have a basic un¬
derstanding of rotational motion. This section contains a brief review of the con¬
cepts of distance, velocity, acceleration, Newton's law, and power as they apply to

rotating machinery. For a more detailed discussion of the concepts of rotational
dynamics, see References 2, 4, and 5.

In general, a three-dimensional vector is required to completely describe the
rotation of an object inspace. However, machines normally turn on a fixed slraft, so
their rotation is restricted to one angular dimension. Relative to a given end of the
machine's shaft, the direction of rotation can be described as either clockwise (CW)
or counterclockwise (CCW). For the purpose of this volume, a counterclockwise an¬

gle of rotation is assumed to be positive, and a clockwise one is assumed to be nega¬
tive. For rotationabout a fixed shaft, all the concepts in this section reduce to scalars.

Each major concept of rotational motion is defined below and is related to
the corresponding idea from linear motion.

Angular Position 9

The angular position 0 of an object is the angle at which it is oriented, measured
from some arbitrary reference point. Angular position is usually measured in
radians or degrees. It corresponds to the linear concept of distance along a line.

Angular Velocity co

Angular velocity (or speed) is tire rate of change in angular position with respect
to time. It is assumed positive if the rotation is in a counterclockwise direction.
Angular velocity is the rotational analog of the concept of velocity on a line. One-
dimensional linear velocity along a line is defined as the rate of change of the dis¬
placement along the line (r) with respect to time.
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Similarly, angular velocity id is defined as the rate of change of (he angular dis¬
placement 0 with respect to time.

dd ,,
M = ~dt (l'2)

If the units of angular position are radians, then angular velocity is measured inra¬
dians per second.

Indealing with ordinary electxic machines, engineers often use units other
than radians per second to describe shaft speed. Frequently, the speed is given in
revolutions per second or revolutions per minute. Because speed is such an im¬
portant quantity in the study of machines, it is customary to use different symbols
for speed when it is expressed indiffei'ent units. By using these different symbols,
any possible confusion as to the units intended is minimized. The following sym¬
bols are used in this book to describe angular velocity:

com angular velocity expressed in radians per second
f„ angular velocity expressed in revolutions per second
nm angular velocity expressed in revolutions per minute

The subscript m on these symbols indicates a mechanical quantity, as opposed to

an electrical quantity. If there is no possibility of confusion between mechanical
and electrical quantities, the subscript is often left out.

These measures of shaft speed are related to each other by the following
equations:

>hn = 60f„ (1—3 a)

/- =t ÿ

Angular Acceleration a

Angular acceleration is the rate of change in angular velocity with respect to

time. It is assumed positive if the angular velocity is increasing in an algebraic
sense. Angular acceleration is the rotational analog of the concept of accelera¬
tion on a line. Just as one-dimensional linear acceleration is defined by the
equation

dv
0 * di (M)

angular acceleration is defined by

dco
a=d7 (1"5)

If the units of angular velocity are radians per second, then angular acceleration is
measured in radians per second squared.
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Torque is counterclockwise

(b)

Torque is zero

(a)

FIGURE 1-1
(a) A force applied lo a cylinder so that it passes through the axis of rotation, t = 0.
(b) A force applied to a cylinder so that its lineof action misses the axis of rotation. Here t is
counterclockwise.

Torque r

In lineai" motion, a force applied to an object causes its velocity to change. Inthe
absence of a net force on the object, its velocity is constant. The greater the force
applied to the object, die more rapidly its velocity changes.

There exists a similar concept for rotation. When an object is rotating, its
angular velocity is constant unless a torque is present on it. The greater die torque
on the object, the more rapidly the angular velocity of the object changes.

What is torque? It can loosely be called the "twisting force" on an object.
Intuitively, torque is faixly easy to understand. Imagine a cylinder that is free to

rotate about its axis. If a force is applied to the cylinder in such a way that its line
of action passes through the axis (Figure 1—la), then the cylinder will not rotate.
However, if the same force is placedso that its line of action passes to the right of
the axis (Figure 1— lb), then the cylinder will tend to rotate in a counterclockwise
direction. The torque or twisting action on the cylinder depends on (1) the magni¬
tude of the applied force and (2) the distance between the axis of rotation and the
line of action of the force.

The torque on an object is defined as the product of the force applied to the
object and the smallest distance between the line of action of the force and the object's
axis of rotation, If r is a vector pointing from the axis of rotation to the point
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rsin(l80 - a) - rsmO

t = (perpendicular distance) (force)

t = (r sin $)F,counterclockwise

FIGURE 1-2
Derivation of the equation for the torque
on an object.

of application of the force, and if F is the applied force, then the torque can be
described as

= (force applied)(perpendicular distance)

= (F) (r sin 8)

= rFsin 8 (1-6)

where 8 is the angle between the vector r and the vector F. The direction of the
torque is clockwise if it would tend to cause a clockwise rotation and counter¬

clockwise if it would tend to cause a counterclockwise rotation (Figure 1-2).
The units of torque are newton-meters in SIunits and pound-feet in the Eng¬

lish system.

Newton's Law of Rotation

Newton's law for objects moving along a straight line describes the relationship
between the force applied to an object and its resulting acceleration. This rela¬
tionship is given by the equation

F= ma (1-7)

where
F= net force applied to an object
m — mass of the object
a = resulting acceleration

InSI units, force is measured in newtons, mass in kilograms, and acceleration in
meters per second squared. In the English system, force is measured inpounds,
mass in slugs, and acceleration infeet per second squared.
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A similar equation describes the relationship between the torque applied to

an object and its resulting angular acceleration. This relationship,called Niton's
law of rotation, is given by the equation

r — Ja (1-8)

where r is the net applied torque innewton-meters or pound-feet and a is the re¬
sulting angular acceleration in radians per second squared. The term J serves the
same purpose as an object's mass in linear motion. It is called the moment of
inertia of the object and is measured in kilogram-meters squared or slug-feet
squared. Calculation of the moment of inertia of an object is beyond the scope of
this book. For information about it see Ref. 2.

Work W

For linear motion, woTk is defined as the application of d.force through a distance.
Inequation form,

W= J Fdr (1-9)

where it is assumed that the force is collinear with the direction of motion. For the
special case of a constant force applied collinearly with the direction of motion,
this equation becomes just

W = Fr (1-10)

The units of work are joules in SI and foot-pounds in the English system.
For rotational motion, work is the application of a torque through an angle.

Here the equation for work is

W=Jrd0 (1-11)

and if the torque is constant,

W = t6 (1-12)

Power P

Power is the rate of doing work, or the increase in work per unit time. The equa¬
tion for power is

dW
P =ÿ (1-13)

It is usually measured in joules per second (watts), but also can be measured in
foot-pounds per second ot inhorsepower.

By this definition, and assuming that force is constant and collinear with the
direction of motion, power is given by

P = = &»> = *{%) = *> ÿ
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Similarly, assuming constant torque, power inrotational motion is given by

p _dW d (d0\

P = TCl) (1-15)

Equation (1-15) is very important in the study of electric machinery, because it
can describe the mechanical power on the shaft of a motor or generator.

Equation (1-15) is the correct relationship among power, torque, and speed if
power is measured in watts, torque in newton-meters, and speed in radians per
second. If other units are used to measure any of the above quantities, then a
constant must be introduced into the equation for unit conversion factors. It is still
commoninU.S. engineering practice to measure torque inpound-feet, speed inrev¬

olutions per minute, and power ineither watts or horsepower. If the appropriate
conversion factors are included ineach term, then Equation (1-15) becomes

t (lb-ft) n (r/min) , ,,
P (watts) = ÿ L (1-16)

, . r (lb-ft) n (r/min) ,,
P (horsepower) =- - (1-17)

where torque is measured in pound-feet and speed is measured in revolutions per
minute.

1.4 THE MAGNETIC FIELD

As previously stated, magnetic fields are the fundamental mechanismby which en¬
ergy is converted from one form to another in motors, generators, and transform¬
ers. Four basic principles describe how magnetic fields are used in these devices:

1. A current-carrying wire produces a magnetic field in the area around it.

2. A time-changing magnetic field induces a voltage ina coil of wire if itpasses
through that coil. (This is the basis of transformer action.)

3. A current-carrying wire in the presence of a magnetic field has a force in¬
duced on it. (This is tire basis of motor action.)

4. Amoving wire in the presence of a magnetic field has a voltage inducedin it.
(This is the basis of generator action.)

This section describes and elaborates on the production of a magnetic field by a
current-carrying wire, while later sections of this chapter explain the remaining
three principles.

Production of a Magnetic Field

The basic law governing the production of a magnetic field by a current is
Ampere's law:

f IW1=/nel (1-18)
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Cross-sectional
area A

FIGURE 1-3
A simple magnetic core.

where His the magnetic field intensity produced by the current Ina, and dl is a dif¬
ferential element of length along the path of integration. InSIunits,Iis measured
in amperes and His measured in ampere-turns per meter. To better understand the
meaningof this equation, it is helpful to apply itto the simple example in Figure 1-3.
Figure 1-3 shows a rectangular core with a winding of Nturns of wire wrapped
about one leg of the core, If the core is composed of iron or certain other similar
metals (collectively calledferromagnetic materials), essentially all the magnetic
field produced by the current will remain inside the core, so the path of integration
in Ampere's law is the mean path length of the core lc. The current passing within
the path of integration Ina is then Ni, since the coil of wire cuts the path of inte¬
gration Ntimes while carrying current i. Ampere's law thus becomes

Here His the magnitude of the magnetic Field intensity vector H, Therefore, the
magnitude of the magnetic field intensity in the core due to the applied current is

The magnetic field intensity H is in a sense a measure of the "effort" that a
current is putting into the establishment of a magnetic field. The strength of the
magnetic field flux produced in the core also depends on the material of the core.
The relationship between the magnetic field intensity Hand the resulting mag¬
netic flux density B produced within a material is given by

Hlc = Ni (1-19)

(1-20)

B = p,H (1-21)
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where

H= magnetic field intensity

/r. = magnetic permeability of material
B = resulting magnetic flux density produced

The actual magnetic flux density produced in a piece of material is thus
given by a product of two terms:

H,representing the effort exerted by the current to establish a magnetic field

/x, representing the relative ease of establishing a magnetic field in a given
material

The units of magnetic field intensity are ampere-turns per meter, the units of per¬
meability are henrys per meter, and tire units of the resulting flux density are
webers per square meter, known as teslas (T).

The permeability of free space is called jx0, and its value is

p,0 — 4-jt X 10-7 H/rn (1-22)

The permeability of any other material compared to the permeability of free space
is called its relative permeability:

(1-23)

Relative permeability is a convenient way to compare the magnelizability of
materials. For example, the steels used in modern machines have relative perme¬
abilities of 2000 to 6000 or even more. This means that, for a given amount of
current, 2000 to 6000 times more flux is established in a piece of steel than in a
corresponding area of air. (The permeability of air is essentially the same as the
permeability of free space.) Obviously, the metals in a transformer or motor core
play an extremely important part in increasing and concentrating the magnetic
flux in the device.

Also, because the permeability of iron is so muchhigher than that of air, the
great majority of the flux in an iron core like that in Figure 1-3 remains inside the
core instead of traveling through the surrounding air, which has much lower per¬
meability. The small leakage flux that does leave the iron core is very important
in determining the flux linkages between coils and the self-inductances of coils in
transformers and motors.

In a core such as the one shown in Figure 1-3, the magnitude of the flux
density is given by

B = pH=tf± (1-24)
'c

Now the total flux in a given area is given by

4>= f B • dk
JA

(1-25a)
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0
(a)

/ =

9=M '.<3l

. 9'

(b)

FIGURE 1-4
(a)A simple electric circuit, (b) The magnetic circuit analog to a transformer core.

where dA is the differential unit of area. If the flux density vector is perpendicu¬
lar to a plane of area <4, and if the flux density is constant throughout the area, then
this equation reduces to

4> = BA (1—25b)

Thus, the total flux in the core in Figure 1-3 due to the current iin the
winding is

4> = BA = /xNiA (1-26)

where A is the cross-sectional area of the core.

Magnetic Circuits

InEquation (1-26) we see that the current ina coil of wire wrapped around a corepro¬
duces a magnetic flux in the core. This is in some sense analogous to a voltage in an
electric circuit producing a current flow. It is possible to define a "magnetic circuit"
whose behavior is governed by equations analogous to those for an electric circuit. The
magnetic circuit model of magnetic behavior is often used inthe design of electric ma¬
chines and transformers to simplify the otherwise quite complex design process.

In a simple electric circuit such as the one shown inFigure 1—4a, the voltage
source V drives a currentImoundthe circuit through a resistance R. The relation¬
ship between these quantities is given by Ohm's law:

V= IR

In the electric circuit, it is the voltage or electromotive force that drives the cur¬

rent flow. By analogy, the corresponding quantity in the magnetic circuit is called
the magnetomotiveforce (mmf). Tire magnetomotive force of the magnetic circuit
is equal to the effective current flow applied to the core, or

<5F = M (1-27)

where ff is the symbol for magnetomotive force, measured in ampere-turns.

ay f\np:
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FIGURE I-S
Determining the polarity of a magnetomotive force source in a magnetic circuit.

Like the voltage source in the electric circuit, the magnetomotive force
in the magnetic circuit has a polarity associated with it.Thepositive end of the mmf
source is the end from which the flux exits, and the negative end of the mmf source
is the end at which the flux reenters. The polarity of the mmf from a coil of
wire can be determined from a modification of the right-handrule: If the fingers
of the right handcurl in the direction of the current flow in a coil of wire, then
the thumb will point in the direction of the positive mmf (see Figure 1-5).

In an electric circuit, the applied voltage causes a current Ito flow. Simi¬
larly, in a magnetic circuit, the applied magnetomotive force causes flux <|> to be
produced. The relationship between voltage and current in an electric circuit is
Ohm's law (V = IR)\ similarly, the relationship betweenmagnetomotive force and
flux is

(1-28)

where

9° = magnetomotive force of circuit

4> = flux of circuit

<T> = reluctance of circuit

The reluctance of a magnetic circuit is the counterpart of electrical resistance, and
its units are ampere-turns per weber.
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There is also a magnetic analog of conductance. Just as the conductance of
an electric circuit is the reciprocalof its resistance, the permeance9of a magnetic
circuit is the reciprocal of its reluctance:

t = 4 (1"29)

The relationship between magnetomotive force and flux can thus be expressed as

4> = 39 (1-30)

Under some circumstances, it is easier to work with the permeance of a magnetic
circuit than with its reluctance.

What is the reluctance of the core in Figure 1-3? The resulting flux in this
core is given by Equation (1-26):

(fJ=BA=ÿh- (1-26)

= Ni
pAÿ

\ lc I

— crlFfi4> = 3|ÿ| (1-31)

By comparing Equation (1-31) with Equation (1-28), we see that the reluctance
of the core is

/,
<9 = -7 (1-32)

pA

Reluctances ina magnetic circuit obey the same rules as resistances inan electric
circuit. The equivalent reluctance of a number of reluctances in series is just the
sum of the individual reluctances:

+ %+ • ÿ ÿ (1-33)

Similarly, reluctances in parallel combine according to the equation

— =-+ — + — + ÿÿ- (1-34)
ÿ % % ÿ3

Permeances in series and parallel obey the same rules as electrical conductances.
Calculations of the flux in a coreperformed by using the magnetic circuit con¬

cepts are always approximations—at best, they are accurate to within about 5 per¬
cent of the real answer. There are a number of reasons for this inherent inaccuracy:

1. The magnetic circuit concept assumes that all flux is confined within a mag¬
netic core. Unfortunately, this is not quite true. The permeability of a ferro¬
magnetic core is 2000 to 6000 times that of air-, but a small fraction of the flux
escapes from the core into the surrounding low-permeability air. This flux
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FIGURE 1-6
The fringing effect of a magnetic field at an air gap. Note
the increased cross-sectional area of the air gap compared
with the cross-sectional area of the metal.

outside the core is called leakageflux, and it plays a very important role in
electric machine design.

2. The calculation of reluctance assumes a certain mean path length and
cross-sectional area for die core. These assumptions are not really very good,
especially at corners.

3. In ferromagnetic materials, die permeability varies with the amount of flux
already in the material. This nonlinear effect is described in detail. It adds yet
another source of error to magnetic circuit analysis, since the reluctances used
in magnetic circuit calculations depend on the permeability of the material.

4. If there are air gaps in the flux path in a core, the effective cross-sectional
area of the air gap will be larger than the cross-sectional area of the iron core
on either side. The extra effective area is caused by the "fringing effect" of
die magnetic field at the air gap (Figure 1-6).

It is possible to partially offset these inherent sources of error by using a "cor¬
rected" or "effective" mean path length and cross-sectional area instead of the ac¬
tual physical length and area in the calculations.

There are many inherent limitations to the concept of a magnetic circuit, but
it is still the easiest design tool available for calculating fluxes in practical ma¬
chinery design. Exact calculations using Maxwell's equations are just too diffi¬
cult, and they are not needed anyway, since satisfactory results may be achieved
with this approximate mediod.

The following examples illustrate basic magnetic circuit calculations. Note
that in these examples the answers are given to three significant digits.

Example 1-1. A ferromagnetic core is shown in Figure l-7a. Three sides of this
core are of uniform width, while the fourth side is somewhat thinner. The depth of the core
(into the page) is 10 cm, and the other dimensions are shown in the figure. There is a 200-
turn coil wrapped around the left side of die core. Assuming relative permeability p.,. of
2500, how much flux will be produced by a 1-A input current?
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30 cm15 cm

M= 200 turns

10 em-

Depth = 10 cm

9"(-»©

(b)

FIGURE 1-7
(a) The ferromagnetic core of Example 1-1. (b) The magnetic circuit corresponding to (a).
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Solution
We will solve this problem twice, once by hand and once by a MATLAB program, and
show that both approaches yield the same answer.

Three sides of the core have the same cross-sectional areas, while the fourth side has
a different area. Thus, the core can be divided into two regions: (1) the single thinner side
and (2) the other three sides taken together. The magnetic circuit corresponding to this core
is shown inFigure l-7b.

The mean path length of region 1 is 45 cm, and the cross-sectional area is 10 X 10
cm = 100 cm2. Therefore, the reluctance in the first region is

= TTT = TTt4" (1-32)
M-4! /AMoAi

0.45 m
(2500)(4tt X 10"7)(0.01 m2)

= 14,300A • turns/Wb

The mean path length of region 2 is 130 cm, and the cross-sectional area is 15 X 10
cm = 150 cm2. Therefore, the reluctance in the second region is

% = T7T = TTT71- C1"32)/2 k
M"42 Mr Mo/42

1.3 m

(2500)(4ttX 10~7)(0.015 m2)

= 27,600 A • turns/Wb

Therefore, the total reluctance in the core is

+ %
= 14,300A • turns/Wb + 27,600 A • turns/Wb

= 4 1,900A • turns/Wb

The total magnetomotive force is

*3 = Ni = (200 turns)(1.0 A) = 200 A* turns

The total flux in the core is given by

, _ 2 — 200 A « turns

Q 41,900 A « turns/Wb

= 0.0048 Wb

This calculation can be performed by using a MATLAB script file, if desired. A sim¬
ple script to calculate the flux in the core is shown below.

% M-file: exl_l.m

% M-file co calculate the flux in Example 1-1.
11 = 0.45; % Length of region 1

12 = 1.3 ; % Length of region 2

al =0.01; % Area of region 1

a2 = 0.015; % Area of region 2
ur = 2500; % Relative permeability
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uO = 4*pi*lE-7;
n = 200;
i= 1;

% Permeability of free space

% Number of turns on core
% Current in amps

% Calculate the first reluctance
rl = 11 / (ur * uO * al) ;

disp I ['rl = 1 num2str (rl) ] ) ;

% Calculate the second reluctance
r2 = 12 / (ur * uO * a2) ;

disp < [ 1 r2 = 1 num2str (r2 ) 1 ) ;

% Calculate the total reluctance
rtot = rl + r2;

% Calculate the mmf
mmf = n * i;

% Finally, get the flux in the core
flux = mmf / rtot;

% Display result
disp (['Flux = ' num2str (f lux) ] ) ;

When this program is executed, the results are:

» exl_l

rl = 14323.9449
r2 = 27586.8568
Flux = 0.004772

This program produces the same answer as our hand calculations to the number of signifi¬
cant digits in the problem.

Example 1-2. Figure l-8a shows a ferromagnetic core whose mean path length is
40 cm. There is a small gap of 0.05 cm in the structure of the otherwise whole core. The
cross-sectional area of the core is 12cm2, the relative permeability of the core is 4000, and
the coil of wire on the core has 400 turns. Assume that fringing in the air gap increases the
effective cross-sectional area of the air gap by 5 percent. Given this information, find
(a) the total reluctance of the flux path (iron plus air gap) and (b) the current required to

produce a flux density of 0.5 T in the air gap.

Solution
The magnetic circuit corresponding to this core is shown inFigure 1—8b.

(a) The reluctance of the core is

(1-32)

(4000)(4-m X 10"7)(0.002 m2)

= 66,300 A ' turns/Wb
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N= 400
turns

I.= 40 cm

0.05 cm

A - 12cm2

(a) (

gr( = m)

' (Reluctance of core)

<72ÿ (Reluctance of air gap)

(b)

FIGURE 1-8
(a) The ferromagnetic core of Example 1-2. (b) The magnetic circuit corresponding to (a).

The effective area of the air gap is 1.05 X 12 cm2 = 12.6 cm2, so the reluctance of the air gap is

L
= '

4
(1-32)

0.0005 m
(47rX 10"7)(0.00126 m2)

= 316,000 A • turns/Wb

Therefore, the total reluctance of the flux path is

<£e, = %+ ÿ

= 66,300 A • tumsAVb T 316,000 A • turns/Wb

= 382,300 A ÿ turns/Wb

Note that the air gap contributes most of the reluctance even though it is 800 times shorter
than the core.
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(b) Equation ( I-28) states that

<EF=4>q2 (1-28)

Since the flux cj> - BA and SS =M, this equation becomes

M= BAQ
so

. saq
l=~N~

_ (0.5 T)(0.00126 m2)(383,200 A « turns/ Wb)

400 turns

= 0.602 A

Notice that, since the air-gap flux was required, the effective air-gap area was used in the
above equation.

Example 1-3. Figure I-9a shows a simplified rotor and stator for a dc motor.The
mean path length of the stator is 50 cm, and its cross-sectional area is 12 cm2. The mean
path length of the rotor is 5 cm, and its cross-sectional area also may be assumed to be
12 era2. Each air gap between the rotor and the stator is 0.05 cm wide, and the cross-
sectional area of each air gap (including fringing) is 14 cm2. The iron of the core has a rel¬
ative permeability of 2000, and there are 200 turns of wire on the core. If the current in the
wire is adjusted to be 1A, what will the resulting flux density in the air gaps be?

Solution
To determine the flux density in the air gap, it is necessary to first calculate the magneto¬
motive force applied to the core and the total reluctance of the flux path. With this infor¬
mation, die total flux in the core can be found. Finally, knowing the cross-sectional area of
the air gaps enables the flux density to be calculated.

The reluctance of the stator is

h
~

0.5 m
(2000)(4-ttX 10_,)(0.0012 m2)

= 166,000 A • tums/Wb

The reluctance of the rotor is

K
ti-rhkAr

0.05 m

(2000)(4tr X I0~7)(0.00l2 m2)

= 16,600A • turns/Wb

The reluctance of the air gaps is

P'.tiAo

=
_0.0005 m_
(1)(4ttX J0_7)(0.00 14 m2)

= 284,000 A • turns/Wb
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N= 200
lurns

A = 12 cm2

/, = 5 cm

L - 0.05 cm

(a)

<3( = Aff)©

Slalor reluctance

._ Air gap 1 reluctance
- fÿr/l

'-%ÿ Rotor reluctance

Air gap 2 reluctance

(b)

FIGURE 1-9
(a) A simplified diagram of a rotor and statorfor adc motor. (b)The magnetic circuit corresponding to (a).

The magnetic circuit corresponding to this machine is shown in Figure 1—9b. The total re¬
luctance of the flux path is thus

ÿ = % + 'BoI + + ÿ2

= 166,000 + 284,000 + 16,600 + 284,000 A « turnsAVb

= 751,000A • tumsAVb (

The net magnetomotive force applied to the core is

<3 = Ni = (200 tums)(1.0 A) = 200 A • turns

Therefore, the total flux in the core is
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, 'xf 200 A • turns
<P ~

751,000 A <> turns/ Wb

= 0.00266 Wb

Finally, the magnetic flux density in the motor's air gap is

<t> 0.000266 Wb
B~A~ 0.0014 rrr

-°J9T

Magnetic Behavior of Ferromagnetic Materials

Earlier in this section, magnetic permeability was defined by the equation

B = /jlH (1-21)

It was explained that the permeability of ferromagnetic materials is very high, up
to 6000 times the permeability of free space. In that discussion and in the examples
that followed, the permeability was assumed to be constant regardless of the mag¬
netomotive force applied to the material. Although permeability is constant in free
space, this most certainly is not true for iron and other ferromagnetic materials.

To illustrate Ihe behavior of magnetic permeability in a ferromagnetic ma¬
terial, apply a direct current to the core shown in Figure 1-3,starting with 0 A and
slowly working up to the maximumpermissible current. When the flux produced
in the core is plotted versus the magnetomotive force producing it, the resulting
plot looks like Figure 1-10a. This type of plot is called a saturation curve, or a

magnetization curve. At first, a small increase in the magnetomotive force pro¬
duces a huge increase in the resulting flux. After a certain point, though, further
increases in the magnetomotive force produce relatively smaller increases in the
flux. Finally, an increase in the magnetomotive force produces almost no change
at all. The region of this figure in which the curve flattens out is called the satu¬

ration region, and the core is said to be saturated. Incontrast, die region where the
flux changes very rapidly is called the unsaturated region of the curve, and the
core is said to be unsaturated. The transition region between the unsaturated re¬
gion and the saturated region is sometimes called the knee of the carve. Note that
the flux produced in the core is linearly related to the applied magnetomotive
force in the unsaturated region, and approaches a constant value regardless of
magnetomotive force in the saturated region.

Another closely related plot is shown in Figure 1-10b. Figure l-10b is a
plot of magnetic flux density B versus magnetizing intensity H. From Equations
(1-20) and (l-25b),

Ni Q

LC *ÿc

4> = BA (1-25b)

it is easy to see that magnetizing intensity is directlyproportional to magnetomotive

force and magneticflux density is directly pivportional toflux for any given core.
Therefore, the relationship between B and //has the same shape as die relationship
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FIGURE 1-10
(aj Sketch of a dc magnetization curve for a ferromagnetic core, (b) The magnetization curve

expressed in terms of flux density and magnetizing intensity, (c) A detailed magnetization curve for i
typical piece of steel, (d) A plot of relative permeability /zr as a function of magnetizing intensity H

for a typical piece of steel.
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FIGURE 1-10
(continued)

between flux and magnetomotive force. The slope of the curve of flux density ver¬
sus magnetizing intensity at any value of H inFigure 1-10b is by definition the per¬
meability of the core at that magnetizing intensity. The curve shows that the perme¬
ability is large and relatively constant in the unsaturated region and then gradually
drops to a very low value as the core becomes heavily saturated.

Figure 1-I0c is a magnetization curve for a typical piece of steel shown in
more detail and with the magnetizing intensity on a logarithmic scale. Only with
the magnetizing intensity shown logarithmically can the huge saturation region of
the curve fit onto the graph.

The advantage of using a ferromagnetic material for cores in electric ma¬
chines and transformers is that one gets many times more flux for a given magne¬
tomotive force with iron than with air. However, if the resulting flux has to be pro¬
portional, or nearly so, to the applied magnetomotive force, then the core must be
operated in the unsaturated region of the magnetization curve.

Since real generators and motors depend on magnetic flux to produce volt¬
age and torque, they are designed to produce as much flux as possible. As a result,
most real machines operate near the knee of the magnetizationcurve, and the flux
in their cores is not linearly related to the magnetomotive force producing it. This
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nonlinearity accounts for many of the peculiar behaviors of machines that will be
explained infuture chapters. We will use MATLAB to calculate solutions to prob¬
lems involving the nonlinear behavior of real machines.

Example 1-4. Find the relativepermeability of the typical ferromagnetic material
whose magnetization curve is shown inFigure 1-1Oc at (a) H= 50, (b) H= 100, (c) H=

500, and (d) H= 1000A • turns/m.

Solution
The permeability of a material is given by

_ B
M H

and the relative permeability is given by

Thus, it is easy to determine the permeability at any given magnetizing intensity.

(a) At H= 50 A • turns/m, B = 0.25 T, so

(1-23)

=
B

=
0.25 T

ÿ H 50 A • turns/m
= 0.0050 H/m

and

(b) At H= 100A • tums/m, B = 0.72 T, so

B _ 0.72 T
= 0.0072 H/mÿ H 100A 'turns/m

and
jl 0.0072 H/m

=ÿ
Mo 4ir X 10~7 H/m

(c) At H— 500A • turns/m, B = 1.40 T, so

B 1.40T
= 0.0028 H/mÿ H 500 A • turns/m

and
_

=
0.0028 H/m

=
Mo 477 x 10"7 H/m

(d) At H= 1000A ÿ turns/m, B - 1.5 1 T, so

0.00151
H 1000 A • turns/m

= 0.00151 H/m

and
0.00151 H/m
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Notice that as the magnetizing intensity is increased, the relative perme¬
ability first increases and then starts to drop off. The relativepermeability of a typ¬
ical ferromagnetic material as a function of the magnetizing intensity is shown in

Figure l-10d. This shape is fairly typical of all ferromagnetic materials. It can
easily be seen from the curve for pcr versus H that the assumption of constant rel¬
ative permeability made in Examples 1-1 to 1-3 is valid only over a relatively
narrow range of magnetizing intensities (or magnetomotive forces).

In the following example, the relative permeability is not assumed to be
constant. Instead, the relationship between B and His given by a graph.

Example 1-5. A square magnetic core has a mean path length of 55 cm and a cross-
sectional area of 150 cm2. A 200-tum coil of wire is wrapped around one leg of cbe core. The
core is made of amaterial having the magnetization curve shown in Figure l-10c.

(a) How much current is required to produce 0.012 Wb of flux in the core?
(b) What is the core's relative permeability at that current level?
(c) What is its reluctance?

Solution
(a) The required flux density in the core is

4 1.012Wb
A~ 0Xh5nF

From Figure l-10c, the required magnetizing intensity is

H— 115 A • turns/m

From Equation (1-20), the magnetomotive force needed to produce this magnetizing
intensity is

<ff=Ni= Hlc
= (115 A" tunis/m)(0.55 in) = 63.25 A0 turns

so the required current is

of 63.25 A • turns

N 200 turns

(b) The core's permeability at this current is

= 0.3(6 A

=I= mA0,y = 000696 H/ra
H 115 A ÿ turns/m

Therefore, the relative permeability is

A 0.00696 H/m rrAr,u.= — =-;-= 5540
Ao 4tt X 10 7 H/m

(c) The reluctance of the core is

_ 9 63.25 A • turns ,0_A . , AS.UQ =
A

=
0.012 Wb ~ 5270 A tUms/Wb
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FIGURE1-11
The hysteresis loop traced out by the flux in a core when the current i(t) is applied to it.

Energy Losses in a Ferromagnetic Core

Instead of applying a direct current to the windings on the core, let us now apply
an alternating current and observe what happens. The current to be applied is
shown inFigure 1-11a. Assume that the flux in the core is initially zero. As the
current increases for the first time, the flux in the core traces out pathab inFigure
1-1lb. This is basically the saturation curve shown in Figure 1-10. However,
when the current falls again, theflux traces out a differentpathfrom the one itfol¬
lowedwhen the current increased. As the current decreases, the flux in the core
traces out path bed, and later when the current increases again, the flux traces out

path deb. Notice that the amount of flux present in the core depends not only on
the amount of current applied to the windings of the core, but also on the previous
history of the flux in the core. This dependence on die preceding flux histoiy and
the resulting failure to retrace flux paths is called hysteresis. Pathbedeb traced out
inFigure 1-1lb as the applied current changes is called a hysteresis loop.
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FIGURE 1-12
(a) Magnetic domains oriented randomly, (b) Magnetic domains lined up in the presence of an
external magnetic field.

Notice that if a large magnetomotive force is first applied to the core and
then removed, the flux path in the core will be abc. When the magnetomotive
force is removed, the flux in the core does not go to zero. Instead, a magnetic field
is left inthe core. This magnetic field is called the residualflux in the core. It is in
precisely this manner that permanent magnets are produced. To force the flux to
zero, an amount of magnetomotive force known as the coercive magnetomotive

force %must be applied to the core in the opposite direction.
Why does hysteresis occur? To understand the behavior of ferromagnetic

materials, it is necessary to know something about their structure. The atoms of
iron and similar metals (cobalt, nickel, and some of their alloys) tend to have their
magnetic fields closely aligned with each other. Within the metal, there are many
small regions called domains. Ineach domain, all the atoms are aligned with their
magnetic fields pointing in the same direction, so each domain within the material
acts as a small permanent magnet. The reason that a whole block of iron can ap¬
pear to have no flux is that these numerous tiny domains are oriented randomly
within the material. An example of the domain structure within a piece of iron is
shown in Figure 1-12.

When an external magnetic field is applied to this block of iron, it causes do¬
mains that happen to point in the direction of the field to grow at the expense of
domains pointed in other directions. Domains pointing in the direction of the mag¬
netic field grow because the atoms at their boundaries physically switch orientation
to align themselves with the applied magnetic field. The extra atoms aligned with
the field increase the magnetic flux in the iron, which in turn causes more atoms to
switch orientation, further increasing the strength of the magnetic field. It is this pos¬
itive feedback effect that causes iron to have a permeability muchhigher than air.

As the strength of the external magnetic field continues to increase, whole
domains that are aligned in the wrong direction eventually reorient themselves as
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a unit to line up with the field. Finally, when nearly all the atoms and domains in
the iron are lined up with the external field, any further increase in the magneto¬
motive force can cause only the same flux increase that it would in free space.
(Once everything is aligned, there can be no more feedback effect to strengthen
the field.) At this point, the iron is saturated with flux. This is the situation inthe
saturated region of the magnetization curve in Figure 1-10.

The key to hysteresis is that when the external magnetic field is removed,
the domains do not completely randomize again. Why do the domains remain
lined up? Because turning the atoms in them requires energy. Originally, energy
was provided by the external magnetic field to accomplish the alignment; when
the field is removed, there is no source of energy to cause all the domains to rotate

back. The piece of iron is now a permanent magnet.
Once the domains are aligned, some of them will remain aligned until a

source of external energy is supplied to change them. Examples of sources of ex¬
ternal energy that can change the boundaries between domains and/or the align¬
ment of domains are magnetomotive force applied in another direction, a large (
mechanical shock, and heating. Any of these events can impart energy to the do¬
mains and enable them to change alignment. (It is for this reason that a permanent
magnet can lose its magnetism if it is dropped, hit with a hammer, or heated.)

The fact that turning domains inthe iron requires energy leads to a common
type of energy loss inall machines and transformers. The hysteresis loss inan iron
core is the energy required to accomplish the reorientation of domains during each
cycle of the alternating current applied to the core. It can be shown that the area
enclosed in the hysteresis loop formed by applying an alternating current to the
core is directly proportional to the energy lost in a given ac cycle. The smaller the
applied magnetomotive force excursions on the core, the smaller the area of
the resulting hysteresis loop and so the smaller the resulting losses. Figure 1-13
illustrates this point.

Another type of loss should be mentioned at this point, since it is also
caused by varying magnetic fields in an iron core. This loss is tire eddy current

loss. The mechanism of eddy current losses is explained later after Faraday's law
has been introduced. Both hysteresis and eddy current losses cause heating in the
core material, and both losses must be considered in the design of any machine or
transformer. Since both losses occur within the metal of the core, they are usually
lumped together and called core losses.

1.5 FARADAY'S LAW—INDUCEDVOLTAGE
FROMA TIME-CHANGING MAGNETIC FIELD

So far, attention has been focused on the productionof a magnetic field and on its
properties. It is now time to examine the various ways in which an existing mag¬
netic field can affect its surroundings.

The first major effect to be considered is called Faraday's law. It is the ba¬
sis of transformer operation. Faraday's law states that if a flux passes through a
turn of a coil of wire, a voltage will be induced in the turn of wire that is directly
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FIGURE 1-13
The effect of the size of magnetomotive force excursions on the magnitude of the hysteresis loss.

proportional to the rate of change in the flux with respect to time. In equation
form,

where eind is the voltage induced in the turn of the coil and 4> is the flux passing
through the turn. If a coil has Nturns and if the same flux passes through all of
them, then the voltage induced across the whole coil is given by

where

einii = voltage induced in the coil

N= number of turns of wire in coil
= flux passing through coil

The minus sign inthe equations is an expression of Lenz's law. Lenz's law states that
the direction of the voltage buildup in the coil is such that if the coil ends were short
circuited, it would produce current that would cause a flux opposing the original
flux change. Since the induced voltage opposes the change that causes it, a minus
sign is included in Equation (1-36). To understand this concept clearly, examine

(1-36)
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FIGURE 1-14
The meaning of Lenz's law: (a) A coil enclosing an increasing magnetic flux; (b) determining the
resulting voltage polarity.

Figure 1-14. If the flux shown in the figure is increasing instrength, then the volt¬
age built up in the coil will tend to establish a flux that will oppose the increase. A
current flowing as shown in Figure 1-14b would produce a flux opposing the in¬
crease, so the voltage on the coilmust be built up with the polarity required to drive
that current through the external circuit. Therefore, the voltage must be built up with
the polarity shown in the figure. Since the polarity of the resulting voltage can be de¬
termined from physical considerations, the minus sign in Equations (1-35) and
(1-36) is often left out. It is left out of Faraday's law in the remainder of this book.

There is one major difficulty involved in using Equation (1-36) inpractical
problems. That equation assumes that exactly the same flux is present ineach turn
of the coil. Unfortunately, the flux leaking out of the core into the surrounding air
prevents this from being true. If the windings are tightly coupled, so that the vast
majority of the flux passing through one turn of the coil does indeed pass through
all of them, then Equation (1—36) will give valid answers. But if leakage is quite
high or if extreme accuracy is required, a different expression that does not make
that assumption will be needed. The magnitude of the voltage in the ith turn of tire
coil is always given by

d{4>d
1 dt

If there are Nturns in the coil of wire, the total voltage on the coil is

=2ei
i=i

N
= 2

/= 1

dm
dt

(1-37)

(1-38)

(1-39)
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(1-40)

The term in parentheses in Equation (1—40) is called theflux linkage A of the coil,
and Faraday's law can be rewritteninterms of flux linkage as

The units of flux linkage are weber-turns.
Faraday's law is the fundamental property of magnetic fields involved in

transformer operation. The effect of Lenz's law in transformers is to predict the
polarity of the voltages induced in transformer windings.

Faraday's Jaw also explains the eddy current losses mentioned previously.
A time-changing flux induces voltage within a ferromagnetic core injust the same
manner as it would in a wire wrapped around that core. These voltages cause
swirls of current to flow within the core, much like the eddies seen at the edges of
a river. It is the shape of these currents that gives rise to the name eddy currents.

These eddy currents are flowing in a resistive material (the iron of the core), so
energy is dissipated by them. The lost energy goes into heating the iron core.

The amount of energy lost due to eddy currents depends on the size of the
current swirls and the resistivity of the materia) in which the cument flows. Tire
larger the size of the swirl, the greater the resulting induced voltage will be (due
to the larger flux inside the swirl). The larger the induced voltage, the larger the
current flow that results, and therefore the greater the /2 R losses will be. On die
other hand, the greater the resistivity of the material containing the currents, the
lower the current flow will be for a given induced voltage in the swirl.

These facts give us two possible approaches to reduce the eddy current

losses in a transformer or an electric machine. If a ferromagnetic core that may be
subject to alternating fluxes is broken up into many small strips, or laminations,
then the maximum size of a current swirl will be reduced, resulting in a lower in¬
duced voltage, a lower current, and lower losses. This reduction is roughly pro¬
portional to the width of these laminations, so smaller laminations are better. The
core is built up out of many of these laminations inparallel. An insulating resin is
used between the strips, so that the current padis for eddy currents are Limited to
very small areas. Because the insulating layers are extremely thin, this action re¬
duces eddy current losses witii very little effect on the core's magnetic properties.

The second approach to reducing eddy current losses is to increase the re¬
sistivity of die core material. This is often done by adding some silicon to die steel
of the core. If the resistance of the core is higher, the eddy currents will be smaller
for a given flux, and the resulting 12 R losses will be smaller.

=ÿ
*ind d(

(1-41)

A'

where A = £ *; (1-42)
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FIGURE 1-15
The core of Example 1-6. Determination of the voltage polarity at the tenninals is shown.

Either laminations or high-resistivity materials can be used to control eddy
currents. Inmany cases, both approaches are combined. Together, they canreduce
the eddy current losses to the point where they are much smaller than the hystere¬
sis losses in the core-

Example 1-6. Figure 1-15 shows a coil of wire wrapped around an iron core. The
flux in the core is given by the equation

<b = 0.05 sin 3771 Wb

If there are 100 turns on the core, what voltage is produced at the terminals of the coil?
Of what polarity is the voltage during the time when flux is increasing in tire reference
direction shown in the figure? Assume that all the magnetic flux stays within the core (i.e.,
assume that the flux leakage is zero).

Solution
By the same reasoning as in the discussion on pages 29-30, the direction of the voltage
while the flux is increasing in the reference direction must be positive to negative, as shown
inFigure 1-15.The magnitude of the voltage is given by

or alternatively,

= (100 turns) Jr (0.05 sin 377?)

= 1885 cos 3111

eind= 1885 sin(377r + 90°) V

(



INTRODUCTION TO MACHINERY PRINCIPLES 33

X

X X

X X

FIGURE 1-16
A current-carrying wire in the presence of a
magnetic field.

1.6 PRODUCTIONOFINDUCEDFORCE
ONA WIRE

A second major effect of a magnetic field on its surroundings is that it induces a force
on a current-carrying wire within the field. The basic concept involved is illustrated
inFigure 1-16.The figure shows a conductor present ina uniformmagnetic field of
flux density B,pointing into the page. The conductor itself is Imeters long and con¬
tains a current of iamperes. The force induced on the conductor is given by

F = i(l X B) (1-43)

where
i= magnitude of current in wire

1 = length of wire, with direction of Idefined to be in the direction of
current flow

B = magnetic flux density vector

The direction of the force is given by (he right-hand rule: If the index finger of the
right hand points in the direction of the vector 1and the middle finger points in the
direction of the flux density vector B, then the thumb points in the direction of
the resultant force on the wire. The magnitude of the force is given by the equation

F= ilB sin 6 (1-44)

where 0 is the angle between the wire and tire flux density vector.

Example 1-7. Figure 1-16 shows a wire carrying a current in the presence of a
magnetic field. The magnetic flux density is 0.25 T, directed into the page. If the wire is
1.0 m long and carries 0.5 A of current in the direction from the top of the page to the bot¬
tom of the page, what are the magnitude and direction of the force induced on the wire?

Solution
The direction of the force is given by the right-hand rule as being to the right. The magni¬
tude is given by

F = ilB sin 6 (1-44)

= (0.5 A)(1.0 m)(0.25 T) sin 90° = 0.125 N
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Therefore,

F = 0.125 N, directed to the right

The induction of a force ina wire by a current in the presence of a magnetic
field is the basis of motor action. Almost every type of motor depends on this
basic principle for the forces and torques which make it move.

1.7 INDUCEDVOLTAGE ONA CONDUCTOR
MOVINGINA MAGNETIC FIELD

There is a third major way in which a magnetic field interacts with its surround¬
ings. If a wire with the proper orientation moves through a magnetic field, a volt¬
age is induced in it.This idea is shown inFigure 1-17.The voltage induced in the
wire is given by

e,nd = (v X B) • 1 (1—45)

where

v = velocity of the wire
B = magnetic flux density vector

1= length of conductor in the magnetic field
Vector Ipoints along the direction of the wire toward the end making the smallest
angle with respect to the vector v X B. The voltage inthe wire will be built up so
that the positive end is in the direction of the vector v X B. The following exam¬
ples illustrate this concept.

Example 1-8. Figure 1-17 shows a conductor moving with a velocity of 5.0 rn/s
to the right in the presence of a magnetic field. The flux density is 0.5 T into the page, and
the wire is 1.0 m in length, oriented as shown. What are the magnitude and polarity of the
resulting induced voltage?

Solution
The direction of the quantity v X Bin this example is up. Therefore, die voltage on die con¬
ductor will be built up positive at the top with respect to the bottom of the wire. The direc¬
tion of vector 1is up, so that it makes the smallest angle with respect to the vector v X B.

Since v is perpendicular to B and since v X B is parallel to 1, the magnitude of the
induced voltage reduces to

eind = (v X B) • 1 (1-45)

= (vB sin 90°) / cos 0°

= vBl

= (5.0 m/s)(0.5 T)(1.0 m)

= 2.5 V

Thus the induced voltage is 2.5 V, positive at die top of die wire.

Example 1-9. Figure 1-18 shows a conductor moving with a velocity of 10 m/s
to the right in a magnetic field. The flux density is 0.5 T, out of the page, and the wire is
1.0 m in length, oriented as shown. What are the magnitude and polarity of the resulting
induced voltage?
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FIGURE 1-17
A conductor moving in the presence of a
magnetic field.

FIGURE 1-18
The conductor of Example 1-9.

Solution
The direction of the quantity v X B is down. The wire is not oriented on an up-down line,
so choose the direction of 1 as shownto make the smallest possible angle with the direction
of v X B. The voltage is positive at the bottom of the wire with respect to the top of the
wire. The magnitude of tire voltage is

£ind = (v X B) ÿ I (1-45)

= (vB sin 90°) Icos 30°

= (10.0 m/s)(0.5T)( 1.0 m) cos 30°

= 4.33 V

The induction of voltages in a wire moving in a magnetic field is funda¬
mental to the operation of all types of generators. For this reason, it is called
generator action.
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FIGURE 1-19
A linear dc machine. The magnetic field points into the page.

1.8 THE LINEAR DC MACHINE—A SIMPLE
EXAMPLE

A linear dc machine is about the simplest and easiest-to-understand version of a
dc machine, yet it operates according to the same principles and exhibits the same
behavior as real generators and motors. It thus serves as a good starting point in
the study of machines.

A linear dc machine is shown in Figure 1-19. It consists of a battery and a

resistance connected through a switchto a pair of smooth, frictionless rails.Along
the bed of this "railroad track" is a constant, uniform-density magnetic field di¬
rected into the page. A bar of conducting metal is lying across the tracks.

How does such a strange device behave? Its behavior can be determined
from an application of four basic equations to the machine. These equations are

1. The equation for the force on a wire in the presence of a magnetic field:

where F = force on wire

i= magnitude of current inwire

1 = length of wire, with direction of 1defined to be in the direction
of current flow

B = magnetic flux density vector

2. The equation for the voltage induced on a wire moving in a magnetic field:

F = i{1 X B) (1-43)

<2ind = (V X B) • 1 (1-45)

where eind = voltage induced inwire

v = velocity of the wire

B = magnetic flux density vector

1 = length of conductor in the magnetic field
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FIGURE 1-20
Starting a linear dc machine.

3, Kirchhoff's voltage law for this machine. From Figure 1-19 this law gives

VB ~ iR ~ eM = 0

VB = giad + M = 0 (1-46)

4. Newton's law for the bar across the tracks:

= ma (1-7)

We will now explore the fundamental behavior of this simple dc machine
using these four' equations as tools.

Starting the Linear DC Machine

Figure 1-20 shows the linear dc machine under starting conditions. To start this
machine, simply close the switch. Now a current flows in the bar, which is given
by Kirchhoff's voltage law:

r = (1-47)

Since the bar is initially at Test, eM = 0, so i= VB/R. The current flows down
through the bar across the tracks. But from Equation (1-43), a current flowing
through a wire in tire presence of a magnetic field induces a force on tire wire. Be¬
cause of the geometry of the machine, this force is

Fini = ilB to the right (1-48)

Therefore, the bar will accelerate to the tight (by Newton's law). However,
when the velocity of the bar begins to increase, a voltage appears across the bar.
The voltage is given by Equation (1-45), which reduces for this geometry to

ejnd = vBl positive upward (1-49)

The voltage now reduces the current flowing in the bar, since by Kirchhoff's
voltage law



(a)

(b)

FIGURE 1-21
The linear dc machine on starting.
(a) Velocity v(t) as a function of time;
(b) induced voltage (c) current i(t)\
(d) induced force

i

(d)

ii= (1-47)
K

As eind increases, the current idecreases.
The result of this action is that eventually the bar will reach a constant

steady-state speed where the net force on the bar is zero. This will occur when <?ind
has risen all the way up to equal the voltage VB. At that time, the bar will be mov¬
ing at a speed given by

VB = «,nd = vssBl

=§ (1-50)

The bar will continue to coast along at this no-load speed forever unless some ex¬
ternal force disturbs it.When the motor is started, the velocity v, induced voltage
em(i, current i, and inducedforce Find are as sketched in Figure 1-21.

To summarize, at starting, the linear dc machine behaves as follows:

1. Closing the switch produces a current flow i= VB/R.
2. The current flow produces a force on the bar given by F= ilB.
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FIGURE 1-22
The linear dc machine as a motor.

3. The bar accelerates to the right, producing an induced voltage eM as it
speeds up.

4. This induced voltage reduces the current flow i= (VB — eMT)/R,
5. The induced force is thus decreased (F = if IB) until eventually F = 0.

At that point, eind = VB, ;= 0, and the bar moves at a constant no-load speed
v„ = Vg/Bl.

This is precisely the behavior observed in real motors on starting.

The Linear DC Machine as a Motor

Assume that the linear machine is initially running at the no-load steady-state con¬
ditions described above. What will happen to this machine if an external load is
applied to it? To find out, let's examine Figure 1-22.Here, a force Fload is applied
to the bar opposite the direction of motion. Since the bar was initially at steady
state, application of the force FIoad will result in a net force on the bar in the direc¬
tion opposite the direction of motion (Fntl = Fioad — Find). The effect of this force
will be to slow the bar. But just as soon as the bar begins to slow down, the in¬
duced voltage on the bar drops (em6 = vlBI). As the induced voltage decreases,
the current flow in the bar rises:

-t
ÿB ~

/, ,n,i" --j- (1-47)

Therefore, the induced force rises too CFitld = ifIB). The overall result of this
chain of events is that the induced force rises until it is equal and opposite to tire
load force, and the bar again travels in steady state, but at a lower speed. When a

load is attached to the bar-, the velocity v, induced voltage <?ind, current z, and in¬
duced force ÿind are as sketched inFigure 1-23.

There is now an induced force in the direction of motion of the bar, and
power is being convertedfrom electricalform to mechanicalform to keep the bar
moving. The power being converted is
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r
FIGURE 1-23
The linear dc machine operating at no-load
conditions and then loaded as a motor.

(a) Velocity v(i) as a function of time;
(b) induced voltage (c) current i(t)\

(d) induced force

fÿconv t'indl ÿ"indv ( ÿ ÿ1)

An amount of electric power equal to eilldi is consumed in the bar and is replaced
by mechanical power equal to Tjndv. Since power is converted from electrical to

mechanical form, this bar is operating as a motor.

To summarize this behavior:

1. A force F1(wd is applied opposite to the direction of motion, which causes anet

force F„Bl opposite to the direction of motion.
2. The resulting acceleration a = _Fnet !ni is negative, so the bar slows down (vl).
3. The voltage eind = viBl falls, and so i= (VB — eMX)IR increases.
4. The induced force Find = iXlB increases until |Filld | = |F|0ad | at a lower

speed v.

5. An amount of electric power equal to eMi is now being converted to me¬
chanical power equal to Ti„dv, and the machine is acting as a motor.

A real dc motor behaves in a precisely analogous fashion when it is loaded:
As a load is added to its shaft, the motor begins to slow down, which reduces its in¬
ternal voltage, increasing its current flow. The increased current flow increases its
induced torque, and the induced torque will equal the load torque of the motor at a
new, slower speed.
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FIGURE 1-24
The linear dc machine as a generator.

Note that the power converted from electrical form to mechanical form by
this linear motor was given by the equation Pcom = Fin<sv. The power converted
from electrical form to mechanical form in a real rotating motor is given by the
equation

Fcoov = Tindw (1-52)

where the induced torque is the rotational analog of the induced force /qn(i, and
the angular velocity u> is the rotational analog of the linear velocity v.

The Linear DC Machine as a Generator

Suppose that the linear machine is again operating under no-load steady-state con¬
ditions. This time, apply a force in the direction of motion and see what happens.

Figure 1-24 shows the linear machine with an applied force Fapp in the di¬
rection of motion. Now the applied force will cause the bar to accelerate in the
direction of motion, and the velocity v of the bar will increase. As the velocity
increases, eM = vTBlwill increase and will be larger than the battery voltage VB.
With einci > VB, the current reverses direction and is now given by the equation

eind
i=-ÿ- (1-53)

Since this current now flows up through the bar, it induces a force inthe bar
given by

Fini=ilB to the left (1-54)

The direction of the induced force is given by the right-hand rule. This induced
force opposes the applied force on the bar.

Finally, the induced force will be equal and opposite to the applied force,
and the bar will be moving at a higher speed than before. Notice that now the bat¬
tery is charging. The linear machine is now serving as a generator, converting me¬
chanical power Fi„llv into electric power eMi.
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To summarize this behavior:

1. A force Fapp is applied in the direction of motion; Fnc, is in the direction of
motion.

2. Acceleration a = Fnet/m is positive, so the bar speeds up (vT).
3. The voltage eind = vTBl increases, and so i— {em6 T-VB)/R increases.
4. The induced force Find = i\lB increases until |Filld | = |Fload | at a higher

speed v.

5. An amount of mechanical power equal to Fjndv is now being converted to

electric power ndf, and the machine is acting as a generator.

Again, a real dc generator behaves inprecisely this manner: A torque is ap¬
plied to the shaft in the direction ofmotion, the speed of the shaft increases, the in¬
ternal voltage increases, and current flows out of the generator to the loads. The
amount of mechanical power converted to electrical form in the real rotating gen¬
erator is again given by Equation (1-52):

Fconv 1indÿ 52)

It is interesting that the same machine acts as both motor andgenerator. The
only difference between the two is whether the externally applied forces are in the
direction of motion (generator) or opposite to the direction of motion (motor).
Electrically, when eind > VB, the machine acts as a generator, and when eind < VB, the
machine acts as a motor. Whether the machine is a motor or a generator, both in¬
duced force (motor action) and inducedvoltage (generator action) are present at all
times. This is generally tine of all machines—both actions are present, and it is only
the relative directions of the external forces with respect to the direction of motion
that determine whether the overall machine behaves as a motor or as a generator.

Another very interesting fact should be noted: This machine was a genera¬
tor when it moved rapidly and a motor when it moved more slowly, but whether it
was a motor or a generator, it always moved in the same direction. Many begin¬
ning machinery students expect a machine to turn one way as a generator and tire
other way as a motor. This does not occur Instead, there is merely a small change
in operating speed and a reversal of current flow.

Starting Problems with the Linear Machine

A linear machine is shown in Figure 1-25.This machine is supplied by a 250-V
dc source, and its internal resistance R is given as about 0.10 A. (The resistor R
models the internal resistance of a real dc machine, and this is a fairly reasonable
internal resistance for a medium-size dc motor.)

Providing actual numbers in this figure highlights a major problem with ma¬
chines (and their simple linear model).At starting conditions, the speed of the bar
is zero, so eind = 0. The current flow at stalling is

. Vb 250 V A

W/ r o.i a
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VB = 250 V

o.io n
-AV\r-

X

B = 0.5 T,
directed into the page

0.5 m

X

FIGURE 1-25
The linear dc machine with component values illustrating the problem of excessive starting current.

0.10 fi

r-X-
r =0

/(()

— VR =250 V 0.5 m

FIGURE 1-26
A linear' dc machine with an extra series resistor inserted to control the starting current.

This current is very high, often in excess of 10 times the rated current of the ma¬

chine. Such currents can cause severe damage to a motor. Both real ac and real dc
machines suffer from similar high-current problems on starting.

How can such damage be prevented? The easiest methodfor this simple lin¬
ear machine is to insert an extra resistance into the circuit during starting to limit
the current flow until emd builds up enough to limit it. Figure 1-26 shows a start¬
ing resistance inserted into the machine circuitry.

The same problem exists inreal dc machines, and it is handled inprecisely
the same fashion—a resistor is inserted into the motor armature circuit during
starting. The control of high starting current in real ac machines is handled in a
different fashion, which will be described inChapter 6.

Example 1-10. The linear dc machine shown inFigure l-27a has a battery volt¬
age of 120 V, an internal resistance of 0.3 H, and a magnetic flux density of 0.1 T.

(a) What is this machine's maximumstarting current? What is its steady-state velocity
at no load?

(b) Suppose that a 30-N force pointing to the right were applied to the bar. What
would the steady-state speed be? How much power would the bar beproducing
or consuming? How muchpower would the battery be producing or consuming?
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->r.
1= 0

0.3 a
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directed into the page

X X

+
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XXX

B = 0.1 T,

directed into the page
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Fird= 30 N +
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(b)
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directed into the page
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+
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Find= 30 N
v

X X X

(c)

FIGURE 1-27
The linear dc machine of Example 1-10. (a) Starting conditions; (b) operating as a generator;
(c) operating as a motor.

Explain the difference between these two figures. Is this machine acting as a
motor or as a generator?

(c) Now suppose a 30-N force pointing to the left were applied to the bar. What would
tire new steady-state speed be? Is this machine a motor or a generator now?

(d) Assume that a force pointing to the left is applied to the bar. Calculate speed of
the bar as a function of the force for values from 0 Nto 50 N in 10-Nsteps. Plot
the velocity of the bar versus the applied force.

(e) Assume that the bar is unloaded and that it suddenly runs into a region where the
magnetic field is weakened to 0.08 T. How fast will the bar go now?

Solution
(a) At starting conditions, the velocity of the bar is 0, so eind = 0. Therefore,

. VB ~ «ind 120 V - 0 V
R 0.311

= 400 A
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When the machine reaches steady state, Find = 0 and i= 0. Therefore,

VB = ein<| = vssBl

=
Vs

Vss Bl

120 V
(0.1 T)(10 ra)

= 120 m/s

(b) Refer to Figure l-27b. If a 30-Nforce to the right is applied to the bar, the final
steady state will occur when the induced force Find is equal and opposite to the
applied force Fapp, so that the net force on the bar is zero:

Fapp = = ilB

Therefore,

Find 30 N
i= ÿ

IB (10m)(0.1T)

= 30 A flowing up through the bar

The induced voltage eM on the bar must be

fiind = Va + iR

= 120V + (30A)(0.3 CI) = 129 V

and the final steady-state speed must be

ÿind
Vss Bl

129 V
=129 m/s

(0.1T)(10m)

The bar isproducing P = (129 V)(30 A) = 3870 W of power, and the battery is
consuming P= (120 V)(30 A) = 3600 W. The difference between these two num¬
bers is the 270 W of losses in the resistor. This machine is acting as a generator.

(c) Refer to Figure l-25c. This time, the force is applied to the left, and the induced
force is to the right.At steady state,

Fapp = F„d = ilB

Find 30 N
( = ÿ

IB (10 m)(0.1 T)

= 30 A flowing down through the bar

The induced voltage eind on the bar must be

ÿind ÿB IF

= 120V - (30 A)(0.3 fl) = 111V

and the final speed must be

eind
Vss ~

Bl
111 V

____
,

(0.1 T)(10 m)
lllra/s

This machine is now acting as a motor, converting electric energy from the bat¬
tery into mechanical energy of motion on the bar.
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(dj This task is ideally suited for MATLAB. We can take advantage of MATLAB's
vectorized calculations to determine the velocity of the bar for each value of
force. The MATLAB code to perform this calculation is just a version of the
steps that were performed by hand in part c. The program shown below calcu¬
lates the current, induced voltage, and velocity in that order, and then plots the
velocity versus the fotce on the bar.

% M-£ile: exl_10.m

% M-file to calculate and plot the velocity of
% a linear motor as a function of load.
VB = 120; % Battery voltage (V)

r = 0.3; % Resistance (ohms)

1=1; % Bar length (m)

B = 0.6; % Flux density (T)

% Select the forces to apply to the bar
F = 0:10:50; % Force (N)

% Calculate the currents flowing in the motor.
i= F ./ ( 1 * B) ; % Current (A)

% Calculate the induced voltages on the bar.
eirsd = VB - i .* r; % Induced voltage (V)

% Calculate the velocities of the bar.
v_bar = eind . / <1 * B) ; % Velocity (rn/s)

% Plot the velocity of the bar versus force.
plot (F,v_bar) ;

title ('Plot of Velocity versus Applied Force');

xlabel ('Force (N)'),-
ylabel ('Velocity (m/s)');
axis ( [0 50 0 200] ) ;

The resulting plot is shown inFigure 1-28. Note that the bar slows down more
and more as load increases.

(e) If the bar is initially unloaded, then eind = If the bar suddenly hits a region
of weaker magnetic field, a transient will occur. Once the transient is over,

though, ejiul will again equal V„.

This fact can be used to determine the final speed of the bar. The initial speed was
120 m/s. Thefinal speed is

VB = = vssBl
Vb

vss m
120V 1cf\ ,

= 150 m/s
(0.08 T)(10 m)

Thus, when the flux in the linear motor weakens, the bar speeds up. The same behavior oc¬
curs in real dc motors: When the field flux of a dc motor weakens, it turns faster. Here,
again, the linear machine behaves in much the same way as a real dc motor.
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FIGURE 1-28
Plot of velocity versus force for a linear dc machine.

1.9 REAL,REACTIVE,AND APPARENT
POWER INSINGLE-PHASE AC CIRCUITS

This section describes the relationships among real, reactive, and apparent power
in single-phase ac circuits. A similar discussion for three-phase ac circuits can be
found inAppendix A.

In a dc circuit such as the one shown inFigure l-29a, the power supplied to
the dc load is simply the product of the voltage across the load and the current
flowing through it.

P = VI (1-55)

Unfortunately, the situation in sinusoidal ac circuits is more complex, be¬
cause there can be a phase difference between the ac voltage and the ac current

supplied to the load. The instantaneous power supplied to an ac load will still be
the product of the instantaneous voltage and the instantaneous current, but the av¬
erage power supplied to the load will be affected by the phase angle between the
voltage and the current. We will now explore the effects of this phase difference
on the average power supplied to an ac load.

Figure l-29b shows a single-phase voltage source supplying power to a
single-phase load with impedance Z = Z/L0 fl Ifwe assume that the load is in¬
ductive, then the impedance angle Q of the load will be positive, and the current

will lag the voltage by 6 degrees.
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I

V

(a)

1=1Z -0'

R

Z = Z Z 0 FIGURE 1-29
(a) A dc voltage source supplying a
load with resistance R. (b) An ac
voltage source supplying a load with

Ibl impedance X = Z L 6 fl.

The voltage applied to this load is

v(r) = \/TV cos lot (1-56)

where V is the rms value of the voltage applied to the load, and the resulting cur¬
rent flow is

i(t) = \/2fcos(a)/ — 9) (1-57)

where /is the rms value of the current flowing through the load.
The instantaneous power supplied to this load at any time t is

p(t) = \>{l)i{t) = 2VI cos ut cos(lot — 8) (1-58)

The angle 8 in this equation is the impedance angle of the load. For inductive
loads, the impedance angle is positive, and the current waveform lags the voltage
waveform by Q degrees.

If we apply trigonometric identities to Equation (1-58), it can be manipu¬
lated into an expression of the form

p(f) = VI cos 6 (1 + cos 2u>t) + VI sin 9 sin 2cot (1-59)

The first term of this equation represents the power supplied to the load by the
component of current that is in phase with the voltage, while the second term rep¬
resents the power supplied to the loadby the component of current that is 900 out of
phase with the voltage. The components of this equation are plotted in Figure 1-30.

Note that thofirst term of the instantaneous power expression is always pos¬
itive, but it produces pulses of power instead of a constant value. The average
value of this term is

P= VI cos 8 (1-60)

which is the average or real power (P) supplied to the loadby term 1of the Equa¬
tion (1-59). The units of real power are watts (W), where 1W = 1V X 1A.
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Component 1

. /Component 2

FIGURE 1-30
The components of power supplied to a single-phase load versus time. The first component represents
the power supplied by the component of current inphase with the voltage, while the second term
represents the power supplied by the component of current 90° out ofphase with the voltage.

Note that the second term of the instantaneous power expression is positive
half of the time and negative half of the time, so that the average power supplied
by this term is zero. This term represents power that is first transferred from the
source to the load, and then returned from the load to the source. The power that
continually bounces back and forth betweenthe source and the loadis known as re¬
activepower 02). Reactive power represents the energy that is first stored and then
released in the magnetic field of an inductor, or in the electric field of a capacitor.

The reactive power of a load is given by

Q = VIsin 6 (1-61)

where 0 is the impedance angle of the load. By convention, Q is positive for in¬
ductive loads and negative for capacitive loads, because the impedance angle 6 is
positive for inductive loads and negative for capacitive loads. The units of reac¬
tive power are volt-amperes reactive (var), where 1var = 1V X 1A. Even though
the dimensional units are the same as for watts, reactive power is traditionally
given a unique name to distinguish it from power actually supplied to a load.

The apparent power (S) supplied to a load is defined as the product of the
voltage across the load and the current through the load. This is the power that
"appears" to be supplied to the load if the phase angle differences between volt¬
age and current are ignored. Therefore, the apparent power of a load is given by
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The units of apparent power are volt-amperes (VA), where 1VA = 1V X 1A. As
with reactive power, apparent power is given a distinctive set of units to avoid
confusing it with real and reactive power.

Alternative Forms of the Power Equations

If a load has a constant impedance, then Ohm's law can be used to derive alterna¬
tive expressions for the real, reactive, and apparent powers supplied to the load.
Since the magnitude of the voltage across the load is given by

V = IZ (1-63)

substituting Equation (1-63) into Equations (1-60) to (1-62) produces equations
for real, reactive, and apparent power expressed in terms of current and impedance:

P = I2Zcos Q (1-64)

<2 = /2Z sin 6 (1-65)

S = 12Z (1-66)

where |z|is the magnitude of the load impedance Z.
Since the impedance of the load Z can be expressed as

Z = R+jX=\z\ cos 6 + j\Z\ sin 6

we see from this equation that R = \z\ cos 6 and X = \Z\ sin 6, so the real and
reactive powers of a load can also be expressed as

P = I2R (1-67)

Q = f-X (1-68)

where R is the resistance and X is the reactance of load Z.

Complex Power

For simplicity in computer calculations, real and reactive power are sometimes
represented together as a complexpower S, where

S = P+jQ (1-69)

The complex power S supplied to a load can be calculated from the equation

S = VI* (1-70)

where the asterisk represents the complex conjugate operator.
To understand this equation, let's suppose that the voltage applied to a load

is V = V Z. a and the current through the load isI=IZ. /3. Then the complex
power supplied to the load is
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z = \z\ Z&fL

FIGURE 1-31
An inductive load has a positive impedance angle 0. This load produces a lagging current, and it
consumes both real power P and reactive power Q from the source.

S = VI* = (VZa)(/Z-jC3) = VI Z(a - j3)

= VIcos(a - j3) + jVI sin(a — j8)

The impedance angle 0 is the difference between the angle of the voltage and the
angle of the current (6 ~ a — (3 ), so this equation reduces to

S = VI cos 6 +jVI sin 6

= P+jQ

The Relationships between ImpedanceAngle,
Current Angle, and Power

As we know from basic circuit theory, an inductive load (Figure 1-31) has a pos¬
itive impedance angle 9, since the reactance of an inductor is positive. If the im¬
pedance angle 0 of a load is positive, the phase angle of the current flowing
through the load will lag the phase angle of the voltage across the load by 8.

V
= VÿCP=V_ _0

z |Z|Z0 \Z\
Also, if the impedance angle 0 of a load is positive, the reactive power consumed
by the load will be positive (Equation 1-65), and the load is said to be consuming
both real and reactive power from the source.

In contrast, a capacitive load (Figure 1-32) has a negative impedance
angle 0, since the reactance of a capacitor is negative, If the impedance angle 0 of
a load is negative, the phase angle of the current flowing through the load will
lead the phase angle of the voltage across the load by 0.Also, if the impedance an¬
gle 0 of a load is negative, the reactive power Q consumed by the load will be
negative (Equation 1-65). In this case, we say that the load is consuming real
power from the source and supplying reactive power to the source.

The Power Triangle

The real, reactive, and apparent powers supplied to a load are relatedby the.power
triangle. A power triangle is shown in Figure 1-33. The angle in the lower left
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FIGURE 1-32
A capacitive load has a negative impedance angle 9. This load produces a leading current, and it
consumes real power P from the source while supplying reactive power Q to the source.

corner is the impedance angle 6. The adjacent side of this triangle is the real
power P supplied to the load, the opposite side of the triangle is the reactive power
Q supplied to the load, and the hypotenuse of the triangle is tire apparent power 5
of the load.

The quantity cos 6 is usually known as the power factor of a load. The
power factor is defined as tire fraction of the apparent power S that is actually sup¬
plying real power to a load. Thus,

where Q is the impedance angle of the load.
Note that cos d = cos (—6), so the power factor produced by an imped¬

ance angle of +30° is exactly the same as the power factor produced by an im¬
pedance angle of -30°. Because we can't tell whether a load is inductive or ca¬
pacitive from the power factor alone, it is customary to state whether the current
is leading or lagging the voltage whenever a power factor is quoted.

The power triangle makes the relationships among real power, reactive
power, apparent power, and the power factor clear, and provides a convenient way
to calculate various power-related quantities if some of them are known.

Example 1-11. Figure I—34 shows an ac voltage source supplying power to a load
with impedance Z = 20rt-30° €l. Calculate the currentIsupplied to the load, the power
factor of the load, and the real, reactive, apparent, and complex power supplied to the load.

P = S cos 9

„ P
cos e =

stn j
O FIGURE 1-33

C3I1 f)=
p The power triangle.

PF - COS 0 (1-71)
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I

) V = 120 Z0° v Z = 20 Z -30°n

FIGURE 1-34
The circuit of Example I-11 .

Solution
The current supplied to this load is

V
= J20Z0ÿ

z 20/1—30° n
The power factor of the load is

PF = cos 6> = cos (-30°) = 0.866 leading (1-71)

(Note that this is a capacitive load, so the impedance angle 6 is negative, and the current

leads the voltage.)
The realpower supplied to the load is

P = VI cos 9 (1-60)

P = (120 V)(6 A) cos (-30°) = 623.5 W

The reactive power supplied to the load is

Q = VI sin 9 (1-61)

Q = (120 V)(6 A) sin (-30°) = -360 VAR

The apparent power supplied to the load is

S = VI (1-62)

Q = (120 V)(6 A) = 720 VA

The complex power supplied to the load is

S = VI* (1-70)

= (120A0° V)(6Z-30° A)*

= (120Z0° V)(6Z30° A) = 720/130° VA

= 623.5 -7360 VA

1.10 SUMMARY

This chapter has reviewed briefly the mechanics of systems rotating about a sin¬
gle axis and introduced the sources and effects of magnetic fields important in the
understanding of transformers, motors, and generators.

Historically, the English system of units has been used to measure the
mechanical quantities associated with machines in English-speaking countries.



34- JiLECiRHJ MACHINERY FUNDAMENTALS

Recently, the SIunits have superseded the English system almost everywhere in
the world except inthe United States, but rapid progress isbeing made even there.
Since SI is becoming almost universal, most (but not all) of the examples in this
book use this system of units for mechanical measurements. Electrical quantities
are always measured in SIunits.

Inthe section on mechanics, the concepts of angular position, angular veloc¬
ity, angular acceleration, torque, Newton's law, work, and power were explained
for the special case of rotation about a single axis. Some fundamental relationships
(such as the power and speed equations) were given inboth SIand Englishunits.

The production of a magnetic field by a current was explained, and the spe¬
cial properties of ferromagnetic materials were exploredindetail. The shape of the
magnetization curve and the concept of hysteresis were explained in terms of the
domain theory of ferromagnetic materials, and eddy current losses were discussed.

Faraday's law states that a voltage will be generated ina coil of wire that is
proportional to the time rate of change in the flux passing through it. Faraday's
law is the basis of transformer action, which is explored indetail inChapter 3.

A current-carrying wire present ina magnetic field, if it is orientedproperly,
will have a force induced on it. This behavior is the basis of motor action in all
real machines.

A wire moving through a magnetic field with the proper orientation will
have a voltage induced in it. This behavior is the basis of generator action in all
real machines.

A simple linear dc machine consisting of a bar moving in a magnetic field
illustrates many of the features of real motors and generators. When a load is at¬
tached to it,it slows down and operates as a motor, converting electric energy into
mechanical energy. When a force pulls the bar faster than its no-load steady-state
speed, it acts as a generator, converting mechanical energy into electric energy.

In ac circuits, the real power P is the average power supplied by a source to
a load. The reactive power Q is the component of power that is exchanged back
and forth between a source and a load. By convention, positive reactive power is
consumed by inductive loads (+0) and negative reactive power is consumed (or
positive reactive power is supplied) by capacitive loads (—0). The apparent power
S is the power that "appears" to be supplied to the load if only the magnitudes of
the voltages and cmrents are considered.

QUESTIONS

1-1. What is torque? What role does torque play inthe rotational motion of machines?
1-2. What is Ampere's law?
1-3. What is magnetizing intensity?What is magnetic flux density? How are they related?
1-4. How does the magnetic circuit concept aid inthe design of transfonner and machine

cores?
1-5. What is reluctance?

1-6. What is a ferromagnetic material? Why is the permeability of ferromagnetic mate¬

rials so high?
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1-7. How does the relative permeability of a ferromagnetic material vary with magneto¬
motive force?

1-8. What is hysteresis? Explain hysteresis in tenns of magnetic domain theory.
1-9. What are eddy current losses? What can be done to minimize eddy current losses in

a core?
1-10. Why are all cores exposed to ac flux variations laminated?
1-11. What is Faraday's law?
1-12. What conditions are necessary for a magnetic field to produce a force on a wire?
1-13. What conditions are necessary for a magnetic field to produce a voltage in a wire?

1-14. Why is the linear machine a good example of the behavior observed in real dc
machines?

1-15. The linear machine inFigure 1-19 is running at steady state. What would happen to

the bar if the voltage in the battery were increased? Explain in detail.
1-16. Just how does a decrease in flux produce an increase inspeed ina linear machine?

1-17. Will current be leading or lagging voltage in an inductive load? Will the reactive
power of the load be positive or negative?

1-18. What are real, reactive, and apparent power? What units are they measured in? How
are they related?

1-19. What is power factor?

PROBLEMS

1-1. A motor's shaft is spinning at a speed of 1800 r/min. What is the shaft speed in ra¬
dians per second?

1-2. A flywheel with a moment of inertia of 4 leg • m2 is initially at rest. If a torque of
6N'm (counterclockwise) is suddenly applied to the flywheel, what will be the
speed of the flywheel after 5 s? Express that speed in both radians per second and
revolutions per minute.

1-3. Aforce of 10Nis applied to a cylinder of radius r = 0.15 m, as shown in Figure PI—1.
The moment of inertiaof this cylinder isJ — 4 kg • m2. What are the magnitude and
direction of the torque produced on the cylinder? What is the angular acceleration a
of the cylinder?

FIGUREPl-1
The cylinder of Problem 1-3
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1—4. A motor is supplying 50 Nÿ m of torque to its load. If the motor s shaft is turning
at 1500 r/min, what is the mechanical power supplied to the load in watts? In
horsepower?

1-5. A ferromagnetic core is shown in Figure Pl-2. The depth of the core is 5 cm. The
other dimensions of the core are as shown in the figure. Findthe value of the current
that will produce a flux of 0.005 Wb. With this current, what is the flux density at

the top of the core? What is tire flux density at the right side of the core? Assume
that the relative permeability of the core is 800.

h10 cm- - 20 cm - 5 cm |

_______
5 500 turns

15 cm

15 cm

15 cm

Core depth = 5 cm

FIGUREPl-2
The core of Problems 1-5 and 1-L6.

1-6. A ferromagnetic core with a relative permeability of 1500 is shown inFigure Pl-3.
The dimensions are as shown inthe diagram, and the depth of the core is 5 cm. The
air gaps on the left and right sides of the core are 0.050 and 0.070 cm, respectively.
Because of fringing effects, the effective area of the air gaps is 5 percent larger than
their physical size. If there are 300 turns in the coil wrapped around the center leg
of the core and if the current in the coil is 1.0A, what are the flux values for the left,
center, and right legs of the core? What is the flux density ineach air gap?

1-7. A two-legged core is shown inFigureP1-4.The winding on the left leg of the core
(.Ni) has 600 turns, and the winding on the right (N2) has 200 turns. The coils are
wound in the directions shown in the figure. If the dimensions are as shown, then
what flux would be produced by currents i, = 0.5 A and ;2 = 1.00A? Assume fir =

1200 and constant.
1-8. A core with three legs is shown inFigure Pl-5. Its depth is 5 cm, and there are 100

turns on the leftmost leg.The relativepermeability of the core can be assumed to be
2000 andconstant. What flux exists ineach of the three legs of the core? What is the
flux density ineach of the legs?Assume a 5 percent increase in the effective area of
the air gap due to fringing effects.



7 cm
- 30 cm-

7 cm

30 cm

7 cm

-0.07 cm

FIGUREPl-3
The core of Problem 1-6.

7 cm
- 30 cm- 7 cm

300 turns a05 cm .

Core depth = 5 cm

h15 cm- -50 cm- -15 cin-

15 cm

50 cm

15 cm

600 turns

r=>J

200 turns

A',

Core depth = 15 cm

FIGUREPlÿl

The core of Problems 1-7 and 1-12.
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25 cm 15 cm 25 cm

100 turns

Core depth = 5 cm

FIGUREPl-5
The core of Problem 1-8.

1-9. A wire is shown in Figure Pl-6 that is carrying 2.0A in the presence of a magnetic
field. Calculate the magnitude and direction of the force induced on the wire.

B = 0.5 T,
-— — -c -*- to the right

/ = 1 m

:2.0 A
_

ÿ FIGUREPl-6
A current-carrying wire in a

magnetic field (Problem 1-9).

1-10. A wire is shown in Figure PI-7 that is moving in the presence of a magnetic field.
With the information given in the figure, determine the magnitude and direction of
the induced voltage in the wire.

1-11. Repeat Problem 1-10 for the wire inFigure Pl-8.
1-12. The core shown in Figure PI-4 is made of a steel whose magnetization curve is

shown inFigure Pl-9.Repeat Problem 1-7,but this time do not assume a constant

value of jxT. How much flux is producedin the core by the currents specified? What
is the relative permeability of this core under these conditions? Was the assumption

L
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X

X

X

X

X

x FIGURE Pl-7
A wire moving in a
magnetic field (Problem
1-10).

v

B = 0.2 T, into the page

v = 1 m/s

B = 0.5 T

I= 0.5 m

FIGURE Pl-8
A wire moving in a magnetic field
(Problem 1-11).

inProblem 1-7 that the relative permeability was equal to 1200 a good assumption
for these conditions? Is it a good assumption in general?

1-13. A core with three legs is showninFigure PI—10. Its depth is 5 cm, and there are 400
turns on the center leg. The remaining dimensions are shown in the figure. The core
is composed of a steel having the magnetization curve shown inFigure 1-I0c.An¬
swer the following questions about this core:
(a) What current is reqtrired to produce a flux density of 0.5 T in the central leg of

the core?
(b) What current is required to produce a flux density of 1.0 T in the central leg of

the core? Is it twice the current inpart (ap
(c) What are the reluctances of the central and right legs of the core under the con¬

ditions in pait (ap
(d) What are the reluctances of the central and right legs of the core under the con¬

ditions in part (bp
(e) What conclusion can you make about reluctances inreal magnetic cores?

1-14. A two-legged magnetic core with an air gap is shown inFigure PI—11. The depth of
the core is 5 cm, the length of the air gap in the core is 0.05 cm, and the number of
turns on the coil is 1000. The magnetization curve of the core material is shown in
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1.25

1.00

H

"Si
"E

0.75
--T-

E 0.50

0.25

0.0

100 1000
Magnetizing intensity H(A • turns/m)

FIGUREPl-9
The magnetization curve for the core material of Problems 1-12 and 1-14.

N= 400 turns

16 cm16 cm 5 cm —

5 cm

16 cm

5 cm

Depth = 5 cm

FIGURE Pl-10
The core of Problem 1-13.

Figure Pl-9. Assume a 5 percent increase in effective air-gap area to account for
fringing. How much current is required to produce an air-gap flux density of 0.5 T?
What are the flux densities of the four sides of the core at that current? What is the
total flux present inthe air gap?
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h

N= 1,000 turns 0.05 cm I

10 cm - - 30 cm-

10 cm

30 cm

10cm

1 5 cm I
Depth = 5 cm

FIGURE PI-J1
The core of Problem 1-14.

1-15. A transformer core with an effective mean path length of 6 in has a 200-lurn coil
wrapped around one leg. Its cross-sectional area is 0.25 in2, and its magnetization
curve is shown in Figure I-10c. If current of 0.3 A is flowing in the coil, what is the
total flux in the core? What is die flux density?

1-16. The core shown in Figure Pl-2 has the flux cf> shown in Figure PI—12. Sketch the
voltage present at the terminals of the coil.

1-17. Figure PI-13 shows the core of a simple dc motor. The magnetizationcurve for the
metal in this core is given by Figure l-10c and d. Assume that the cross-sectional
area of each air gap is 18 cm2 and that the width of each air gap is 0.05 cm. The ef¬
fective diameter of the rotor core is 5 cm.
(a) We wish to build a machine with as great a flux density as possible while avoid¬

ingexcessive saturation inthe core. What would be a reasonable maximum flux
density for this core?

(b) What would be the total flux in the core at the flux density of par t (a)l
(c) The maximum possible field current for this machine is 1 A. Select a reasonable

number of turns of wire to provide the desired flux density while not exceeding
the maximum available current.

1-18. Assume that the voltage applied to a load is V = 208/1-30° V and the currenc flow¬
ing dirough the load isI= 2220° A.
(a) Calculate the complex power S consumed by this load.
(b) Is this load inductive or capacitive?
(c) Calculate the power factor of this load.
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0.010

0.005

t (ins)

-0.005

-0.010

FIGURE Pl-12
Plot of flux </> as a function of time for Problem 1-16.

5 cm

5 cmNturns

Depth = 5 cm

lr - 5 cm

/. = 0.05 cm

lc = 60 cm

5 cm

FIGURE Pl-13
The core of Problem 1-17.

1-19. Figure Pl-14 shows a simple single-phase ac power system with three loads. The
voltage source is V = 240Z0° V, and the impedances of these three loads are

Z, = 10./ 30° n Z1= 10Z.45"n Z3= 10Z-900CI

Answer the following questions about this power system.
(a) Assume thaL the switch shown in the figure is initially open, and calculate the

current I,the power factor, and the real, reactive, and apparent power being
supplied by the source.

(b) How much real, reactive, and apparent power is being consumed by each load
with the switch open?
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(c) Assume that the switch shown in the figure is now closed, and calculate the cur¬
rent I, the power factor, and the real, reactive, and apparent power being sup¬
plied by the source.

(d) How much real, reactive, and apparent power is being consumed by each load
with the switch closed?

(e) What happened to the current flowing from the source when the switch closed?
Why?

I

+ + +
h\

Oo V Z, ÿ2

— — —

FIGURE Pl-14
The circuit of Problem 1-19.

1-20. Demonstrate that Equation (1-59) can be derived from Equation (1-58) using sim¬
ple trigonometric identities.

p(t) — v(t)i(t) = 2V[ cos cot cos(cot - 0) (1-58)

p(t) = 17cos 0(1+ cos 2cot) + 17sin 0 sin 2coi (1-59)

Hint:The following identities will be useful:

cos a cos /3 [cos (a — jS) + cos (a + /?)]
cos (tx - jS) — cos a cos /3 + sin a sin j3

1-21. A linear machine shown in Figure PI—15 has a magnetic (lux density of 0.5 T di¬
rected into the page, a resistance of 0.25 XT, a bar length I— 1.0 m, and a battery
voltage of 100 V.
(a) What is the initial force on the bar at starting? What is the initial current flow?
(b) What is the no-ioad steady-state speed of the bar?
(c) If the bar is loaded with a force of 25 N opposite to the direction of motion,

what is the new steady-state speed? What is the efficiency of the machine under
these circumstances?

0.25 a
"WV B = 0.5 T

V» = mo v —

FIGURE Pl-15
The linear machine in Problem 1-21.
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1-22. A linear machine has the following characteristics:

B = 0.5 T into page R = 0.25 f!

I= 0.5 m = 120 V

(a) If this bar has a load of 20 Nattached to it opposite to the direction of motion,
what is the steady-state speed of the bar?

(b) If the bar runs off into a region where the flux density falls to 0.45 T, what hap¬
pens to the bar? What is its final steady-state speed?

(c) Suppose VB is now decreased to 100 V with everything else remaining as in
part (b). What is the new steady-state speed of the bar?

(d) From the results for parts (b) and (c), what are two methods of controlling the
speed of a linear machine (or a real dc motor)?

1-23. For the linear machine of Problem 1-22:
(a) When this machine is operating as a motor, calculate the speed of the bar for

loads of 0 Nto 30 Nin 5 Nsteps. Plot the speed of the bar as a function of load.
(b) Assume that the motor is operation with a 30 Nload, and calculate and plot the

speed of the bar for magnetic flux densities of 0.3 T to 0.5 T in0.05 T steps.
(c) Assume that the motor is running at no-load conditions with a flux density of

0.5 T. What is the speed of the bar? Now apply a 30 N load to the bar. What is
the new speed of the bar? What flux density would be required to restore the
loaded bar to the same speed that it had under no-load conditions?
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CHAPTER

2
TRANSFORMERS

f

OBJECTIVES
9 Understand the purpose of a transformer in a power system.

• Know the voltage, current, and impedance relationships across the windings
of an ideal transformer.

" Understand how real transformers approximate the operation of an ideal
transformer.

• Be able to explain how copper losses, leakage flux, hysteresis, and eddy cur¬
rents are modeled in transformer equivalent circuits.

• Use a transformer equivalent circuit to find the voltage and current transfor¬
mations across a transformer.

• Be able to calculate tire losses and efficiency of a transformer.
• Be able to derive the equivalent circuit of a transformer from measurements.

• Understand the per-unit system of measurements.

• Be able to calculate the voltage regulation of a transformer.
• Understand the autotransformer.
» Understand three-phase transformers, including special cases where only two

transformers are used.

• Understand transformer ratings.
• Understand instrument transformers—potential transformers and current

transformers.

65
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A transformer is a device that changes ac electric power at one frequency and
voltage level to ac electric power at the same frequency and another voltage level
through the action of a magnetic field. It consists of two or more coils of wire
wrapped around a common ferromagnetic core. These coils are (usually) not di¬
rectly connected. The only connection between the coils is the common magnetic
flux present within the core.

One of the transformer windings is connected to a source of ac electric
power, and the second (and perhaps third) transformer winding supplies electric
power to loads. The transformer winding connected to the power source is called
the primary winding or input winding, and the winding connected to the loads is
called the secondary winding or output winding. If there is a third winding on the
transformer, it is called the tertiary winding.

2.1 WHY TRANSFORMERS ARE
IMPORTANTTO MODERN LIFE

The first power distribution system in the United States was a 120-V dc system in¬
vented by Thomas A. Edison to supply power for incandescent light bulbs. Edison's
first central power station went into operation in New York City in September
1882. Unfortunately, his power system generated and transmitted power at such
low voltages that very large currents were necessary to supply significant amounts

of power. These high currents caused huge voltage drops and power losses in the
transmission lines, severely restricting the service area of a generating station. In
the 1880s,central power stations were located every few city blocks to overcome
this problem.The fact that power could not be transmitted far with low-voltage dc

I

FIGURE2-1
The first practical modern transformer, built by William Stanley in 1885.Note thai the core is made

up of individual sheets of metal (laminations). (Courtesy of GeneralElectric Company.)
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power systems meant that generating stations had to be small and localized and so
were relatively inefficient.

Tlie invention of the transformer and the concurrent development of ac
power sources eliminated forever these restrictions on the range and power level
of power systems. A transformer ideally changes one ac voltage level to another
voltage level without affecting the actual power supplied. Ifa transformer steps up
the voltage level of a circuit, it must decrease the current to keep the power into
the device equal to the power out of it.Therefore, ac electric power can be gener¬
ated at one central location, its voltage stepped up for transmission over long dis¬
tances at very low losses, and its voltage stepped down again for final use. Since
the transmission losses in the lines of a power system are proportional to the
square of the current in the lines, raising the transmission voltage and reducing the
resulting transmission currents by a factor of 10 with transformers reduces power
transmission losses by a factor of 100. Without the transformer, it would simply
not be possible to use electric power inmany of the ways it is used today.

In a modem power system, electric power is generated at voltages of 12to

25 kV. Transformers step up the voltage to between 110kV and nearly 1000kV for
transmission over long distances at very low losses. Transformers then step down
the voltage to the 12- to 34.5-kV range for local distribution and finally permit the
power to be used safely inhomes, offices, and factories at voltages as low as 120V.

2.2 TYPES AND CONSTRUCTION
OF TRANSFORMERS

The principal purpose of a transformer is to convert ac power at one voltage level
to ac power of the same frequency at another voltage level. Transformers are also
used for a variety of other purposes (e.g., voltage sampling, current sampling, and
impedance transformation), but this chapter is primarily devoted to the power
transformer.

Power transformers are constructed on one of two types of cores. One type

of construction consists of a simple rectangular laminated piece of steel with the
transformer windings wrapped around two sides of the rectangle. This type of
construction is known as coreform and is illustrated inFigure 2-2. The otheT type

consists of a three-legged laminated core with the windings wrapped around the
center leg. This type of construction is known as shellform and is illustrated in
Figure 2-3. In either case, the core is constructed of thin laminations electrically
isolated from each other in order to minimize eddy currents.

The primary and secondary windings ina physical transformer are wrapped
one on top of the other with the low-voltage winding innermost. Such an arrange¬
ment serves two purposes:

1. It simplifies the problemof insulating the high-voltage winding from the core.

2. Itresults in much less leakage flux than would be the case if the two windings
were separated by a distance on the core.
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ip(t) h(')

FIGURE 2-2
Core-form transformer construction.

FIGURE 2-3
(a) Shell-form transformer construction, (b) A typical shell-form transformer. (Courtesy of General
Electric Company.)

Power transformers are given a variety of different names, depending on
their use in power systems. A transformer connected to the output of a generator
and used to step its voltage up to transmission levels (110+ kV) is sometimes
called a unit transformer. The transformer at the other end of tire transmission line,
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which steps the voltage down from transmission levels to distribution levels (from
2.3 to 34.5 kV), is called a substation transformer Finally, the transformer that
takes the distribution voltage and steps it down to the final voltage at which the
power is actually used (110, 208, 220 V, etc.) is called a distribution transformer.
All these devices are essentially the same—the only difference among them is
their intended use.

In addition to the various power transformers, two special-purpose trans¬

formers are used to measure voltage and current inelectric machinery and power
systems. The first of these special transformers is a device specially designed to

sample a high voltage and produce a low secondary voltage directly proportional
to it. Such a transformer is called a potential transformer. A power transformer
also produces a secondary voltage directly proportional to its primary voltage; tire
difference between a potential transformer and a power transformer is that the
potential transformer is designed to handle only a very small current. The second
type of special transformer is a device designed to provide a secondary current

much smaller than but directly proportional to its primary current. This device is
called a current, transformer. Both special-purpose transformers are discussed in a

later section of this chapter.

2.3 THE IDEALTRANSFORMER

An ideal transformer is a lossless device with an input winding and an output
winding. The relationships between the input voltage and the output voltage, and
between the input current and the output current, are given by two simple equa¬
tions, Figure 2-4 shows an ideal transformer.

The transformer shown in Figure 2-4 has Ny turns of wire on its primary
side andNs turns of wire on its secondary side. The relationship between the volt¬
age vP(t) applied to the primary side of the transformer and tire voltage vs(t) pro¬
duced on the secondary side is

vP(t)
_

vs(t) Ns
= a (2-1)

where a is defined to be the turns ratio of the transformer:

a —
Np
N<

(2-2)

The relationship between tire current iP(t) flowing into the primary side of the
transformer and the current is(t) flowing out of the secondary side of the trans¬

former is

Npip(t) — Nsig(t) (2-3a)

or
fit) _ I
Ut) a

(2—3b)
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FIGURE2-4
(a) Sketch of an ideal transformer, (b) Schematic symbols of a transformer. Sometimes the ironcore
is shown in the symbol, and sometimes not

- +

vc

In terms of phasor quantities, these equations are

and b 1

Is a

(2-4)

(2-5)

Notice that the phase angle of \P is the same as the angle of Vs and the phase an¬

gle of Ip is the same as the phase angle of Is The turns ratio of the ideal trans¬

former affects the magnitudes of the voltages and currents, but not their angles.
Equations (2-1) to (2-5) describe the relationships between the magnitudes

and angles of the voltages and currents on the primary and secondary sides of the
transformer, but they leave one question unanswered: Given that the primary cir¬
cuit's voltage is positive at a specific end of the coil, what would the polarity of
the secondary circuit's voltage be? Inreal transformers, it would be possible to tell
the secondary's polarity only if the transformer were opened and its windings ex¬
amined. To avoid this necessity, transformers utilize the dot convention. The dots
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appearing at one end of each winding inFigure 2—4 tell the polarity of the voltage
and current on the secondary side of the transformer. The relationship is as

follows:

1. If the primary voltage is positive at the dotted end of the winding with respect
to the undotted end, then the secondary voltage will be positive at the dotted
end also. Voltage polarities are the same with respect to the dots on each side
of the core.

2. If the primary cuirent of the transformer flows into the dotted end of the pri¬
mary winding, the secondary current will flow out of the dotted end of the
secondary winding.

The physical meaning of the dot convention and the reason polarities work out

this way will be explained in Section 2.4, which deals with the real transformer.

Power inan IdealTransformer

The real power Pm supplied to the transformer by the primary circuit is given by
the equation

P,„ = Vplp cos (2-6)

where 6P is the angle between the primary voltage and the primary current. The
real power Pou[ supplied by the transformer secondary circuit to its loads is given
by the equation

Pÿ> = vs!s cos Ox (2-7)

where 0S is the angle between the secondary voltage and the secondary current.

Since voltage andcurrent angles are unaffected by an ideal transformer, 6P = ds = 0-
The primary and secondary windings of an ideal transformer have the same power

factor.
How does the power going into the primary circuit of the ideal transformer

compare to the power coming out of the other side? It is possible to find out

through a simple application of the voltage and current equations [Equations (2-A)

and (2-5)]. The power out of a transformer is

•Pom = VSISCOS (2-8)

Applying the turns-ratio equations gives Vs = VP/a and Is = alp, so

Vn
OUl

'(alp) cos 0

Pout = Vplp cos 6 = (2-9)

Thus, the output power of an ideal transformer is equal to its inputpower.

L
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+

(b)

FIGURE 2—5
(a) Definition of impedance, (b) Impedance scaling through a transformer.

The same relationship applies to reactive power Q and apparent power S:

(2-10)Qm = Vpb $ = Vsh sÿn 0 = Q>

and Sin = VPIP = VSIS = 50Ut (2-11)

Impedance Transformation through a Transformer

The impedance of a device or an element is defined as the ratio of tire phasor volt¬
age across it to the phasor current flowing through it:

V,
ZL = "T (2—1.2)

lL

One of the interesting properties of a transformer is that, since it changes voltage
and current levels, it changes the ratio between voltage and current and hence the
apparent impedance of an element. To understand this idea, refer to Figure 2-5. If
the secondary current is called Is and the secondary voltage Vs, then the imped¬
ance of the load is given by

V,
ZL = J1 (2-13)

Ls
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The apparent impedance of the primary circuit of the transformer is

VP7' = —L TJLp

Since the primary voltage can be expressed as

VP = dSs
and the primary current can be expressed as

i4V a

the apparent impedance of the primary is

VD flVo7, = Zp - Zll. = 2_LS
Ip IJa hIp Is/a

Z'L = a2ZL

With a transformer, it is possible to match the magnitude of a load imped¬
ance to a source impedance simply by picking the proper turns ratio.

Analysis of Circuits Containing IdealTransformers

If a circuit contains an ideal transformer, then the easiest way to analyze tire circuit
for its voltages and currents is to replace the portion of tire circuit on one side of the
transformer by an equivalent circuit with the same terminal characteristics. After the
equivalent circuit has been substituted for one side, then the new circuit (without a
transformer present) can be solved for its voltages and currents. Inthe portion of the
circuit that was not replaced, the solutions obtainedwill be the correct values of volt¬
age and current for the original circuit. Then (lie turns ratio of the transformer canbe
used to determine the voltages and currents on the other side of the transformer. The
process of replacing one side of a transformer with its equivalent at the other side's
voltage level is known as referring the first side of the transformer to the second side.

How is the equivalent circuit formed? Its shape is exactly the same as the shape
of die original circuit. The values of voltages on the side being replaced are scaled by
Equation (2-4), and the values of the impedances are scaled by Equation (2-15). The
polarities of voltage sources in the equivalent circuit will be reversed from their di¬
rection in die original circuit if the dots on one side of the transformer windings are

reversed compared to the dots on the other side of the transformer windings.
The solution for circuits containing ideal transformers is illustrated in die

following example.

Example 2-1. A single-phase power system consists of a 480-V 60-Hz gen¬
erator supplying a load Zload — 4 + j3 fl through a transmission line of impedance
Ziinc = 0.18 4- y'0.24 Cl. Answer the following questions about this system.

(a) If the power system is exactly as described above (and shown in Figure 2-6a),

what will die voltage at die load be? What will the transmission line losses be?
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Ilillc 0.18 A j 0.24 n

VA-

oV = 480 Z 0° V

V = 480 Z 0° V

r> Iline
1: 10

(a)

0.18 A j 0.24 A

-VW—
'line

(b)

I1load

ÿ load

4 +y 3 A

ÿ2 1load
10 : 1 z oad

/ 4+y3A

(
ÿ load

FIGURE 2-6
The power system of Example 2-1(a) without and (b) with transformers at the ends of the
transmission line.

(b) Suppose a 1:10 step-up transformer is placed at the generator end of the trans¬

mission line and a 10:1step-down transformer is placed at the loadend of the
line (as shown in Figure 2-6b). What will the loadvoltage be now? What will
the transmission line losses be now?

Solution
(a) Figure 2-6a shows the power system without transformers. Here Ic = I|jne =

X]oaj. The line current in this system is given by

j =
_Y_

*line 7 + 7Mine load

480 Z0° V _

(0.18 A +j0.24 A) + (4 A +j3 A)

480 Z0° 480 Z0°
4.18 +y'3.24 5.29Z37.80

= 90.8 Z -37.8° A

Therefore the load voltage is

ÿload Mead
= (90.8 Z-37.8° A)(4 A +j'3 A)

= (90.8 Z—37.8° A)(5 Z36.9° A)

= 454 Z -0.9°V
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and the line losses are

•ÿloss — Celine) -ÿline

= (90.8 A): (0.18 A) = 1484W

(b) Figure 2-6b shows the power system with the transformers. To analyze this sys¬
tem, it is necessary to convert it to a common voltage level. This is done in two

steps:

1. Eliminate transformer T2 by referring the load over to the transmission line's
voltage level.

2. Eliminate transformer 7, by referring the transmission line's elements and
the equivalent load at the transmission line's voltage over to the source side.

The value of the load's impedance when reflected to the transmission system's
voltage is

Zload a ÿload

(4 A + _/3 A).(10-
= 400 A + y'300 A

The total impedance at the transmission line level is now

Zcq = Zlmc + Zjoaj

= 400.18 + _/ 300.24 A = 500.3 Z 36.88° A

This equivalent circuit is shown in Figure 2-7a. The total impedance at the transmission
line level (Z,ine + Z]oa<J) is now reflected across Tt to the source's voltage level:

Z;<,=«2Zeq
= a\Zline + Z[oad)

= (-[q)2(018 A + j'0.24 A + 400 A + ;300 A)

= (0.0018 A +j0.0024 A + 4 A + y'3 A)

= 5.003 Z36.88° A

Notice that Z"0„d = 4 4- y'3 A and Zj-nt. — 0.00 1 8 + /0.0024 A. The resulting equivalent cir¬
cuit is shown inFigure 2-7b. The generator's current is

1 — —480 Z0 V— Q4 Z— 36 88° AJc 5.003 Z36.88° A
ÿ m A

Knowing the current Ic, we can now work back and find IHne and I|0ad. Working back
through we get

MpiÿC = ÿ5Inline

I =flue v G

= -jÿ (95.94 Z-36.880 A) = 9.594 Z-36.8



76 ELECTRIC MACHINERY FUNDAMENTALS

V = 480 L 0° V

1 : 10

0.18 n

-AW
j 0.24 Cl l

(a)

Z' load "

400 +j300 n
i
i
i
-p-

Equivalent circuit

Ir.\

V = 480 Z. 0° V

0.0018 Ct j 0.0024A

-WW
Z'i;

= 4 +j 3 IT

Equivalent circuit

(b)

FIGURE 2-7
(a) System with the load referred to the transmission system voltage level, (b) System with the load
and transmission line referred to the generator's voltage level.

Working back through T2 gives

ÿ/Uÿline — Ast-ÿload

T -—I•load "" NS2 lme

= y (9.594 A-36.88° A) = 95.94 ÿ-36.88° A

It is now possible to answer the questions originally asked. The load voltage is given by

ÿload — ÿloild ÿload

= (95.94Z-36.88" A)(5 Z36.87" fl)

= 479.7 Z-0.010 V

and the line losses are given by

P,oss Inline) ÿline

= (9.594 A)2 (0.18 O) = I6.7W

Notice that raising the transmission voltage of the power system reduced
transmission losses by a factor of nearly 90! Also, the voltage at the load dropped
much less in the system with transformers compared to the system without
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transformers. This simple example dramatically illustrates the advantages of
using higher-voltage transmission lines as well as the extreme importance of
transformers in modern power systems.

Real power systems generate electric power at voltages in the range of 4 to

30 kV.They then use step-up transformers to raise the voltage to a much higher level
(say 500kV) for transmission over longdistances, andstep-down transformers to re¬
duce the voltage to a reasonable level for distribution and final use. As we have seen
in Example 2.1, this can greatly decrease transmission losses in the power system.

2.4 THEORY OF OPERATION OFREAL
SINGLE-PHASE TRANSFORMERS

The ideal transformers described in Section 2.3 can of course never actually be
made. What can be produced are real transformers—two or more coils of wire
physically wrapped around a ferromagnetic core. The characteristics of a real
transformer approximate the characteristics of an ideal transformer, but only to a

degree. This section deals with the behavior of real transformers.
To understand the operation of a real transformer, refer to Figure 2-8.

Figure 2-8 shows a transformer consisting of two coils of wire wrapped around a

transformer core. The primary of the transformer is connected to an ac power
source, and tire secondary winding is open-circuited. The hysteresis curve of tire
transformer is shown in Figure 2-9.

The basis of transformer operation can be derived from Faraday's law:

ÿind
d\
dt

(1ÿ1)

where X. is the flux linkage in tire coil across which the voltage is being induced.
The flux linkage \ is the sunr of the flux passing through each turn in the coil
added over all the tums of the coil:

N
A = 5>,

1=1
(1-42)

"sW

FIGURE 2-8
Sketch of a real transformer with no load attached to its secondary.
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4> Flux

Magnetomotive force

FIGURE 2-9
The hysteresis curve of the transformer.

The total flux linkage through a coil is notjust N<j>, where At is the number of turns
in the coil, because the flux passing through each turn of a coil is slightly differ¬
ent from the flux in the other turns, depending on the position of the turn within
the coil.

However, it is possible to define an average flux per turn in a coil. If the
total flux linkage in all the turns of the coils is A and if there are Nturns, then the
averageflux per turn is given by

"T" _ A+ ~N
and Faraday's law can be written as

(2-16)

(2-17)

The Voltage Ratio across a Transformer

If the voltage of the source in Figure 2-8 is vP(t), then that voltage is placed di¬
rectly across the coils of the primary winding of the transformer. How will the
transformer react to this applied voltage? Faraday's law explains what will hap¬
pen. When Equation (2-17) is solved for the average flux present in the primary
winding of the transformer, and the winding resistance is ignored, the result is

ci>P N.HvP (f) dt (2-18)

This equation states that the average flux in the winding is proportional to the in¬
tegral of the voltage applied to the winding, and the constant of proportionality is
the reciprocal of tire number of turns in the primary winding 1!NP.

i
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FIGURE 2-10
Mutual and leakage fluxes in a transformer core.

This flux is present in the primary coil of the transformer. What effect does
ithave on the secondary coil of the transformer? The effect depends on how much
of the flux reaches the secondary coil. Not all the flux produced in tire primary
coil also passes through the secondary coil—some of the flux lines leave the iron
core and pass through the air instead (see Figure 2-10). The portion of the flux
that goes through one of the transformer coils but not the other one is called leak¬
ageflux. The flux in the primary coil of the transformer can thus be divided into
two components: a mutualflux, which remains in the core and links both wind¬
ings, and a small leakageflux, which passes through the primary winding but re¬
turns through the air, bypassing the secondary winding:

4>p ~ 4>m (fa-P (2-19)

where 4>P = total average primary flux
cj)M = flux component linking both primary and secondary coils

4>lp = primary leakage flux

There is a similar division of flux in (he secondary winding between mutual flux
and leakage flux which passes through the secondary winding but returns through
the air, bypassing tire primary winding:

h ~~ 4>m + <£ls (2-20)
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where = total average secondary flux

= flux component linking both primary and secondary coils

<£ls = secondary leakage flux

With the division of the average primary flux into mutual and leakage com¬
ponents, Faraday's law for the primary circuit can be reexpressed as

dcbp

=ÿ + (2-21>

The first term of this expression can be called eP{t), and the second term can be
called eLP(t). If this is done, then Equation (2-21) can be rewritten as

vP(t) = ep(t) + eLP(t) (2-22)

The voltage on the secondary coil of the transformer can also be expressed
in terms of Faraday's law as

d4>s
dt

d(bh1 , ,r d4>\ s
v5 dt - »s dt (2-23)

= es(t) + eLS(r) (2—24)

The primary voltage due to the mutualflux is given by

eP(t) = NPÿ (2-25)

and the secondary voltage due to the mutualflux is given by

es(0 = (2-26)

Notice from these two relationships that

eP(t) _ dcfju _ eÿt)

NP dt Ns
Therefore,

ep(t) _ Np _
edit)

~

Ns
~ a (2-27)

This equation means that the ratio of the primary voltage caused by the mutual

flux to the secondary voltage caused by the mutualflux is equal to the turns ratio

of the transformer. Since in a well-designed transformer cj>M » <£LP and

4>m»<f>LS, the ratio of the total voltage on the primary of a transformer to the to¬

tal voltage on the secondary of a transformer is approximately
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MO _ N, (2-28)
vs(t) Ns

The smaller the leakage fluxes of the transformer are, the closer the total transformer
voltage ratio approximates that of the ideal transformer discussed in Section 2.3.

The Magnetization Current ina Real Transformer

When an ac power source is connected to a transformer as shown inFigure 2-8, a
current flows in its primary circuit, even when the secondary circuit is open-
circuited. This current is the current required to produce flux in a real ferromag¬
netic core, as explained in Chapter 1. It consists of two components:

1. The magnetization current iM, which is the current required to produce the
flux in the transformer core, and

2. The core-loss current ih+e, which is the current required to make up for hys¬
teresis and eddy current Losses in the core.

Figure 2-11 shows the magnetization curve of a typical transformer core. If
the flux in the transformer core is known, then the magnitude of the magnetization
current can be found directly from Figure 2-11.

Ignoring for the moment the effects of leakage flux, we see that the average
flux in the core is given by

If the primary voltage is given by the expression i>P(t) = VM cos cot V, then the re¬
sulting flux must be

If the values of current required to produce a given flux (Figure 2-1la) are com¬
pared to the flux in the core at different times, it is possible to construct a sketch
of the magnetization current in the winding on the core. Such a sketch is shown in
Figure 2- lib. Notice the following points about the magnetization current:

1. The magnetization current in the transformer is not sinusoidal. The higher-
frequency components in tire magnetization current are due to magnetic
saturation in the transformer core.

2. Once the peak flux reaches tire saturation point in tire core, a small increase
inpeak flux requires a very large increase in the peak magnetization current.

3. The fundamental component of the magnetization current lags die voltage ap¬
plied to the core by 90°.

4. The higher-frequency components in the magnetization current can be quite large
compared to the fundamental component. In general, the further a transformer
core is driven into saturation, the larger the harmonic components will become.

(2-18)

(2-29)
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FIGURE 2-11
(a) The magnetization cui-ve of tlie transformer core, (b) The magnetization current caused by the
flux inthe transformer core.
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FIGURE2-12
The core-loss current in a transformer.

The other component of the no-load current in the transformer is the current

required to supply power to make up the hysteresis and eddy current losses in the
core. This is the core-loss current. Assume that the flux in the core is sinusoidal.
Since the eddy currents in the core are proportional to dcj>/dt, the eddy currents are
largest when the flux in the core is passing through 0 Wh. Therefore, the core-loss
current is greatest as the flux passes through zero. The total current required to
make up for core losses is shown in Figure 2-12.

Notice the following points about the core-loss current:

1. The core-loss current is nonlinear becauseof the nonlinear effects of hysteresis.

2. The fundamental component of the core-loss current is inphase with the volt¬
age applied to the core.

The total no-load current in the core is called the excitation current of the
transformer. It is just the sum of the magnetization current and the core-loss cur¬
rent in the core:

*=x = >m + + e (2-30)

The total excitation current in a typical transformer core is shown in Figure 2-13.
Ina well-designed power transformer, the excitation current is much smaller than
the full-load current of the transformer.

The Current Ratio on a Transformer and the
Dot Convention

Now suppose that a load is connected to the secondary of the transformer. The re¬

sulting circuit is shown in Figure 2-14. Notice the dots on the windings of the trans¬
former. As in the ideal transformer previously described, the dots help determine the
polarity of the voltages and currents in the core without having to physically exam¬
ine its windings. The physical significance of the dot convention is that a current

flowing into the dottedendofa winding produces a positive magnetomotiveforce 9»,
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FIGURE 2-13
The total excitation current in a transformer.

FIGURE 2-14
A real transformer with a Joad connected to its secondary.

while a current flowing into the undotted end of a winding produces a negative
magnetomotive force. Therefore, two currents flowing into the dotted ends of
their respective windings produce magnetomotive forces that add. If one current
flows into a dotted end of a winding and one flows out of a dotted end, then the
magnetomotive forces will subtract from each other.

In the situation shown inFigure 2-14, the primary current produces a posi¬
tive magnetomotive force = NPiP, and the secondary current produces a neg¬
ative magnetomotive force SFs = —Nsi.s. Therefore, the net magnetomotive force
on the core must be

&**=> NPij>- Nsis (2-31)

U
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This net magnetomotive force must produce the net flux in the core, so the net
magnetomotive force must be equal to

ÿnet = Npip ~ Nsis= (pÿll (2-32)

where 91is the reluctance of che transformer core. Because the reluctance of a well-
designed transformer core is very small (nearly zero) until the core is saturated, the
relationship between the primary and secondary currents is approximately

ÿ n Npip'net "P-P 'yScS

as long as the core is unsaturated, Therefore

Ncic ~ 0

Npip ~ Nsis

or
Ns
NP

(2-33)

(2-34)

(2-35)

It is the fact that the magnetomotive force in the core is nearly zero which gives
the dot convention the meaning in Section 2.3. In order for the magnetomotive
force to be nearly zero, current must flow into one dotted end and out of the other
dotted end. The voltages must be built up in the same way with respect to the dots
on each winding in order to drive the currents in the direction required. (The po¬
larity of the voltages can also be determined by Lenz's law if the construction of
tire transformer coils is visible.)

What assumptions are required to convert a real transformer into the ideal
transformer described previously? They are as follows:

1. The core must have no hysteresis or eddy currents.

2. The magnetization curve must have the shape shown in Figure 2-15. Notice
that for an unsaturated core the net magnetomotive force 3Fnet = 0, implying
that Npip — N$i$.

b, Wb

2F, A • turns

FIGURE 2-15
The magnetization curve of an ideal
transformer.
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3. The leakage flux in the core must be zero, implying that all the flux in the
core couples both windings.

4. The resistance of the transformer windings must be zero.

While these conditions are never exactly met, well-designed power transformers
can come quite close.

2.5 THE EQUIVALENT CIRCUIT OF
A TRANSFORMER

The losses that occur inreal transformers have to be accounted for inany accurate

model of transformer behavior. The major items to be considered in the construc¬

tion of such a model are

1. Copper (I2R) losses. Copper losses are the resistive heating losses in the pri¬
mary andsecondaiy windings of the transformer. They are proportional to the
square of the current in the windings.

2. Eddy current losses. Eddy current losses are resistive heating losses in the
core of the transformer. They are proportional to the square of the voltage ap¬
plied to the transformer.

3. Hysteresis losses. Hysteresis losses are associatedwith the rearrangement of the
magnetic domains inthe core during each half-cycle, as explainedinChapter 1.
They are a complex,nonlinear function of the voltage applied to the transformer.

4. Leakageflux. The fluxes cj>lP and cj>LS which escape the core and pass through
only one of the transformer windings are leakage fluxes. These escaped
fluxes produce a leakage inductance in the primary and secondary coils, and
the effects of this inductance must be accounted for.

The Exact Equivalent Circuit of a
Real Transformer

It is possible to construct an equivalent circuit that takes into account all the ma¬
jor imperfections in real transformers. Each major imperfection is considered in
turn, and its effect is included in the transformer model.

The easiest effect to model is the copper losses. Copper losses are resistive
losses in the primary and secondary windings of the transformer core. They are
modeledby placing a resistor RP in the primary circuit of the transformer and a re¬

sistor Rs in the secondary circuit.
As explained in Section 2.4, the leakage flux in the primary windings 4>LP

produces a voltage <fiLP given by

*Lp(o = (2-36a)

and the leakage flux in the secondary windings cf>LS produces a voltage eÿ givenby

eLs« = "sÿf (2—36b)
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Since much of the leakage flux path is through air, and since air has a constant re¬
luctancemuch higher than the core reluctance, the flux $LP is directly proportional
to the primary circuit current iP, and the flux c£LS is directly proportional to the
secondary current is\

<£lp = (<3>NP)iP (2-37a)

4>ls = Ws (2-37b)

where 9 = permeance of flux path

NP = number of turns on primary coil

Ns = number of turns on secondary coil

Substitute Equations (2-37) into Equations (2-36). The result is

«lp(0 = NPjt&NP)iP = N}ÿ
<ls« = A&!(VNs)is =

The constants in these equations can be lumped together. Then

(2-39a)

(2-3%)

where LP - Nffi is the leakage inductance of the primary coil and Ls = is
the leakage inductance of the secondary coil. Therefore, the leakage flux will be
modeled by primary and secondary inductors.

How can the core excitation effects be modeled? The magnetization current
is a current proportional (in the unsaturated region) to the voltage applied to the

core and lagging the applied voltage by 90", so it can be modeled by a reactanceXM
connected across the primary voltage source. The core-loss current /), +e is a current

proportional to the voltage applied to the core that is inphase with the applied volt¬
age, so it can be modeled by a resistance Rc connected across the primary voltage
source. (Remember that both these currents are really nonlinear; so the inductance
XM and the resistance Rc are, at best, approximations of the real excitation effects.)

The resulting equivalent circuit is shown in Figure 2-16. In this circuit, RP is
the resistance of the primary winding, XP (= mLP) is the reactance due to tire pri¬
mary leakage inductance, Rs is the resistance of the secondary winding, and Xs
(= toLs) is the reactance due to the secondary leakage inductance. The excitation
branch is modeled by the resistance Rc (hysteresis and core losses) in parallel with
tire reactance (the magnetization current).

Notice that the elements forming the excitation branch are placed inside the
primary resistance RP and reactanceXP. This is because the voltage actually applied
to the core is really the input voltage less the internal voltage drops of the winding.

(2-38a)

(2—38b)

.. , diPeLP(t) - LP ÿ

dis
«ls(0 - hd[

I
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Ideal
transformer

FIGURE 2-16
The model of a real transformer.
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FIGURE2-17
(a) The transformer model referred to its primary voltage level, (b) The transformer model referred
to its secondary voltage level.

Although Figure2-16 is an accurate model of a transformer, it is not a very
useful one. To analyze practical circuits containing transformers, it is normally
necessary to convert the entire circuit to an equivalent circuit at a single voltage
level. (Such a conversion was done in Example 2—i.) Therefore, the equivalent
circuit must be referred either to its primary side or to its secondary side in
problem solutions. Figure 2-17a is the equivalent circuit of the transformer re¬
ferred to its primary side, and Figure2-17b is the equivalent circuit referred to its
secondary side.
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Approximate Equivalent Circuits of a Transformer

The transformer models shown before are often more complex than necessary in
order to get good results in practical engineering applications. One of the princi¬
pal complaints about them is that the excitation branch of the model adds another
node to the circuit being analyzed, making the circuit solution more complex than
necessary. The excitation branch has a very small current compared to the load
current of the transformers. In fact, the excitation current is only about 2-3% of
the full load current for typical power transformers. Because this is true, a simpli¬
fied equivalent circuit can be produced that works almost as well as the original
model.The excitation branch is simply moved to the front of the transformer, and
the primary and secondary impedances are left in series with each other. These
impedances are just added, creating the approximate equivalent circuits in
Figure 2-18a and b.

In some applications, the excitation branch may be neglected entirely with¬
out causing serious error. In these cases, the equivalent circuit of the transformer
reduces to the simple circuits inFigure 2-18c and d.
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k
_rw- -o +

\

alp
eq.v

\
o - - o-

ÿeqp ~ ÿp a (b)

Clip

+ o—

a\, Yli

\
- o-

(d)

WV

V„ Rc

Jk
I,

j'vc()s

WW—ÿ_vÿ- -o +

\

FIGURE 2-18

Approximate transformer models, (a) Referred to the primary side; (b) referred to the secondary
side; (c) with no excitation branch, referred to the primary side; fcf) with no excitation branch,
referred to the secondary side.
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FIGURE 2-19
Connection for transformer open-circuit test.

Determining the Values of Components In the
Transformer Model

It is possible to experimentally determine the values of the inductances and resis¬
tances in the transformer model. An adequate approximation of these values can
be obtained with only two tests, the open-circuit test and the short-circuit test.

In the open-circuit test, one transformer winding is open-circuited, and the
other winding is connected to full rated line voltage. Look at the equivalent circuit
inFigure 2-17. Under the conditions described, all the input current must be flow¬
ingthrough the excitation branchof the transformer. The series elements, RP and XP
are too small in comparison to Rc and XM to cause a significant voltage drop, so
essentially all the input voltage is dropped across tine excitation branch.

The open-circuit test connections are shown inFigure 2-19. Full line volt¬
age is applied to one side of the transformer, and the input voltage, input current,
and input power to the transformer are measured. (This measurement is normally
done on the low-voltage side of the transformer, since lower voltages are easier to

work with.) From this information, it is possible to determine the power factor of
the input current and therefore both the magnitude and the angle of the excitation
impedance.

The easiest way to calculate the values of Rc and XM is to look first at the
admittance of the excitation branch. The conductance of the core-loss resistor is
given by

(2-40)

and the susceptance of the magnetizing inductor is given by

(2-41)



Since these two elements are inparallel, their admittances add, and the total exci¬
tation admittance is

Ye = Gc- jBM (2-42)

YE = ir-jjh {2-43)
Kc am

The magnitude of the excitation admittance (referred to the side of the trans¬

former usedfor the measurement) can be found from the open-circuit test voltage and
current:

\Ye\=ÿ (2-44)
Koc

The angle of the admittance can be found from a knowledge of the circuit power
factor. The open-circuit power factor (PF) is given by

PF = cos Q = ..P°c (2-45)
"ocAoc

and the power-factor angle 0 is given by

d = cos 1 .. °.C (2-46)
vocJoc

The power factor is always lagging for a real transformer, so the angle of the current

always lags the angle of the voltage by d degrees. Therefore, the admittance YE is

YE = ÿZ-dvoc

Ye = 77ÿ- Z—cos-1 PF (2-47)
ÿoc

By comparing Equations (2—43) and (2-47), it is possible to determine the values of

Rc and XM referred to the low-voltage side directly from the open-circuit test data.
In the short-circuit test, the low-voltage terminals of the transformer are short-

circuited, and the high-voltage terminals are connected to a variable voltage source,

as shown in Figure 2-20. (This measurement is normally done on the high-voltage
side of the transformer, since currents will be lower on that side, and lower currents
are easier to work with.) The input voltage is adjusted until the current in the short-
circuited windings is equal to its rated value. (Be sure to keep the primary voltage at
a safe level. It would not be a good idea to burn out the transformer's windings
while trying to test it.) The input voltage, current, and power are again measured.

Since the input voltage is so low during the short-circuit test, negligible cur¬
rent flows through the excitation branch. If the excitation current is ignored, then
all the voltage drop in the transformer can be attributed to the series elements in
the circuit. The magnitude of the series impedances referred to the primary side of
the transformer is

, , VcC|ZSE| = -7ÿ (2-48)
'sc
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Wattmeter i (t)

v (0 %

FIGURE 2-20
Connection for transformer short-circuit test.

U (0

Transformer

The power factor of the current is given by

PF = cos 6 =
sc

Vschc
(2-49)

and is lagging. The current angle is thus negative, and the overall impedance an¬
gle 0 is positive:

ft,
d = cos-1 SC

Vschc
Therefore,

Vsr Z0° V,ry __ oL_ _ ot- y noZsE ~
/scZ-d°

~
7SC

(2-50)

(2-51)

The series impedance ZSE is equal to

ÿSE Kq+jX(eq

ZSE = (RP + a%) + j(XP + a2Xs (2-52)

It is possible to determine the total series impedance referred to the high-
voltage side by using this technique, but there is no easy way to split the series im¬
pedance into primary and secondary components. Fortunately, such separation is
not necessary to solve normal problems.

Note that the open-circuit test is usually performed on the low-voltage side
of the transformer, and the short-circuit test is usually performed on the high-
voltage side of the transformer, so Rc and Xm are usually found referred to the
low-voltage side, and Req and Xeq are usually found referred to the high-voltage
side. All of the elements must be referred to the same side (either high or low) to

create the final equivalent circuit.

Example 2-2. The equivalent circuit impedances of a 20-kVA, 8000/240 V, 60-Hz
transformer are to be determined. The open-circuit test was performed on the secondary
side of the transformer (to reduce the maximum voltage to be measured) and the short-
circuit test were performed on the primary side of the transformer (to reduce the maximum
current to be measured). The following data were taken:
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Open-circuit test Short-circuit test
(on secondary) (on primary)

Roc = 240 V Vsc = 489 V

/oc = 7.133 A /sc = 2.5A

Voc = 400 W ASc = 240 W

Find the impedances of the approximate equivalent circuit referred to the primary side, and
sketch that circuit.

Solution
The turns ratio of this transformer is a - 8000/240 = 33.3333. The power factor during the
open-circuit test is

p
PF = cos 6 = °.c (2-45)

VOC 7OC

dd
_ a _ 400 W

cos <9
(240 V)(7.133 A)

PF = 0.234 lagging

The excitation admittance is given by

'oc , _i ,— Z—c™ 'i
''oc

7.133 A

Ye = -. Z-cos-' PF (2-47)
*T>c

240V
Z_cos"' 0234

Ye = 0.0297 Z -76.5° S

Ye = 0.00693 - j 0.02888 = -J- -j -fKc am
Therefore, die values of the excitation branch referred to the low-voltage (secondary) side are

Rc ~
0.00693 = 144 ÿ

Xm =
0.02888 = 34-63 ÿ

The power factor during the short-circuit test is

P
PF = cos 6 =ttt- (2-49)

ÿsc-'sc

PF = c0s 6 = (4892V)(?5 A)
= 0 )196 laÿin§

The series impedance is given by

7 ÿSC
/ — I t-st-"•ÿse ~j— Z cos 1 Pr

ÿsc

ÿ-fsXÿ78-7*
ZSE = 195.6 Z78.7° = 38.4 + y192.0
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ÿeq -Acq

-A/\f\-ÿVVY-V_

38.4 IT J192CL
I1; + «

> Rc
159 kH

j*ni
;38.4kTl QVr

FIGURE 2-21
The equivalent circuit of Example 2-2.

Therefore, the equivalent resistance and reactance referred to the high-voltage (primary)
side are

~ 38.4 fl Xcq = 192X1

The resulting simplified equivalent circuit referred to the high-voltage (primary) side can
be found by converting the excitation branch values to the high-voltage side.

Rc,r = °2Rc.s = C33.333)2 (144 0)=159kH

XMP = a2 XMiS = (33.333)2 (34.63 fl) = 38.4 kfl

The resulting equivalent circuit is shown inFigure 2-21.

2.6 THE PER-UNIT SYSTEM OF MEASUREMENTS

As the relatively simple Example 2-1 showed, solving circuits containing trans¬

formers can be quite a tedious operation because of the need to refer all the dif¬
ferent voltage levels on different sides of the transformers in the system to a com¬
mon level. Only after this step has been taken can the system be solved for its
voltages and currents.

There is another approach to solving circuits containing transformers which
eliminates the need for explicit voltage-Level conversions at every transformer in
the system. Instead, the required conversions are handled automatically by the
method itself, without ever requiring the user to worry about impedance transfor¬
mations. Because such impedance transformations can be avoided, circuits con¬
taining many transformers can be solved easily with less chance of error. This
method of calculation is known as the per-unit (pu) system of measurements.

There is yet another advantage to the per-unit system that is quite significant ,
for electric machinery and transformers. As the size of a machine or transformer
varies, its internal impedances vary widely. Thus, a primary circuit reactance of
0.1 XI might be an atrociously high number for one transformer and a ridiculously
low number for another—it all depends on the device's voltage and power ratings.

J
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However, it turns out that in a per-unit system related to the device's ratings, ma¬
chine and transformer impedancesfallwithinfairly narrow ranges for each type and
construction of device. This fact can serve as a useful check inproblem solutions.

Inthe per-unit system, the voltages, currents, powers, impedances, and other
electrical quantities are not measured in their usual SI units (volts, amperes, watts,
ohms, etc.). Instead, each electrical quantity is measured as a decimalfraction of
some base level.Any quantity can be expressed on a per-unit basis by tire equation

Actual value ™Quantity per unit = r--p-r— (2-53)
base value of quantity v 7

where "actual value" is a value involts, amperes, ohms, etc,

It is customary to select two base quantities to define a given per-unit sys¬
tem. The ones usually selected are voltage and power (or apparent power). Once
these base quantities have been selected, all the other base values are related to

them by the usual electrical laws. In a single-phase system, these relationships are

A>ase> 2base> 01 'ÿbase — ÿbase Aiase (2—54)

tfbase>Xbase,OrZbase =ÿ (2-55)
Jbase

>b«sc -ÿ (2-56)
base

(ÿbaJ2
and Zbase = (2-57)

'-'base

Once the base values of S (or P) and Vhave been selected, all other base values
can be computed easily from Equations (2-54) to (2-57).

Ina power system, a base apparent power and voltage are selected at a spe¬

cific point in the system. A transformer has no effect on the base apparent power
of the system, since the apparent power into a transformer equals the apparent
power out of the transformer [Equation (2-J1)]. On the other hand, voltage
changes when it goes through a transformer, so the value of Vb,ise changes at every
transformer in the system according to its turns ratio. Because the base quantities
change in passing through a transformer, the process of referring quantities to a

common voltage level is automatically taken care of during per-unit conversion.

Example 2-3. A simple power system is shown in Figure 2-22. This system con¬
tains a 480-V generator connected to an ideal 1:10 step-up transformer, a transmission line,
an ideal 20:1 step-down transformer, and a load. The impedance of the transmission line is
20 + ;60n,and die impedance of the load is 10430°n,The base values for this system are

chosen to be 480 V and 10 kVA at the generator.

(a) Find the base voltage, current, impedance, and apparent power at every point in
the power system.

(b) Convert this system to its per-unit equivalent circuit.
(c) Find the power supplied to the loadin this system.
(d) Find the power lost in the transmission line.
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Region 1 Region 2 Region 3

FIGURE 2-22
The power system of Example 2-3.

Solution
(a) In the generator region, Vbase = 480 V and Shÿt — 10 kVA, so

j _ ÿbase _ 10,000 VA _ .
bilS£l ~

ÿel 480 V
" ZU'8JA

ÿbasc 1 =
480 V

20.83 A
= 23.04 Cl

The turns ratio of transformer T, is a — 1/10 — 0.1, so the base voltage in the
transmission line region is

Vbase l 480 V - 4800 V

The other base quantities are

ÿWz = 10kVA

= 10,000 VA
ÿbase2 4800 V

ÿ
_ 4800 V _

23Q4ÿbaael ~

2.083 A
~

The turns ratio of transformer T2 is a — 20/1 = 20, so the base voltage in the
load region is

Vbase 2 4800 V - 240 V

The other base quantities are

ÿbase 3 = 10kVA

_ 10,000 VA - 41.67 A

v _ 240 V _ . ,n
base 3 ~

41.67 A

(b) To convert a power system to a per-unit system, each component must be di¬
videdby its base value in its region of the system. The generator 's per-unit volt¬
age is iLs actual value divided by its base value:
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V/T = 1 AO' 6

ÿliiic 0.0087 pu y'0.0260 pu I Iioad
_I *

pu — ÿline, pu ~~ ÿLoad, pu ~ ÿpu

AW

2)ojd = 1.736 A 30° per unit
I
I
I
I

FIGURE 2-23
The per-unit equivalent circuit for Example 2-3.

_ 480 Z0° V _ ,n/no

480 V
1-0Z0 pu

The transmission line's per-unit impedance is its actual value divided by its base
value:

20 -h j60 n
ÿline.pu — 2304 fl

— 7ÿ.0260 pu

The Load's per-unit impedance is also given by actual value divided by base value:

_ _ ioz3o°a _ ,
toad.pu 5 76 O 1-736 Z30 pu

The per-unit equivalent circuit of the power system is shown in Figure 2-23.
(c) The current flowing in this per-unit power system is

V
j =_!e!2_

pu 7/1ot,pu

1zo°
(0.0087 +y'0.0260) + (1.736 Z30°)

=
_1 Z0°_
(0.0087 -I- y'0.0260) + (1.503 + jO.

=
1 Z0° _ 1zo°

1.512 +J0.894 1.757 Z30.6°

= 0.569 Z-30.60 pu

Therefore, die per-unit power of tire load is

W,pu = AV = (0569)2(1.503) = 0.487

and the actual power supplied to the load is

ÿoad = ÿtoad.pu ÿbase = (0.487)(10,000 VA)

= 4870 W
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(a) (b)

FIGURE2-24
(a) A typical 13.2-kV to 120/240-V distribution transformer. (Courtesy ofGeneral Electric
Company.) (b) A cutaway view of the distribution transformer showing the shell-form transformer
inside it. (Courtesy of General Electric Company.)

(d) The per-unit power lost in the transmission line is

ÿHne.pu = 'pÿHne.pv = (0.569)2(0.0087) = 0.00282

and the actual power lost in the transmission line is

fline = 'ke.pAas, = (0.00282)( 10,000 VA)

= 28.2 W

When only one device (transformer or motor) is being analyzed, its own rat¬
ings are usually used as the base for the per-unit system. If a per-unit system based
on the transformer's own ratings is used, a power or distribution transformer's
characteristics will not vary much over a wide range of voltage and power ratings.
For example, the series resistance of a transformer is usually about 0.01 per unit, i

and the series reactance is usually between 0.02 and 0. 10 per unit. In general, the
larger the transformer, the smaller the series impedances. The magnetizing reac¬
tance is usually between about 10 and 40 per unit, while the core-loss resistance is
usually between about 50 and 200 per unit. Because per-unit values provide a con¬
venient and meaningful way to compare transformer characteristics when they are

u
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of different sizes, transformer impedances are normally given in per-unit or as a

percentage on the transformer's nameplate (see Figure 2-45, later in this chapter).
The same idea applies to synchronous and induction machines as well: Their

per-unit impedances fall within relatively narrow ranges over quite large size ranges.
If more than one machine and one transformer are included in a single

power system, the system base voltage and power may be chosen arbitrarily, but
the entire system must have the same base. One common procedure is to choose
the system base quantities to be equal to the base of the largest component in the
system. Per-unit values given to another base can be converted to the new base by
converting them to their actual values (volts, amperes, ohms, etc.) as an in-
between step. Alternatively, they can be converted directly by the equations

(P• Q. S)pu on base 2 = (P, a S)pu on base 1f"*1 (2-58)

Vy/" V = V base 1 O—
( Kpuonbase2 pu on base 1 T/

ÿ

'base 2

oR, X Z)pu on blse 2 = (R, X, Z)pu 011 base iivtoeLSclMtte2i (2-60)
vVbase2MObasc l-1

Example 2-4. Sketch the approximate per-unit equivalent circuit for the trans¬

former in Example 2-2. Use the transformer's ratings as the system base.

Solution
The transformer in Example 2-2 is rated at 20 kVA, 8000/240 V. The approximate equiva¬
lent circuit (Figure 2-2 1) developed lathe example was referred to the high-voltage side of
the transformer, so to convert it to per-unit, the primary circuit base impedance must be
found. On the primary,

Vbase , = 8000 V

Sÿe , = 20,000 VA

2 =(Vbmi)2= gQ00V)l
=br,sel Stecl 20,000 VA JUUli

Therefore,

38.4 + )192fl
ZsE-pv = —3200 n— = + 3 pu

_ 159 kA _
,0

_
,,

3200 fl p

_ 38.4 kfl
=
.

Aw.pu 3200 fl pU

The per-unit approximate equivalent circuit, expressed to the transformer's own base, is
shown in Figure 2-25.

2.7 TRANSFORMER VOLTAGE
REGULATIONAND EFFICIENCY

Because a real transformer has series impedances within it, the output voltage of
a transformer varies with the load even if the input voltage remains constant. To
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FIGURE2-25

The per-unit equivalent circuit of Example 2-4.

conveniently compare transformers in this respect, it is customary to define a
quantity called voltage regulation (VR). Full-loadvoltage regulation is a quantity
that compares the output voltage of the transformer at no load with the output
voltage at full load. It is defined by the equation

ill fl
VR = -— x 100%

"s.fi
(2-61)

Since at no load, Vj = VF/a,the voltage regulation can also be expressed as

VR
Vp/a - V,s.fl

Vj.n
x 100% (2-62)

If the transformer equivalent circuit is indie per-unit system, then voltage regula¬
tion can be expressed as

VR =
ÿp" Vÿ'pu

x 100%
Ksifl.pu

(2-63)

Usually it is a good practice to have as small a voltage regulation as possible.
For an ideal transformer, VR = 0 percent. It is not always a good idea to have a
low-voltage regulation, though—sometimes high-impedance and high-voltage reg¬
ulation transformers are deliberately used to reduce tire fault currents in a circuit.

How can the voltage regulation of a transformer be determined?

The Transformer Phasor Diagram

To determine the voltage regulation of a transformer, it is necessary to understand
the voltage drops within it. Consider the simplified transformer equivalent circuit in
Figure2-18b. The effects of the excitation branch on transformer voltage regulation
can be ignored, so only the series impedances need be considered. The voltage
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regulation of a transformer depends both on the magnitude of these series imped¬
ances and on the phase angle of the current flowing through the transformer. The
easiest way to determine the effect of the impedances and the current phase angles
on the transformer voltage regulation is to examine a phasor diagram, a sketch of
the phasor voltages and currents in the transformer.

Inall the following phasor diagrams, the phasor voltage Vx is assumed to be
at an angle of 0°, and all other voltages and currents are compared to that refer¬
ence. By applying Kirchhoff's voltage law to the equivalent circuit in Figure
2-18b, the primary voltage can be found as

ÿ = Vs + Re,h + jXÿls (2-64)

A transformer phasor diagram is just a visual representation of this equation.
Figure2-26 shows a phasor diagram of a transformer operating at a lagging

power factor. It is easy to see that V,>la > Vs for lagging loads, so the voltage reg¬
ulation of a transformer with lagging loads must be greater than zero.

A phasor diagram at unity power factor is shown inFigure 2-27a. Here again,
the voltage at the secondary is lower than the voltage at the primary, so VR > 0.

FIGURE 2-26
Phasor diagram of a transformer operating at a lagging power factor.

a

JXcJi,

v,
(a)

a

V,

(b)

FIGURE2-27
Phasor diagram of a transformer operating at (a) unity and (b) leading power factor.
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However, this time the voltage regulation is a smaller number than it was with a lag¬
ging current. Ifthe secondary current is leading, the secondary voltage can actually
be higher than the referredprimary voltage. Ifthis happens, the transformer actually
has a negative voltage regulation (see Figure 2-27b).

Transformer Efficiency

Transformers are also compared and judged on their efficiencies. The efficiency
of a device is defined by the equation

p
V = x 100%

ÿ*in
(2-65)

(2-66)

These equations apply to motors and generators as well as to transformers.
The transformer equivalent circuits make efficiency calculations easy. There

are three types of losses present in transformers:

1. Copper (PR) losses. These losses are accounted for by the series resistance in
the equivalent circuit.

2. Hysteresis losses. These losses were explained inChapter 1.These losses are
included inresistor Rc.

3. Eddy current losses. These losses were explained in Chapter 1.These losses
are included in resistor Rc.

To calculate the efficiency of a transformer at a given load, just add the losses
from each resistor and apply Equation (2-67). Since the output power is given by

Pollt= VsIscos6s (2-7)

the efficiency of the transformer can be expressed by

(2-67)

v =
P PTP x ioo%
out loss

col,t = vsis cos es
transformer can be expressed by

Vch cos e
V~ Pa, + Pcok + VsIs cosd

Xl00%

Example 2-5. A 15-kVA, 2300/230-V transformer is to be tested to determine its
excitation branch components, its series impedances, and its voltage regulation. The fol¬
lowing test data have been taken from the transformer:

Open-circuit test Short-circuit test
(low voltage side) (high voltage side)

Foc = 230 V Vsc = 47 V

loc = 2.1 A !sc = 6.0A

VOC = 50W Psc = 160W

J



TRANSFORMERS 103

The data have been taken by using the connections shown inFigures 2-19 and 2-20.

(a) Find the equivalent circuit of this transformer referred to the high-voltage side.
(bJ Find the equivalent circuit of this transformer referred to the low-voltage side.
(c) Calculate the full-load voltage regulation at 0.8 lagging power factor, 1 .0 power

factor, and at 0.8 leading power factor using the exact equation for VP.
(d) Plot the voltage regulation as load Is increased from no load to full load at power

factors of 0.8 lagging, 1.0, and 0.8 leading.
(e) What is the efficiency of the transformer at full load with a power factor of 0.8

lagging?

Solution
(a) The turns ratio of this transformer is a = 2300/230 = 10. The excitation branch

values of the transformer equivalent circuit referred to the secondary (low voltage)
side can be calculated from the open-circuit test data, and the series elements re¬
ferred to the primary (high voltage) side can be calculated from the short-circuit

( test data. From the open-circuit test data, the open-circuit impedance angle is

n -i Pqc
6qc = cos -

voc!oc
50 W

(230 V)(2. 1 A)0OC = COS ' WW-, i a \ = 84°

The excitation admittance is thus

'oc
Pqc Z-84°

yE = 0.00913 Z-84° S = 0.000954 - ;0.00908 S

The elements of the excitation branch referred to the secondary are

Rcs =
0.000954

= 1050ÿ

Xm-s =
0.00908 = 110 n

From the short-circuit test data, the short-circuit impedance angle is

"sc — cos \r j''sc'sc
Psc

-i 160 W _ „ ,0

"sc cos (47 V)(6 A)

The equivalent series impedance is thus

Vcr
ÿSE ~

I 4l0sc
'sc

47 V
6 AZSE = ÿ-rZ55.4° fl

ZSE = 7.833 Z 55.4° = 4.45 +j6.45 fl
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The series elements referred to the primary side are

fleq,P = 4.45 a = 6.45 a

The resulting simplified equivalent circuit referred to the primary side can. be
found by converting the excitation branch values to the primary side.

rc,p = a2Rc,s = (10)2(1050a; = 105 k(I

xMJ, = a1xMS = (io)2(iioa) = iika

This equivalent circuit is shown in Figure 2—28a.
(b) To find the equivalent circuit referred to the low-voltage side, it is simply neces¬

sary to divide the impedance by a7. Since a = Np/Ns = 10, the resultingvalues are

Rr = 1050a f?cq = 0.0445 a
A-eq = 0.0645 a

The resulting equivalent circuit is shown in Figure 2-28b.

p

+ o-

Re
;
105 k a

al„

alh +B|
Vp R,ÿf = io5on.

a

-MAr-
4.45 a

jxm
i+j\ i kn

76.45n

(a)

Req,

Wr
al,„

ÿi=;110a

(b)

k
a

aV,

0.0445 ft 7'0.0645 a

FIGURE 2-28
The transfer equivalent circuit for Example 2-5 referred to (a) its primary side and (b) its secondary
side.

y
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(c) The full-load current on die secondary side of this transformer is

. _ '-'rated _ 15,000 VA _ pe. „ ,
'S,rated

~ w ~~ \ r — Oj.Z A
S.rated "u v

To calculate VP/a, use Equation (2-64):

ÿ = \S + Reqls+JXÿs (2-64)

At PF = 0.8 lagging, current Is = 65.2 Z-36.9° A. Therefore,

Vo
-f = 230 Z0° V + (0.0445 f2)(65.2 Z -36.9° A) + j(0.0645 ft)(65.2 Z -36.9° A)

= 230 Z0° V + 2.90 Z -36.9° V + 4.21 Z53.1° V

= 230 + 2.32 - yl .74 + 2.52 +y'3.36

= 234.84 + ./J .62 - 234.85 Z0.400 V

The resulting voltage regulation is

Vp/a-Vst,
VR = -E—/—M x 100% (2-62)

rs.fi

234.85 V - 230 V
=-

230V
-x =2.1%

At PF = 1.0, current Is = 65.2 Z 0° A. Therefore,

y
-j= 230 Z0° V + (0.0445 H)(65.2Z0° A) +y(0.0645 n)(65.2 Z0° A)

= 230 Z0° V + 2.90 Z0° V + 4.21 Z90° V

= 230 + 2.90 + J4.21
= 232.9 +y'4.21 = 232.94 Z 1.04° V

The resulting voltage regulation is

232.94 V - 230 V
VR =-

230 V
-* =

At PF = 0.8 leading, current Is = 65.2 Z36.90 A. Therefore,

vr
= 230 Z0° V + (0.0445 n)(65.2Z36.9° A) + y(0.0645 0,)(65.2 Z36.90 A)

= 230 Z0° V + 2.90 Z36.9° V + 4.21 Z 126.9° V

= 230 + 2.32 + y 1 .74 - 2.52 +;'3.36

= 229.80 + y5 . 10 = 229.85 Z 1.27°V

The resulting voltage regulation is

229 85 V - 230 V
VR =

230 v x m% = -0 062%
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Vp
-£ =234.9 Z 0.4° V

Vs = 230 Z 0° V
= 4-21 Z 53.1° V

ReJs =2.9 Z -36.9° V

L= 65.2 Z -36.9° A

(a)

Vn-£ =232.9 Z 1.04°V

230 Z 0° V
2.9 Z 0° V

(b)

V
-f = 229.8 Z 1.27° V

I,= 65.2 Z 36.9° A "
4.21 Z 126.9° V

2.9 Z 36.9° V
230 Z 0° V

(c)

FIGURE 2-29
Transformer phasor diagrams for Example 2-5.

Each of these three phasor diagrams is shown in Figure 2-29.
(d) The best way to plot the voltage regulation as a function of load is to repeat the

calculations inpart c for many different loads usingMATLAB.A program to do
this is shown below.

% M-file: trans_vr.m

% M-file to calculate and plot the voltage regulation
% of a transformer as a function of load for power

% factors of 0.8 lagging, 1.0, and 0.8 leading.
VS = 230; % Secondary voltage (V)

amps =0:6.52:65.2; % Current values (A)
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Req = 0.0445; % Equivalent R (ohms)

Xeq = 0.0645; % Equivalent X (ohms)

% Calculate the current values for the three
% power factors . The first row of Icontains
% the lagging currents, the second row contains
% the unity currents, and the third row contains
% the leading currents.
1(1,

1(2,

1(3,

) = amps .*(0.8-j*0.6); % Lagging
) = amps .* ( 1.0 ); % Unity
) = amps . * ( 0 .8 + j *0 .6) ; % Leading

% Calculate VP/a.
VPa = VS + Req. *1 + j.*Xeq.*I;

% Calculate voltage regulation
VR = (abs (VPa) - VS) ./ VS .* 100;

% Plot the voltage regulation
plot (amps,VR ( 1, : ) ,'b- ' ) ;

hold on;

plot (amps,VR(2, : ) ,1k—') ;

plot (amps,VR(3, : ) ,'r- .') ;
title ('Voltage Regulation Versus Load');

xlabel ('Load (A)');

ylabel ('Voltage Regulation (%)');

legendCO. 8 pf lagging' ,'1.0 pf','0.8 PF leading');
hold off;

The plot produced by this program is shown in Figure 2-30.
(e) To find the efficiency of the transformer, first calculate its losses. The copper

losses are

PCu = Us)%q = (65.2 A)2(0.0445 ft) = 189 W

The core losses are given by

(W
=

(234.85 W
Rc 1050 ft ->z-° w

The output power of the transformer at this power factor is

Pom = vs's cos e

= (230 V)(65.2 A) cos 36.9° = 12,000 W

Therefore, the efficiency of the transformer at this condition is

Vch cos 8

* =
PcM + pm + vsis cose * 100% ÿ68>--oooow-xJ0Q%
189 W + 52.5 W + 12,000 W

= 98.03% .
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Voltage regulation versus load
2.5

-0.8 PF lagging---1.0 PF----0.8 PF leading

-0.5,

Load (A)

FIGURE 2-30
Plot of voltage regulation versus load for the transformer of Example 2—5.

2.8 TRANSFORMER TAPS AND
VOLTAGE REGULATION

Inprevious sections of this chapter, transformers were described by their turns ra¬
tios or by their primary-to-secondary-voltage ratios. Throughout those sections, the
turns ratio of a given transformer was treated as though it were completely fixed.
Inalmost all real distribution transformers, this is not quite true. Distribution trans¬

formers have a series of taps in the windings to permit small changes in the turns

ratio of the transformer after it has left the factory. Atypical installation might have
four taps inaddition to the nominal setting with spacings of 2.5 percent of full-load
voltage between them. Such an arrangement provides for adjustments up to 5 per¬
cent above or below the nominal voltage rating of the transformer.

Example 2-6. A 500-kVA, 13,200/480-V distribution transformer has four
2.5 percent taps on its primary winding. What are the voltage ratios of this transformer at
each tap setting?

Solution
The five possible voltage ratings of this transformer are

+5.0% tap 13,860/480 V
+2.5% tap 13,530/480 V
Nominal rating 13,200/480V
-2.5% tap 12,870/480 V
-5.0% tap 12,540/480 V
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The taps on a transformer permit the transformer to be adjusted in the field
to accommodate variations in local voltages. However, these taps normally can¬
not be changed while power is being applied to the transformer. They must be set

once and left alone.
Sometimes a transformer is used on a power line whose voltage varies

widely with the load. Such voltage variations might be due to a high line imped¬
ance between the generators on the power system and that particular load (perhaps
it is located far out in the country). Normal loads need to be supplied an essen¬

tially constant voltage. How can a power company supply a controlled voltage
through high-impedance lines to loads which are constantly changing?

One solution to this problem is to use a special transformer called a tap
changing under load(TCUL) transformer or voltage regulator Basically, a TCUL
transformer is a transformer with the ability to change taps while power is con¬
nected to it.A voltage regulator is a TCUL transformer with built-in voltage sens-

y ing circuitry that automatically changes taps to keep the system voltage constant.

Such special transformers are very common in modern power systems.

2,9 THE AUTOTRANSFORMER

On some occasions it is desirable to change voltage levels by only a small amount.

For example, it may be necessary to increase a voltage from 110 to 120 V or from
13.2 to 13.8 kV. These small rises may be made necessary by voltage drops that
occur in power systems a long way from the generators. In such circumstances, it
is wasteful and excessively expensive to wind a transformer with two full wind¬
ings, each rated at about the same voltage. A special-purpose transformer, called
an autotransformer, is used instead.

A diagram of a step-up autotransformer is shown in Figure 2-31. In Figure
2~31a, the two coils of the transformer are shown in the conventional manner. In
Figure 2-31b, the first winding is shown connected in an additive manner to the
second winding. Now, die relationship between the voltage on the first winding
and the voltage on the second winding is given by the turns ratio of the trans¬

former. However, the voltage at the output of the whole transformer is the sum of
the voltage on the first winding and the voltage on the second winding. The first
winding here is called the common winding,because its voltage appears on both
sides of the transformer. The smaller winding is called the series winding,because
it is connected in series with the common winding.

A diagram of a step-down autotransformer is shown in Figure 2-32. Here
the voltage at the input is the sum of the voltages on the series winding and the
common winding, while the voltage at the output is just tire voltage on the com¬
mon winding.

/ Because the transformer coils are physically connected, a different termi¬
nology is used for the autotransformer than for other types of transformers. The
voltage on the common coil is called the common voltage Vc, and the current in
that coil is called the common current Ic. The voltage on the series coil is called
the series voltage VSE, and the current in that coil is called the series current IsE-
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(a) (b)

FIGURE 2-31
A transformer with its windings (a) connected in the conventional manner and (b) reconnected as an
autotransformer.

FIGURE 2-32
A step-down autotransformer connection.

The voltage and current on the low-voltage side of the transformer are called VL
and lL, respectively, while the corresponding quantities on the high-voltage side
of the transformer are called Vw and Iw. The primary side of the autotransformer
(the side with power into it) can be either the high-voltage side or the low-voltage
side, depending on whether the autotransformer is acting as a step-down or a step-up
transformer. From Figure 2-3lb the voltages and currents in the coils are related
by the equations

v„
(2-69)

(2-70)

Vc
ÿSE ÿSE

Nclc = ÿseÿse

L
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The voltages in the coils are related to the voltages at the terminals by the equations

vL = vc
V* = Vc + VSE

(2-71)

(2-72)

and the currents in the coils are related to the currents at the terminals by the
equations

h= lC + ISB
= IsE

(2-73)

(2-74)

Voltage and Current Relationships in
an Autotransformer

What is the voltage relationship between the two sides of an autotransformer? It
is quite easy to determine the relationship betweenVH and VL. The voltage on the
high side of the autotransformer is given by

But VC/VSE — Nc!Nse, so

Vfl = Vc + VSE

V* = vc + -ÿvc
Finally, noting that VL = Vc, we get

(2-72)

(2-75)

V„ = V1 + -ÿv1
•Vse Nc (2-76)

Ik - Lyc

ÿ
H ÿSE + Nc

(2-77)

The current relationship between the two sides of the transformer can be
found by noting that

\ ~ Ic + IsE (2-73)

From Equation (2-69), Ic = (NSE /Nc)ISE, so

r = J_ T
l jy ase ÿ ase (2-78)

Finally, noting that 1H — ISE, we find

r = —— T 4- TL AT XH T %
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I

ÿSE +
]

Nr

or h Nse + Nc
IH "a

(2-79)

(2-80)

The Apparent Power RatingAdvantage
of Autotransforraers

It is interesting to note that not all the power traveling from the primary to the sec¬
ondary in the autotransformer goes through the windings. As a result, if a con¬

ventional transformer is reconnected as an autotransformer, it can handle much
more power than it was originally rated for.

To understand this idea, refer again to Figure 2-3 lb. Notice that the input
appar ent power to the autotransformer is given by

Sin = VLIL
and the output apparent power is given by

Soui ~~ hi

(2-81)

(2-82)

Sin - Sou, ~ >$10 (2-83)

where 5I0 is defined to be the input and output apparent powers of the transformer.
However, the apparent power in the transformer windings is

Sw — ~ Vspf;SEÿSE (2-84)

The relationship between the power going into the primary (and out the sec¬
ondary) of the transformer and the power in the transformer's actual windings can
be found as follows:

S\y — VCIC
= VL(IL

= -

Ih)

Vh
Using Equation (2-80), we get

Sw = VLIL - VL1L

= VLIL

Nr
ÿSE

(NSe + »c)

"c
Nr

Nse + N,c

= Sro Nse + Nc

(2-85)

(2-86)

r

It is easy to show, by using the voltage and current equations [Equations (2-77) and
(2-80)], that the input apparent power is again equal to the output apparent power:
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Therefore, the ratio of the apparent power in the primary and secondary of the
autotransformer to the apparent power actually traveling through its windings is

ÿ10 ÿse + Nc
MSE

(2-87)

Equation (2-87) describes the apparent power rating advantage of an auto¬

transformer over a conventional transformer. Here SI0 is the apparent power enter¬
ing the primary and leaving the secondary of the transformer, while is the ap¬
parent power actually traveling through the transformer's windings (the rest passes
from primary to secondary without beingcoupled through tlie transformer's wind¬
ings). Note that the smaller the series winding, tire greater the advantage.

For example, a 5000-kVA autotransformer connecting a 110-kV system to

a 138-kV system would have an NC/NSE turns ratio of 110:28. Such an autotrans¬
former would actually have windings rated at

= 5,° Nse + Nc
(2-86)

oo
= (5000 kVA) ÿ°11Q = 1015 kVA

The autotransformer would have windings rated at only about 1015 kVA, while a

conventional transformer doing the same job would need windings rated at 5000 kVA.
The autotransformer could be 5 times smaller than the conventional transformer and
also would be much less expensive. For this reason, it is very advantageous to build
transformers between two nearly equal voltages as autotransformers.

The following example illustrates autotransformer analysis and the rating
advantage of autotransformers.

Example 2-7. A 100-VA, 120/12-V transformer is to be connected so as to form a
step-up autotransformer (see Figure 2-33). A primary voltage of 120 V is applied to the
transformer.

(a) What is the secondary voltage of the transformer?
(b) What is its maximum voltampere rating in this mode of operation?
(c) Calculate the rating advantage of this autotransformer connection over the trans¬

former's rating in conventional 120/12-V operation.

Solution
To accomplish a step-up U'ansformation with a 120-V primary, die ratio of the turns on the
common winding Nc to the turns on the series winding Nsr in this transformer must be

120:12 (or 10:1).

(a) This transformer is being used as a step-up transformer. The secondary voltage
is VH, and from Equation (2-76),

Nc-p + Nr
VH= SN C\ (2-76)

"c

12 + 120
120 120V = 132 V
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V/_ = 120 Z 0° V

\
- o-

FIGTJRE 2-33
The autotransformer of Example 2-7.

Wsb(-12)

Nc(~ 120)

(b) The maximum voltampere rating ineither winding of this transformer is 100 VA.
How much input or output apparent power can this provide? To find out, examine
the series winding. The voltage VSE on the winding is 12V, and the voltampere rat¬
ing of the winding is 100 VA. Therefore, the maximum series winding current is

ÿSE.max v<SE

100 VA
12V

= 8.33 A

Since /SE is equal to the secondary current Is (or lH) and since the secondary
voltage Vs = VH = 132V, the secondary apparent power is

sout = vs/5 = VHJH
= (132 V)(8.33 A) = 1100 VA = Sin

(c) The rating advantage can be calculated from parL (b) or separately from Equa¬
tion (2-87). From part (b),

1100VA
100 VA

= 11

From Equation (2-87),

Siq _ Nsb + Nc
$w ÿSE___ 12 + 120

12

(2-87)

132
12

11

By either equation, die apparent power rating is increased by a factor of 11.
I

It is not normally possible to just reconnect an ordinary transformer as an ' i
autotransformer and use it inthe manner of Example 2-7, because the insulationon
the low-voltage side of the ordinary transformer may notbe strong enough to with¬
stand the full output voltage of the autotransformer connection. In transformers
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(a) (b)

FIGURE2-34
(a) A variable-voltage autotransformer. (b) Cutaway view of the autotransformer. (Courtesy of
Superior Electric Company.)

built specifically as autotransformers, the insulation on the smaller coil (the series
winding) is made just as strong as the insulation on the larger coil.

It is common practice inpower systems to use autotransformers whenever
two voltages fairly close to each other inlevelneed to be transformed, because the
closer the two voltages are, the greater the autotransformer power advantage be¬
comes. They are also used as variable transformers, where the low-voltage tap
moves up and down the winding. This is a very convenient way to get a variable
ac voltage. Such a variable autotransformer is shown in Figure 2-34.

The principal disadvantage of autotransformers is that, unlike ordinary
transformers, there is a directphysical connection between the primary and the
secondary circuits, so the electrical isolation of the two sides is lost. If a particu¬
lar application does not require electrical isolation, then the autotransformer is a
convenient and inexpensive way to tie nearly equal voltages together.

The Internal Impedance of an Autotransformer

Autotransformers have one additional disadvantage compared to conventional
transformers. It turns out that, compared to a given transformer connected in the
conventional manner, the effective per-unit impedance of an autotransformer is
smaller by a factor equal to the reciprocal of the power advantage of the auto¬

transformer connection.
The proof of this statement is left as a problem at the end of the chapter.
The reduced internal impedance of an autotransformer compared to a con¬

ventional two-winding transformer can be a serious problem in some applications
where the series impedance is needed to limit current flows during power system
faults (short circuits). The effect of the smaller internal impedance providedby an
autotransformer must be taken into account inpractical applications before auto¬
transformers are selected.
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Example 2-8. A transformer is rated at 1000kVA, 12/1.2kV, 60 Hz when it is op¬
erated as a conventional two-winding transformer. Under these conditions, its series resis¬
tance and reactance are given as 1 and 8 percent per unit, respectively. This transformer is
to be used as a 13.2/12-kV step-down autotransformer in a power distribution system. In
the autotransformer connection, (a) what is the transformer's rating when used in this man¬
ner and (b) what is the transformer's series impedance inper-unit?

Solution
(a) The NC/NSE turns ratio must be 12:1.2 or 10:1. The voltage rating of this trans¬

former will be 13.2/12 kV, and the apparent power (voltampere) ratingwill be

_ Nse + Nc
10 /VSE ÿ

= 1 + 10 1000kVA = 11,000 kVA

(b) The transformer's impedance in a per-unit system when connected in the con¬
ventional manner is

Ztq = 0.01 +./'0.08 pu separate windings

The apparent power advantage of this autotransformer is 11, so the per-unit im¬
pedance of the autotransformer connected as described is

0.01 + 10.08
7 =---

«1 11

= 0.00091 t y'0.00727 pu autotransformer

2.10 THREE-PHASE TRANSFORMERS

Almost all the major power generation and distribution systems in the world to¬

day are three-phase ac systems. Since three-phase systems play such an important
role in modern life, it is necessary to understand how transformers are used in
them.

Transformers for three-phase circuits can be constructed in one of two

ways. One approach is simply to take three single-phase transformers and connect
them in a three-phase bank. An alternative approach is to make a three-phase
transformer consisting of three sets of windings wrapped on a common core.
These two possible types of transformer construction are shown inFigures 2-35
and 2-36. Both designs (three separate transformers and a single three-phase
transformer) are inuse today, and you are likely to run into both of them inprac¬
tice. A single three-phase transformer is lighter, smaller, cheaper, and slightly
more efficient, but using three separate single-phase transformers has the advan¬
tage that each unit in the bank could be replaced individually in the event of trou-
ble. A utility would only need to stock a single spare single-phase transformer to

back up all three phases, potentially saving money.

L
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FIGURE 2-3S
A three-phase transformer bank composed of independent transformers.

FIGURE 2-36
A three-phase transformer wound on a single three-legged core.
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Three-Phase Transformer Connections

A three-phase transformer consists of three transformers, either separate or com¬
bined on one core. The primaries and secondaries of any three-phase transformer
canbe independently connected ineither a wye (Y) or a delta (A). This gives a to¬
tal of four possible connections for a three-phase transformer bank:

1. Wye-wye (Y-Y)

2. Wye-delta (Y-A)

3. Delta-wye (A-Y)

4. Delta-delta (A-A)

These connections are shown over the next several pages inFigure 2-37.
The key to analyzing any three-phase transformer bank is to look at a single

transformer in the bank. Any single transformer in the bank behaves exactly like
the single-phase transformers already studied. The impedance, voltage regula¬
tion, efficiency, and similar calculations for three-phase transformers are done on
a per-phase basis, using exactly the same techniques already developed for
single-phase transformers.

The advantages and disadvantages of each type of three-phase transformer
connection are discussed below.

WYE-WYE CONNECTION. The Y-Y connection of three-phase transformers is
shown in Figure 2-37a. Ina Y-Y connection, the primary voltage on each phase
of the transformer is given by Vÿp = VLV / V3. The primary-phase voltage is re¬
lated to the secondary-phase voltage by the turns ratio of the transformer. The
phase voltage on the secondary is then related to the linevoltage on the secondary
by VLS = V3 Vjg. Therefore, overall the voltage ratio on the transformer is

VTP V3VW
VLS V3V,, - " Y-Y

The Y-Y connection has two very serious problems:

1. If loads on the transformer circuit are unbalanced, then the voltages on the
phases of the transformer can become severely unbalanced.

2. Third-harmonic voltages can be large.

If a three-phase set of voltages is applied to a Y-Y transformer, the voltages
inany phase will be 120° apart from the voltages inany other phase. Flowever, the
third-harmonic components ofeach of the three phases will be inphase with each
other, since there are three cycles inthe third harmonic for each cycle of the fun¬
damental frequency. There are always some third-harmonic components in a
transformer because of the nonlinearity of the core, and these components add up.

J



FIGURE2-37
Three-phase transformer connections and wiring diagrams: (a) Y-Y; (b) Y-A; (c) A-Y; (d) A-A.

The result is a very large third-harmonic component of voltage on top of the 50-
or 60-Hz fundamental voltage. This third-harmonic voltage can be larger than the
fundamental voltage itself.

Both the unbalance problem and the third-harmonic problem can be solved
using one of two techniques:

1. Solidly ground the neutrals of the transformers, especially the primary wind¬
ing's neutral. This connectionpermits the additive third-harmonic components
to cause a current flow inthe neutral instead of building up large voltages. The
neutral also provides a return path for any current imbalances in the load.

2. Add a third (tertiary) winding connected in A to the transformer bank. If a third
A-connected winding is added to the transformer, then the third-harmonic
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components of voltage In the A will add up, causing a circulating current flow
within the winding. This suppresses the third-harmonic components of voltage
in the same manner as grounding the transformer neutrals.

The A-connected tertiary windings need not even be brought out of the
transformer case, but they often are used to supply lights and auxiliary power
within the substation where it is located. The tertiary windings roust be large
enough to handle the circulating currents, so they are usually made about
one-third the power rating of the two main windings.

One or the other of these correction techniques must be used any time a Y-Y
transformer is installed. Inpractice, very few Y-Y transformers are used, since the
same jobs can be done by one of the other types of three-phase transformers.

WYE-DELTA CONNECTION. The Y-A connection of three-phase transformers
is shown inFigure 2-37b. In this connection, the primary line voltage is related to

the primary phase voltage by Vÿp = V3Vÿp, while the secondary line voltage is
equal to die secondary phase voltage VLS = V The voltage ratio of each phase is

v4>s
so the overall relationship between the line voltage on the primary side of the
bank and the line voltage on the secondary side of the bank is

Zlp
=
ÿ

VLS Vÿs

ÿ = V3a Y-A
ms

(2-89)

The Y-A connection has no problem with third-harmonic components in its
voltages, since they are consumed ina circulating current on the A side. This con¬
nection is also more stable with respect to unbalanced loads, since the A partially
redistributes any unbalance that occurs.

This arrangement does have one problem, though. Because of the connec¬
tion, the secondary voltage is shifted 30° relative to the primary voltage of the
transformer. The fact that a phase shift has occurred can cause problems in paral¬
leling the secondaries of two transformer banks together. The phase angles of
transformer secondaries must be equal if they are to be paralleled, which means
that attention must be paid to the direction of the 30° phase shift occurring in each
transformer bank to be paralleled together.

In the UnitedStates, it is customary to make the secondary voltage lag the
primary voltage by 30°. Although this is the standard, it has not always been ob¬
served, and older installations must be checked very carefully before a new trans¬

former is paralleled with them, to make sure that their phase angles match.
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FIGURE2-37
(b) Y-A (continued)

The connection shown inFigure 2-37b will cause the secondary voltage to
be lagging if the system phase sequence is abc. If the system phase sequence is
acb, then the connection shown inFigure 2-37b will cause the secondary voltage
to be leading the primary voltage by 30°.

DELTA-WYE CONNECTION. A A-Y connection of three-phase transformers is
shown inFigure 2-37c. In a A-Y connection, the primary line voltage is equal to

the primary-phase voltage VLP = VÿP, while the secondary voltages are related
by ÿls = V3V,AiS. Therefore, the line-to-line voltage ratio of this transformer
connection is
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FIGURE 2-37
(c) A-Y (continued)

(c)

'LP
ÿls V3Vÿs

-o «

-0 0 'LS

LP

LS

a
VI A-Y (2-90)

This connection has the same advantages and the same phase shift as the
Y-A transformer. The connection shown in Figure 2-37c makes the secondary
voltage lag the primary voltage by 30°, as before.



J 1V/-V1NOI WlViVJ.J-iJ.VO

o + a

a + o-

V,.P ypp

Np

ÿ N« y<ps

Nr,

-oa

(d)

FIGURE 2-37
(d) A-A (concluded)

DELTA-DELTA CONNECTION. The A-A connection is shown inFigure 2-37d.
Ina A-A connection, H.P = F/,/' and VLS = Vÿ;, so the relationship between pri¬
mary and secondary line voltages is

Hp
Hs

He A-A
6S

(2-91)

This transformer has no phase shift associated with it and no problems with
unbalanced loads or harmonics.

The Per-Unit System for Three-Phase Transformers

The per-unit system of measurements applies just as well to three-phase trans¬

formers as to single-phase transformers. The single-phase base equations (2-53)
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to (2-56) apply to three-phase systems on a per-phase basis. If the total base
voltampere value of the transformer bank is called 5base, then the base voltampere
value of one of the transformers Sÿh is

Jbase
ÿ10,base 3

and the base phase current and impedance of the transformer are
6) K.r.

ÿ0,base ÿ0,base

-ÿ0,base
C
ubase

ÿ ÿ0,base

ÿÿbase ~~
(ÿ0,base)2

ÿ10,base

ÿbase
3(ÿ0,base)2

C
°base

(2-92)

(2-93a)

(2—93b)

(2-94a)

(2-94b)

Line quantities on three-phase transformer banks can also be represented in
the per-unit system. The relationship between the base line voltage and the base
phase voltage of the transformer depends on the connection of windings. If the
windings are connected in delta, VL>bilse = Vÿ base, while if the windings are con¬
nected in wye, Vi base = Vÿÿbase- base line current in a three-phase trans¬
former bank is given by

•'L.base \/3y
L,base

(2-95)

The application of the per-unit system to three-phase transformer problems
is similar to its application in the single-phase examples already given.

Example 2-9. A50-kVA, 13,800/208-V, A-Y distribution transformer has a resis¬
tance of 1percent and a reactance of 7 percent per unit.

(a) What is the transformer's phase impedance referred to the high-voltage side?

(b) Calculate this transformer's voltage regulation at Mlload and 0.8 PF lagging,
using the calculated high-side impedance.

(c) Calculate this uansfonner's voltage regulation under the same conditions, using
the per-unit system.

Solution
(a) The high-voltage side of this transformer has a base line voltage of 13,800 V

and a base apparent power of 50 kVA. Since the primary is A-connected, its
phase voltage is equal to its line voltage. Therefore, its base impedance is

33W)2
Jbase

(2-94b)
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_ 3(13.800 vy — i I 49f; o-
50,000 VA

-li'426ÿ

The per-unit impedance of the transformer is

= 0.01 + j0.07 pu

so die high-side impedance in ohms is

ÿeq,puÿbase

= (0.01 + j'0.07 pu)(l1,426 ft) = 114.2 +78OO fl

(b) To calculate the voltage regulation of a three-phase transformer bank, determine
the voltage regulation of any single transformer in the bank. The voltages on a
single transformer are phase voltages, so

VR = V ~' aVÿ
x 100%

The rated transformer phase voltage on the primary is 13,800 V, so the rated
phase current on the primary is given by

/ =S-
* 3ÿ

The rated apparent power S = 50 kVA, so

T
_ 50.000 VA _

* 3(13,800 V) 1/U8A

The rated phase voltage on the secondary of the transformer is 208 V/ = 120 V. When
referred to dte high-voltage side of the transformer, this voltage becomes Vÿs = aVÿs
= 13,800 V. Assume that the transformer secondary is operating at die rated voltage and
current, and find the resulting primary phase voltage:

Y]V> = "YiW + +j%t

= 13,800Z 0° V + (114.2 ft)(l .208Z -36.87° A) +(/800 ft)(l .208Z-36.87° A)

= 13,800 + 138 Z -36.87° + 966.4 Z53.13°

= 13,800 + 110.4 -j82.8 + 579.8 +7773.1
= 14,490 + 7'690.3 = 14,506Z2.73° V

Therefore,

V,p - aV,t
VR = iF - ÿ

x 100%
av*s

= 14'50163~q103,80Q x 100% = 5.1%

(c) In the per-unit system, the output voltage is 1Z 0°, and (he current is 1 Z -36.87°.
Therefore, the input voltage is

Vp = 1Z0° + (0.01)(1 Z -36.87°) + (/0.07)(1Z -36.87°)

= 1 + 0.008 -7O.OO6 + 0.042 + 70.056
= 1.05 + 70.05 = 1.051Z2.73°



126 ELECTRIC MACHINERY FUNDAMENTALS

The voltage regulation is

VR = L0511 ~ 1,0
x 100% = 5.1%

Of course, the voltage regulation of the transformer bank is the same
whether the calculations are done in actual ohms or in the per-unit system.

2.11 THREE-PHASE TRANSFORMATION
USING TWO TRANSFORMERS

In addition to the standard three-phase transformer connections, there are ways to

performthree-phase transformation with only two transformers. These techniques
are sometimes employed to create three-phase power at locations where not all
three power lines are available. For example, inrural areas a power company will
often run only one or two of the three phases on a distribution line, because the
power requirements in the area do notjustify the cost of running all three wires. If (
there is an isolated user of three-phase power along a route served by a distribu¬
tion line with two of the three phases, these techniques can be used to create three-
phase power for that local user.

All techniques that create three-phase power with only two transformers in¬
volve a reduction in the power-handling capability of the transformers, but they
may be justified by certain economic situations.

Some of the more impoitant two-transformer connections are

1. The open-A (or V-V) connection

2. The open-Y-open-A connection
3. The Scott-T connection
4. The three-phase T connection

Each of these transformer connections is described in this section.

The Open-A (or V-V) Connection

In some situations a full transformer bank may not be used to accomplish three-
phase transformation. For example, suppose that a A-A transformer bank com¬
posed of separate transformers has a damaged phase that must be removed for
repair. The resulting situation is shown in Figure 2-38. If the two remaining sec¬
ondary voltages are VA = V Z0° and \A = V Z 120° V, then the voltage across the
gap where the third transformer used to be is given by

= -VA - Vfi j
= -VZ0° - VZ-120°
= -V - (-0.5V-j0.866V) !
= -0.5V + JO.866V I
= VA1200 V j

[

L
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FIGURE 2-38
The open-A or V-V transformer connection.

This is exactly the same voltage that would be present if the third transformer
were still there. Phase C is sometimes called a ghost phase. Thus, the open-delta
connection lets a transformer bank get by with only two transformers, allowing
some power flow to continue even with a damaged phase removed.

How much apparent power can the bank supply with one of its three trans¬

formers removed? At first, it seems that it could supply two-thirds of its rated
apparent power, since two-thirds of the transformers are still present. Things are
not quite that simple, though. To understand what happens when a transformer is
removed, see Figure 2-39.

Figure 2-39a shows the transformer bank in normal operation connected to
a resistive load. If the rated voltage of one transformer in the bank is Vÿ and the
rated current is /ÿ, then the maximum power that can be supplied to the load is

P = 3V,cos 0

The angle between the voltage and the current 1$ in each phase is 0°, so the to¬

tal power supplied by the transformer is

p = 3Vÿcos 9

= 3Vf (2-96)

The open-delta transformer is shown inFigure 2-39b. It is important to note
the angles on the voltages and currents in this transformer bank. Because one of
the transformer phases is missing, the transmission line current is now equal to the
phase current in each transformer, and the currents and voltages in the transformer
bank differ in angle by 30°. Since the current and voltage angles differ ineach of
the two transformers, it is necessary to examine each transformer individually to

determine the maximum power it can supply. For transformer 1, the voltage is at

L
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VIA Z 0° A

A Z 30 A

Vj. Z 150 V

A Z -90" A
V3 /*Z 120°A

A Z 150° A V3AZ-120°A

A Z 0° A

A Z 60° A

V# Z 30 V

V0 Z 150° V

A Z 120"A 7«Z12° A

A Z -120" A

FIGURE 2-39
(a) Voltages and currents Ina A-A transformer bank, (b) Voltages and currents in an open-A
transformer bank.

an angle of 150° and the current is at an angle of 120°, so the expression for the
maximum power in transformer 1 is

P{ = 3Vÿ/ÿcos (150° — 120°)

= 31ÿcos 30°

= &V1-
2 4> <t> (2-97)

For transformer 2, the voltage is at an angle of 30° and the current is at an angle
of 60°, so its maximum power is

P2 = 3Vÿcos (30° -60°)

= 3Vÿcos(-30°)

V3
2

Therefore, the total maximum power of the open-delta bank is given by

(2-98)

P = V3V* (2-99)
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The rated current is the same in each transformer whether there are two or three of
them, and the voltage is the same on each transformer; so the ratio of the output

power available from the open-delta bank to the output power available from the
normal three-phase bank is

ropen A

p
3 phase

V3V* 1

3% V3 = 0.577 (2-100)

The available power out of the open-delta bank is only 57.7 percent of the origi¬
nal bank's rating.

A good question that could be asked is: What happens to tire rest of the open-
delta bank's rating?After all, the total power that tire two transformers together can
produce is two-thirds that of the original bank's rating. To find out, examine the re¬
active power of the open-delta bank. The reactive power of transformer 1 is

Q) = 3Vÿ sin (150° - 120°)

= 31ÿ sin 30°

The reactive power of transformer 2 is

Q2 = 3Vÿsin(30° - 60°)

= 3Vÿsin(-30°)
= -1/2 V*

Thus one transformer is producing reactive power which the other one is con¬

suming. It is this exchange of energy between the two tr ansformers that limits the
power output to 57.7 percent of the original bank 's rating instead of the otherwise
expected 66.7 percent.

An alternative way to look at the rating of the open-delta connection is that
86.6 percent of the rating of the two remaining transformers can be used.

Open-delta connections are used occasionally to supply a small amount of
three-phase power to an otherwise single-phase load. Insuch a case, the connec¬
tion in Figure 2-40 can be used, where transformer T, is much larger than trans¬

former 7").

Single-
phase
power

Three-
phase
power

FIGURE 2-40
Using an open-A transformer connection to supply a small amount of three-phase power along with a
lot of single-phase power. Transformer 7) is much larger than transformer 7).

-
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Missing
phase

FIGURE 2-41
The open-Y-open-A transformer connection and wiring diagram. Note that this connection is
identical to the Y-A connection inFigure 2-37b, except for the absence of the third transformer and
the presence of the neutral lead.

The Open-Wye-Open-Delta Connection

The open-wye-open-delta connection is very similar to the open-delta connection
except that the primary voltages are derived from two phases and the neutral. This
type of connection is shown inFigure 2-41. It is used to serve small commercial
customers needing three-phase service inrural areas where all three phases are not
yet present on the power poles. With this connection, a customer can get three-
phase service ina makeshift fashion until demand requires installationof the third
phase on the power poles.
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A major disadvantage of this connection is that a very large return current

must flow in the neutral of tire primary circuit.

The Scott-T Connection

The Scott-T connection is a way to derive two phases 90° apart from a three-phase
power supply. In the early history of ac power transmission, two-phase and three-
phase power systems were quite common. In those days, it was routinely neces¬
sary to interconnect two- and three-phase power systems, and the Scott-T trans¬
former connection was developed for that purpose.

Today, two-phase power is primarily limited to certain control applications,
but the Scott T is still used to produce tire power needed to operate them.

The Scott T consists of two single-phase transformers with identical ratings.
One has a tap on its primary winding at 86.6 percent of full-load voltage. They are
connected as shown in Figure 2-42a. The 86.6 percent tap of transformer T2 is

( connected to the center tap of transformer 7j. The voltages applied to the primary
winding are shown inFigure 2-42b, and the resulting voltages applied to the pri¬
maries of the two transformers are shown in Figure 2-42c. Since these voltages
are 90° apart, they result ina two-phase output.

It is also possible to convert two-phase power into three-phase power with
this connection, but since there are very few two-phase generators in use, this is
rarely done.

The Three-Phase T Connection

The Scott-T connection uses two transformers to convert three-phase power to

two-phase power at a different voltage level. By a simple modification of that
connection, the same two transformers can also convert three-phase power to

three-phase power at a different voltage level. Such a connection is shown inFig¬
ure 2-43. Hereboth the primary and the secondary windings of transformer T2 are

tapped at the 86.6 percent point, and the taps are connected to the center taps of
the corresponding windings on transformer 7j. In this connection 7j is called the
main transformer and T2 is called the teaser transformer.

As in the Scott T, the three-phase input voltage produces two voltages 90°
apart on the primary windings of the transformers. These primary voltages pro¬
duce secondary voltages which are also 90° apart. Unlike the Scott T, though, the
secondary voltages are recombined into a three-phase output.

One major advantage of the three-phase T connection over the other three-

phase two-transformer connections (the open-delta and open-wye-open-delta) is
that a neutral can be connected to both the primary side and the secondary side of
the transformer bank. This connection is sometimes used in self-contained three-
phase distribution transformers, since its construction costs are lower than those
of a full three-phase transformer bank.

Since the bottom pails of the teaser transformer windings are not used on ei¬
ther the primary or the secondary sides, they could be left off with no change in
performance. This is, in fact, typically done in distribution transformers.
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a
+ , o-

A'<

p2

f 86.6 <
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b
f o—

A/p
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-o +
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v52

(a)

V„t = V Z 120°

V„, = V Z -120°

Vp2 =0.866 FZ 90°

v4, = vpl = v z 0°

(b)

F
V« = — L90°

Np

"s

V,. = — Z 0°

(c)

<d)

FIGURE 2—42
The Scott-T transformer connection, (a) Wiring diagram: (b) the three-phase input voltages; (c) the
voltages on the transformer primary windings; (d) the two-phase secondary voltages.
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FIGURE 2-43
The three-phase T transformer connection, (a) Wiring diagram; (b) the three-phase input voltages;
(c) the voltages on the transformer primary windings; (d) the voltages on the transformer secondary
windings; (e) the resulting three-phase secondary voltages.
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2.12 TRANSFORMER RATINGS AND
RELATED PROBLEMS

Transformers have four major ratings:

1. Apparent power (kVA, or MVA)

2. Primary and secondary voltage (V)

3. Frequency (Hz)

4. Per-unit series resistance and reactance

These ratings can be found on the nameplates of most transformers. This section
examines why these ratings are used to characterize a transformer. It also consid¬
ers the related question of the current inrush that occurs when a transformer is first
connected to the line.

The Voltage and Frequency Ratings
of a Transformer

The voltage rating of a transformer serves two functions. One is to protect the wind¬
ing insulation from breakdown due to an excessive voltage applied to it.This is not
the most serious limitation inpractical transformers. The second function is related
to the magnetization curve and magnetization current of the transformer. Figure
2-11 shows a magnetization curve for a transformer. If a steady-state voltage

v(r) = VM sin cot V

is applied to a transformer's primary winding, the flux of the transformer is givenby

If the applied voltage v(f) is increasedby 10percent, the resultingmaximum
flux in the core also increases by 10 percent. Above a certain point on the magne¬
tization curve, though, a 10 percent increase in flux requires an increase in mag¬
netization current much larger than 10 percent. This concept is illustrated in
Figure 2-44. As the voltage increases, the high-magnetization currents soon
become unacceptable. The maximum applied voltage (and therefore the rated
voltage) is set by the maximum acceptable magnetization current in the core.

Notice that voltage and frequency are related in a reciprocal fashion if the
maximum flux is to be held constant:

(2-101)

max
max (2-102)

u
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& ( = Ni), A • turns

® ©, ,©r

FIGURE 2-44
The effect of the peak flux in a transformer core upon (he required magnetization current.

Thus, ifa 60-Hz transformer is to be operated on 50 Hz, its applied voltage must

also be reduced by one-sixth or the peak flux in the core will be too high. This re¬
duction in applied voltage with frequency is called derating. Similarly, a 50-Hz
transformer may be operated at a 20 percent higher voltage on 60 Hz if this action
does not cause insulation problems.

Example 2-10. A 1-kVA, 230/115-V, 60-Hz single-phase transformer has 850
turns on the primary winding and 425 turns on the secondary winding. The magnetization
curve for this transformer is shown in Figure 2-45.

(a) Calculate and plot the magnetization current of this transformer when it is run
at 230 V on a 60-Hz power source. What is the rms value of the magnetization
current?

(b) Calculate and plot the magnetization current of this transformer when it is run at

230 V on a 50-Hz power source. What is die rms value of the magnetization cur¬
rent? How does this current compare to the magnetization current at 60 Hz?
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Magnetization curve for 230/115-V transformer
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FIGURE 2-45
Magnetization curve for the 230/115-V transformer of Example 2-10.

Solution
The best way to solve this problem is to calculate the flux as a function of time for this
core, and then use the magnetization curve to transform each flux value to a corresponding
magnetomotive force. The magnetizing current can then be determined from tire equation

i=f (2-103)

Assuming that the voltage applied to the core is v(/) = VM sin w t volts, the flux in
the core as a function of time is given by Equation (2-102):

J /Aÿ(r) = ~ÿcos wt (2-101)

The magnetization curve for this transformer is available electronically in a file called
mag_curve_l .dat . This file can be used by MATLAB to translate these flux values
into corresponding mmf values, and Equation (2-102) can be used to find the required
magnetization current values. Finally, the rms value of the magnetization current can be
calculated from the equation

fin r dt (2-104)

A MATLAB program to perform these calculations follows:

% M-file: mag_current .m

% M-file to calculate and plot the magnetization
% current of a 230/115 transformer operating at
% 230 volts and 50/60 Hz. This program also
% calculates the rms value of the mag. current.
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% Load the magnetization curve. It is in two
% columns, with the first column being mmf and
% the second column being flux.
load mag_curve_l .dat
mmf_data = mag_curve_l ( :,1) ;
flux_data = mag_curve_l ( : , 2 ) ;

% Initialize values
VM = 325; % Maximum voltage (V)

MP = 850; % Primary turns

% Calculate angular velocity for 60 Hz

freq =60; % Freq (Hz)

w = 2 * pi * freq;

% Calculate flux versus time
time = 0:1/3000:1/30; % 0 no 1/30 sec

/" flux = -VM/ (w*NP) * cos(w .* time) ;

% Calculate the mmf corresponding to a given flux
% using the flux's interpolation function.
mmf = - interpl(flux_data,mmf_data, f lux) ;

% Calculate the magnetization current
im = mmf / N?;

% Calculate the rms value of the current
irms = sqrt (sum(im. "2 ) /length ( ira) ) ;
disp(['The rms current at 60 Hz is num2str ( irms) ] ) ;

% Plot the magnetization current .
figure (1)

subplot (2,1,1);
plot (time, im) ;

title ( 'NbEMagnetization Current at 60 Hz1);

xlabel ('MofTime ( s ) 1 ) ;

ylabel ( '\bf \itl_jm} \rm(A)');

axis({0 0.04 -2 21);

grid on;

% Calculate angular velocity for 50 Hz
freq =50; % Freq (Hz)

w = 2 * pi * freq;

% Calculate flux versus time
time = 0;l/25®9 sl/25; % 0 to 1/2S sec
flux = -VM/ (w*NPJ * cos(w .* time);

% Calculate the mmf corresponding to a given flux
% using the flux's interpolation function.
mmf = interpl ( flux_data ,rrmf_data, flux) ;

% Calculate the magnetization current
im = mmf / NP;
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FIGURE 2-46
(a) Magnetization current for the transformer operating at 60 Hz. (b) Magnetization current for the
transformer operating at 50 Hz.

% Calculate the rms value of the current

inns = sqrt ( sum ( im.A2 )/ length( im) ) ;

disp(['The rms current at 50 Hz is num2str ( irms ) ] ) ;

% Plot the magnetization current.

subplot (2,1,2) ;

plot ( t ime , im) ;

title ( '\bfMagnetization Current at 50 Hz1) ;

xlabel C\bfTime ( s ) 1 ) ;

ylabel ( ' \bf \itl_{m) \ rrn (A ) 1 ) ;

axis ( [ 0 0.04 -2 2 ] ) ;
grid on;

When this program executes, the results are

» mag_current

The rms current at 60 Hz is 0.4894

The rms current at 50 Hz is 0.79252

The resulting magnetization currents are shown inFigure 2-46. Note that the rms magne¬
tization current increases by more than 60 percent when the frequency changes from 60 Hz
to 50 Hz.

The Apparent Power Rating of a Transformer

The principal purpose of the apparent power rating is that, together with the volt¬
age rating, it limits the current flow through the transformer windings. The current

flow is important because it controls the PR losses inthe transformer, which in turn

y
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control the heating of the transformer coils. It is the heating that is critical, since
overheating the coils of a transformer drastically shortens the lifeof its insulation.

Transformers are rated inapparent power instead of real or reactive powers
because the same amount of heating occurs for a given amount of current, regard¬
less of its phase with respect to the terminal voltage. The magnitude of the current

affects the heating, not the phase of the current.
The actual apparent power rating of a transformer may be more than a sin¬

gle value. In real transformers, there may be an apparent power rating for the
transformer by itself, and another (higher) rating for the transformer with forced
cooling. The key idea behind the power rating is that the hot-spot temperature in
the transformer windings must be limited to protect the life of the transformer.

If a transformer's voltage is reduced for any reason (e.g., if it is operated at

a lower frequency than normal), then the tr ansformer's apparent power rating must
be reducedby an equal amount. If this is not done, then the current in the transformer's
windings will exceed the maximum permissible level and cause overheating.

The Problem of Current Inrush

A problem related to the voltage level in the transformer is the problem of current

inrush at starting. Suppose that the voltage

is applied at the moment the transformer is first connected to the power line. The
maximumflux height reached on the first half-cycle of the applied voltage depends
on the phase of the voltage at the time the voltage is applied. If the initial voltage is

and if the initial flux in the core is zero, then the maximum flux during the first
half-cycle will just equal the maximum flux at steady state:

This flux level is just the steady-state flux, so it causes no special problems. But
if the applied voltage happens to be

v(t) = VM sin cot V

the maximum flux during the first half-cycle is given by

v(r) = VM sin (cot + 6) V (2-105)

v(t) = VM sin (cot + 90°) = VM cos cot V (2-106)

max (2-102)

ÿ = N~P\o VMsin(»tdt
\ f tr/u)

- CM

, _ max
iax

""

coNpmax (2-107)
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v(t) = Vm sin cot

FIGURE 2-47
The current inrush due to a transformer's magnetization current on starting.

This maximum flux is twice as high as the normal steady-state flux. If the
magnetizationcurve inFigure 2-11 is examined, it is easy to see that doubling the
maximum flux in the core results in an enormous magnetization current. In fact,
for part of the cycle, the transformer looks like a short circuit, and a very large
current flows (see Figure 2-47).

For any other phase angle of the applied voltage between 90°, which is no
problem, and 0°, which is the worst case, there is some excess current flow. The
applied phase angle of the voltage is not normally controlled on starting, so there
can be huge inrush currents during the first several cycles after the transformer is
connected to the line. The transformer and the power system to which it is con¬
nected must be able to withstand these currents.

The Transformer Nameplate

A typical nameplate from a distribution transformer is shown inFigure 2-48. The
information on such a nameplate includes rated voltage, ratedkilovoltamperes, rated
frequency, and the transformer per-unit series impedance. Italso shows the voltage
ratings for each tap on the transformer and the wiring schematic of the transformer.

Nameplates such as the one shown also typically include the transformer
type designation and references to its operating instructions.

Two special-purpose transformers are used with power systems for taking mea¬
surements, One is the potential transformer, and the other is the current transformer.

2.13 INSTRUMENTTRANSFORMERS

J
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FIGURE 2-48
A sample distribution transformer nameplate. Note the ratings listed: voltage, frequency, apparent
power, and tap settings. (Courtesy of General Electric Company.)

A potential transformer is a specially wound transformer with a high-
voltage primary and a low-voltage secondary. Ithas a very low power rating, and
its sole purpose is to provide a sample of the power system's voltage to the in¬
struments monitoring it. Since the principal purpose of the transformer is voltage
sampling, itmust be very accurate so as not to distort the true voltage values too

badly. Potential transformers of several accuracy classes may be purchased, de¬
pending on how accurate the readings must be for a given application.

Current transformers sample the current ina line and reduce it to a safe and
measurable level. A diagram of a typical current transformer is shown in Figure
2-49. The current transformer consists of a secondary winding wrapped around a
ferromagnetic ring, with the single primary line running through the center of the
ring. The ferromagnetic ring holds and concentrates a small sample of the flux
from the primary line. That flux then induces a voltage and current in the sec¬
ondary winding.

A current transformer differs from the other transformers described in this
chapter in that its windings are loosely coupled. Unlike all the otiier transformers,
the mutual flux <$>M in the current transformer is smaller than the leakage flux 4>l-
Because of the loose coupling, the voltage and current ratios of Equations (2-1)
to (2-5) do not apply to a current transformer. Nevertheless, the secondary current
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a

Instruments FIGURE 2-49
Sketch of a current transformer.

in a current transformer is directly proportional to the much larger primary
current, and the device can provide an accurate sample of a line's current for mea¬
surement purposes.

Current transformer ratings are given as ratios of primary to secondary cur¬
rent, A typical current transformer ratio might be 600:5,800:5, or 1000:5.A 5-A
rating is standard on the secondary of a current transformer.

It is important to keep a current transformer short-circuited at all times,
since extremely high voltages can appear across its open secondary terminals. In
fact, most relays and other devices using tire current from a current transformer
have a shorting interlock which must be shut before the relay can be removed for
inspection or adjustment. Without this interlock, very dangerous high voltages
will appear at the secondary terminals as the relay is removed from its socket.

A transformer is a device for converting electric energy at one voltage level to
electric energy at another voltage level through the action of a magnetic field. It
plays an extremely important role inmodem life by making possible the econom¬
ical long-distance transmission of electric power.

When a voltage is applied to the primary of a transformer, a flux is produced in
the core as given by Faraday's law. The changing flux inthe core then induces a volt¬
age in the secondary winding of the transformer. Because transformer cores have
very high permeability, the net magnetomotive force required in the core to produce
its flux is very small. Since the net magnetomotive force is very small, the primary
circuit's magnetomotive force must be approximately equal and opposite to the sec¬
ondary circuit's magnetomotive force. This fact yields the transformer current ratio.

A real transformer has leakage fluxes that pass through either the primary or
the secondary winding, but not both. Inaddition there are hysteresis, eddy current,
and copper losses. These effects are accounted for in the equivalent circuit of the
transformer. Transformer imperfections are measured in a real transformer by its
voltage regulation and its efficiency.

2.14 SUMMARY
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The per-unit system of measurement is a convenient way to study systems

containing transformers, because in this system the different system voltage lev¬
els disappear. In addition, the per-unit impedances of a transformer expressed to

its own ratings base fall within a relatively narrow range, providing a convenient
check for reasonableness in problem solutions.

An autotransformer differs from aregular transformer inthat the two wind¬
ings of the autotransformer are connected. The voltage on one side of the trans¬

former is the voltage across a single winding, while the voltage on the other side
of the transformer is the sum of the voltages across both windings. Because only
a portionof the power inan autotransformer actually passes through the windings,
an autotransformer has a power rating advantage compared to a regular trans¬
former of equal size. However, the connection destroys the electrical isolation be¬
tween a transformer's primary and secondary sides.

The voltage levels of three-phase circuits can be transformed by a proper
combination of two or three transformers. Potential transformers and current

transformers can sample the voltages and currents present in a circuit. Both de¬
vices are very common in large power distribution systems.

QUESTIONS
2-1. Is the turns ratio of a transformer the same as the ratio of voltages across the trans¬

former? Why or why not?
2-2. Why does the magnetization current impose an upper limit on the voltage applied to

a transformer core?
2-3. What components compose the excitation current of a transformer? How are they

modeled inthe transformer's equivalent circuit?
2-4. What is the leakage flux in a transformer? Why is it modeled in a transformer

equivalent circuit as an inductor?

2—5. List and describe the types of losses that occur in a transformer.

2-6. Why does the power factor of a load affect the voltage regulation of a transformer?
2-7. Why does the short-circuit test essentially show only i2R losses and not excitation

losses in a transformer?
2-8. Why does the open-circuit test essentially show only excitation losses and not i2R

losses?
2-9. How does the per-unit system of measurement eliminate the problem of different

voltage levels in a power system?
2-10. Why can autolxansformers handle more power than conventional transformers of

the same size?
2-11. What are transformer taps? Why are they used?
2-12. What are the problems associated with theY-Y three-phase transformer connection?
2—13. What is a TCUL transformer?
2-14. How can three-phase transformation be accomplished using only two transformers?

What types of connections can be used? What are their advantages anddisadvantages?
2-15. Explainwhy the open-A transformer connection is limited to supplying 57.7 percent

of a normal A-A transformer bank's load.
2-16. Can a 60-Hz transformer be operated on a 50-Hz system? What actions are neces¬

sary to enable this operation?
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2-17. What happens to a transformer when it is first connected to a power line? Can any¬
thing be done to mitigate this problem?

2-18. What is a potential transformer? How is it used?
2-19. What is a current transformer? How is it used?
2-20. A distribution transformer is rated at 18 kVA, 20,000/480 V, and 60 Hz. Can this

transformer safely supply 15 kVA to a 415-V load at 50 Hz? Why or why not?
2-21. Why does one hear a hum when standing near a large power transformer?

2-1. A 100-kVA, 8000/277-V distribution transformer has the following resistances and
reactances:

The excitation branch impedances are given referred to the high-voltage side of the
transformer.
(a) Find the equivalent circuit of this transformer referred to the low-voltage side,

(b) Find the per-unit equivalent circuit of this transformer.
(c) Assume that this transformer is supplying rated load at 277 V and 0.85 PF lag¬

ging. What is this transformer's input voltage? What is its voltage regulation?
(d) What are the copper losses and core losses in this transformer under the condi¬

tions of part (c)?
(e) What is the transformer's efficiency under the conditions of part (c)l

2-2. A single-phase power system is shown in Figure P2-1. The power source feeds a
100-kVA, 14/2.4-kV transformer through a feeder impedance of 38.2 +_/140 Cl. The
transformer's equivalent series impedance referred to its low-voltage side is 0.10 +
./0.40 H.The load on the transformer is 90 kW at 0.80 PF lagging and 2300 V.

PROBLEMS

r? = 5 n
Xp = 6fl

Rc = 50 kf?

Rs = 0.005 a

xs = 0.006 a
xM = io ka

f

38.2n ;140a
i—VW—

o.ion j0.40 a

+

v,
Load
90 kW

source 0.80 PF lagging

Source Feeder
(transmission line)

Transformer Load

FIGURE P2-1
The circuit of Problem 2-2.

f

(a) What is the voltage at the power source of the system?
(b) What is the voltage regulation of the transformer?
(c) How efficient is the overall power system?
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2-3. The secondary winding of an ideal transformer has a terminal voltage of vs(/) =
282.8 sin 377/ V. The turns ratio of the transformer is 100:200 (a = 0.50). Ifthe sec¬
ondary current of the transformer is />(/) = 7.07 sin (377/ — 36.87°) A, what is the
primary current of this transformer? What are its voltage regulation and efficiency?

2-4. The secondary winding of a real transformer has a terminal voltage of v,(t) = 282.8
sin 377/ V. The turns ratio of the transformer is 100:200 (a = 0.50). If the secondary
current of the transformer is is(/) = 7.07 sin (377/ - 36.87°) A, what is the primary
current of this transformer? What are its voltage regulation and efficiency? The im¬
pedances of this transformer referred to the primary side are

= 0.20 a Rc = 300 n
xcq = o.80ft. xM = ioon

2-5. When travelers from the USA and Canada visit Europe, they encounter a different
power distribution system. Wall voltages in NorthAmerica are 120 V rms at 60 Hz,
while typical wall voltages in Europe are 230 V at 50 Hz. Many travelers carry
small step-up/step-down transformers so that they can use their appliances in the
countries that they are visiting. A typical transformer might be rated at 1 kVA and
115/230 V. It has 500 turns of wire on the 115-V side and 1000 turns of wire on the
230-V side. The magnetization curve for this transformer is shown iD Figure P2-2,
and can be found in file p22 .magat Oris book's website.

0.0012

0.0010

0.0008

K- 0.0006

E

0.0004

0.0002

200
MMF,A • turns

100 150 250 300 350 400 450

FIGUREP2-2
Magnetization curve for the transformer of Problem 2-5.
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(a) Suppose that this transformer is connected to a 120-V, 60-Hz power source with
no load connected to the 240-V side. Sketch the magnetization current that
would flow in the transformer. (Use MATLAB to plot the current accurately, if
it is available.) What is the rms amplitude of the magnetization current? What
percentage of fuil-ioad current is the magnetization current?

(b) Now suppose that this transformer is connected to a 240-V, 50-Hz power source
with no load connected to the 120-V side. Sketch the magnetization current that
would flow in the transformer. (Use MATLAB to plot the current accurately, if
it is available.) What is the rms amplitude of (he magnetization current? What
percentage of full-load current is the magnetization current?

(c) In which case is the magnetization current a higher percentage of full-load
current? Why?

2-6. A 1000-VA, 230/115-V transformer has been tested to determine its equivalent cir¬
cuit. The results of the tests are shown below.

Open-circuit test Short-circuit test
(on secondary side) (on primary side)

Roc = U5 V Rsc = 17.1 V

/oc = 0.11 A he = 37 A

hoc = 3.9 W hsc = 38.1 W

(a) Find the equivalent circuit of this transformer referred to the low-voltage side of
the transformer.

(b) Find the transformer's voltage regulation at rated conditions and (1) 0.8 PFlag¬
ging, (2) J .0 PF, (3) 0.8 PF leading.

(c) Determine the transformer's efficiency at rated conditions and 0.8 PF lagging.
2-7. A 30-kVA, 8000/230-V distribution transformer has an impedance referred to the

primary of 20 + y 100 A. The components of the excitation branch referred to
the primary side are Rc = 100kA and XM = 20 kA.
(a) If the primary voltage is 7967 V and the load impedance is ZL = 2.0 +j0.7 A,

what is the secondary voltage of the transformer? What is the voltage regulation
of the transformer?

(b) If the load is disconnected and a capacitor of-y'3.0 A is connected in its place,
what is the secondary voltage of the transformer? What is its voltage regulation
under these conditions?

2-8. A 150-MVA, 15/200-kV, single-phase power Uansfoimer has a per-unit resistance of
1.2 percent and a per-unit reactance of 5 percent (data taken from the transformer's
nameplate). The magnetizing impedance isy'80 per unit.
(a) Find the equivalent circuit referred to the low-voltage side of this transformer.
(b) Calculate the voltage regulation of this transformer for a full-load current at

power factor of 0.8 lagging.
(c) Calculate the copper and core losses in the transformer at the conditions in (b).

(d) Assume that the primary voltage of this transformer is a constant 15 kV, and plot
the secondary voltage as a function of load current for currents from no-load to

hill-load. Repeat this process for power factors of 0.8 lagging, 1.0, and 0.8 leading.
2-9. A 5000-kVA, 230/13.8-kV, single-phase power transformer has a per-unit resistance

of 1 percent and a per-unit reactance of 5 percent (data taken from the transformer's

L
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nameplate). The open-circuit test performed on the low-voltage side of the trans¬

former yielded the following data:

Voc = 13.8 kV /oc = 21.1A POc = 90.8kW

(a) Find the equivalent circuit referred to tire low-voltage side of this transformer.
(b) Ifthe voltage on the secondary side is 13.8 kV and the power supplied is 4000kW

at 0.8 PF lagging, find the voltage regulation of the transformer. Find its efficiency.
2-10. A three-phase transformer bank is to handle 500 kVAand have a 34.5/ 1 1-kV voltage

ratio. Find the rating of each individual transformer in the bank (high voltage, low
voltage, turns ratio, and apparent power) if the transformer bank is connected to (a)
Y-Y, (b) Y-A, (c) A-Y, (d) A-A, (e) open-A, (/) open-Y-open-A.

2-11. A 100-MVA,230/115-kV, A-Y three-phase power transformer has a per-unit resis¬
tance ofO.015 pu and a per-unit reactance of 0.06 pu.The excitation branch elements
are Rc — 100 pu and XM = 20 pu.
(a) If this transformer supplies a load of 80 MVA at 0.8 PF lagging, draw the pha-

sor diagram of one phase of the transformer.
(b) What is the voltage regulation of the transformer bank under these conditions?
(c) Sketch the equivalent circuit referred to the low-voltage side of one phase of

this transformer. Calculate all the transformer impedances referred to the low-
voltage side.

(d) Determine the losses inthe transformer and the efficiency of the transformer un¬
der the conditions of part (b).

2-12. Three 20-kVA, 24,000/277-V distribution transformers are connected in A-Y. The
open-circuit test was performed on the low-voltage side of this transformer bank,
and the following data were recorded:

Yli„c.oc = 480V Ainc.oc = 4. 10 A P3lfl0C = 945 W

The short-circuit test was performed on the high-voltage side of this transformer
bank, and the following data were recorded:

Vlin,sc = 1400 V Ainc.sc = 1-80 A Pÿc = 912 W

(a) Find the per-unit equivalent circuit of this transformer bank.
(b) Find the voltage regulation of this transformer bank at the rated load and

0.90 PF lagging.
(c) What is the transformer bank's efficiency under these conditions?

2-13. A 14,000/480-V, three-phase, A-Y-connected transformer bank consists of three
identical 100-kVA, 8314/480-V transformers. It is supplied with power directly
from a large constant-voltage bus. In the short-circuit test, the recorded values on
the high-voltage side for one of these transformers are

Vsc = 510 V 7SC = 12.6 A Psc = 3000 W

(a) If this bank delivers a ratedload at 0.8 PF laggingand rated voltage, what is the
line-to-line voltage on the primary of the transformer bank?

(b) What is the voltage regulation under these conditions?
(c) Assume that the primary phase voltage of this transformer is a constant 8314 V,

and plot the secondary voltage as a function of load current for currents from
no-load to full-load. Repeat this process for power factors of 0.8 lagging, 1.0,
and 0.8 leading.
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(d) Plot (he voltage regulation of this transformer as a function of load current for
currents from no-load to full-load. Repeat this process for power factors of 0.8
lagging, 1.0, and 0.8 leading.

(e) Sketch the per-unit equivalent circuit of this transformer.
2-14. A 13.8-kV, single-phase generator supplies power to a load through a transmission

line.The load's impedance is ZlQad = 500 Z 36.87°A, and the transmission line's im¬
pedance is Z,jne = 60 Z 60°fl.

60L60°n

VG= 13-8Z 0° kV 'load

'line

(a)

SOL 60°O

1:10

ÿ VG= 13.82 0° kV

Ob)

FIGUREP2-3
Circuits for Problem 2-14: (a) without transformers and (b) wjtli transformers.

(a) If the generator is directly connected to the load (Figure P2-3a), what is the ra¬

tio of the load voltage to the generated voltage? What are the transmission
losses of the system?

(b) What percentage of the power supplied by the source reaches the load (what is
the efficiency of the transmission system)?

(c) If a 1:10 step-up transformer is placed at the output of the generator and a 10:1
transformer is placed at the load end of the transmission line, what is the new
ratio of the load voltage to the generated voltage? What are the transmission
losses of the system now? (Note: The transformers may be assumed to be ideal.)

(d) What percentage of the power supplied by the source reaches the load now?
(&) Compare the efficiencies of the transmission system with and without

transformers.



2-15. An autotransformer is used to connect a 12.6-kV distribution line to a 13.8-kV dis¬
tribution line. Itmust be capable of handling2000 kVA.There are three phases, con¬
nectedY-Y with their neutrals solidly grounded.
(a) What must the Nc/VSE turns ratio be to accomplish this connection?
(b) How much apparent power must the windings of each autotransformer handle?
(c) What is the power advantage of this autotransformer system?
(d) If one of the autotransformers were reconnected as an ordinary transformer,

what would its ratings be?
2-16. Prove the following statement: Ifa transformer having a series impedance Zeq is con¬

nected as an autotransformer, its per-unit series impedance Zjq as an autotransformer
will be

7, _ ÿSE y
eq ArSE + At eq

Note that this expression is the reciprocal of tire autotransformer power advantage.
2-17. A 10-kVA,480/120-V conventional transformer is to be used to supply power from

a 600-V source to a 120-V load. Consider the transformer to be ideal, and assume
that all insulation can handle 600 V.
(a) Sketch the transformer connection that will do the required job.
(b) Find the kilovoltampere rating of the transformer in the configuration.
(c) Find the maximum primary and secondary currents under these conditions.

2-18. A 10-kVA,480/120-V conventional transformer is to be used to supply power from
a 600-V source to a 480-V load. Consider the transformer to be ideal, and assume
that all insulation can handle 600 V.
(a) Sketch the transformer connection that will do the requiredjob.
(b) Find the kilovoltampere rating of the transformer in the configuration.
(c) Find the maximum primary and secondary currents under these conditions.
(d) The transformer in Problem 2-18 is identical to the transformer in Problem

2-17, but there is a significant difference in the apparent power capability of the
transformer in the two situations. Why? What does that say about the best cir¬
cumstances in which to use an autotransformer?

2-19. Two phases of a 14.4-kV, three-phase distribution line serve a remote rural road (the
neutral is also available). A farmer along the road has a 480 V feeder supplying
200 kW at 0.85 PF lagging of three-phase loads, plus 60 kW at 0.9 PF lagging of
single-phase loads. The single-phase loads are distributed evenly among the three
phases.Assuming that the open-Y-open-A connection is used to supply power to his
farm, find the voltages and currents ineach of the two transformers. Also find the real
and reactivepowers supplied by each transformer. Assume the transformers are ideal.
What is the minimumrequired kVA rating of each transformer?

2-20. A 50-kVA, 20,000/480-V, 60-Hz, single-phase distribution transformer is tested
with the following results:

Open-circuit test
(measured from secondary side)

Vnr = 480 V

Short-circuit test
(measured from primary side)

V*r = H30V

loc = 4.1 A

Pnr = 620 W

he ~ 1-30A

P,r = 550 W



bLt.CII<lC lVlAU IINbIO 

(a) Findthe per-unit equivalent circuit for this transformer at 60 Hz.
(b) What is the efficiency of the transformer at rated conditions and unity power

factor? What is the voltage regulation at those conditions?
(c) What would the rating of this transformer be if it were operated on a 50-Hz

power system?
(d) Sketch the equivalent circuit of this transformer referred to the primary side ifit

is operating at 50 Hz.
(e) What is the efficiency of the transformer at rated conditions on a 50-Hz

power system, with unity power factor? What is the voltage regulation at

those conditions?
(f) How does the efficiency of a transformer at rated conditions and 60 Hzcompare

to the same physical device running at 50 Hz?
2-21. Prove that the three-phase system of voltages on the secondary of the Y-A trans¬

former shown in Figure 2-37b lags the three-phase system of voltages on the
primary of the transformer by 30°.

2-22. Prove that the three-phase system of voltages on the secondary of the A-Y trans¬
former shown in Figure 2-37c lags the three-phase system of voltages on the
primary of the transformer by 30°.

2-23. A single-phase, 10-kVA, 480/120-V transformer is to be used as an autotransformer
tying a 600-V distribution line to a 480-V load. When it is tested as a conventional
transformer, the following values are measured on the primary (480-V) side of the

transformer:

Open-circuit test Short-circuit test
(measured on secondary side) (measured on primary side)

Voc = 120 V Vsc = 10.0V

;oc = 1.60A !sc = 10.6A

Poc = 38 W Psc = 25 W

(a) Findthe per-unit equivalent circuit of this transformer when it is connected in the
conventional manner. What is the efficiency of the transformer at rated condi¬
tions and unity power factor? What is the voltage regulation at those conditions?

(b) Sketch the transformer connections when it is used as a 600/480-V step-down
autotransformer.

(c) What is the kiiovoltampere rating of this transformer when it is used in the au¬
totransformer connection?

(d) Answer the questions in (a) for the autotransformer connection.
2-24. Figure P2—4 shows a one-line diagram of a power system consisting of a three-

phase, 480-V, 60-Hz generator supplying two loads through a transmission line with
a pair of transformers at either end. (NOTE: One-line diagrams are described in
Appendix A, the discussion of three-phase power circuits.)



1KANorUKJVLfcKo JL31

a
Generator T\

480 V

480/14,400 V
1000kVA
R = 0.010 pu
X= 0.040 pu

Line

ZL = 1.5 +; ion 14,400/480 V
500 kVA
R = 0.020 pu
X= 0.085 pu

f

Load 1 Load2
1ÿ

Load 1 ~

0.45Z36.87°G
Y-oonnected

Load 2 -
-jo.sn

Y-connected

FIGUREP2-4
A one-line diagram of the power system of Problem 2-24. Note that some impedance values are
given in the per-unit system, while others are given in ohms.

(a) Sketch the per-phase equivalent circuit of this power system.
(b) With the switch opened, find the real power P, reactive power Q, and apparent

power S supplied by the generator. What is the power factor of the generator?
(c) With the switch closed, find the real power P, reactive power Q, and apparent

power S supplied by the generator. What is the power factor of the generator?
(d) What are the transmission losses (transformer plus transmission line losses) in

this system with the switch open? With the switch closed? What is the effect of
adding Load2 to the system?
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CHAPTER

3
AC MACHINERY
FUNDAMENTALS

LEARNING OBJECTIVES
• Learn how to generate an ac voltage in a loop rotating in a uniform magnetic

field.
ÿ Learn how to generate torque in a loop carrying a current in a uniform mag¬

netic field.
» Learn how to create a rotating magnetic field from a three-phase stator.

• Understandhow a rotating rotor with a magnetic field induces ac voltages in
stator windings.

• Understand the relationship between electrical frequency, the number of
poles, and the rotational speed of an electrical machine.

• Understandhow torque is induced in an ac machine.
• Understand the effects of winding insulation on machine lifetimes.
• Understand the types of losses in a machine, and the power flow diagram.

Ac machines are generators that convert mechanical energy to ac electrical energy
and motors that convert ac electrical energy to mechanical energy. The funda¬
mental principles of ac machines are very simple, but unfortunately, they are
somewhat obscured by the complicated construction of real machines. This chap¬
ter will first explain the principles of ac machine operation using simple exam¬
ples, and then consider some of the complications that occur in real ac machines.

There are two major classes of ac machines—synchronous machines and in¬
duction machines. Synchronous machines are motors and generators whose mag¬
netic field current is supplied by a separate dc power source, while induction ma¬
chines are motors and generators whose field current is supplied by magnetic
induction (transformer action) into their field windings. The field circuits of most

synchronous and induction machines are located on their rotors. This chapter covers

152
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some of the fundamentals common to both types of three-phase ac machines. Syn¬
chronous machines will be covered in detail in Chapters 4 and 5, and induction
machines will be covered in Chapter 6.

3.1 A SIMPLE LOOPINA UNIFORM
MAGNETIC FIELD

We will start our study of ac machines with a simple loop of wire rotating within a
uniformmagnetic field. A loop of wire in a uniform magnetic field is the simplest
possible machine that produces a sinusoidal ac voltage. This case is not representa¬
tive of real ac machines, since the flux in real ac machines is not constant in either
magnitude or direction. However, the factors that control the voltage and torque on
the loop will be the same as the factors that control the voltage and torque inreal ac
machines.

Figure 3-1 shows a simple machine consisting of a large stationary magnet
( producing an essentially constant and uniform magnetic field and a rotating loop

of wire within that field. The rotating part of the machine is called the rotor,and
the stationary part of the machine is called the stator. We will now determine the
voltages present in the rotor as it rotates within the magnetic field.

The Voltage Induced in a Simple Rotating Loop

Ifdie rotor of this machine is rotated, a voltage will be induced in the wire loop.
To determine the magnitude and shape of the voltage, examine Figure 3-2. The
loop of wire shown is rectangular, with sides ab and cdperpendicular to the plane
of the page and with sides be and da parallel to the plane of the page. The mag¬
netic field is constant and uniform, pointing from left to right across the page.

o'

B is a uniform magnetic
field, aligned as shown. +o-

(a) (b)

FIGURE 3-1
A simple rotating loop in a uniform magnetic field, (a) Front view; (b) view of coil.

L
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(a) (b) (c)

FIGURE 3-2
(a) Velocities and orientations of the sides of the loop with respect to the magnetic field, (b) The
direction of motion with respect to the magnetic field for side ab. (c) The direction of motion with
respect to the magnetic field for side cd.

To determine the total voltage etol on the loop, we will examine each seg¬
ment of the loop separately and sum all the resulting voltages. The voltage on
each segment is given by Equation (1-45):

eind = (v x B) • I (1-45)

1. Segment ab. Inthis segment, the velocity of the wire is tangential to tire path of
rotation,while tire magnetic field B points to the right,as shown inFigure3-2b.
The quantity v x B points into the page, which is the same direction as seg¬
ment ab. Therefore, the induced voltage on this segment of the wire is

eba = (v x B) • 1

= vBl sin 6nb into the page (3-1)

2. Segment be. In the first half of this segment, the quantity v x B points into the
page, andin the secondhalf of this segment, the quantity vxB points out of the
page. Since the length1is inthe plane of the page, v x B is perpendicular to 1for
both portions of the segment. Therefore the voltage insegment be will be zero:

- 0 (3-2)

3. Segment cd. Inthis segment, the velocity of the wire is tangential to the path of
rotation, while the magnetic fieldBpoints to the right, as showninFigure 3-2c.
The quantity v x B points into the page, which is the same direction as seg¬
ment cd. Therefore, the induced voltage on this segment of the wire is

edc = (v x B) • I

= vBl sin dcd out of the page (3-3)

4. Segment da. Just as in segment be, v x B is perpendicular to I.Therefore the
voltage in this segment will also be zero:

ead = 0 (3-4)

J
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FIGURE 3-3
Plot of eM versus 8.

The total induced voltage on the loop emi is the sum of the voltages on each of its
sides:

ÿind — ÿba ÿ ÿcb ÿdc ead

= vBl sin dah + vBl sin 9cd (3-5)

Note that dah = 180° - 6cd, and recall the trigonometric identity sin 6 = sin
(180° - 6). Therefore, the induced voltage becomes

emi = 2vBl sin d (3-6)

The resulting voltage eind is shown as a function of time in Figure 3-3.
There is an alternative way to express Equation (3-6), which clearly relates

the behavior of the single loop to the behavior of larger, real ac machines. To de¬
rive this alternative expression, examine Figure 3-1 again. If the loop is rotating
at a constant angular velocity o>, then angle 0 of the loop will increase linearly
with time. Inother words,

6 = cot

Also, the tangential velocity v of the edges of the loop can be expressed as

v = rco (3-7)

where ris the radius from axis of rotationout to the edge of the loop and is the an¬
gular velocity of the loop. Substituting these expressions into Equation (3-6) gives

<?ind = 2rcoBl sin cot (3-8)

Notice also from Figure 3—lb that the area A of the loop is just equal to 2rl.
Therefore,

<?ind = ABco sin cot (3-9)
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B
B is a uniform magnetic field, aligned as shown. The x in
a wire indicates current flowing into the page, and the • in

a wire indicates current flowing out of the page.

(a)

F
(b)

FIGURE3-4
A current-carrying loop ina uniformmagnetic field, (a) Front view; (b) view of coil.

Finally, note that the maximum flux through the loop occurs when the loop is per¬
pendicular to the magnetic flux density lines. This flux is just the product of the
loop's surface area and the flux density through the loop.

r

=ab

Therefore, the final form of the voltage equation is

(3-10)

(3-11)

Thus, the voltage generated in the loop is a sinusoid whose magnitude is
equal to the product of theflux inside the machine and the speed of rotation of the
machine. This is also true of real ac machines. Ingeneral, the voltage in any real
machine will depend on three factors:

1. The flux in the machine

2. The speed of rotation
3. A constant representing the construction of the machine (the number of loops, etc.)

The Torque Induced in a Current-Carrying Loop

Now assume that the rotor loop is at some arbitrary angle 8 with respect to the
magnetic field, and that a current iis flowing in the loop, as shown in Figure3-4.
If a current flows in the loop, then a torque will be induced on the wire loop. To
determine the magnitude and direction of the torque, examine Figure 3-5. The
force on each segment of the loop will be given by Equation (1ÿ13),

F = 1(1 x B) (1-43)

where 1 = magnitude of current in the segment

1 = length of the segment, with direction of 1 defined to be in the
direction of current flow

B = magnetic flux density vector
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Iinto page

B

aab r

(a)

r,F into page

1 out of page

(c)

r,F out of page

(d)

FIGURE3-5
(a) Derivation of force and torque on segment ab. (b) Derivation of force and torque on segment be.
(c) Derivation of force and torque on segment cd. (d) Derivation of force and torque on segment da.

The torque on that segment will then be given by

t = (force applied) (perpendicular distance)

= (F) (r sin 0)

= rF sin 6 (1-6)

where 6 is the angle between the vector r and the vector F. The direction of the
torque is clockwise if it would tend to cause a clockwise rotation and counter¬

clockwise if it would tend to cause a counterclockwise rotation.

1. Segment ab. Inthis segment, the direction of the current is into the page, while
the magnetic field B points to the right, as shown inFigure 3-5a.The quantity
Ix B points down. Therefore, the induced force on this segment of the wire is

F = 1(1 x B)

= HB down

The resulting torque is

tab = (?) (r sin dab)
= rilB sin 6ab clockwise (3-12)

2. Segment be. Inthis segment, the direction of the current is in the plane of the
page, while the magnetic field Bpoints to the right, as shown inFigure 3-5b.
The quantity 1 x B points into the page. Therefore, the induced force on this
segment of the wire is

F = i(l x B)

= ilB into the page
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For this segment, the resulting torque is 0, since vectors r and 1 are parallel
(both point into the page), and the angle 6bc is 0.

The = CO (r sin 9ab)

= 0 (3-13)

3. Segment cd. Inthis segment, the direction of the current is out of the page, while
the magnetic field B points to the right, as shown in Figure 3-5c. The quantity
IX B points up. Therefore, the induced force on this segment of the wire is

F = i(l x B)

= ilB up
The resulting torque is

tCd = (O 0sin 6cd)

= rilB sin Qcd clockwise (3-14)

4. Segment da. Inthis segment, the direction of the current is in the plane of the
page, while the magnetic field B points to the right, as shown inFigure 3-5d.
The quantity 1 x B points out of the page. Therefore, the induced force on
this segment of the wire is

F = i(l x B)

= ilB out of the page

For this segment, the resulting torque is 0, since vectors r and 1are parallel
(both point out of the page), and the angle 6da is 0.

Tda = (F) (r sin Bdll)

= 0 (3-15)

The total induced torque on the loop rind is the sum of the torques on each of
its sides:

find Tajj T Tbc T Tcd T Tda

= rilB sin B„h + rilB sin 6cd (3-16)

Note that 6ab = 6cd, so the induced torque becomes

Tilld = IrilBsin d (3-17)

The resulting torque rind is shown as a function of angle in Figure 3-6. Note that
the torque is maximumwhen the plane of the loop is parallel to the magnetic field,
and the torque is zero when the plane of the loop is perpendicular to the mag¬
netic field.

There is an alternative way to express Equation (3-17), which clearly re¬
lates the behavior of the single loop to the behavior of larger, real ac machines. To
derive this alternative expression, examine Figure 3-7. If the current inthe loop is
as shown in the figure, that current will generate a magnetic flux density Bloop with
the direction shown. The magnitude of Bloop will be

II
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FIGURE 3-6
Plot of t.„j versus 0.

(a)

loop

(b)

FIGURE 3-7
Derivation of the induced torque equation.
(a) The current in the loop produces a

magnetic flux density Bloop perpendicular to

the plane of the loop; (b) geometric
relationship between B,oop and Bs.

®loop

where G is a factor that depends on the geometry of the loop.' Also, note that the
area of the loop A is just equal to 2rl. Substituting these two equations into Equa¬
tion (3-17) yields the result

AG
'ind B]oopB,sia

= ÿloopBs Sin

(3-18)

(3-19)

where k = AGIfi is a factor depending on the construction of the machine,Bs is used
for the stator magnetic field to distinguish it from the magnetic field generated by the
rotor, and 6 is the angle betweenB, and B5. The angle between B,oop and R< can be
seen by trigonometric identities to be the same as the angle 0 inEquation (3-17).

Both the magnitude and the direction of the induced torque can be deter¬
mined by expressing Equation (3-19) as a cross product:

'bid ÿ-ÿloop * (3-20)

ÿIf the loop were a circle, then G = 2r, where r is the radius of the circle, so Sto(>p = fu/2r. For a rec¬
tangular loop, the value of G will vary depending on the exact length-to-width ratio of the loop.
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Applying this equation to the loop inFigure 3-7 produces a torque vector into the
page, indicating that the torque is clockwise, with the magnitude given by
Equation (3-19).

Thus, the torque induced in the loop isproportioned to the strength of the
loop's magneticfield, the strength of the external magneticfield, and the sine of
the angle between them. This is also true of real ac machines. In general, the
torque inany real machine will depend on four factors:

1. The strength of the rotor magnetic field

2. The strength of the external magnetic field
3. The sine of the angle between them
4. A constant representing the construction of the machine (geometry, etc.)

In Section 3.1, we showed that if two magnetic fields are present in a machine,
then a torque will be created which will tend to lineup the two magnetic fields. If
one magnetic field is producedby the stator of an ac machine and the other one is
produced by the rotor of the machine, then a torque will be induced in the rotor
which will cause the rotor to turn and align itself with the stator magnetic field.

If there were some way to make the stator magnetic field rotate, then the in¬
duced torque inthe rotor would cause it to constantly "chase" the stator magnetic field
around ina circle. This, ina nutshell, is the basic principle of all ac motor operation.

How can the stator magnetic field be made to rotate? The fundamental prin¬
ciple of ac machine operation is that ifa three-phase set ofcurrents, each ofequal
magnitude anddiffering inphase by 120°,flows in a three-phase winding, then it
will produce a rotating magnetic field of constant magnitude. The three-phase
winding consists of three separate windings spaced 120 electrical degrees apart
around the surface of the machine.

The rotating magnetic field concept is illustrated in the simplest case by an
empty stator containing just three coils, each 120° apart (see Figure 3-8a). Since
such a winding produces only one north and one south magnetic pole, it is a two-
pole winding.

To understand the concept of the rotating magnetic field, we will apply a set

of currents to the stator of Figure 3-8 and see what happens at specific instants of
time. Assume that the currents in the three coils are given by the equations

The current incoil aa' flows into the a end of the coil and out the a' end of .
the coil. It produces the magnetic field intensity

3.2 THE ROTATING MAGNETIC FIELD

W(f) = I'm sin wf A

hb'(i) = 4* sin (<nt- 120°) A

he'M = 1m sin (wf ~ 240°) A

(3-2la)

(3-2lb)

(3—21c)

Haa'{t) = Hmsin a>t Z 0° A * turns / m (3-22a)
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(a)
)

(b)

FIGURE 3-8
(a)A simple three-phase stator. Currents in this stator are assumed positive if they flow into the
unprimed end and out the primed end of the coils. The magnetizing intensities produced by each coil
are also shown, (b) The magnetizing intensity vector H„„- (<) produced by a current flowing in coil aa'.

where 0° is the spatial angle of the magnetic field intensity vector, as shown in
Figure 3-8b. The direction of the magnetic field intensity vector Haa-(t) is given
by the right-hand rule: If the fingers of the right hand curl in the direction of the
current flow inthe coil, then the resulting magnetic field is in the direction that the
thumb points. Notice that the magnitude of tire magnetic field intensity vector

Haa-(t) varies sinusoidally in time, but the direction of is always constant.

Similarly, the magnetic field intensity vectors and H„-(f) are

Hw(t) = Hm sin (at - 120°) Z 120° A • turns / m (3-22b)

sin (at — 240°) Z240° A • turns / m (3-22c)

The flux densities resulting from these magnetic field intensities are given
by Equation (1-21):

B = ixH (1-21)

They are

Bm- (t) — Bmsin at Z 0" T (3-23a)

Bbb' (0 = Bm sin (at - 120°) Z 120° T (3-23b)

(f) = Bhsin (at-240°) Z 240° T (3-23c)

where BM = j±HM. The currents and their coiresponding flux densities cair he ex¬
amined at specific times to determine the resulting net magnetic field in the stator.

L



For example, at time cot = 0°, the magnetic field from coil aa! will be

Baa'=0 (3-24a)

The magnetic field from coil bb' will be

Bbb- = Bmsin (-120°) Z 120° (3-24b)

and the magnetic field from coil cc' will be

Bcc, = Bm sin (-240°) Z 240° (3-24c)

The total magnetic field from all three coils added together will be

Bnet = + Bii + Bcc

= 0 + (-ÿ£«)z120° + (ÿfijz240°
= iÿ-Bjÿ [-(cos 120°x -I- sin 120°y)+(cos 240°x + sin 240°y)]

V3d W 1 „ V3 „ 1 „ V3 „
~2~ u) \ 2 X 2~ y~

2 X 2~ y

= ("V3y)

= ~l.5BMy

= 1.55WZ — 90°

wherex is the unit vector in the x direction, andf is the unit vector in the y direc¬
tion inFigure 3-8. The resulting net magnetic field is shown inFigure 3-9a.

As another example, look at the magnetic field at time cot = 90°. At that
time, the currents are

i„a' = Im sin 90° A

ibb' = 1m sin (-30°) A

icc' = IMsin (-150°) A

and the magnetic fields are

Baa.=BMZ 0°

bm'= -0.5 Bm Z 120°

B«> = -0.5 Bm Z 240°

.The resulting net magnetic field is

Bnei = Bm' + Bwy + B«'

-\bm)= BmZ 0°+ \ Z 120° + \-±Bm | Z 240°

= Bm x - 2 (cos 120°x + sin 120°y)- 2 (cos 240°x + sin 240°y)
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at = 90

FIGURE 3-9
(a) The veccor magnetic field in a siator at time oir = 0°. (b) The vector magnetic Geld in a stator at

time uit- 90°.

= Bk
I
2

\/J .

2
I
2

V3,
2

(fe„)(-v3f)
=

= 1.55MZ -90°

The resulting magnetic field is shown in Figure 3-9b. Notice that although the di¬
rection of the magnetic field has changed, the magnitude is constant. The mag¬
netic field is maintaining a constant magnitude while rotating in a counterclock¬
wise direction.

Proof of the Rotating Magnetic Field Concept

At any time t, the magnetic field will have the same magnitude and it will
continue to rotate at angular velocity to. A proof of this statement for all time t is
now given.

Refer again to the stator shown in Figure 3-8. In the coordinate system
shown in the figure, the x direction is to the right and the y direction is upward.
The vector x is the unit vector in the horizontal direction, and tire vector is the
unit vector in the vertical direction. To find the total magnetic flux density in the
stator, simply add vectorially the three component magnetic fields and determine
their sum.
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The net magnetic flux density in the stator is given by

Bn=,(f) = Bfla- (t) + Bbt>- (f) + Bcc- (t)

= SMsina>rzO° + BM sin (cot- 120°)Z 120°+BMsin (cot- 240°) Z 240°T

Each of the three component magnetic fields can now be broken down into its x
and y components.

Bnei(f) = sin cotx

— [0.52?Msin (cot — 120°)]x +

- [0.5£Msin (cot — 240°)]x -

Combiningx and y components yields

Y Bm sin (cot - 120°)Jy

Y~ Bm sin (cot - 240°) y

Bnet(0 - [Bmsin cot - 0.5Bm sin (cot — 120°) — 0.5£M sin (cot — 240°)] x

Y Bm sin (cot - 120°) ~yBmsin ~ 240°)

By the angle-addition trigonometric identities.

B„et(0

VI

Bmsin cot + ÿBm sin cot + cos 0)1 + \bm s'n ~ cos m

l V37
4——Bm sin tot Bm cos cot + ~BMsin ~ cos wt

Bnct(l) = (1.5£m sin cot)x - (1.5£Mcos cot)y (3-25)

Equation (3—25) is the final expression for the net magnetic flux density. Notice
that the magnitude of the field is a constant 1.5BM and that the angle changes con¬
tinually in a counterclockwise direction at angular velocity to. Notice also that at

cot = 0°, Bnel = 1.5BM Z -90° and that at cot = 90°, Bnet = 1.5£MZ 0°. These re¬
sults agree with the specific examples examined previously.

The Relationship between Electrical Frequency
and the Speed of Magnetic Field Rotation

Figure 3-10 shows that the rotating magnetic field in this stator can be represented
as a northpole (where the flux leaves the stator) and a south pole (where the flux
enters the stator). These magnetic poles complete one mechanical rotation around
the stator surface for each electrical cycle of the applied current. Therefore, the
mechanical speed of rotation of the magnetic field in revolutions per second is
equal to the electric frequency inhertz:

L=fsm two poles

(oSe ~ cosm two poles

(3-26)

(3-27)
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FIGURE 3-10
The rotating magnetic field in a stator

represented as moving north and south stator

poles.

Here/jm and u>sm are the mechanical speed of the stator magnetic Fields in revolu¬
tions per second and radians per second, while fK and a>se are the electrical fre¬
quency of the stator currents in hertz and radians per second.

Notice that the windings on the two-pole stator in Figure 3-10 occur in the
order (taken counterclockwise)

a-c'-b-a'-c-b'

What would happen in a stator if this pattern were repeated twice within it?
Figure 3-1la shows such a stator. There, the pattern of windings (taken counter¬

clockwise) is

a-c'-b-a'-c-b'-a-c'-b-a'-c-b'

which is just the pattern of the previous stator repeated twice. When a three-phase
set of currents is applied to this stator, two nortli poles and two south poles are pro¬
duced in the stator winding, as shown in Figure 3—1lb. In this winding, a pole
moves only halfway around the stator surface in one electrical cycle. Since one
electrical cycle is 360 electrical degrees, and since the mechanical motion is 180
mechanical degrees, the relationship between the stator electrical angle and the
mechanical angle in this stator is

0se = (3-28)

Thus for the four-pole winding, the electrical frequency of the current is twice the
mechanical frequency of rotation:

fse = 2/„„ four poles (3-29)

tose = 2com, four poles (3-30)
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stator
coils

Counterclockwise

FIGURE 3-11
(a) A simple four-pole stator winding, (b) The resulting stator magnetic poles. Notice that there are
moving poles of alternating polarity every 90° around the stator surface, (c) A winding diagram of
the stator as seen from its inner surface, showing how the stator currents produce north and south
magnetic poles.

Ingeneral, if the number of magnetic poles on an ac machine stator isP, then
there are PI2 repetitions of the winding sequence a-c'-b-a'-c-b' around its inner
surface, and the electrical and mechanical quantities on (he stator are relatedby

9 °sm (3-31)

'J
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f = —fJse 2 "

ÿse 2 ÿ7"'

(3-32)

(3-33)

Also, noting that/,,,, = «„„/60, it is possible to relate the electrical frequency of the
stator in hertz to the resulting mechanical speed of the magnetic fields in revolu¬
tions per minute. This relationship is

fse
nsmP
120 (3-34)

r
Reversing the Direction of Magnetic
Field Rotation

Another interesting fact can be observed about the resulting magnetic field. Ifthe
current in any two of the three coils is swapped, the direction of the magnetic

field's rotation will be reversed. This means that it is possible to reverse the direc¬
tion of rotation of an ac motor just by switching the connections on any two of the
three coils. This result is verified below.

To prove that the direction of rotation is reversed, phases bb' and cc' inFig¬
ure 3-8 are switched and the resulting flux density Bne, is calculated.

The net magnetic flux density in the stator is given by

B„el(r) = B„a- (/) + Bhbft) + B,c- (r)

= sin cut Z 0° + BMsin (ojf-240°)Z 120° + SMsin {cot- 120°)Z 240°T

Each of the three component magnetic fields can now be broken down into its x
and y components:

Bn£l(f) = Bm sin cot it.

- [0.55,w sin (cot - 240°)]x +

- [0.55wsin (a>t - 120°)]x -

Combining x and y components yields

ÿBm sin {cot - 240°)

V3
Bm sin (cot

y

120°)\$

Bne,(f) = [Bÿsin cot - 0.5BMsin (cot - 240°) - 0.5Bwsin(caf - 120°]x

+
ÿ

BM sin (cot — 240°) — BM sin {cot
2 M ÿ ' 2

By the angle-addition trigonometric identities,

120°)

Bnel(f) = Bm sin cot + ÿBm sin cot — -ÿ-BMcos cot + ÿBM sin cot + ~ÿf~BM cos cot

+ V3 ,
4—ffBtf sin cot + ÿBm cos cot + sin cot + y;BM cos cot
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BneiW = (1-5-8ÿ sin cot)x + (1.5Bm cos cot)y (3-35)

This time the magnetic field has the same magnitude but rotates ina clock¬
wise direction. Therefore, switching the currents in two stator phases reverses the
direction ofmagneticfield rotation in an ac machine.

Example 3-1. Create a MATLAB program that models tire behavior of a rotating
magnetic field in the three-phase stator shown inFigure 3-9.

Solution
The geometry of the loops inthis stator is fixed as shown inFigure 3-9.The currents in the
loops are

d> = 2rlB = dlB

A simple MATLAB program that plots B„„', B„<, and Bne, as a function of time is
shown below:

% M-file: mag_field.m
% M-file to calculate the net magnetic field produced
% by a three-phase stator.

% Set up the basic conditions
bmax =1; % Normalize bmax to 1
freq =60; % 60 Hz

w = 2*pi*freq; % angular velocity (rad/s)

% First, generate the three component magnetic fields
t = 0:1/6000:1/60;

Baa = sin(w*t) .* (cos(0) + j*sin<0)>;
Bbb = sin(w*t-2*pi/3 ) .* (cos(2*pi/3) + j *sin(2*pi/3) ) ;

Bcc = sin(w*t42*pi/3 ) .* (cos (-2*pi/3) + j *sin(-2*pi/3 ) ) ;

% Calculate Bnet

Bnet = Baa + Bbb + Bcc;

Wf) = fÿsin cot A

hb' (z) ~ 1m sin (cot - 120°) A

W (0 = 1m sin (<uZ - 240°) A

(3-2la)

(3-2lb)

(3-2lc)

and the resulting magnetic flux densities are

Bot. (r) = Bm sin cot Z0° T

Bm. (0 = Bm sin (cot - 120°) Z 120° T

Bcf. (r) = Bm sin (cot -240°) .Z240° T

(3-23a)

(3—23b)

(3-23c)

% Calculate a circle representing the expected maximum
% value of Bnet

circle = 1.5 * (cos(w*t) + j*sin(w*t));
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% Plot the magnitude and direction of the resulting magnetic

% fields. Note that Baa is black, Ebb is blue, Bcc is
% magenta, and Bnet is red.
for ii = 1:length!t)

% Plot the reference circle
plot (circle, 1k ' ) ;

hold on;

% Plot the four magnetic fields
plot((0 real (Baa ( ii))],[0 imag(Baa ( ii))],'k' , 'LineWidth' ,2 ) ;
plot([0 real(Bbb(ii) ) ] , [0 imag (Bbb ( ii))], 'b' , 1 LineWidth' ,2 ) ;

plot([C real (Bcc (ii) ) I, [0 imag (Bcc ( ii))], 'm' , 1 LineWidth' ,2) ;

plot([0 real(Bnet (ii) )], [0 imag (Bnet (ii) )], 'r1, 'LineWidth' ,3 ) ;

axis square;

axis ( [ - 2 2 -2 2 ) ) ;

drawnow;

hold off;

end

When this program is executed, it draws lines corresponding to the three component mag¬
netic fieids as well as a line corresponding to the net magnetic field. Execute this program
and observe the behavior of B„el.

3.3 MAGNETOMOTIVEFORCEAND FLUX
DISTRIBUTION ONAC MACHINES

InSection 3.2, the flux produced inside an ac machine was treated as if it were in
free space. The direction of the flux density produced by a coil of wire was as¬

sumed to be perpendicular to the plane of the coil, with the direction of the flux
given by the right-hand rule.

The/to in a real machine does not behave in the simple manner assumed
above, since there is a ferromagnetic rotor in the center of the machine, with a
small air gap between the rotor and the stator. The rotor can be cylindrical, like the
one shown in Figure 3-12a, or it can have pole faces projecting out from its
surface, as shown in Figure 3-12b. If the rotor is cylindrical, the machine is said
to have nonsalient poles; if the rotor has pole faces projecting out from it, the
machine is said to have salient poles. Cylindrical rotor or nonsalient-pole ma¬
chines are easier to understand and analyze than salient-pole machines, and this
discussion will be restricted to machines with cylindrical rotors. Machines with
salient poles are discussed briefly in Appendix C and more extensively in
References 1and 2.

Refer to the cylindrical-rotor machine in Figure 3-12a. The reluctance of
the air gap in this machine is much higher than the reluctances of either the rotor

or the stator, so the flux density vector B takes the shortest possible path across
the air gap and jumps perpendicularly between the rotor and the stator.

To produce a sinusoidal voltage in a machine like this, the magnitude of the
flux density vector Bmust vary in a sinusoidal manner along the surface of the air
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(b)(a)

FIGURE 3-12
(a) An ac machine with a cylindrical or nonsalient-pole rotor, (b) An ac machine with a salient-pole
rotor.

gap. The flux density will vary sinusoidally only if the magnetizing intensity H
(and magnetomotive force S?) varies in a sinusoidal manner along the surface of
the air gap (see Figure 3-13).

The most straightforward way to achieve a sinusoidal variation of magneto¬
motive force along the surface of the air gap is to distribute the turns of the wind¬
ing that produces the magnetomotive force in closely spaced slots around the
surface of tire machine and to vary the number of conductors in each slot in a
sinusoidal manner. Figure 3-14a shows such a winding, and Figure 3-14b shows
the magnetomotive force resulting from the winding. The number of conductors
ineach slot is given by the equation

nc = Nc cos a (3-36)

where Nc is the number of conductors at an angle of 0°. As Figure 3-14b shows,
this distribution of conductors produces a close approximation to a sinusoidal dis¬
tribution of magnetomotive force. Furthermore, the more slots there are around
the surface of the machine and the more closely spaced the slots are, the better this
approximation becomes.

In practice, it is not possible to distribute windings exactly in accordance
with Equation (3-36), since there are only a finite number of slots in a real ma¬
chine and since only integral numbers of conductors can be included ineach slot.
The resulting magnetomotive force distribution is only approximately sinusoidal,
and higher-order harmonic components will be present. Fractional-pitch windings
are used to suppress these unwanted harmonic components, as explained in
Appendix B.l.

Furthermore, it is often convenient for the machine designer to include
equal numbers of conductors in each slot instead of varying the number in accor¬

dance with Equation (3-36). Windings of this type are described inAppendix B.2;
they have stronger high-order harmonic components than windings designed in

u
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FIGURE 3-13
(a) A cylindrical rotor with sinusoidally varying air-gap flux density, (b) The magnetomotive force or
magnetizing intensity as a function of angle a in the air gap. (c) The flux density as a function of
angle a in the air gap.
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Assume A? = 10
( '

(b)

FIGURE 3-14
(a) An ac machine with a distributed stator winding designed to produce a sinusoidally varying air-
gap flux density. The number of conductors in each slot is indicated on the diagram, (b) The
magnetomotive force distribution resulting from the winding, compared to an ideal distribution.

accordance with Equation (3-36). The harmonic-suppression techniques of
Appendix B.l are especially important for such windings.

3.4 INDUCEDVOLTAGE INAC MACHINES

Just as a three-phase set of currents in a stator can produce a rotating magnetic
field, a rotating magnetic field can produce a three-phase set of voltages in the
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coils of a stator. The equations governing the induced voltage in a three-phase sta-

tor will be developed in this section. To make the development easier, we will be¬
gin by looking at just one single-turn coil and then expand the results to a more
general three-phase stator.

The Induced Voltage in a Coil
on a Two-Pole Stator

Figure 3-15 shows a rotating rotor with a sinusoidally distributed magnetic
field in the center of a stationary coil. Notice that this is the reverse of the situ¬
ation studied in Section 3.1, which involved a stationary magnetic field and a
rotating loop.

We will assume that the magnitude of the flux density vector B in the air
gap between the rotor and the stator varies sinusoidally with mechanical angle,
while the direction of B is always radially outward. This sort of flux distribution
is the ideal to which machine designers aspire. (What happens when they don't
achieve it is described in Appendix. B.2.) If a. is the angle measured from the
direction of the peak rotor flux density, then the magnitude of the flux density
vector B at a point around the rotor is given by

B = BMcos cx (3-37a)

Note that at some locations around the air gap, the flux density vector will really
point in toward the rotor; in those locations, the sign of Equation (3—37a) is neg¬
ative. Since the rotor is itself rotating within the stator at an angular velocity co„„
the magnitude of the flux density vector B at any angle a around the stator is
given by

B = Bm cos(o>f - a) (3—37b)

The equation for the induced voltage in a wire is

e = (v x B) • 1 (1-45)

where v = velocity of the wire relative to the magneticfield.
B = magnetic flux density vector

1= length of conductor in the magnetic field

However, this equation was derived for the case of a moving wire in a stationary
magneticfield. In tlris case, the wire is stationary and the magnetic field is mov¬
ing, so the equation does not directly apply. To use it, we must be in a frame of
reference where the magnetic field appears to be stationary. If we "sit on the mag¬
netic field" so that the field appeal's to be stationary, the sides of the coil will ap¬
pear to go by at an apparent velocity vrel, and the equation can be applied. Figure
3—15b shows the vector magnetic field and velocities from the point of view of a
stationary magnetic field and a moving wire.
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(a)

Air-gap flux density:
B(a)-bm cos (comt-a)Air gap

Stator rel

BRotor
O\c-d

180' 360'

O\a-b
(c)

Voltage is really into the page,
since B is negative here.

(b)

FIGURE 3-15
(a) A rotating rotor magnetic field inside a stationary stator coil. Detail of coil, (b) The vector
magnetic flux densities and velocities on the sides of the coil. The velocities shown are from, a frame
of reference in which the magnetic field is stationary, (c) The flux density distribution in the air gap.

L
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The total voltage inducedin the coil will be the sum of the voltages induced
ineach of its four sides. These voltages are determined below:

1. Segment ab. For segment ab, a = 180°.Assuming that B is directed radially
outward from the rotor, the angle between v and B in segment ab is 90°,
while the quantity v X B is in the direction of 1, so

eha = (v x B) • 1

= vBl directed out of the page

= -v[Bm cos (w,,/- 180°)]/

= -vBMl cos (a>mt - 180°) (3-38)

where the minus sign comes from the fact that the voltage is built up with a

polarity opposite to the assumed polarity.
2. Segment be. The voltage on segment be is zero, since the vector quantity

v x B is perpendicular to I, so

eci = (vxB),l= 0 (3-39)

3. Segment cd. For segment cd, the angle a = 0°. Assuming that B is directed
radially outward from the rotor, the angle between v and B in segment cd is
90°, while the quantity v x B is in the direction of 1, so

edc = (v x B) • 1

= vBl directed out of the page
= v{Bm cos (oj)l

= vBMl cos toJ (3—40)

4. Segment da. The voltage on segment da is zero, since tire vector quantity
v x B is perpendicular to 1, so

ead = (v x B) • I= 0 (3-41)

Therefore, the total voltage on the coilwill be

eir\d ~ ÿbo C.A
= -vBMl cos(aimt - 180°) + vBMl cos toJ (3—42)

Since cos d = -cos (0 - 180°),

ein(] = vBMl cos comt + vBMl cos comt
= 2vBm1 cos a>,„t (3—43)

Since the velocity of the end conductors is given by v = rcom, Equation
(3-43) can be rewritten as

eind = 2(rcDm)BMl cos w„,t

= 2rlBMw,„ cos coJ

{
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Finally, the flux passing through the coil can be expressed as <f> = 2rlBm (see
Problem 3-9), while a>„, = oj,, = to for a two-pole stator, so the induced voltage
can be expressed as

Equation f3—4-4-) describes tire voltage induced in a single-turn coil. Iftire coil
in the stator has Nc turns of wire, then tire total induced voltage of the coil will be

Notice that the voltage produced in the stator of this simple ac machine
winding is sinusoidal with an amplitude which depends on the flux (f> in the ma¬
chine, the angular velocity <o of the rotor, and a constant depending on the con- (

struction of the machine (Nc inthis simple case). This is the same as the result that
we obtained for the simple rotating loop in Section 3.1.

Note that Equation (3-45) contains the term cos cot instead of the sin cot

found in some of the other equations in this chapter. The cosine term has no spe¬
cial significance compared to the sine—it resulted from our choice of reference
direction for a in this derivation. If the reference direction for a had been rotated
by 90° we would have had a sin cat term.

The Induced Voltage ina Three-Phase Set of Coils

If three coils, each of Nc turns, are placed around the rotor magnetic field as

shown inFigure 3-16, then the voltages induced ineach of them will be the same
inmagnitude but will differ inphase by 120°.The resulting voltages ineach of the
three coils are

eind <pa> cos cat (3—44)

eind = Nc4>ai cos cat. (3—45)

FIGURE 3-16
The production of three-phase voltages from
three coils spaced 120° apart.
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e,iAO = Nc 4>a> sin tot V (3—46a)

ebb,(t) = Nc 4>co sin (tat - 120°) V (3ÿ6b)

ecc.(t) = Nc <j><a sin (cot - 240°) V (3-46c)

Therefore, a three-phase set of currents can generate a uniform, rotating
magnetic field in a machine stator, and a uniform rotating magnetic field can gen¬
erate a three-phase set of voltages in such a stator.

The RMS Voltage in a Three-Phase Stator

The peak voltage in any phase of a three-phase stator of this sort is

= Ncc!>0> (3-47)

Since co = 2trf, this equation can also be written as

£max = 2mVc0/ (3-48)

Therefore, the rms voltage of any phase of this three-phase stator is

(3-49)

(3-50)

The rms voltage at the terminals of the machine will depend on whether the stator
is Y- or A-connected. If the machine is Y-connected, then the terminal voltage will
be V3 times EA, if the machine is A-connected, then the terminal voltage will just
be equal to EA.

Example 3-2. The following information is known about the simple two-pole
generator in Figure 3-16. The peak flux density of the rotor magnelic field is 0.2 T, and the
mechanical rate of rotation of the shaft is 3600 r/min. The stator diameter of the machine is
0.5 m, its coil length is 0.3 m, and there are 15 turns per coil. The machine is Y-connected.

(a) What are the three phase voltages of the generator as a function of time?
(b) What is the rms phase voltage of this generator?
(c) What is the nns terminal voltage of this generator?

Solution
The flux in this machine is given by

0 - 2rlB = d!B

where d is the diameter and Iis the length of die coil. Therefore, the flux in die machine is
given by

0 = (0.5 m)(0.3 m)(0.2 T) = 0.03 Wb

The speed of the rotor is given by

co = (3600r/min)(27rrad)(l min/60 s) = 'ill rad/s

EA = ÿNc<t>f

Ea = V2tt/Vc0/
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(a) The magnitudes of the peak phase voltages are thus

= Nc<t>a)
= (15 tums)(0.03 Wb)(377 rad/s) = 169.7 V

and the three phase voltages are

eM.(i) = 169.7 sin 377/ V

ehb.(i) = 169.7 sin (3771- 120°) V

<VW = 169.7 sin (3771-240°) V

(b) The rms phase voltage of this generator is

p — ÿroax _ 169.7 V _
ion yEa~ V5

"

V2 ~ 120 V

(c) Since the generator is Y-connected,

VT = V3Ea = V3(120 V) = 208 V

3.5 INDUCED TORQUE INAN AC MACHINE

In ac machines under normal operating conditions, there are two magnetic fields
present—a magnetic field from the rotor circuit and another magnetic field from
the stator circuit. The interactionof these two magnetic fields produces the torque
in tire machine, just as two permanent magnets near each other will experience a

torque which causes them to line up.
Figure 3-17 shows a simplified ac machine with a sinusoidal stator flux dis¬

tribution that peaks in the upward direction and a single coil of wire mounted on
the rotor. The stator flux distribution in this machine is

65(a) = Bs sin a (3-51)

where Bs is the magnitude of the peak flux density; Bs(a) is positive when the flux
density vector points radially outward from the rotor surface to the stator surface.
How much torque is produced in the rotor of this simplified ac machine? To find
out, we will analyze the force and torque on each of the two conductors separately.

The inducedforce on conductor 1 is

F = i(l x B) (1—43)

= ilBs sin a with direction as shown

The torque on the conductor is

Tnd.i = (r x F)

= rilBs sin a counterclockwise

The induced force on conductor 2 is

F = z'(I x B)

= HBS sin a with direction as shown

(1-43)
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iBÿa) = Ds sin a

FIGURE 3-17
A simplified ac machine with a sinusoidal stator flux distribution and a single coil of wire mounted
in the rotor.

The torque on the conductor is

Tind.i = (r x F)

= rilBssin a counterclockwise

Therefore, the torque on the rotor loop is

Equation (3-52) can be expressed in a more convenient form by examining
Figure 3-18 and noting two facts:

1. The current iflowing in the rotor coil produces a magnetic field of its own.
The direction of the peak of this magnetic field is given by the right-hand
rule, and the magnitude of its magnetizing intensity HR is directly propor¬
tional to the current flowing in the rotor:

where C is a constant of proportionality.

2. The angle between the peak of the stator flux density Bÿ. and the peak of the
rotor magnetizing intensity HR is y. Furthermore,

Tjnd = 2rilBs sin a counterclockwise (3-52)

hr = a (3-53)

y = 180°-a (3-54)
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FIGURE 3-18
The componerils magnetic flux density inside the machine of Figure 3-17.

sin y = sin (180°- a) — sin a (3-55)

By combining these two observations, the torque on the loop can be expressed as

Tjnd = KHrBs sin a counterclockwise (3-56)

where AT is a constant dependent on the construction of the machine. Note that both
the magnitude and the direction of the torque can be expressed by the equation

Tin<l - ÿllR x Bs
Finally, since BR = fj.HR, this equation can be reexpressed as

7ind x

(3-57)

(3-58)

where k — K//j. Note that in general k will not be constant, since the magnetic per¬
meability q varies with the amount of magnetic saturation in the machine.

Equation (3-58) isjust the same as Equation (3-20), which we derived for the
case of a single loop in a uniform magnetic field. It can apply to any ac machine, not
just to the simple one-loop rotor just described. Only the constant k will differ from
machine to machine. This equation will be used only for a qualitative study of
torque in ac machines, so the actual value of k is unimportant for our purposes.

The net magnetic field inthis machine is the vector sum of the rotor and sta-

tor fields (assuming no saturation):

ÿ3
net

ÿ + B5 (3-59)
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c

This fact can be used to produce an equivalent (and sometimes more useful) ex¬

pression for the induced torque in the machine. From Equation (3-58)

Ti„d = IcBr x Bs
But from Equation (3-59), B5 = Bnel - B,,, so

Tod ~ X (Bnet ~~ ®«)

= k(BR x Bncl) - i(B/j x B/;)

Since the cross product of any vector with itself is zero, this reduces to

(3-58)

Tod = X (3-60)

so the induced torque can also be expressed as a cross product of B,? and B„et with
the same constant k as before. The magnitude of this expression is

Kind = kBRBneisin 8 0-61)

where 5 is the angle between Bs and BncI.
Equations (3-58) to (3-61) will be used to help develop a qualitative un¬

derstanding of the torque in ac machines. For example, look at the simple syn¬
chronous machine in Figure 3-19. Its magnetic fields are rotating in a counter¬

clockwise direction. What is the direction of the torque on the shaft of the
machine's rotor? By applying the right-hand rule to Equation (3-58) or (3-60),
the induced torque is found to be clockwise, or opposite the direction of rotation
of the rotor. Therefore, this machine must be acting as a generator.

FIGURE 3-19
A simplified synchronous machine showing
its rotor and stator magnetic fields.
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3.6 WINDING INSULATIONINAN
AC MACHINE

One of the most critical parts of an ac machine design is the insulation of its wind¬
ings. If the insulation of a motor or generator breaks down, the machine shorts
out. The repair of a machine with shorted insulation is quite expensive, if it is even
possible. To prevent the winding insulation from breaking down as a result of
overheating, it is necessary to limit the temperature of the windings. This can be
partially done by providing a cooling air circulation over them, butultimately the
maximum winding temperature limits the maximum power that can be supplied
continuously by the machine.

Insulation rarely fails from immediate breakdown at some critical tempera¬
ture. Instead, the increase in temperature produces a gradual degradation of the in¬
sulation, making it subject to failure from another cause such as shock, vibration,
or electrical stress. There was an old rule of thumb that said that the life ex¬
pectancy of a motor with a given type of insulation is halved for each 10percent
rise in temperature above the rated temperature of the winding. This rule still ap¬
plies to some extent today.

To standardize the temperature limits of machine insulation, the National
ElectricalManufacturers Association (NEMA) in the United States has defined a
series of insulation system classes. Each insulation system class specifies the
maximum temperature rise permissible for that class of insulation.There are three
common NEMAinsulationclasses for integral-horsepower ac motors: B,F, andH.
Each class represents a higher permissible winding temperature than the one be¬
fore it. For example, the armature winding temperature rise above ambient tem¬
perature inone type of continuously operating ac induction motor must be limited
to 80°C for class B, 105°C for class F, and 125°C for class Hinsulation.

The effect of operating temperature on insulation life for a typical machine
can be quite dramatic. A typical curve is shown inFigure 3-20. This curve shows
the mean life of a machine in thousands of hours versus the temperature of the
windings, for several different insulation classes.

The specific temperature specifications for each type of ac motor and gen¬
erator are set out ingreat detail inNEMA Standard MG1-1993, Motors and Gen¬
erators. Similar standards have been definedby the InternationalElectrotechnical
Commission (IEC) and by various national standards organizations in other
countries.

3.7 AC MACHINE POWER FLOWS
AND LOSSES

AC generators take in mechanical power and produce electric power, while ac
motors take in electric power and produce mechanical power. Ineither case, not

all the power input to the machine appears in useful form at the other end—there
is always some loss associated with the process.
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The efficiency of an ac machine is defined by the equation

T) = y1x 100% (3-62)

The difference between the input power and the output power of a machine is the
losses that occur inside it. Therefore,

tj =
Pjn

p
P]aa

x 100% (3-63)

The Losses inAC Machines

The losses that occur in ac machines can be divided into four basic categories:

1. Electrical or copper losses (I2R losses)

2. Core losses
3. Mechanical losses

4. Stray load losses

ELECTRICALOR COPPER LOSSES. Copper losses are the resistive heating losses
that occur in the stator (armature) and rotor (field) windings of the machine. The sta-
tor copper losses (SCL) ina three-phase ac machine are given by the equation

ÿscl - 3/\Ra (3-64)

where IA is the current flowing ineach armature phase and RA is the resistance of
each armature phase.

The rotor copper losses (RCL) of a synchronous ac machine (induction ma¬
chines will be considered separately inChapter 7) are given by

ÿRCL ~ (3-65)

where IF is the current flowing in the field winding on the rotor and Rr is the re¬

sistance of the field winding. The resistance used in these calculations is usually
the winding resistance at normal operating temperature.

CORE LOSSES. The core losses are the hysteresis losses and eddy current losses
occurring in the metal of the motor. These losses were described in Chapter 1.
These losses vary as the square of the flux density (B2) and, for the stator, as the
1.5thpower of the speed of rotation of the magnetic fields («' 5).

MECHANICALLOSSES. The mechanical losses in an ac machine are the losses
associated with mechanical effects. There are two basic types of mechanical
losses:friction and windage. Friction losses are losses caused by the friction of the
bearings in the machine, while windage losses are caused by the friction between

L
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the moving parts of the machine and the air inside the motor's casing. These
losses vary as tire cube of the speed of rotation of the machine.

The mechanical and core losses of a machine are often lumpedtogether and
called the no-load rotational loss of the machine. At no load, all the input power
must be used to overcome these losses. Therefore, measuring the input power to

the stator of an ac machine acting as a motor at no loadwill give an approximate
value for these losses.

STRAY LOSSES (OR MISCELLANEOUS LOSSES). Stray losses are losses that
cannot be placed inone of the previous categories. No matter how carefully losses
are accounted for, some always escape inclusion in one of the above categories.
All such losses are lumped into stray losses. For most machines, stray losses are
taken by convention to be 1percent of full load.

The Power-Flow Diagram

One of the most convenient techniques for accounting for power losses in a ma¬
chine is the power-flow diagram. A power-flow diagram for an ac generator is
shown inFigure 3-2la. Inthis figure, mechanicalpower is input into the machine,
and then the stray losses, mechanical losses, and core losses are subtracted. After

p1 conv

An Tapp (j)ni Poul =3ÿ>A COS 0or

\fSVJL cos 6

IR lossesCore
lossesStrayÿ Mechanical

losses losses

Aconv

An = 3Vd cos 0

= \/3Vt7LC0S

Stray
lossesCore Mechanical

losses 'ossesIR losses

(b)

FIGURE 3-21
(a) The power-flow diagram of a three-phase ac generator, (b) The power-flow diagram, of a three-
phase ac motor.

*
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they have been subtracted, the remaining power is ideally converted from me¬
chanical to electrical form at the point labeledPconv. The mechanicalpower that is
converted is given by

ÿconv hudAn 13-66)

and the same amount of electrical power is produced. However, this is not the
power that appeal's at the machine's terminals. Before the terminals are reached,
the electrical I2R losses must be subtracted.

In the case of ac motors, this power-flow diagram is simply reversed. The
power-flow diagram for a motor is shown inFigure 3-21b.

Exampleproblems involving the calculation of ac motor and generator effi¬
ciencies will be given in the next three chapters.

3.8 VOLTAGE REGULATIONAND SPEED (
REGULATION

Generators are often compared to each other using a figure of merit called voltage
regulation. Voltage regulation (VR) is a measure of the ability of a generator to
keep a constant voltage at its terminals as loadvaries. It is defined by the equation

VR =
E„,

x 100% (3-67)

where Vnl is the no-load terminal voltage of the generator and Vn is the full-load
terminal voltage of the generator. It is a rough measure of the shape of the gener¬
ator's voltage-current characteristic—a positive voltage regulation means a

drooping characteristic, and a negative voltage regulation means a rising charac¬
teristic. A small VR is "better" in the sense that the voltage at the terminals of the
generator is more constant with variations in load.

Similarly, motors are often compared to each other by using a figure of
merit called speed regulation. Speed regulation (SR) is a measure of the ability of
a motor to keep a constant shaft speed as load varies. It is defined by the equation

SR = x 100% (3-68)

or SR
ui„,

x 100% (3-69)

It is a rough measure of the shape of a motor's torque-speed characteristic—a
positive speed regulation means that a motor's speed drops with increasing load,
and a negative speed regulation means a motor's speed increases with increasing
load. The magnitude of the speed regulation tells approximately how steep the
slope of the torque-speed curve is.

u
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3.9 SUMMARY

There are two major types of ac machines: synchronous machines and induction
machines. The principal difference between tire two types is that synchronous
machines require a dc field current to be supplied to their rotors, while inductionma¬
chines have the field current induced in their rotors by transformer action. They
will be explored indetail in the next three chapters.

A three-phase system of currents supplied to a system of three coils spaced
120 electrical degrees apart on a stator will produce a uniform rotating magnetic
field within the stator. The direction of rotation of the magnetic field can be re¬
versed by simply swapping the connections to any two of the three phases. Con¬
versely, a rotatingmagnetic field will produce a three-phase set of voltages within
such a set of coils.

Instators of more than two poles, one complete mechanical rotation of the
magnetic fields produces more than one complete electrical cycle. For such a sta¬

tor, one mechanical rotationproduces PI2 electrical cycles. Therefore, the electri¬
cal angle of the voltages and currents in such a machine is related to the mechan¬
ical angle of the magnetic fields by

p
6 = — 6$(? 2 m

The relationship between the electrical frequency of the stator and the mechanical
rate of rotation of the magnetic fields is

The types of losses that occur in ac machines are electrical or copper losses
(PR losses), core losses, mechanical losses, and stray losses. Each of these losses
was described in this chapter, along with the definition of overall machine effi¬
ciency. Finally, voltage regulation was defined for generators as

Y, - E,
x 100%

and speed regulation was defined for motors as

x 100%

QUESTIONS

3-1. What is the principal difference between a synchronous machine and an induction
machine?

3-2. Why does switching the current flows inany two phases reverse tire direction of ro¬
tation of a stator's magnetic field?



188 100 ELECTRIC MACHINERY FUNDAMENTALS

3-3. What is the relationship between electrical frequency and magnetic field speed for
an ac machine?

3-4. What is the equation for the induced torque in an ac machine?

PROBLEMS

3-1. The simple loop rotating in a uniform magnetic field shown in Figure 3-1 has the
following characteristics:

B = 1 .0T to the right r = 0.1 in

I= 0.3 m &)„, = 377 rad/s

(a) Calculate the voltage e1M(/) induced in this rotating loop.
(b) What is the frequency of the voltage produced in tins loop?
(c) Suppose that a 10 A resistor is connected as a load across the terminals of the

loop. Calculate the current that would flow through the resistor.
(d) Calculate the magnitude and direction of the induced torque on the loop for

the conditions in (c).
(e) Calculate the instantaneous and average electric power being generated by the

loop for the conditions in (c).
(f) Calculate the mechanical power being consumed by the loop for the conditions

in (c). How does this number compare to the amount of electric power being
generated by the loop?

3-2. Develop a table showing the speed of magnetic field rotation in ac machines of 2, 4,
6, 8, 10, 12, and 14 poles operating at frequencies of 50, 60, and 400 Hz.

3-3. The first ac power system in the United States ran at a frequency of 133 Hz. If the
ac power for this system were produced by a four-pole generator, how fast would
the shaft of the generator have to rotate?

3-4. A three-phase, Y-connected, four-pole winding is installed in 24 slots on a stator.

There are 40 turns of wire in each slot of the windings. All coils in each phase are
connected in series. The flux per pole in the machine is 0.060 Wb, and the speed of
rotation of the magnetic field is 1800 r/rain.
(a) What is the frequency of the voltage produced in this winding?
(b) What are the resulting phase and terminal voltages of this stator?

3-5. A three-phase, A-connected, six-pole winding is installed in 36 slots on a stator.

There are 150 turns of wire in each slot of the windings. All coils in each phase are
connected in series. The flux per pole in the machine is 0.060 Wb, and the speed of
rotation of the magnetic field is 1000 r/min.
(a) What is the frequency of the voltage produced in this winding?
(b) What are the resulting phase and terminal voltages of this stator?

3-6. A three-phase, Y-connected, 60 Hz, two-pole synchronous machine has a stator with
5000 turns of wire per phase. What rotor flux would be required to produce a termi¬
nal (line-to-line) voltage of 13.2 kV?

3-7. Modify the MATLAB in Example 3-1 by swapping the currents flowing inany two
phases. What happens to the resulting net magnetic field?

3-8. Ifan ac machine has the rotor and stator magnetic fields shown in Figure P3-1,what
is the direction of the induced torque in die machine? Is the machine acting as a mo¬
tor or generator?
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( FIGURE P3-I
The ac machine of Problem 3-8.

3-9. The flux density distribution over the surface of a two-pole stator of radius r and
length Iis given by

Prove that the total flux under each pole face is

(f) = 2rlBM
3-10. In the early days of ac motor development, machine designers had great difficulty

controlling the core losses (hysteresis and eddy currents) in machines. They hadnot
yet developed steels with low hysteresis, and were not making laminations as thin
as the ones used today. To help control these losses, early ac motors in the United
States were ran from a 25 Hz ac power supply, while lighting systems were run from
a separate 60 Hz ac power supply.
(a) Develop a table showing the speed of magnetic field rotation inac machines of

2, 4, 6, 8, 10, 12, and 14 poles operating at 25 Hz. What was the fastest rota¬
tional speed available to these early motors?

(b) For a given motor operating at a constant flux density S, how would the core
losses of the motor running at 25 Hz compare to the core losses of the motor
running at 60 Hz?

(c) Why did the early engineers provide a separate 60-Hz power system for lighting?
3-11. In later years, motors improved and could be run directly from a 60 Hzpower sup¬

ply. As a result, 25 Hz power systems shrank and disappeared. However, there were
many perfectly good working 25 Hz motors in factories around the country that
owners were not ready to discard. To keep them running, some users created their
own 25 Hz power in the plant using motor-generator sets. A motor-generator set
consists of two machines connected on a common shaft, one acting as a motor and
the other acting as a generator. If the two machines have different numbers of poles

13 = Bu cos (otj- a) (3-37b)
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but exactly the same shaft speed, then the electrical frequency of the two machines
will be different due to Equation (3-34). What combination of poles on the two ma¬
chines could convert 60 Hz power to 25 Hz power?

n P
/. = "ffo" (3"34)
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CHAPTER

4
SYNCHRONOUS

GENERATORS

LEARNING OBJECTIVES
• Understand the equivalent circuit of a synchronous generator.

• Be able to sketch phasor diagrams for a synchronous generator.

• Know the equations for power and torque ina synchronous generator.

• Know how to derive the characteristics of a synchronous machine from
measurements (OCC and SCC).

• Understand how terminal voltage varies with load in a synchronous genera¬
tor operating alone. Be able to calculate the terminal voltage at various load
conditions.

• Understand the conditions required to parallel two or more synchronous
generators.

• Understand the procedure for paralleling synchronous generators.

• Understand the operation of synchronous generators in parallel with a very
large power system (or infinite bus).

• Understand the static stability limit of a synchronous generator, and why the
transient stability limit is less than the static stability limit,

• Understandthe transient currents that flow under fault (short-circuit) conditions.
• Understand synchronous generator ratings, and what condition limits each

rating value.

Synchronous generators or alternators are synchronous machines used to convert
mechanical power to ac electric power. This chapter explores the operation of

191
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synchronous generators, both when operating alone and when operating together
with other generators.

4.1 SYNCHRONOUS GENERATOR
CONSTRUCTION

Ina synchronous generator, a rotor magnetic field is produced either by designing
the rotor as a permanent magnet or by applying a dc current to a rotor winding to
create an electromagnet. The rotor of the generator is then turned by a prime mover,
producing a rotatingmagnetic field within the machine. This rotating magnetic field
induces a three-phase set of voltages within the stator windings of tire generator.

Two terms commonly used to describe the windings on a machine arefield
windings and armature windings. Ingeneral, the termfieldwindings applies to the
windings that produce the main magnetic field in a machine, and the term arma¬
ture windings applies to the windings where the main voltage is induced. For syn¬
chronous machines, the field windings are on the rotor, so the terms rotor wind¬
ings and field windings are used interchangeably. Similarly, the terms stator

windings and armature windings are used interchangeably.
The rotor of a synchronous generator is essentially a large electromagnet. The

magnetic poles on the rotor can be of either salient or nonsalient construction. The
term salient means "protruding" or "sticking out," and a salientpole is a magnetic
pole that sticks out radially from the shaft of the rotor. On the other hand, a non-
salientpole is a magnedc pole with windings embedded flush with the surface of the
rotor. A nonsalient-pole rotor is shown inFigure 4— 1. Note that the windings of the
electromagnet are embedded in notches on the surface of the rotor. A salient-pole
rotor is shown inFigure 4-2. Note that here the windings of the electromagnet are
wrapped around the pole itself, instead of being embedded innotches on the surface
of the rotor. Nonsalient-pole rotors are normally used for two- and four-pole rotors,

while salient-pole rotors are normally used for rotors with four or more poles.
Because the rotor is subjected to changing magnetic fields, it is constructed

of thin laminations to reduce eddy current losses.
A dc current must be supplied to the field circuit on the rotor if it is an elec¬

tromagnet. Since the rotor is rotating, a special arrangement is required to get the

E

EndView Side View

FIGURE 4-1
A nonsalient two-pole rotor for a synchronous machine.
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FIGURE 4-2
(a) A salient six-pole rotor for a synchronous
machine, (b) Photograph of a salient eight-pole
synchronous machine rotor showing the windings
on the individual rotor poles. (Courtesy of
General Electric Company.) (c) Photograph of
a single salient pole from a rotor with the field
windings not yet inplace. (Courtesy ofGeneral Electric Company.) (d) A single salient pole shown
after the field windings are installed but before it is mounted on the rotor. (Courtesy ofWestingliouse
Electric Company.)

dc power to its field windings. There are two common approaches to supplying
this dc power:

1. Supply the dc power from an external dc source to the rotor by means of slip
rings and brushes.

2. Supply the dc power from a special dc power source mounted directly on the
shaft of the synchronous generator.

Slip rings are metal rings completely encircling the shaft of a machine but in¬
sulated from it. One end of the dc rotor winding is tied to each of the two slip rings
on the shaft of the synchronous machine, and a stationary brush rides on each slip
ring. A "brush" is a block of graphitelike carbon compound that conducts electric¬
ity freely but has very low friction, so that it doesn't wear down the slip ring. If the
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positive end of a dc voltage source is connected to one brash and the negative end
is connected to the other, then the same dc voltage will be applied to the field wind¬
ing at all times regardless of the angular position or speed of tire rotor.

Slip rings and brushes create a few problems when they are used to supply
dc power to the field windings of a synchronous machine. They increase the
amount of maintenance required on the machine, since the brashes must be
checked for wear regularly. Inaddition, brush voltage drop can be the cause of
significant power losses on machines with larger field currents. Despite these
problems, slip rings and brushes are used on all smaller synchronous machines,
because no other method of supplying the dc field current is cost-effective.

On larger generators and motors, brushless exciters are used to supply
the dc field current to the machine. A brushless exciter is a small ac generator
with its field circuit mounted on the stator and its armature circuit mounted on
the rotor shaft. The three-phase output of the exciter generator is rectifiedto di¬
rect current by a three-phase rectifier circuit also mounted on the shaft of the
generator, and is then fed into the main dc field circuit. By controlling the
small dc field current of the exciter generator (located on the stator), it is
possible to adjust the field current on the main machine without slip rings
and brushes. This arrangement is shown schematically in Figure 4-3, and a

Exciter Three-phase
rectifier

Synchronous
machine

Exciter armature Main Field

Exciter
field

Three-phase
output

Main armature

Three-phase
input (low cunent)

FIGURE4-3
A brushless exciter circuit. A small three-phase current is rectified and used to supply the field circuit
of the exciter, which is located on the stator. The output of the armature circuit of the exciter (on the
rotor) is then rectified and used to supply the field current of die main machine.
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synchronous machine rotor with a brushless exciter mounted on the same shaft
is shown inFigure 4~\. Since no mechanical contacts ever occur between the
rotor and the stator, a brushless exciter requires much less maintenance than
slip rings and brushes.

To make the excitation of a generator completely independent of any exter¬

nalpower sources, a small pilot exciter is often includedin the system. A pilot ex¬
citer is a small ac generator with permanent magnets mounted on the rotor shaft
and a three-phase winding on the stator. Itproduces the power for the field circuit
of the exciter, which in turn controls the field circuit of the main machine. If a
pilot exciter is included on the generator shaft, then no external electric power is
required to run the generator (see Figure 4—5).

Many synchronous generators that include brushless exciters also have slip
rings and brushes, so that an auxiliary source of dc field current is available in
emergencies.

The stator of a synchronous generator has already been described in Chap¬
ter 3, and more details of stator construction are found in Appendix B. Syn¬
chronous generator stators are normally made of preformed stator coils in a
double-layer winding. The winding itself is distributed and chorded in order to

reduce the harmonic content of the output voltages and currents, as described in
Appendix B.

A cutaway diagram of a complete large synchronous machine is shown in
Figure 4-6. This drawing shows an eight-pole salient-pole rotor, a stator with dis¬
tributed double-layer windings, and a brushless exciter.

FIGURE 4-4
Photograph of a synchronous machine rotor with a brushless exciter mounted on the same shaft.
Notice the rectifying electronics visible next to the armature of the exciter. (Courtesy of
Westinghouse Electric Company.)
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Pilol exciter

Pilot exciter
field

Permanent
magnets

Exciter

Exciter armature

Synchronous
generator

Main field

Three-
phase
rectifier

Three-
phase
rectifier

Pilot exciter
armature

Exciter
field

Three-phase ~
output

Mainarmature

FIGURE 4-5
A brushless excitation scheme that includes a pilot exciter. The permanent magnets of the pilot exciter-
produce the field current of the exciter, which in turn produces the field current of the main machine.

FIGURE4-6
A cutaway diagram of a large synchronous machine. Note the salient-pole construction and the
on-shaft exciter. (Courtesy ofGeneral Electric Company.)

(I
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c

4.2 THE SPEED OF ROTATIONOFA
SYNCHRONOUS GENERATOR

Synchronous generators are by definition synchronous,meaning that the electrical
frequency produced is locked in or synchronized with the mechanical rate of
rotation of the generator. A synchronous generator's rotor consists of an electro¬
magnet to which direct current is supplied. The rotor's magnetic field points in
whatever direction the rotor is turned. Now, the rate of rotation of die magnetic
fields inthe machine is related to the stator electrical frequency by Equation (3-34):

f
_ «JP

Jsc |20 (3-34)

where fst = electrical frequency, in Hz

nm = mechanical speed of magnetic field, in r/min (equals speed of
rotor for synchronous machines)

P ~ number of poles

Since the rotor turns at the same speed as the magnetic field, this equation relates
the speed of rotor rotation to the resulting electricalfrequency. Electric power is
generated at 50 or 60 Hz, so the generator must turn at a fixed speed depending on
the number of poles on the machine. For example, to generate 60-Hz power in a
two-pole machine, the rotor must turn at 3600 r/min. To generate 50-Hz power in
a four-pole machine, the rotor must turn at 1500 r/min. The required rate of rota¬

tion for a given frequency can always be calculated from Equation (3-34).

4.3 THE INTERNAL GENERATED VOLTAGE
OFA SYNCHRONOUS GENERATOR

In Chapter 3, the magnitude of the voltage induced in a given stator phase was
found to be

Ea = V2irNc4>f (3-50)

This voltage depends on the flux <f> in the machine, the frequency or speed of ro¬
tation, and the machine's construction. Insolving problems with synchronous ma¬

chines, this equation is sometimes rewritten in a simpler form that emphasizes the
quantities that are variable during machine operation. This simpler form is

Ea — Kcfto (4-1)

where K is a constant representing the construction of the machine. If to is ex¬
pressed inelectrical radians per second, then

K
K = V5 (4—2)

while if to is expressed in mechanical radians per second, then

NP
K=VT (4-3)
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(constant)

FIGURE 4-7
(a) Plot of flux versus field current for a synchronous generator, (b) The magnetization curve for the
synchronous generator.

The internal generated voltage EA is directly proportional to the flux and to

the speed, but the flux itself depends on the cuirent flowing in the rotor field
circuit. The field circuit IF is related to the flux 4> in the manner shown in
Figure 4-7a. Since EA is directly proportional to the flux, the internal generated
voltage Ea is related to the field current as shown in Figure 4—7b. This plot is
called the magnetization curve or the open-circuit characteristic of the machine.

4.4 THE EQUIVALENT CIRCUIT OFA
SYNCHRONOUS GENERATOR

The voltage Eÿ is die internal generated voltage produced in one phase of a syn¬
chronous generator. However, this voltage is not usually the voltage that ap¬
pears at the terminals of the generator. In fact, the only time the internal voltage

is the same as the output voltage of a phase is when there is no armature
current flowing in the machine. Why is the output voltage \ljs from a phase not

equal to Eÿ, and what is the relationship between the two voltages? The answer to

these questions yields the equivalent circuit model of a synchronous generator.
There are a number of factors that cause the difference between EA and Vÿ:

1. The distortion of the air-gap magnetic field by the current flowing in the sta-
tor, called armature reaction.

2. The self-inductance of the armature coils.
3. The resistance of the armature coils.

4. The effect of salient-pole rotor shapes.

We will explore the effects of the first three factors and derive a machine model
from them. In this chapter, the effects of a salient-pole shape on the operation of a
synchronous machine will be ignored; in other words, all the machines in this

U
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chapter are assumed to have nonsalient or cylindrical rotors. Making this assump¬
tion will cause the calculated answers to be slightly inaccurate if a machine does
indeedhave salient-pole rotors, but the errors are relatively minor.A discussion of
the effects of rotor pole saliency is included inAppendix C.

The first effect mentioned, and normally the largest one, is armature reac¬
tion. When a synchronous generator's rotor is spun, a voltage is induced in the
generator's stator windings. If a load is attached to the terminals of the generator,
a current flows. But a three-phase stator current flow will produce a magnetic
field of its own in the machine. This stator magnetic field distorts the original ro¬

tor magnetic field, changing the resulting phase voltage. This effect is called
armature reaction because the armature (stator) current affects the magnetic field
which produced it inthe first place.

To understand armature reaction, refer to Figure 4-8. Figure 4-8a shows
a two-pole rotor spinning inside a three-phase stator. There is no load con¬
nected to the stator. The rotor magnetic field produces an internal generated
voltage Ea whose peak value coincides with the direction of Bs. As was shown
in the last chapter, the voltage will be positive out of the conductors at the top
and negative into the conductors at the bottom of the figure. With no load on
the generator, there is no armature current flow, and EA will be equal to the
phase voltage Vÿ.

Now suppose that the generator is connected to a lagging load. Because the
load is lagging, the peak current will occur at an angle behind the peak voltage.
This effect is shown in Figure 4-8b.

The current flowing in the stator windings produces a magnetic field of its
own. This stator magnetic field is called Bs and its direction is given by the right-
hand rule to be as shown in Figure 4—8c. The stator magnetic field produces a
voltage of its own in the stator, and this voltage is called Eslat on the figure.

With two voltages present in the stator windings, the total voltage ina phase
is just the sum of the internal generated voltage Eÿ and the armature reaction
voltage Est(ll:

% = E, + Es(itt (4-4)

The net magnetic field Bnet is just the sum of the rotor and stator magnetic fields:

®net = + (4-5)

Since the angles of EA and BR are the same and the angles of Esta,and Bs are the
same, the resulting magnetic field Bne, will coincide with the net voltage Vÿ,. The
resulting voltages and currents are shown inFigure 4-8d.

The angle between Bff and Bnct is known as the internal angle or torque an¬
gle A (gr A) for the machine. This angle is proportional to the amount of power
being supplied by the generator, as we shall see in Section 4.6.

How can the effects of armature reaction on the phase voltage be modeled?
First, note that the voltage Estat lies at an angle of 90° behind the plane of maxi¬
mum current \A. Second, the voltage Estat is directly proportional to the current 1ÿ.



200 ELECTRIC MACHINERY FUNDAMENTALS

vl.max

FIGURE 4-8
The development of a model for armature reaction: (a) A rotatingmagnetic field produces the
internal generated voltage EA. (b) The resulting voltage produces a lagging currentflow when
connected to a lagging load, (c) The stator current produces its own magnetic field Bs, which
produces its own voltage E„at in the stator windings of the machine, (d) The field Bs adds to R/(,
distorting it into Bn<,t. The voltage Estal adds to E4, producing Vÿ, at the output of the phase.

IfX is a constant of proportionality, then the armature reaction voltage can be
expressed as

Esin.t = — (4—6)

The voltage on a phase is thus

(4-7)V. = EA-jXIA

Look at the circuit shown inFigure 4-9. The Kirchhoff's voltage law equa¬
tion for this circuit is

%, = EA-jXlA (4-8)

'A,max
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_TY~V-Y-Y -O +

\

'A

-O —
FIGURE4-9
A simple circuit (see text).

This is exactly the same equation as the one describing the armature reaction volt¬
age, Therefore, the armature reaction voltage can be modeled as an inductor in
series with the internal generated voltage.

In addition to the effects of armature reaction, the stator coils have a self-
inductance and a resistance. If the stator self-inductance is called LA (and its cor¬
responding reactance is called XA) while the stator resistance is called RA, then the
total difference between and Vÿ, is given by

The armature reaction effects and the self-inductance in the machine are both
represented by reactances, and it is customary to combine them into a single reac¬
tance, called the synchronous reactance of the machine:

It is now possible to sketch the equivalent circuit of a three-phase synchro¬
nous generator. The full equivalent circuit of such a generator is shown in
Figure 4-10. This figure shows a dc power source supplying the rotor field circuit,
which is modeled by the coil's inductance and resistance in series. In series with

Rr is an adjustable resistor Radj which controls the flow of field current. The rest

of the equivalent circuit consists of the models for each phase. Each phase has an
internal generated voltage widr a series inductanceYj (consisting of the sum of
the armature reactance and the coil's self-inductance) and a series resistance RA.
The voltages and currents of the three phases are 120° apart in angle, but other¬
wise the three phases are identical.

These three phases can be either Y- or A-connected as shown in Figure 4—11.
If they are Y-connected, then tire terminal voltage VT (which is the same as the
time-to-line voltage VL is related to the phase voltage by

Y/> — jXlA jXAlA RaIa (4-9)

X* = X + XA

Therefore, the final equation describing is

(4-10)

Vÿ=E, -jXsla~Ra\a (4-11)

yr = yL = V31ÿ (4-12)

If they are A-connected, then
(4-13)
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Cy-vyÿ-AyYv-o +

JXS Ra

o -

FIGURE 4-10
The full equivalent circuit of a three-phase synchronous generator.

The fact that the three phases of a synchronous generator are identical in
all respects except for phase angle normally leads to the use of a per-phase equiv¬
alent circuit. The per-phase equivalent circuit of this machine is shown in
Figure 4—12. One important fact must be kept in mind when the per-phase equiv¬
alent circuit is used: The three phases have the same voltages and currents only
when the loads attached to them are balanced. If the generator's loads are not bal¬
anced, more sophisticated techniques of analysis are required. These techniques
are beyondthe scope of this book.

4.5 THE PHASOR DIAGRAM OFA
SYNCHRONOUS GENERATOR

Because the voltages in a synchronous generator are ac voltages, they are usually
expressed as phasors. Since phasors have both a magnitude and an angle, the
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'A2

(a)

h
-0 +

-o-

'A2

(b)

FIGURE4-11
The generator equivalent circuit connected in (a) Y and (b) A.

relationship between them must be expressed by a two-dimensional plot. When
the voltages within a phase (EA, Vÿ, jXslA, and RAlA) and the current 1A in the
phase are plotted in such a fashion as to show the relationships among them, the
resulting plot is called a phasor diagram.
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b

JXS
-A/VV

RA

FIGURE 4-12
The per-phase equivalent circuit of a synchronous generator. The internal field circuit resistance and
the external variable resistance have been combined into a single resistor f?/?.

FIGURE 4-13
The phasor diagram of a synchronous generator at unity power factor.

For example, Figure 4-13 shows these relationships when the generator is
supplying a load at unity power factor (a purely resistive load). From Equation
(4-11), the total voltage EA differs from the terminal voltage of the phase by
the resistive and inductive voltage drops. All voltages and currents are referenced
to Vÿ, which is arbitrarily assumed to be at an angle of 0°.

This phasor diagram can be compared to the phasor diagrams of generators

operating at lagging and leading power factors. These phasor diagrams are shown
in Figure 4-14. Notice that, for a given phase voltage and armature current, a
larger internal generated voltage EA is needed for lagging loads than for leading
loads. Therefore, a larger field current is needed with lagging loads to get the
same terminal voltage, because

Ea = K<f>to (4-1)

and cu must be constant to keep a constant frequency.
Alternatively, for a givenfield current and magnitude of load current, the

terminal voltage is lowerfor lagging loads and higherfor leading loads.
Inreal synchronous machines, the synchronous reactance is normally much

larger than the winding resistance RA, so RA is often neglected in the qualitative
study of voltage variations. For accurate numerical results, RA must of course be
considered.
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(a)

FIGURE 4-14
The phasor diagram of a synchronous generator at (a) lagging and (b) leading power factor.

4.6 POWER AND TORQUE IN
SYNCHRONOUS GENERATORS

A synchronous generator is a synchronous machine used as a generator. It con¬
verts mechanicalpower to three-phase electrical power. The source of mechanical
power, the prime mover, may be a diesel engine, a steam turbine, a water turbine,
or any similar device. Whatever the source, it must have the basic property that its
speed is almost constant regardless of the power demand. If that were not so, then
the resulting power system's frequency would wander.

Not all the mechanical power going into a synchronous generator becomes
electricalpower out of the machine.The difference between input power and output
power represents the losses of the machine. A power-flow diagram for a synchro¬
nous generator is shown inFigure 4-15. The input mechanical power is the shaft
power in the generator Fjn = Tappcom, while the power converted from mechanical
to electrical form internally is given by

ÿÿconv Tjnd(Oln (4—14)

= 5EaIa cos y (4—15)

where y is the angle between and IA. The difference between the input power
to the generator and the power converted in the generator represents the mechan-

/ ical, core, and stray losses of the machine.
The real electrical output power of the synchronous generator can be ex¬

pressed in line quantities as

Pout = V3 VLIL cos 0 (4-16)
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FIGURE 4-15
The power-flow diagram of a synchronous generator.

and inphase quantities as

Pout = Wa cos

The reactive power output can be expressed in line quantities as

0>ut = V3Vl/l sin 9

or inphase quantities as

= 3Va sin 6

(4-17)

(4-18)

(4-19)

If the armature resistance RA is ignored (since Xs»RA), then a very useful
equation can be derived to approximate the output power of the generator. To de¬
rive this equation, examine the phasor diagram inFigure 4-16. Figure 4—16 shows
a simplified phasor diagram of a generator with the stator resistance ignored. No¬
tice that the vertical segment be can be expressed as either EA sin 8 or Xs IA cos 9.
Therefore,

L cos 9 = Ea sin 8

and substituting this expression into Equation (4-17) gives

P = EaE sin 5 (4-20)

Since the resistances are assumed to be zero inEquation (4-20), there are no elec¬
trical losses in this generator, and this equation is both Pcam and PulIt.

Equation (4-20) shows that the power produced by a synchronous genera¬
tor depends on the angle 8 between and EA. The angle 8 is known as the inter¬
nal angle or torque angle of the machine. Notice also that the maximum power
that the generator can supply occurs when 8 — 90°. At 8 = 90°, sin 8 = 1, and

P =L max (4-21)
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O

FIGURE4-16
Simplified phasor diagram with armature resistance ignored.

The maximum power indicatedby this equation is called the static stability limit
of the generator. Normally, real generators never even come close to that limit.
Full-load torque angles of 20 to 30 degrees are more typical of realmachines.

Now take another look at Equations (4-17), (4-19), and (4-20). If is as¬
sumed constant, then the realpower output is directlyproportional to the quanti¬
ties IA cos 0 and EA sin 8,and the reactive power output is directly proportional to
the quantity lA sin 0. These facts are useful in plotting phasor diagrams of syn¬
chronous generators as loads change.

From Chapter 3, the induced torque in this generator can be expressed as

Tnd = kBR x Bs (3-58)
or as

Tind = kRR X Bnet (3-60)

The magnitude of Equation (3-60) can be expressed as

i*ind = kBRBn* sin 5 (3-61)

where 8 is the angle between the rotor and net magnetic fields (the so-called
torque angle). Since JSR produces the voltage and Bnct produces the voltage Vÿ,
the angle 8 between EA and is the same as the angle 8 between Bÿ and Bnet.

An alternative expression for the induced torque in a synchronous generator
can be derived from Equation (4-20). Because Pcom = rmd(om, the induced torque
can be expressed as

'ind sin 8 (4-22)
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This expression describes the induced torque in terms of electrical quantities,
whereas Equation (3-60) gives the same information in terms of magnetic
quantities.

Note that both the power converted from mechanical form to electrical form

Pcom in a synchronous generator and the torque induced rind inthe rotor of die gen¬
erator are dependent on the torque angle 6.

(4-20)

(4—22)

Both of these quantities reach their maximum values when the torque angle 5
reaches 90°. The generator is not capable of exceeding those limits even instanta¬
neously. Realgenerators typically have full-load torque angles of 20-30°, so the ab¬
solute maximum instantaneous power and torque that they can supply is at least
twice their full-load values. This reserve of power and torque is essential for the sta¬

bility of power systems containing these generators, as we will see in Section 4.10.

4.7 MEASURING SYNCHRONOUS
GENERATOR MODELPARAMETERS

The equivalent circuit of a synchronous generator that has been derived contains
three quantities that must be determined in order to completely describe the be¬
havior of a real synchronous generator:

1. The relationship between field current and flux (and therefore between the
field current and EA)

2. The synchronous reactance

3. The armature resistance

This section describes a simple technique for determining chese quantities in a
synchronous generator.

The first step in tire process is to perform the open-circuit test on the gener¬
ator. To perform this test, the generator is turned at the rated speed, the terminals
are disconnected from all loads, and the field current is set to zero. Then the field
current is gradually increased insteps, and the terminal voltage is measured at each
step along the way. With the terminals open, IA = 0, so EA is equal to Vi . It is thus
possible to construct a plot of EA (or VT) versus lF from this information. This plot
is the so-called open-circuit characteristic (OCC) of a generator. With this charac¬
teristic, it is possible to find the internal generated voltage of the generator for any
given field current. A typical open-circuit characteristic is shown in Figure 4—17a.
Notice that at first the curve is almost perfectly linear, until some saturation is ob¬
served at high field currents. The unsaturated iron in the frame of the synchronous
machine has a reluctance several thousand times lower than the air-gap reluctance,

P • s
CODV sin O

3V*EA . ,-7T~ sin o
umXS
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FIGURE4-17
(a) The open-circuii
characteristic (OCC) of a
synchronous generator, (b)
The short-circuit
characteristic (SCC) of a
synchronous generator.

so at first almost all the magnetomotive force is across the air gap, and the result¬
ing flux increase is linear. When the iron finally saturates, the reluctance of the iron
increases dramatically, and the flux increases much more slowly with an increase
in magnetomotive force. The linear portion of an OCC is called the air-gap line of
the characteristic.

The second step in the process is to conduct the short-circuit test. To per¬
form the short-circuit test, adjust the field current to zero again and short-circuit
the terminals of the generator through a set of ammeters. Then the armature cur¬
rent 1A or the line current IL is measured as the field current is increased. Such a

plot is called a short-circuit characteristic (SCC) and is shown in Figure 4— 17b. It
is essentially a straight line.To understand why this characteristic is a straight line,
look at the equivalent circuit in Figure 4-12 when the terminals of the machine
are short-circuited. Such a circuit is shown in Figure 4— 18a. Notice that when the
terminals are short-circuited, the armature current 1ÿ is given by

I= E*
'' Ra+Xs

(4-23)



21U ELECTR IC MACHINERY FUNDAMENTALS Z1U bLLiC IK1C MACHINERY KJNDAMI-.N IAI„S

M'C;

JXS Ra
—vw

v4=ov

(a)

" Ra+,

v.=ov

FIGURE 4-18 (
(a) The equivalent circuit of a synchronous generator during die short-circuit test, (b) The resulting
phasor diagram, (c) The magnetic fields during the short-circuit test.

and its magnitude is just given by

= WT¥S ÿ24)

The resulting phasor diagram is shown in Figure 4-18b, and the corresponding
magnetic fields are shown in Figure 4-18c. Since Bs almost cancels B„, the
net magnetic field Bnet is very small (corresponding to internal resistive and in¬
ductive drops only). Since the net magnetic field in the machine is so small, the
machine is unsaturated and the SCC is linear.

To understand what information these two characteristics yield, notice that,
with equal to zero in Figure4-18, the internalmachine impedance is given by

= V/£ + X? = (4—25)

Since Xs»RA, this equation reduces to

L
(4-26)

If Ea and lA are known for a given situation, then the synchronous reactance Xs
can be found.

Therefore, an approximate method for determining the synchronous reac¬
tance Xs at a given field current is

1. Get the internal generated voltage EA from the OCC at that field current.

2. Get the short-circuit current flow IASC at that field current from the SCC.
3. Find Xs by applying Equation (4-26).
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FIGURE4-19
A sketch of the approximate synchronous reactance of a synchronous generator as a function of the
field current in the machine. The constant value of reactance found at low values of field current is
the unsaturatedsynchronous reactance of the machine.

There is a problem with this approach, however. The internal generated
voltage Ea comes from the OCC, where the machine is partially saturated for
large field currents, while IA js taken from the SCC, where the machine is unsatu¬

rated at all field currents. Therefore, at higher field currents, the EA taken from the
OCC at a given field current is not the same as the EA at the same field current un¬
der short-circuit conditions, and this difference makes the resulting value of Xs
only approximate.

However, the answer given by this approach is accurate up to the point of
saturation, so the unsaturatedsynchronous reactance XSll of the machine can be
found simply by applying Equation (4—26) at any field current in the linear por¬
tion (on the air-gap line) of the OCC curve.

The approximate value of synchronous reactance varies with the degree of
saturation of the OCC, so the value of the synchronous reactance to be used in a
given problem should be one calculated at the approximate load on the machine.
A plot of approximate synchronous reactance as a function of field current is
shown inFigure 4-19.

To get a more accurate estimation of the saturated synchronous reactance,

refer to Section 5-3 of Reference 2.
If it is important to know a winding's resistance as well as its synchronous

reactance, the resistance can be approximated by applying a dc voltage to the
windings while the machine is stationary and measuring the resulting current

flow. The use of dc voltage means that the reactance of the windings will be zero
during the measurement process.
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This technique is not perfectly accurate, since the ac resistance will be
slightly larger than the dc resistance (as a result of the skin effect at higher fre¬
quencies). The measured value of the resistance can even be plugged into Equa¬
tion (4-26) to improve the estimate of Xs, if desired. (Such an improvement is not
much help in the approximate approach—saturation causes a much larger error in
the Xs calculation than ignoring RA does.)

The Short-Circuit Ratio

Another parameter used to describe synchronous generators is the short-circuit
ratio. The short-circuit ratio of a generator is defined as the ratio of thefield cur¬
rent requiredfor the rated voltage at open circuit to th&field current requiredfor
the rated armature current at short circuit. It can be shown that this quantity is
just the reciprocal of the per-unit value of the approximate saturated synchronous
reactance calculated by Equation (4—26).

Although the short-circuit ratio adds no new information about the genera¬
tor that is not already known from the saturated synchronous reactance, it is im¬
portant to know what it is, since the term is occasionally encountered in industry.

Example 4-1. A 200-kVA, 480-V, 50-Hz, Y-connected synchronous generator
with a rated field current of 5 A was tested, and the following data were taken:

1. VTOC at the rated lrwas measured to be 540 V.
2. 1LSC at the rated lF was found to be 300 A.
3. When a dc voltage of 10V was applied to two of the terminals, a current of 25 A

was measured.

Find the values of the armature resistance and the approximate synchronous reactance in
ohms that would be used in the generator model at the rated conditions.

Solution
The generator described above is Y-connected, so the direct current in the resistance test

flows through two windings. Therefore, the resistance is given by

ÿDC
2Ra = 7T'DC

Vdc _ 10V
2Idc (2)(25 A)RA = = 7XWTTTY = 0.2 Cl

The internal generated voltage at the rated field current is equal to

V,r
'-a ~ >oc - ÿ

540 V

E* =

inv
311.8 V" V3

Tire short-circuit current lA is just equal to the line current, since the generator is
Y-connected: I

ÿa.sc ~ Ipse = 300 A
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FIGURE4-20
The per-phase equivalent circuit of the generator in Example 4-1.

Therefore, the synchronous reactance at the rated field current can be calculated from
Equation (4-25):

ffl + = T (4-25)
'a

311.8 V
300 A

7(0.2 H)2 + X] =

7(0.2 ft)- -1 Xj = 1.039X1

0.04 + X% = 1.08

Xj = 1.04

Xs = 1.02X1

How much effect dtd the inclusion of R.have on the estimate of Xc? Not much. IfXc
is evaluated by Equation (4-26), the result is

Y = —ÿ =s J'a
311.8 V
300 A

= 1.04X1

Since the error inXs due to ignoring RA is much less than tire error due to saturation effects,
approximate calculations are normally done with Equation (4—26).

The resulting per-phase equivalent circuit is shown inFigure 4—20.

4.8 THE SYNCHRONOUS GENERATOR
OPERATING ALONE

The behavior of a synchronous generator under load varies greatly depending on
the power factor of the load and on whether the generator is operating alone or in
parallel with other synchronous generators. In this section, we will study the be¬
havior of synchronous generators operating alone. We wiLl study the behavior of
synchronous generators operating in parallel in Section 4.9.

Throughout this section, concepts will be illustratedwith simplified phasor
diagrams ignoring the effect of RA. In some of the numerical examples the resis¬
tance Ra will be included.

Unless otherwise stated in this section, the speed of the generators will be
assumed constant, and all terminal characteristics are drawn assuming constant
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Generator Load

FIGURE4-21
A single generator supplying a load.

speed. Also, the rotor flux in the generators is assumed constant unless their field
current is explicitly changed.

The Effect of Load Changes on a Synchronous
Generator OperatingAlone

To understand the operating characteristics of a synchronous generator operating (
alone, examine a generator supplying a load. A diagram of a single generator sup¬
plying a load is shown in Figure 4—21. What happens when we increase the load
on this generator?

An increase in the load is an increase in the real and/or reactive power
drawn from the generator. Such a load increase increases the load current drawn
from the generator. Because the field resistor has not been changed, the field cur¬

rent is constant, and therefore the flux <h is constant. Since the prime mover also
keeps a constant speed <r>, the magnitude of the internal generated voltage EA —

K<j>co is constant.

If Ea is constant, just what does vary with a changing load? The way to find
out is to construct phasor diagrams showing an increase in the load, keeping the
constraints on the generator in mind.

First, examine a generator operating at a lagging power factor. Ifmore load
is added at the same powerfactor, then IIJ increases but remains at the same an¬

gle 8 with respect to as before. Therefore, the armature reaction voltagejXsIA
is larger than before but at the same angle. Now since

E/i = V* +jXslA

jXs\A must stretch between V,(, at an angle of 0° and Eÿ,which is constrained to be
of the same magnitude as before the load increase. If these constraints are plotted
on a phasor diagram, there is one and only one point at which the armature reac¬
tion voltage can be parallel to itsoriginal position while increasing in size. The re¬

sulting plot is shown inFigure4-22a.
If the constraints are observed, then it is seen that as the load increases, the

voltage decreases rather sharply.
Now suppose the generator is loaded with unity-power-factor loads. What 1

happens if new loads are added at the same power factor? With the same con¬

straints as before, it can be seen that this time decreases only slightly (see
Figure 4-22b).
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FIGURE 4-22
The effect of an increase in generator loads at constant power factor upon its terminal voltage.
(a) Lagging power factor; (b) unity power factor; (c) leading power factor.

Finally, let the generator be loaded with leading-power-factor loads. If new
loads are added at the same power factor this time, the armature reaction voltage
lies outside its previous value, and Vÿ, actually rises (see Figure 4—22c). Inthis last
case, an increase in the load in the generator produced an increase in the terminal
voltage. Such a result is not something one would expect on the basis of intuition
alone.

General conclusions from this discussion of synchronous generator behav¬
ior are

1. If lagging loads (+Q or inductive reactive power loads) are added to a gen¬
erator, and the terminal voltage VT decrease significantly.

2. If unity-power-faclor loads (no reactive power) are added to a generator, there
is a slight decrease in V(#, and the terminal voltage.

3. If leading loads (-Q or capacitive reactive power loads) are added to a gener¬
ator, and the terminal voltage will rise.

A convenient way to compare the voltage behavior of two generators is by
their voltage regulation. The voltage regulation (VR) of a generator is defined by
the equation
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VR = V"' Vfl
X 100%

vti
(3-67)

where Vnl is the ao-load voltage of the generator and Vfl is tire full-load voltage of
the generator. A synchronous generator operating at a lagging power factor has a
fairly large positive voltage regulation, a synchronous generator operating at a
unity power factor has a small positive voltage regulation,and a synchronous gen¬
erator operating at a leading power factor often has a negative voltage regulation.

Normally, it is desirable to keep the voltage supplied to a loadconstant, even
though the loaditself varies. How can terminal voltage variations be corrected for?
The obvious approach is to vary the magnitude of EA to compensate for changes in
the load. Recall that EA = Ktfto. Since the frequency should not be changed in a
normal system, EA must be controlled by varying the flux in the machine.

For example, suppose that a lagging load is added to a generator. Then the
terminal voltage will fall, as was previously shown. To restore it to its previous
level, decrease the field resistor RF. IfRF decreases, the field current will increase.
An increase inIf increases the flux, which in turn increases EA, and an increase in

Ea increases the phase and terminal voltage. This idea can he summarized as
follows:

1. Decreasing the field resistance in the generator increases its field current.

2. An increase in the field current increases the flux in the machine.

3. An increase in the flux increases the internal generated voltage EA = Kfxv.
4. An increase in EA increases VJ/, and the terminal voltage of the generator.

The process can be reversed to decrease the terminal voltage. It is possible
to regulate the terminal voltage of a generator throughout a series of load changes
simply by adjusting the field current.

Example Problems

The following three problems illustrate simple calculations involving voltages,
currents, and power flows in synchronous generators. The first problem is an ex¬

ample that includes the armature resistance in its calculations, while the next two
ignore RA. Part of the first example problem addresses the question: How must a
generator 'sfieldcurrent be adjusted to keep VT constant as the loadchanges? On
the other hand, part of the second example problem asks the question: Ifthe load
changes and the field is left alone, what happens to the terminal voltage? You
should compare the calculated behavior of the generators in these two problems
to see if it agrees with the qualitative arguments of this section. Finally, the third
example illustrates the use of a MATLAB program to derive the terminal charac¬
teristics of synchronous generator.

Example 4-2. A 480-V, 60-Hz, A-connected, four-pole synchronous generator has
the OCC shown inFigure 4-23a. This generator has a synchronous reactance of 0.1 A and
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FIGURE 4-23
(a) Open-ciicirit characteristic of the generator inExample 4—2. (*b) Phasor diagram of the generator
in Example 4-2.

an armature resistance of 0.015 fl.At full load, Ihe machine supplies 1200A at 0.8 PF lag¬
ging. Under full-load conditions, the friction and windage losses are 40 kW, and the core

losses are 30 kW. Ignore any field circuit losses.
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(a) What is the speed of rotation of this generator?
(b) How much field current must be supplied to the generator to make the terminal

voltage 480 V at no load?
(c) If the generator is now connected to a load and the load draws 1200A at 0.8 PF

lagging, how much field current will be required to keep the terminal voltage
equal to 480 V?

(d) How much power is the generator now supplying? How much power is supplied
to the generator by the prime mover? What is this machine's overall efficiency?

(e) If the generator's load were suddenly disconnected from the line, what would
happen to its terminal voltage?

(f) Finally, suppose that the generator is connected to a load drawing 1200A at 0.8
PF leading. How much field current would be required to keep VT at 480 V?

Solution
This synchronous generator is A-connected, so its phase voltage is equal to its line voltage
K/, = VT, while its phase current is related to its line current by the equation IL = V31$ .

(a) The relationship between the electrical frequency produced by a synchronous
generator and the mechanical rate of shaft rotation is given by Equation (3-34):

Therefore,

nJP
fse = 0-34)

120/.
p

120(60Hz) ____. .
= —71—;-L - 1800 r/mm4 poles

(b) In this machine, VT = Vÿ. Since the generator is at no load, 1A = 0 and EA = Vÿ,.
Therefore, Vr = ty, = EA = 480 V, and from the open-circuit characteristic,
If = 4.5 A.

(c) If the generator is supplying 1200A, then the armature current in the machine is

IA = 12°ÿA = 692.8 A

The phasor diagram for this generator is shown inFigure 4-23b. If the terminal
voltage is adjusted to be 480 V, the size of the internal generated voltage EA is
given by

Ea = Y/> ÿ/\1a + Jÿs"a
= 480 Z0° V + (0.015 fl)(692.8Z -36.87° A) + (yO.l fl)(692.8 Z —36.87° A)

= 480 Z0° V + 10.39Z-36.87° V + 69.28 Z53.13" V

= 529.9 +y'49.2 V = 532 Z5.3° V

To keep the terminal voltage at 480 V, EA must be adjusted to 532 V. From
Figure 4-23, the required field current is 5.7 A.

(d) The power that the generator is now supplying can be found from Equation
(4-16):

Pom = V3FiAcos 6 (4-16)
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= V3(480 V)(1200 A) cos 36.87°
= 798 kW

To determine the power input to the generator, use the power-flow diagram (Fig¬
ure 4-15). Fromthe power-flow diagram, the mechanical inputpower is given by

P — p _l p j
_ p 4- P 4- P1in x out 1elec loss 1core loss mech loss 1 1siray loss

The stray losses were not specified here, so they will be ignored. In this genera¬
tor, the electrical losses are

ÿelec loss — -ÿAÿA

= 3(692.8 A)2(0.015 O) = 21.6 kW

The core losses are 30 kW, and the friction and windage losses are 40 lcW, so the
total input power to the generator is

Pin = 798 kW + 21.6 kW + 30 kW + 40 kW = 889.6 kW

Therefore, the machine's overall efficiency is

r, = x 100% - 0o?,8iC,ÿ x 100% = 89.75%
' rin 889.6 kW

(e) If the generator's load were suddenly disconnected from the line, the current lA
would drop to zero, making ~EA = Vÿ. Since the field current has not changed, IE/1
has not changed and and VT must rise to equal E4. Therefore, if the load were
suddenly dropped, the terminal voltage of the generator would rise to 532 V.

(f If the generator were loaded down with 1200A at 0.8 PF leading while the ter¬
minal voltage was 480 V, then the internal generated voltage would have to be

ea = v, + raia +jxsiA
= 480 Z0° V + (0.015 fl)(692.8 Z36.87° A) + (;0.10)(692.8 Z36.870 A)
= 480 Z0° V + 10.39 Z 36.87° V + 69.28 Z 126.87° V
= 446.7 + ;61.7 V = 451 Z7.1° V

Therefore, the internal generated voltage EA must be adjusted to provide 451V if VT
is to remain 480 V. Using the open-circuit characteristic, the field current would
have to be adjusted to 4.1 A.

Which type of load (leading or lagging) needed a larger field current to
maintain the rated voltage? Which type of load (leading or lagging) placed more
thermal stress on the generator? Why?

Example 4-3, A 480-V, 50-Hz, Y-connected, six-pole synchronous genera¬
tor has a per-phase synchronous reactance of 1.0 fl. Its full-load armature current is
60 A at 0.8 PF lagging.This generator has friction andwindage losses of 1.5 kW and
core losses of 1.0 kW at 60 Hz at full load. Since the armature resistance is being ig¬
nored, assume that the I2R losses are negligible. The field current has been adjusted
so that the terminal voltage is 480 V at no load.

(a) What is the speed of rotation of tills generator?
(b) What is the terminal voltage of this generator if the following are true?
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1. It is loaded with the rated current at 0.8 PF lagging.
2. It is loaded with the rated current at 1.0 PF.
3. It is loaded with the rated current at 0.8 PF leading.

(c) What is the efficiency of this generator (ignoring the unknown electrical losses)
when it is operating at the rated current and 0.8 PF lagging?

(d) How much shaft torque must be applied by the prime mover at full load? How
large is the induced countertorque?

(e) What is the voltage regulation of this generator at 0.8 PF lagging?At 1.0 PF?At
0.8 PF leading?

Solution
This generator is Y-connected, so its phase voltage is given by = VTI V3 . That means
that when VT is adjusted to 480 V, = 277 V. The field current has been adjusted so that

V7 n) = 480 V, so = 277 V. At no load, the armature current is zero, so the armature re¬
action voltage and the IARA drops are zero. Since = 0, the internal generated voltage

Vt, ~ 277 V. The internal generated voltage EA(= Kcpto) varies only when the field
current changes. Since the problem states that the field current is adjusted initially and then
left alone, the magnitude of the internal generated voltage is EA = 111V and will not

change in this example.

(a) The speed of rotation of a synchronous generator in revolutions per minute is
given by Equation (3-34):

n,,,P
L= jfo (3~34)

Therefore,

120fsen„ =

120(50 Hz) ,nn„ , .
= —2—i-= 1000 r/min6 poles

Alternatively, the speed expressed in radians per second is

= 104.7 rad/s

(b) 1. If the generator is loaded down with rated current al 0.8 PF lagging, the re¬
sulting phasor diagram looks like the one shown in Figure 4-24a. In this
phasor diagram, we know that is at an angle of 0°, that the magnitude of
~EA is 277 V, and that the quantity jXslA is

jXslA = ;'(1.0ft)(60Z -36.87° A) = 60Z53.13°V

The two quantities not known on the voltage diagram are the magnitude of
Yj, and the angle 8 of EA. To find these values, tire easiest approach is to con¬
struct a right triangle on the phasor diagram, as shown in the figure. From
Figure 4-24a, tire right triangle gives

4 = (V* + XS*a S!n W + &sh cos

Therefore, the phase voltage at the rated load and 0.8 PF lagging is
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FIGURE 4-24
Generator phasor diagrams for Example 4-3. (a) Laggingpower factor; (b) unity power factor;
(c; leading power factor.

(277 V)2 = [V+ + (1.0 fl)(60Al sin 36.87°]2 + [(1.0 H)(60A) cos 36.87°]2

76,729 = (Vÿ + 36)2 + 2304

74,425 = (V0 + 36)2

272.8 = !/<, + 36

= 236.8 V

Since the generator is Y-connected, VT= V3Vÿ = 410 V.
2. If the generator is loaded with the rated current at unity power factor, then

the phasor diagram will look like Figure 4-24b. To find here the right
triangle is
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El = VI + (XsIAf
(277 V)2 = V$ + [(1.0 H)(60A)]2

76,729 = V} + 3600

Vl = 73,129

= 270.4 V

Therefore, VT = V3Vt = 468.4 V.
3. When the generator is loaded with the ratedcurrent at 0.8 PF leading, the re¬

sulting phasor diagram is the one shown in Figure 4—24c. To find in this
situation, we construct the triangle OAB shown in tine figure. The resulting
equation is

El= (Vÿ - XSI, sin Of + {XS1A cos 0)

Therefore, tlte phase voltage at the rated load and 0.8 PF leading is

(277 V)2 = [Vÿ- (1.0 f))(60 A) sin 36.87°]2 + [(1.0 fl)(60 A) cos 36.870]2
(

76,729 = (V+ - 36)2 + 2304

74,425 = (KA - 36)2

272.8 = 1ÿ,-36

V4 = 308.8 V

Since the generator is Y-connecled, VT — V3Vÿ, = 535 V.
(c) The output power of this generator at 60A and 0.8 PF lagging is

Foul =3Vj, IA cos 6
= 3(236.8 V)(60 A)(0.8) = 34.1 lcW

The mechanical input power is given by

P = P -r P + P -rP1in 1out 1clec loss 1core loss 1mech loss

= 34.1 kW + 0 + 1.0kW + 1.5 kW = 36.6 kW

The efficiency of the generator is thus

ÿn =ÿ x 100% = ÿ x 100% = 93.2%
' rin 36.6 kW

(d) The input torque to this generator is given by the equation

ÿin ÿ

'app%jj

Pin 36.6 kW
so r _ = — = . „—— = 291.2 N • mapp u>m 125.7 rad/s

The induced countertorque is given by

ÿconv — Tind

ÿconv 34.1 kW
125.7 rad/s

= 271.3 N• m

(e) The voltage regulation of a generator is defined as
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VR = V"\ Vfl x 100% (3-67)vn
By this definition, the voltage regulation for the lagging, unity, and leading
power-factor cases are

„ , Tm 480 V -410 V
1. Lagging case: VR =-

440V
-x = '7.1%

2. Unity case: VR =
480 ÿy68V x 100% = 2.6%

400 v — <5ns V
3. Leading case: VR = ÿ ÿ x 100% = -10.3%

In Example 4-3, lagging loads resulted ina drop in terminal voltage, unity-
power-factor loads caused little effect on VT, and leading loads resulted in an
increase in terminal voltage.

Example 4-4. Assume that the generator of Example 4—3 is operating at no load
with a terminal voltage of 480 V. Plot the terminal characteristic (terminal voltage versus
line current) of this generator as its armature current varies from no-load to full load at a
power factor of (a) 0.8 lagging and (b) 0.8 leading. Assume that the field current remains
constant at all times.

Solution
The terminal characteristic of a generator is a plot of its terminal voltage versus line cur¬
rent. Since this generator is Y-connected, its phase voltage is given by = Vr/V3 . If VT
is adjusted 10 480 V at no-load conditions, then — EA — 277 V. Because the field current

remains constant, EA will remain 277 V at all times. The output current JL from this gener¬
ator will be the same as its armature current IA because it is Y-connected.

(a) If the generator is loaded with a 0.8 PF lagging current, the resulting pbasor di¬
agram looks like the one shown in Figure 4-24a. In this phasor diagram, we

know that is at an angle of 0°, that the magnitude of EA is 277 V, and that the
quantity jXsIA stretches between and EA as shown. The two quantities not

known on the phasor diagram are the magnitude of Vÿ, and the angle S of E4.To
find V,/,, the easiest approach is to construct a right triangle on the phasor dia¬
gram, as shown in tine figure. FromFigure 4—24a, the right triangle gives

E\ = (F4 + XSIA sin ©2 + (XSIA cos ©2
This equation can be used to solve for as a function of the current IA.

V6 = — (XSIA cos ©2 - XSIA sin 6

A simple MATLAB M-file can be used to calculate Vtl, (and hence VT) as a func¬
tion of current. Such an M-file is shown below:

% M-file: Cerm_char_a .m

% M-£ile to plot the terminal characteristics of the
( % generator of Example 4-4 with an 0.8 PF lagging load.

% First, initialize the current amplitudes (21 values
% in the range 0-60 A)

i_a = (0:1:20) * 3;
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% Now initialize all other values

v_phase = zeros (1,21);

e_a = 277.0;
xÿs = 1.0;
theta = 36.87 * (pi/180) ; % Converted to radians

% How calculate v_phase for each current level
for ii = 1:21

v_phase(ii) = sqrt(e_a"2 - (x_s * i_a{ii) * cos (theta) ) ÿ2 ) ...
- (x_s * i_a(ii) * sin(theta));

end

% Calculate terminal voltage from the phase voltage

v_t = v_phase * sqrt(3);

% Plot the terminal characteristic, remembering the
% the line current is the same as i_a

plot ( i_a,v_t , 'Color' , 1 k1, 'Linewidth' ,2.0) ;

xlabeK'Line Current (A) ', 'Fontweight 1 , 'Bold' ) ;

ylabel ('Terminal Voltage (V) 1 , 'Fontweight' , 'Bold' ) ;

title ('Terminal Character j.stic for 0.8 PF lagging load', ...
'Fontweight' , 'Bold' ) ;

grid on;

axis ( [0 60 400 550] ) ;

The plot resulting when this M-file is executed is shown in Figure 4-25a.
(b) If the generator is loaded with a 0.8 PF leading current, the resulting phasor di¬

agram looks like the one shown in Figure 4-24c, To find Vÿ, the easiest ap¬
proach is to construct a right triangle on the phasor diagram, as shown in the
figure. From Figure 4-24c, the right triangle gives

4 = (v* - xsiA sin ey + (XSIA cos ey

This equation can be used to solve for as a function of the current IA:

V+ = - (XSIA cos 9)- + XSIA sin 9

This equation can be used to calculate and plot the terminal characteristic in a
manner similar to that in part a above. The resulting terminal characteristic is
shown inFigure 4—25b.

4.9 PARALLELOPERATION OF
AC GENERATORS

In today's world, an isolated synchronous generator supplying its own load inde¬
pendently of other generators is very rare. Such a situation is found in only a few
out-of-the-way applications such as emergency generators. For all usual genera¬
tor applications, there is more than one generator operating in parallel to supply
the power demanded by the loads. An exti'eme example of this situation is the U.S.
power grid, in which literally thousands of generators share the load on the
system.

u
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FIGURE 4-25
(a) Terminal characteristic for the generator of Example 4-4 when loaded with a 0.8 PF lagging load.
(b) Terminal characterislic for the generator when loaded with a 0.8 PF leading load.

Why are synchronous generators operated in parallel? There are several ma¬

jor advantages to such operation:

1. Several generators can supply a bigger load than one machine by itself.

2. Having many generators increases the reliability of the power system, since
the failure of any one of them does not cause a total power loss to the load.

3. Having many generators operating in parallel allows one or more of them to

be removed for shutdown and preventive maintenance.
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Generator I

Generator 2

Load

FIGURE4-26
A generator being paralleled with a running power system.

4. If only one generator is used and it is not operating at near full load, then it
will be relatively inefficient. With several smaller machines in parallel, it is
possible to operate only a fraction of them. The ones that do operate are op¬
erating near full load and thus more efficiently.

This section explores the requirements for paralleling ac generators, and
then looks at the behavior of synchronous generators operated in parallel.

The Conditions Required for Paralleling

Figure 4-26 shows a synchronous generator G, supplying power to a load, with
another generator G2 about to be paralleled with G, by closing the switch S,. What
conditions must be met before the switch can be closed and the two generators
connected?

If the switch is closed arbitrarily at some moment, the generators are liable
to be severely damaged, and the load may lose power. If the voltages are not ex¬
actly the same in each conductor being tied together, there will be a very large cur¬
rent flow when the switch is closed. To avoid this problem, each of the three
phases must have exactly the same voltage magnitude andphase angle as the con¬
ductor to which it is connected. Inother words, the voltage in phase a must be ex¬
actly the same as the voltage in phase a', and so forth for phases b-b' and c-c'. To
achieve this match, the followingparalleling conditions must be met:

1. The rms line voltages of the two generators must be equal.
2. The two generators must have the same phase sequence.

3. The phase angles of the two a phases must be equal.
4. The frequency of the new generator, called the oncoming generator,must be

slightly higher than the frequency of the running system.

These paralleling conditions require some explanation. Condition 1 is
obvious—in order for two sets of voltages to be identical, they must of course
have the same rms magnitude of voltage. The voltage in phases a and a' will be
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FIGURE 4-27
(a) The two possible phase sequences of a three-phase system, (b) The three-light-bulb method for
checking phase sequence.

completely identical at all times if both their magnitudes and their angles are the
same, which explains condition 3.

Condition 2 ensures that the sequence in which the phase voltages peak in
the two generators is the same. If the phase sequence is different (as shown in
Figure 4—27a), then even though one pair of voltages (the a phases) are in phase,
the other two pairs of voltages are 120° out of phase. If the generators were con¬
nected in this manner, there would be no problem with phase a,but huge currents

would flow in phases b and c, damaging both machines. To correct a phase se¬
quence problem, simply swap the connections on any two of the three phases on

one of the machines,

If tine frequencies of the generators are not very nearly equal when they are
connected together, large power transients will occur until the generators stabilize
at a common frequency. The frequencies of the two machines must be very nearly
equal, but they cannot be exactly equal. They must differ by a small amount so
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that the phase angles of the oncoming machine will change slowly with respect to

the phase angles of the running system. In that way, the angles between the volt¬
ages can be observed and switch S{ can be closed when the systems are exactly in
phase.

The General Procedure for Paralleling Generators

Suppose that generator G2 is to be connected to the running system shown in
Figure 4-27. The following steps should be taken to accomplish the paralleling.

First,using voltmeters, the field current of the oncoming generator shouldbe
adjusted until its terminal voltage is equal to the line voltage of the running system.

Second,the phase sequence of the oncoming generator must be compared to
the phase sequence of the running system. The phase sequence can be checked in
a number of different ways. One way is to alternately connect a small induction
motor to the terminals of each of the two generators. If the motor rotates in the -
same direction each time, then the phase sequence is the same for both generators. '
If the motor rotates in opposite directions, then the phase sequences differ, and
two of tire conductors on tire incoming generator must be reversed.

Another way to check the phase sequence is the three-light-bulb method. In
this approach, three light bulbs are stretched across the open terminals of the
switch connecting the generator to the system as shown in Figure 4-27b. As the
phase changes between the two systems, the light bulbs first get bright (large
phase difference) and then get dim (small phase difference). Ifall three bulbs get

bright and dark together, then the systems have the same phase sequence. If the
bulbs brighten in succession, then the systems have the opposite phase sequence,
and one of the sequences must be reversed.

Next, the frequency of the oncoming generator is adjusted to be slightly
higher than the frequency of tire running system. This is done first by watching a
frequency meter until the frequencies are close and then by observing changes in
phase between the systems. The oncoming generator is adjusted to a slightly
higher frequency so that when it is connected, it will come on the line supplying
power as a generator, instead of consuming it as a motor would (this point will be
explained later).

Once the frequencies are very nearly equal, the voltages in the two systems
will change phase with respect to each other very slowly. The phase changes are
observed, and when the phase angles are equal, the switch connecting the two sys¬
tems together is shut.

Flow can one tell when the two systems are finally in phase? A simple way
is to watch the three light bulbs described above in connection with the discussion
of phase sequence. When the three light bulbs all go out, the voltage difference
across them is zero and the systems are inphase. This simple scheme works, but /

it is not very accurate. A better approach is to employ a synchroscope. A synchro¬
scope is a meter that measures the difference inphase angle between the a phases
of the two systems. The face of a synchroscope is shown inFigure 4—28. The dial
shows the phase difference between the two a phases, with 0 (meaning in phase)
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FIGURE 4-28
A synchroscope.

at the top and 180° at the bottom. Since the frequencies of the two systems are
slightly different, tire phase angle on the meter changes slowly. If the oncoming
generator or system is faster than the running system (tire desired situation), then
the phase angle advances and the synchroscope needle rotates clockwise. If the
oncoming machine is slower, the needle rotates counterclockwise. When tire syn¬
chroscope needle is in the vertical position, the voltages are in phase, and the
switch can he shut to connect the systems.

Notice, though, that a synchroscope checks the relationships on only one

phase. It gives no information about phase sequence.
In large generators belonging to power systems, this whole process of par¬

alleling a new generator to the line is automated, and a computer does this job. For
smaller generators, though, the operator manually goes through the paralleling
steps just described.

Frequency-Power and Voltage-Reactive Power
Characteristics of a Synchronous Generator

All generators are driven by a prime mover, which is the generator's source of
mechanical power. The most common type of prime mover is a steam turbine, but
other types include diesel engines, gas turbines, water turbines, and even wind
turbines.

Regardless of the original power source, all prime movers tend to behave in
a similar fashion—as the power drawn from them increases, the speed at which
they turn decreases. The decrease in speed is in general nonlinear, but some form
of governor mechanism is usually included to make the decrease in speed linear
with an increase in power demand.

Whatever governor mechanism is present on a prime mover, it will always
be adjusted to provide a slight drooping characteristic with increasing load. The
speed droop (SD) of a prime mover is defined by the equation

SD =
n„, - fin

x 100% (4—27)

where nnl is the no-load prime-mover speed and nn is the full-load prime-mover
speed. Most generator prime movers have a speed droop of 2 to 4 percent, as de¬
fined inEquation (4—27). Inaddition, most governors have some type of set point
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FIGURE 4-29
(a) The speed-versus-power curve
for a typical prime mover, (b) The
resulting frequency-versus-power
curve for the generator.

adjustment to allow the no-load speed of the turbine to be varied. A typical speed-
versus-power plot is shown nr Figure 4-29.

Since the shaft speed is related to the resulting electrical frequency by
Equation (3-34),

n P
L= "j20 ÿ3-34)

the power output of a synchronous generator is related to its frequency. An exam¬
ple plot of frequency versus power is shown in Figure 4-29b. Frequency-power
characteristics of this sort play an essential role in the parallel operation of syn¬
chronous generators.

The relationship between frequency and power can be described quantita¬
tively by the equation

P = W„] -/Sys) (4-28)

where P = power output of the generator

yj,i = no-load frequency of the generator

/sys = operating frequency of system

sP = slope of curve, inkW/Hz or MW/Hz

A similar relationship can be derived for the reactive power Q and terminal
voltage VT. As previously seen, when a lagging load is added to a synchronous
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FIGURE 4-30
The curve of terminal voltage (VT) versus reactive power (Q) for a synchronous generator.

generator, its terminal voltage drops. Likewise, when a leading load is added to a
synchronous generator, its terminal voltage increases. It is possible to make a plot
of terminal voltage versus reactive power, and such a plot has a drooping charac¬
teristic like the one shown in Figure 4—30. This characteristic is not intrinsically
linear, but many generator voltage regulators include a feature to make it so. The
characteristic curve can be moved up and down by changing the no-load terminal
voltage set point on the voltage regulator. As with the frequency-power charac¬
teristic, this curve plays an important role in the parallel operation of synchronous
generators.

The relationship between the terminal voltage and reactive power can be
expressed by an equation similar to the frequency-power relationship [Equation
(4-28)] if the voltage regulator produces an output that is linear with changes in
reactive power.

It is important to realize that when a single generator is operating alone, the
real power P and reactive power Q supplied by the generator will be the amount
demanded by the load attached to the generator—the P and Q supplied cannot be
controlled by the generator's controls. Therefore, for any given real power, the
governor set points control tire generator's operating frequency/, and for any given
reactive power, the field current controls the generator's terminal voltage VT.

Example 4—5. Figure 4—31 shows a generator supplying a load. A second load is
to be connected in parallel with the first one. The generator has a no-load frequency of
61.0 Hz and a slope sP of 1 MW/Hz. Load 1consumes a real power of 1000 kW at 0.8 PF
lagging, while load 2 consumes a real power of 800 kW at 0.707 PF lagging.

(a) Before the switch is closed, what is the operating frequency of the system?
(b) After load 2 is connected, what is the operating frequency of the system?
(c) After load 2 is connected, what action could an operator take to restore the sys¬

tem frequency to 60 Hz?
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FIGURE 4-31
The power system inExample 4—5.

Solution (
This problem states that the slope of the generator's characteristic is 1MW/Hz and that its
no-load frequency is 61Hz. Therefore, the power produced by the generator is given by

(4-28)P = *p(/nl -/8ys)

/sys Sp

(a) The initial system frequency is given by

_ p
fays — fn\ Sp

= 61 Hz - = 61 Hz - 1 Hz = 60 Hz1MW/Hz

(b) After load 2 is connected

•Ays ./nl Sp

= 61 Hz - = 61 Hz - 1.8 Hz = 59.2 Hz1 MW/Hz

(c) After the load is connected, the system frequency falls to 59.2 Hz.To restore the
system to its proper operating frequency, the operator should increase the gov¬
ernor no-load set points by 0.8 Hz, to 61.8 Hz. This action will restore the sys¬
tem frequency to 60 Hz.

To summarize, when a generator is operating by itself supplying the system
loads, then

1. The real and reactive power supplied by the generator will be the amount de- (

manded by the attached load.

2. The governor set points of the generator will control the operating frequency
of the power system.

L
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FIGURE 4-32
Curves tor an infinite bus: (a) frequency versus power and (b) terminal voltage versus reactive power.

3. The field current (or the field regulator set points) controls the terminal volt¬
age of the power system.

This is the situation found in isolated generators in remote field environments.

Operation of Generators inParallel with Large
Power Systems

When a synchronous generator is connected to a power system, the power system
is often so large that nothing the operator of the generator does will have much of
an effect on the power system. An example of this situation is the connection of a
single generator to the U.S. power grid. The U.S. power grid is so large that no
reasonable action on the part of the one generator can cause an observable change
in overall grid frequency.

This idea is idealized in the concept of an infinite bus. An infinite bus is a
power system so large that its voltage and frequency do not vary regardless of
how much real and reactive power is drawn from or supplied to it. The power-
frequency characteristic of such a system is shown inFigure 4-32a, and the reac¬
tive power-voltage characteristic is shown inFigure 4-32b.

To understand the behavior of a generator connected to such a large system,
examine a system consisting of a generator and an infinite bus inparallel supply¬
ing a load. Assume that the generator's prime mover has a governor mechanism,
but that the field is controlled manually by a resistor. It is easier to explain gener¬
ator operation without considering an automatic field current regulator, so this dis¬
cussion will ignore the slight differences caused by the field regulator when one
is present. Such a system is shown inFigure 4-33a.

When a generator is connected in parallel with another generator or a large
system, thefrequency and teiminal voltage ofall the machines must be the same,
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FIGURE 4-33
(a) A synchronous generator operating in parallel with an infinite bus. (b) The frequency-versus-
power diagram (or house diagram) for a synchronous generator in parallel with an infinite bus.

since their output conductors are tied together. Therefore, their real power-
frequency and reactive power-voltage characteristics can be plotted back to back,
with a common vertical axis. Such a sketch, sometimes informally called a house
diagram, is shown inFigure 4—33b.

Assume that the generator has just been paralleled with the infinite bus ac¬

cording to the procedure described previously. Then the generator will be essen¬
tially "floating" on the line, supplying a small amount of real power and little or

no reactive power. This situation is shown in Figure 4—34.
Suppose the generator hadbeen paralleled to the line but, instead of being at

a slightly higher frequency than the running system, it was at a slightly lower fre¬
quency. In this case, when paralleling is completed, the resultingsituation is shown
in Figure4-35. Notice that here the no-load frequency of the generator is less than
the system's operating frequency. At this frequency, the power supplied by the gen¬
erator is actually negative. Inother words, when the generator's no-load frequency
is less than the system's operating frequency, the generator actually consumes elec¬
tric power and runs as a motor. It is to ensure that a generator comes on line sup¬
plying power instead of consuming it that the oncoming machine's frequency is
adjusted higher than the running system's frequency. Many real generators have a

L



SYNCHRONOUS GENERATORS 235

fe • Hz

P,kW ÿ
Pc P,kW

FIGURE 4-34
The frequency-versus-power diagram at the moment just after paralleling.
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FIGURE 4-35
The frequency-versus-power diagram if the no-load frequency of the generator were slightly less
than system frequency before paralleling.

reverse-power trip connected to them, so it is imperative that they be paralleled
with their frequency higher than that of the running system. Ifsuch a generator
ever starts to consume power, itwill be automatically disconnectedfrom the line.

Once the generator has been connected, what happens when its governor set

points are increased? The effect of this increase is to shift the no-load frequency
of the generator upward. Since the frequency of the system is unchanged (the fre¬
quency of an infinite bus cannot change), the power supplied by the generator

increases. This is shown by the house diagram inFigure4-36a and by the phasor
diagram inFigure 4-36b. Notice in the phasor diagram that EA sin S (whichispro¬
portional to the power supplied as long as VT is constant) has increased, while the

I magnitude of EA (= Kfico) remains constant, since both the field current IFand the
speed of rotation u> are unchanged. As the governor set points are further in¬
creased, the no-loadfrequency increases and the power supplied by the generator
increases. As the power output increases, EA remains at constant magnitude while
Ea sin S is further increased.
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FIGURE 4-36
The effect of increasing the governor's set points on (a) the house diagram; (b) the phasor diagram.

What happens in this system if the power output of the generator is in¬
creased until it exceeds the poweT consumed by the load? If this occurs, the extra

power generated flows back into the infinite bus. The infinite bus, by definition,
can supply or consume any amount of power without a change in frequency, so
the extra power is consumed.

After the realpower of the generator has been adjusted to the desired value,
the phasor diagram of the generator looks like Figure 4—36b. Notice that at this
time the generator is actually operating at a slightly leading power factor, supply¬
ing negative reactive power. Alternatively, the generator can be said to be con¬
suming reactive power. How can the generator be adjusted so that it will supply
some reactive power Q to the system? This can be done by adjusting the field cur¬

rent of the machine. To understand why this is true, it is necessary to consider the
constraints on the generator's operation under these circumstances.

The first constraint on the generator is that the power must remain constant

when IF is changed. The power into a generator (ignoring losses) is given by the
equation Pin = Tindcu,„. Now, the prime mover of a synchronous generator has a
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FIGURE 4-37
The effect of increasing the generator's field current on the phasor diagram of the machine.

fixed torque-speed characteristic for any given governor setting. This curve
changes only when the governor set points are changed. Since the generator is tied
to an infinite bus, its speed cannot change. If the generator's speed does not

( change and the governor set points have not been changed, the power supplied by
the generator must remain constant.

If the power supplied is constant as the field current is changed, then the
distances proportional to the power in the phasor diagram (IA cos 6 and EA sin 8)
cannot change. When the field current is increased, the flux <f> increases, and
therefore EA (= KfiTo) increases. If EA increases, but EA sin 8 must remain con¬
stant, then the phasor EA must "slide" along the line of constant power, as shown
in Figure 4-37. Since Vÿ, is constant, the angle of jXslA changes as shown, and
therefore the angle and magnitude of I4 change. Notice that as a result the distance
proportional to Q (IA sin 0) increases. Inother words, increasing the field current

ina synchronous generator operating inparallelwith an infinite bus increases the
reactive power output of the generator.

To summarize, when a generator is operating in parallel with an infinite bus:

1. The frequency and terminal voltage of the generator are controlled by the sys¬
tem to which it is connected.

2. The governor set points of the generator control the real power supplied by
the generator to the system.

3. The field current in the generator controls the reactive power supplied by the
generator to the system.

This situation is much the way real generators operate when connected to a very
large power system.

Operation of Generators in Parallel with Other
i Generators of the Same Size

When a single generator operated alone, the real and reactive powers (P and Q)

supplied by the generator were fixed, constrained to be equal to the power de¬
manded by the load, and the frequency and terminal voltage were varied by the
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governor set points and the field current. When a generator operated inparallel
with an infinite bus, the frequency and terminal voltage were constrained to be
constant by the infinite bus, and the real and reactive powers were varied by the
governor set points and the field current. What happens when a synchronous gen¬
erator is connected in parallel not with an infinite bus, but rather with another
generator of the same size? What will be the effect of changing governor set
points and field currents?

Ifa generator is connected inparallelwith another one of the same size, the
resulting system is as shown inFigure 4-38a. Inthis system, the basic constraint
is that the sum of the real and reactive powers supplied by the two generators
must equal the P and Q demanded by the load. The system frequency is not con¬
strained to be constant, and neither is the power of a given generator constrained
to be constant. The power-frequency diagram for such a system immediately af¬
ter G2 has been paralleled to the line is shown in Figure 4-38b. Here, the total
power Ptot (which is equal to .P|oad) is given by

P* = Pload ~ PG\ + PG2 (4—29a)

and the total reactive power is given by

Qtot = <2load = QgI + Qg2 (4-29b)

What happens if the governor set points of G2 are increased? When the gov¬
ernor set points of G2 are increased, the power-frequency curve of G2 shifts up¬
ward, as shown inFigure 4-38c. Remember, the total power supplied to the load
must not change. At the original frequency/,, the power supplied by G, and G2
will now be larger than the load demand, so the system cannot continue to oper¬
ate at the same frequency as before. Infact, there is only one frequency at which
the sum of the powers out of the two generators is equal to P\mi. That frequencyf2
is higher than the original system operating frequency. At that frequency, G2 sup¬
plies more power than before, and G, supplies less power than before.

Therefore, when two generators are operating together, an increase ingov¬
ernor set points on one of them

1. Increases the systemfrequency.
2. Increases the power supplied by that generator, while reducing the power

supplied by the other one.

What happens if the field current of G2 is increased? The resulting behavioT
is analogous to the real-power situation and is shown inFigure 4-38d. When two
generators are operating together and the field current of G2 is increased,

1. The system terminal voltage is increased.

2. The reactive power Q supplied by that generator is increased, while the re¬
active power supplied by the other generator is decreased.

u
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FIGURE 4-38
(a) A generator connected inparallel with another machine of the same size, (b) The corresponding
house diagram at the moment generator 2 is paralleled with the system, (c) The effect of increasing
generator 2's governor set points on the operation of the system, (d) The effect of increasing
generator 2's field current on the operation of the system.
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FIGURE4-39
The house diagram for the system inExample 4—6.

(
If the slopes and no-load frequencies of the generator's speed droop

(frequency-power) curves are known, then the powers supplied by each generator
and the resulting system frequency can be determined quantitatively. Example
4-6 shows how this can be done.

Example 4-6. Figure 4—38a shows two generators supplying a load. Generator 1
has a no-load frequency of 6 1.5 Hz and a slope sPl of 1 MW/Hz. Generator 2 has a no-load
frequency of 61.0 Hz and a slope snof 1MW/Hz.The two generators are supplying a real
load totaling 2.5 MW at 0.8 PF lagging. The resulting system power-frequency or house
diagram is shown inFigure 4-39.

(a) At what frequency is this system operating, and how muchpower is supplied by
each of the two generators?

(b) Suppose an additional 1-MW load were attached to this power system. What
would the new system frequency be, and how much power would G, and G2
supply now?

(c) With the system in the configuration described inpart b,what will the system

frequency and generator powers be if the governor set points on G2 are in¬
creased by 0.5 Hz?

Solution
The power producedby a synchronous generator with a given slope and no-loadfrequency
is given by Equation (4-28):

Since the total power supplied by the generators must equal the power consumed by the
loads,

P1 ~~ ÿPlOnlJ Jsys)

P2 — SnUnl.2 — /sys)

Pload ~ P1 + ÿ2

These equations can be used to answer all the questions asked.
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(a) Inthe first case, both generators have a slope of 1MW/Hz, and G, has a no-load
frequency of 61.5 Hz, while G2 has a no-load frequency of 61.0 Hz. The total
load is 2.5 MW.Therefore, the system frequency can be found as follows:

ÿload = P2

= sPl(fnl,l ~ fsys) + sn(fnl,2 ~ fays)
2.5 MW = (1 MW/Hz)(61.5 Hz -/sys) + (1MW/Hz)(61Hz -/sys)

= 61.5 MW - (1 MW/Hz)/sys + 61 MW - (1 MW/Hz)/sys
= 122.5 MW - (2 MW/Hz)/sys

. , , 122.5 MW - 2.5 MW _ n ,Ttherefore /sys (2MW/Hz) 60.0 Hz

The resulting powers supplied by the two generators are

ÿ1 = ÿVlOnl.l — /sys)
= (1 MW/Hz)(61.5 Hz - 60.0 Hz) = 1.5 MW

P2 ~ sP2ÿfn\,2 ~ /sys)
= (IMW/Hz)(61.0 Hz - 60.0 Hz) = 1MW

(b) When the load is increased by 1 MW, tire total load becomes 3.5 MW.The new

system frequency is now given by

ÿÿloitd ÿPl(fil,l fsys) ÿPl(fn\2 fsys)
3.5 MW = (1 MW/Hz)(61.5 Hz -/sys) + (1MW/Hz)(61 Hz -/sys)

= 61.5 MW - (1 MW/Hz)/sys + 61 MW - (1MW/Hz)/sys
= 122.5 MW - (2 MW/Hz)/sys

., , „ 122.5 MW - 3.5 MWtherefore /sys =-
(2MW/Hz)
-= 59'5 Hz

The resulting powers are

ÿ*1 = st>l(/iiU — /sys)
= (1 MW/Hz)(61.5 Hz - 59.5 Hz) = 2.0 MW

?2 = sP2(fn[,2 ~ /sys)
= (1 MW/l-Iz)(61.0 Hz - 59.5 Hz) = 1.5 MW

(c) If the no-load governor set points of G2 are increased by 0.5 Hz, the new system
frequency becomes

ÿP)oad ~ sPl(fn\,\ — /sys) + sPl(fn).2 ~ /sys)
3.5 MW = (1MW/Hz)(61.5 Hz - /sys) + (1 MW/Hz)(61.5 Hz -/sys)

= 123 MW - (2 MW/Hz)/sys
, _ 123 MW - 3.5 MW _Zys (2MW/Hz) z

The resulting powers are

Pi ~ ÿ2 ~ sPl(fn\,l ~ /sys)
= (1MW/Hz)(61.5 Hz - 59.75 Hz) = 1.75 MW
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Notice that the system frequency rose, the power supplied by G2 rose, and the power
supplied by Gt fell.

When two generators of similar size are operating in parallel, a change in
the governor set points of one of them changes both the system frequency and the
power sharing between them. It would normally be desired to adjust only one of
these quantities at a time. How can the power sharing of the power system be ad¬
justed independently of the system frequency, and vice versa?

The answer is very simple. An increase in governor set points on one gen¬
erator increases that machine's power and increases system frequency. A decrease
in governor set points on the other generator decreases that machine's power and
decreases the system frequency. Therefore, to adjust power sharing without
changing the system frequency, increase the governor set points ofone generator
and simultaneously decrease the governor set points of the other generator (see
Figure 4—40a). Similarly, to adjust the system frequency without changing the
power sharing, simultaneously increase or decrease bothgovernor setpoints (see
Figure 4-40b).

Reactive power and terminal voltage adjustments work in an analogous
fashion. To shift the reactive power sharing without changing VT, simultaneously
increase the field current on one generator and decrease thefield current on the
other (see Figure 4-40c). To change the terminal voltage without affecting the re¬
active power sharing, simultaneously increase or decrease bothfield currents (see
Figure 4-40d).

To summarize, in the case of two generators operating together:

1. The system is constrained inthat the total power supplied by the two genera¬
tors together must equal the amount consumed by the load. Neitherfsys nor VT
is constrained to be constant.

2. To adjust the real power sharing between generators without changing /sy5,
simultaneously increase the governor set points on one generator while de¬
creasing the governor set points on the other. The machine whose governor
set point was increasedwill assume more of the load.

3. To adjust /sys without changing the real power sharing, simultaneously in¬
crease or decrease both generators' governor set points.

4. To adjust the reactive power sharing between generators without changing
VT,simultaneously increase the field current on one generator while decreas¬
ing the field current on the other. The machine whose field current was in¬
creased will assume more of the reactive load.

5. To adjust VT without changing the reactive power sharing, simultaneously in¬
crease or decrease both generators' field currents.

It is very important that any synchronous generator intended to operate inpar¬
allel with other machines have a drooping frequency-power characteristic. If two

generators have flat or nearly flat characteristics, then the power sharing between
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FIGURE 4-40
(a) Shifting power sharing without affecting system frequency, (b) Shifting system frequency
without affecting power sharing, (c) Shifting reactive power sharing without affecting terminal
voltage, (d) Shifting terminal voltage without affecting reactive power sharing.
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FIGURE4-41
Two synchronous generators with flat frequency-power characteristics. A very tiny change in the no-
load frequency of either of these machines could cause huge shifts in the power sharing.

them can vary widely with only the tiniest changes in no-load speed. This problem
is illustrated by Figure 4-41. Notice that even very tiny changes in/nl in one of the
generators would cause wild shifts in power sharing. To ensure good control of
power sharing between generators, they should have speed droops in the range
of 2 to 5 percent.

4.10 SYNCHRONOUS
GENERATOR TRANSIENTS

When the shaft torque applied to a generator or the output load on a generator
changes suddenly, there is always a transient lasting for a finite period of time be¬
fore the generator returns to steady state. For example, when a synchronous gen¬
erator is paralleled with a running power system, it is initially turning faster and
has a higher frequency than the power system does. Once it is paralleled, there is
a transient period before the generator steadies down on the line and runs at line
frequency while supplying a small amount of power to the load.

To illustrate this situation, refer to Figure 4-42. Figure 4-42a shows the
magnetic fields and the phasor diagram of the generator at the moment just before
it is paralleledwith the power system. Here, the oncoming generator is supplying
no load, its stator current is zero, E,, = Vÿ. and BR = Bnct.

At exactly time t = 0, the switch connecting the generator to the power sys¬
tem is shut, causing a stator current to flow. Since the generator's rotor is still
turning faster than the system speed, it continues to move out ahead of the sys¬
tem's voltage Y;,. The induced torque on the shaft of the generator is given by

rind = EBÿ x Bnet (3-60)

The direction of this torque is opposite to the direction of motion, and it increases as
the phase angle between BR and B„et (or EA and ) increases. This torque opposite
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Tind — k ÿ®net
t ÿ , is clockwise

FIGURE 4-42
(a) The phasor diagram and magnetic fields of a generator at the moment of paralleling with a large
power system, (b) The phasor diagram and house diagram shortly after (a). Here, the rotor has
moved on ahead of the net magnetic fields, producing a clockwise torque. This torque is slowing the
rotor down to the synchronous speed of the power system.

the direction ofmotion slows down the generator untilit finally turns at synchronous
speed with the rest of the power system.

Similarly, if the generator were turning at a speed lower than synchronous
speed when it was paralleled with the power system, then the rotor would fall be¬
hind the net magnetic fields, and an induced torque in the direction of motion
would be induced on the shaft of the machine. This torque would speed up the
rotor until it again began turning at synchronous speed.

Transient Stability of Synchronous Generators

We learned earlier that the static stability limit of a synchronous generator is the
maximum power that the generator can supply under any circumstances. The
maximum power that the generator can supply is given by Equation (4-21);

P =max

3V+Ea (4-21)

and the corresponding maximum torque is

3V+Ea (4-30)

In theory, a generator should be able to supply up to this amount of power and
torque before becoming unstable. In practice, however, the maximum load that
can be supplied by the generator is limited to a much lower level by its dynamic
stability limit.

To understand the reason for this limitation, consider the generator inFigure
4—42 again. If the torque applied by the prime mover (rapp) is suddenly increased,
the shaft of the generator will begin to speed up, and the torque angle S will increase
as described. As the angle 5 increases, the induced torque rind of the generator will
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FIGURE4-43
The dynamic response when an applied torque equal to 50% of Tmax is suddenly added to a

Synchronous generator.

increase until an angle 6 is reached at which Tind is equal and opposite to Tapp. This is
the steady-state operatingpoint of the generator with the new load. However, the ro¬
tor of the generator has a great deal of inertia, so its torque angle 8 actually over¬
shoots the steady-state position, and gradually settles out in a damped oscillation, as
shown inFigure4-43. The exact shape of this damped oscillation can be determined
by solving a nonlinear differentialequation, which is beyond the scope of this book.
For more information, see Reference 4, p. 345.

The important point about Figure 4-43 is that ifat any point in the transient
response the instantaneous torque exceeds Tmax, the synchronous generator will be
unstable. The size of the oscillations depends on how suddenly the additional
torque is applied to the synchronous generator. If it is added very gradually, the
machine should be able to almost reach the static stability limit. On the other
hand, if the load is added sharply, the machine will be stable only up to a much
lower limit, which is very complicated to calculate. For very abrupt changes in
torque or load, the dynamic stability limit may be less than half of the static sta¬

bility limit.

Short-Circuit Transients
in Synchronous Generators

By far the severest transient condition that can occur in a synchronous generator
is the situation where the three terminals of the generator are suddenly shorted
out. Such a short on a power system is called afault. There are several compo¬
nents of current present in a shorted synchronous generator, which will be de¬

scribed below. The same effects occur in less severe transients like load changes,
but they are much more obvious in the extreme case of a short circuit.
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FIGURE4-44
The total fault currents as a function of time during a three-phase fault at the terminals of a

synchronous generator.

When a fault occurs on a synchronous generator, the resulting current flow
in the phases of the generator can appear as shown inFigure 4—44. The current in
each phase shown inFigure 4-42 can be represented as a dc transient component
added on top of a symmetrical ac component. The symmetrical ac component by
itself is shown in Figure 4-45.

Before the fault, only ac voltages and currents were present within the gen¬
erator, while after the fault, both ac and dc currents are present. Where did the
dc currents come from? Remember that the synchronous generator is basically
inductive—it is modeled by an internal generated voltage in series with the syn¬
chronous reactance. Also, recall that a current cannot change instantaneously in
an inductor. When the fault occurs, the ac component of current jumps to a very
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FIGURE 4-45
The symmetric ac component of the fault current.

large value, but the total current cannot change at that instant. The dc component
of current is just large enough that the sum of the ac and dc components just after
the fault equals the ac current flowing just before the fault. Since the instanta¬
neous values of current at the moment of the fault are different ineach phase, the
magnitude of the dc component of current will be different in each phase.

These dc components of current decay fairly quickly, but they initially av¬
erage about 50 or 60 percent of the ac current flow the instant after the fault
occurs. The total initial current is therefore typically 1.5 or 1.6 times the ac com¬
ponent taken alone.

The ac symmetrical component of current is shown in Figure 4-45. It can be
divided into roughly three periods. During the first cycle or so after the fault oc¬
curs, the ac current is very large and falls very rapidly. This period of time is
called the subtransient period. After it is over, the current continues to fall at a
slower rate, until at last it reaches a steady state. The period of lime during which
it falls at a slower rate is called the transient period, and the time after it reaches
steady state is known as the steady-state period.

If the rms magnitude of the ac component of current is plotted as a function
of time on a semilogarithmic scale, it is possible to observe the three periods of
fault current. Such a plot is shown in Figure 4-46. It is possible to determine the
time constants of the decays in each period from such a plot.

The ac rms current flowing in the generator during the subtransient period
is called tire subtransient current and is denoted by the symbol /". This current is
caused by the damper windings on synchronous generators (see Chapter 5 for a
discussion of damper windings). The time constant of the subtransient current is
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FIGURE4-46
A semilogarithmic plot of the magnitude of the ac component of fault current as a function of time.
The subtransient and transient time constants of the generator can be determined from such a plot.

given the symbol T", and it can be determined from the slope of the subtransient
current in the plot in Figure 4-46. This current can often be 10 times the size of
the steady-state fault current.

The rms current flowing in the generator during the transient period is
called the transient current, and is denoted by the symbol /'. Jt is caused by a dc
component of current induced in thefield circuit at the time of the short. This field
cuirent increases the internal generated voltage and causes an increased fault cur¬
rent. Since the time constant of the dc field circuit is much longer than the time
constant of the damper windings, the transient period lasts much longer than the
subtransient period. This time constant is given the symbol T'. The average rms
current during the transient period is often as much as 5 times the steady-state
fault current.

After the transient period, the fault current reaches a steady-state condition.
The steady-state current during a fault is denoted by the symbol /,v It is given ap¬
proximately by the fundamental frequency component of the internal generated
voltage Ea within the machine divided by its synchronous reactance:

The rms magnitude of the ac fault current in a synchronous generator varies
continuously as a function of time. If 7" is the subtransient component of current

at the instant of the fault, 7' is the transient component of current at the instant of
the fault, and lss is the steady-state fault current, then the rms magnitude of the
current at any time after a fault occurs at the terminals of the generator is

steady state (4-31)

7(0 = (7" -7>-'/r" + (7' - IJe-/r + I„ (4-32)
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It is customary to define subtransient and transient reactances for a syn¬
chronous machine as a convenient way to describe the subtransient and transient
components of fault current. The subtransient reactance of a synchronous gener¬
ator is defined as the ratio of the fundamental component of the internal generated
voltage to the subtransient component of current at the beginning of the fault. It is
given by

„ eaX = -jT, subtransient (4—33)

Similarly, the transient reactance of a synchronous generator is defined as the ra¬
tio of the fundamental component of EA to the transient component of current /' at

the beginning of the fault. This value of current is found by extrapolating the sub-
transient region inFigure 4-46 back to time zero:

E\
X' = -J7 transient (4-34)

For the purposes of sizing protective equipment, the subtransient current is
often assumed to be EA /X", and the transient current is assumed to be EA/X', since
these are the maximum values that the respective currents take on.

Note that the preceding discussion of faults assumes that all three phases were
shorted out simultaneously. If the fault does not involve all three phases equally,
then more complex methods of analysis are required to understand it. These meth¬
ods (known as symmetrical components) are beyond the scope of this book.

Example 4—7. A 100-MVA, 13.5-kV, Y-connected, three-phase, 60-Hz synchro¬
nous generator is operating at the rated voltage and no load when a three-phase fault
develops at its terminals. Its reactances per unit to the machine's own base are

Xs = 1.0 X' = 0.25 X" = 0.12

and its time constants are

7"= 1.10s T"= 0.04s

The initial dc component in this machine averages 50 percent of the initial ac component.

(a) What is the ac component of current in this generator the instant after the fault
occurs?

(b) What is the total current (ac plus dc) flowing in the generator right after the fault
occurs?

(c) What will the ac component of the current be after two cycles? After 5 s?

Solution
The base current of this generator is given by the equation

(2-95) :
-'L.base -v/q yKL,bfise

100MVA =41g4A
V3(13.8kV) 41b4A



The subtransient, transient, and steady-state currents, per unit and in amperes, are

X" 0.12 - 8.333

(8.333)(4184 A) = 34,900 A

7' = — = -LÿL = 4 00X' 0.25

- (4.00X4184 A) - 16,700 A

iss X' 1.0

= (1.00)(4184 A) - 4184 A

(a) The initial ac component of current is 7" — 34,900 A.
(b) The total current (ac plus dc) at the beginning of the fault is

7t0[ = 1.5/" = 52,350 A

(c) The ac component of current as a function of time is given by Equation (4—32):

I(t) = (/"- I')e~'/T" + (/' - IJe-i,r + /„ (4—32)

- 18,200e~r/004s + 12,516e~'/L1s + 4184 A

At two cycles, t — 1/30 s, the total current is

7\30/ 7910A + 12>142A + 4184 A - 24,236 A

After two cycles, the transient component of current is clearly the largest one
and this time is inthe transient period of the short circuit. At 5 s, the current is
down to

7(5) = 0 A + 133 A + 4184 A - 4317 A

This is part of the steady-state period of the short circuit.

4.11 SYNCHRONOUS GENERATOR RATINGS

There are certain basic limits to the speed and power that may be obtained from a
synchronous generator. These limits are expressed as ratings on the machine. The
purpose of the ratings is to protect the generator from damage due to improper op¬
eration. To this end, each machine has a number of ratings listed on a nameplate
attached to it.

Typical ratings on a synchronous machine are voltage,frequency; speed, ap¬
parent power (kilovoltamperes), power factor, field current, and service factor.
These ratings, and the interrelationships among them, will be discussed inthe fol¬
lowing sections.

The Voltage, Speed, and Frequency Ratings

The rated frequency of a synchronous generator depends on the power system to
which it is connected. The commonly used power system frequencies today are
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50 Hz (in Europe, Asia, etc.), 60 Hz (in the Americas), and 400 Hz (in special-
purpose and control applications). Once the operating frequency is known, there
is only one possible rotational speed for a given number of poles. The fixed rela¬
tionship between frequency and speed is given by Equation (3-34):

n.,,P
fse = if0 (3"34)

as previously described.
Perhaps the most obvious rating is the voltage at which a generator is de¬

signed to operate. A generator's voltage depends on the flux, the speed of rotation,
and the mechanical construction of the machine. For a given mechanical frame
size and speed, the higher the desired voltage, the higher the machine's required
flux. However, flux cannot be increased forever, since there is always a maximum
allowable field current.

Another consideration in setting the maximum allowable voltage is the
breakdown value of the winding insulation—normal operating voltages must not

approach breakdown too closely.
Is it possible to operate a generator rated for one frequency at a different fre¬

quency? For example, is it possible to operate a 60-Hz generator at 50 Hz? The
answer is a qualified yes, as long as certain conditions are met. Basically, the
problem is that there is a maximum flux achievable in any given machine, and
since EA = Kfco, the maximum allowable EA changes when the speed is changed.
Specifically, if a 60-Hz generator is to be operated at 50 Hz, then the operating
voltage must be derated to 50/60, or 83.3 percent, of its original value. Just the
opposite effect happens when a 50-Hz generator is operated at 60 Hz.

Apparent Power and Power-Factor Ratings

There are two factors that determine the power limits of electric machines. One is
the mechanical torque on the shaft of the machine, and the other is the heating of
the machine's windings. In all practical synchronous motors and generators, the
shaft is strong enough mechanically to handle a much larger steady-state power
than the machine is rated for, so the practical steady-state limits are set by heating
in the machine's windings.

There are two windings in a synchronous generator, and each one must be
protected from overheating. These two windings are the armature winding and the
field winding. The maximum acceptable armature current sets the apparent power
rating for a generator, since the apparent power S is given by

S=3Vÿ1A (4-35)

If the rated voltage is known, then the maximum acceptable armature current de¬
termines the rated kilovoltamperes of the generator:

6"rated ÿK/>.iated "ÿ4,max (4—36)

or 6'rated = V3VLratcd//j(max (4-37)
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FIGURE4-47
How the rotor field current limit sets the rated power factor of a generator.

It is important to realize that, for heating the armature windings, the powerfactor
of the armature current is irrelevant. The heating effect of the stator copper losses
is given by

and is independent of the angle of the current with respect to Vÿ. Because the
current angle is irrelevant to the armature heating, these machines are rated in
kilovoltamperes instead of kilowatts.

The other winding of concern is the field winding. The field copper losses
are given by

so the maximum allowable heating sets a maximum field current for the machine.
Since EA = Kcf>co this sets the maximum acceptable size for EA.

The effect of having a maximum Ir and a maximum EA translates directly
into a restriction on the lowest acceptable power factor of the generator when it is
operating at the rated kilovoltamperes. Figure 4ÿ-7 shows the phasor diagram of
a synchronous generator with the rated voltage and armature current. The current
can assume many different angles, as shown. The internal generated voltage EA is
the sum of andjXs \A. Notice that for some possible current angles the required
Ea exceeds EAimax. If the generator were operated at the rated armature current and
these power factors, the field winding would burn up.

The angle of lA that requires the maximum possible while remains at

the rated value gives the rated power factor of the generator. It is possible to op¬
erate the generator at a lower (more lagging) power factor than the rated value, but
only by cutting back on the kilovoltamperes supplied by the generator.

ÿscl — (4-38)

-Prcl ~~ IfR-f (4-39)
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FIGURE 4-48
Derivation of a synchronous generator capability curve, (a) The generator phasor diagram; (b) the
corresponding power units.

Synchronous Generator Capability Curves

The stator and rotor heat limits, together with any external limits on a synchro¬
nous generator, can be expressed ingraphical form by a generator capability dia¬
gram. A capability diagram is a plot of complex power S = P +jQ. It is derived
from the phasor diagram of the generator, assuming that is constant at the ma¬
chine's rated voltage.

Figure 4-A8a shows the phasor diagram of a synchronous generator operat¬
ing at a lagging power factor and its rated voltage. An orthogonal set of axes is
drawn on the diagram with its origin at the tip of and with units of volts. On
this diagram, vertical segment AB has a length XSIA cos 6), and horizontal segment
OA has a length XSIA sin 9.

The real power output of the generator is given by

P = 3Va cos 6 (4-17)
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the reactive power output is given by

Q = 3V+Ia sin B (4-19)

and the apparent power output is given by

S = 3Va (4-35)

so the vertical and horizontal axes of this figure can be recalibrated in terms of
real and reactive power (Figure 4—48b). The conversion factor needed to change
the scale of the axes from volts to voltamperes (power units) is 31ÿ, /Xs:

3V.
P = 3 cos 6 = -ÿT(XSIA cos 6) (4-40)

W<l>
and Q = 3V4>IA sin 6 = -ÿ-{XSIA sin 6) (4-41)

On the voltage axes, the origin of the phasor diagram is at -Vÿ on the hori¬
zontal axis, so the origin on the power diagram is at

3K

= —ÿ (4—42)

The field current is proportional to the machine's flux, and the flux is proportional
to Ea = K4>u). The length corresponding to EA on the power diagram is

3EM
De = --ÿ (4—43)

The armature current IA is proportional to XSIA , and the length corresponding to

XSIA on the power diagram is 3VÿIA.
The final synchronous generator capability curve is shown in Figure 4-49.

It is a plot of P versus Q, with real power P on the horizontal axis and reactive
power Q on the vertical axis. Lines of constant armature current IA appear as lines
of constant S = 3Vÿ IA, which are concentric circles around the origin. Lines of
constant field current correspond to lines of constant EA, which are shown as cir¬
cles of magnitude 3EAVÿ/Xxs centered on the point

3V\
Q = — (4-42)

The armature current limit appears as the circle corresponding to the rated

IA or rated ldlovoltamperes, and the field current limit appears as a circle corre¬
sponding to the rated IFor EA. Any point that lies within both circles is a safe op¬
eratingpointfor the generator.

It is also possible to show other constraints on the diagram, such as the max¬
imum prime-mover power and the static stability limit. A capability curve that
also reflects the maximum prime-mover power is shown inFigure 4—50.
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The resulting generator capability curve.
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FIGURE 4-50
A capabil ity diagram showing the prime-mover power limit.
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Example 4-8. A 480-V, 50-Hz, Y-connected, six-pole synchronous generator is
rated at 50 kVA at 0.8 PF Jagging. It has a synchronous reactance of 1.0 Cl per phase.
Assume that this generator is connected to a steam turbine capable of supplying up to

45 kW. The friction and windage losses are 1.5 kW, and the core losses are 1.0 kW.

(a) Sketch the capability curve for this generator, including tire prime-mover power
limit.

(b) Can this generator supply a line current of 56A at 0.7 PF lagging? Why or why not?

(c) What is the maximum amount of reactive power this generator can produce?
(d) If the generator supplies 30 kW of real power, what is the maximum amount of

reactive power that can be simultaneously supplied?

Solution
The maximum current in this generator can be found from Equation (4-36):

3'rated 3ÿ/ated ÿA.max (4-36)

The voltage of this machine is

VT ago V

so the maximum ar mature current is

j
_ 'ÿlali-d _ 50 kVA _ ,

At.nax - 3
~

3(277 V)

Witlr this information, it is now possible to answer the questions.

(a) The maximum permissible apparent power is 50 kVA, which specifies the max¬
imum safe armature current. The center of the EA circles is at

3V|
Q = —y4 (4-42)

As

= -ÿI?F=-230kVAR
The maximum size of EA is given by

EA = Vÿ+;X,IA
= 277 Z0° V + (/'TO fl)(60 Z -36.87° A)

= 313 +_/48 V = 317 Z&.7" V

Therefore, the magnitude of the distance proportional to EA is

3
De =~ (4—43)

= 3f317]V0)g77Vÿ = 263 kVAR

The maximum output power available witli a prime-mover power of 45 kW is
approximately

P = P — P — PJ max.oul 1 max,in 1mech loss 1 core loss

= 45 kW- 1.5 kW- 1.0 kW = 42.5 kW
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FIGURE 4-51
The capability diagram for the generator in Example 4-8.

(This value is approximate because the J2R loss and the stray load loss were not
considered.) The resulting capability diagram is shown inFigure 4—51.

(b) A current of 56 A at 0.7 PF lagging produces a real power of

P = 31ÿIA cos 6

= 3(277 V)(56 A)(0.7) = 32.6 kW

and a reactive power of

Q = 3Vÿ/a sin 6
= 3(277 V)(56 A)(0.714) = 33.2 kVAR

Plotting this point on the capability diagram shows that it is safely within the
maximum IA curve but outside the maximum IFcurve. Therefore, this point is
not a safe operating condition.
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FIGURE 4-52

Capability curve for a real synchronous generator rated at 470 kVA. (Courtesy ofMarathon Electric
Company.)

(c) When the real power supplied by the generator is zero, the reactive power that
the generator can supply will be maximum. This point is right at the peak of the
capability curve. The Q that the generator can supply there is

Q = 263 kVAR - 230 kVAR = 33 kVAR

(d) If the generator is supplying 30 kW of real power, the maximum reactive power
that the generator can supply is 31.5 kVAR. This value can be found by entering
the capability diagram at 30 kW and going up the constant-kilowatt line until a
limit is reached. The limiting factor in this case is the field current—tire arma¬
ture will be safe up to 39.8 kVAR.

Figure 4-52 shows a typical capability for a real synchronous generator.
Note that the capability boundaries are not a perfect circle for a real generator.
This is true because real synchronous generators with salient poles have additional
effects that we have not modeled. These effects are described inAppendix C.
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Short-Time Operation and Service Factor

The most important limit in the steady-state operation of a synchronous generator
is the heating of its armature and field windings. However, the heating limit usu¬

ally occurs at a point much less than the maximum power that the generator is
magnetically and mechanically able to supply. Infact, a typical synchronous gen¬
erator is often able to supply up to 300 percent of its rated power for a while (until
its windings burn up). This ability to supply power above the rated amount is
used to supply momentary power surges during motor starting and similar load
transients.

It is also possible to use a generator at powers exceeding the rated values for
longer periods of time, as long as the windings do not have time to heat up too much
before the excess load is removed. For example, a generator that could supply
1MW indefinitely might be able to supply 1.5 MW for a couple of minutes without
serious harm, and for progressively longer periods at lower power levels. However,
the load must finally be removed, or the windings will overheat. The higher the
power over the rated value, the shorter the time a machine can tolerate it.

Figure4-53 illustrates this effect. This figure shows the time in seconds re¬
quired for an overload to cause thermal damage to a typical electrical machine,
whose windings were at normal operating temperature before the overload oc¬
curred. In this particular machine, a 20 percent overload can be tolerated for 1000
seconds, a 100 percent overload can be tolerated for about 30 seconds, and a 200
percent overload can be tolerated for about 10 seconds before damage occurs.

The maximum temperature rise that a machine can stand depends on the in¬
sulation class of its windings. There are four standard insulation classes: A, B, F,
and H. While there is some variation in acceptable temperature depending on a
machine's particular construction and the method of temperature measurement,

these classes generally correspond to temperature rises of 60, 80, 105, and 125°C,
respectively, above ambient temperature. The higher the insulation class of a
given machine, the greater the power that can be drawn out of it without over¬
heating its windings.

Overheating of windings is a very serious problem in a motor or generator.
It was an old rule of thumb that for each 10°C temperature rise above the rated
windings temperature, the average lifetime of a machine is cut inhalf (see Figure
3-20). Modern insulating materials are less susceptible to breakdown than that,
but temperature rises still drastically shorten their lives. For this reason, a syn¬
chronous machine should not be overloaded unless absolutely necessary.

A question related to the overheating problem is: Just how well is the power
requirement of a machine known? Before installation, there are often only ap¬
proximate estimates of load. Because of this, general-purpose machines usually
have a sendeefactor. The service factor is defined as the ratio of the actual max¬
imum power of the machine to its nameplate rating. A generator with a service
factor of 1.15 can actually be operated at 115 percent of the rated load indefinitely
without harm. The service factor on a machine provides a margin of error in case
the loads were improperly estimated.
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FIGURE4-53
Thermal damage curve for a typical synchronous machine, assuming that the windings were already
at operational temperature when the overload is applied. (Courtesy ofMarathon Electric Company.)

4.12 SUMMARY

A synchronous generator is a device for converting mechanical power from a prime
mover to ac electric power at a specific voltage and frequency. The term synchro¬
nous refers to the fact that this machine's electrical frequency is locked in or syn¬
chronized with its mechanical rate of shaft rotation. The synchronous generator is
used to produce the vast majority of electric power used throughout the world.

The internal generated voltage of this machine depends on the rate of shaft
rotation and on the magnitude of the field flux. The phase voltage of the machine
differs from tire internal generated voltage by the effects of armature reaction in the
generator and also by the internal resistance and reactance of the armature wind¬
ings.The terminal voltage of the generator will either equal the phase voltage or be
related to itby V3, depending on whether the machine is A- or Y-connected.

The way in which a synchronous generator operates in a real power system
depends on the constraints on it. When a generator operates alone, the real and
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reactive powers that must be supplied are determined by the load attached to it,
and the governor set points and field current control the frequency and terminal
voltage, respectively. When the generator is connected to an infinite bus, its fre¬
quency and voltage are fixed, so the governor set points and field current control
the real and reactive power flow from the generator. In real systems containing
generators of approximately equal size, the governor set points affect both fre¬
quency and power flow, and the field current affects bothterminal voltage and re¬
active power flow.

A synchronous generator's ability to produce electric power is primarily
limited by heating within the machine. When the generator's windings overheat,
the life of the machine can be severely shortened. Since there are two different
windings (armature and field), there are two separate constraints on the generator.
The maximum allowable heating in the armature windings sets the maximum
kilovoltamperes allowable from the machine, and the maximum allowable heat¬
ing in the field windings sets the maximum size of EA. The maximum size of EA
and the maximum size of IA together set the rated power factor of the generator.

QUESTIONS

4—1. Why is the frequency of a synchronous generator locked into its rate of shaft
rotation?

4-2. Why does an alternator's voltage drop sharply when it is loaded down with a lag¬
ging load?

4-3. Why does an alternator's voltage rise when it is loaded down with a leading load?
4—4. Sketch the phasor diagrams and magnetic field relationships for a synchronous gen¬

erator operating at (a) unity power factor, (b) lagging power factor, (c) leading
power factor.

4-5. Explainjust how tire synchronous impedance and armature resistance can be deter¬
mined in a synchronous generator.

4-6. Why must a 60-Hz generator be derated if it is to be operated at 50 Hz? How much
derating must be done?

4-7. Would you expect a 400-Hz generator to be larger or smaller than a 60-Hz genera¬
tor of the same power and voltage rating?Why?

4-8. What conditions are necessary for paralleling two synchronous generators?
4-9. Why must the oncoming generator on a power system be paralleled at a higher fre¬

quency than that of the tunning system?
4-10. What is an infinite bus? What constraints does it impose on a generator paralleled

with it?
4-11. How can the real power sharing between two generators be controlled without af¬

fecting the system's frequency? How can the reactive power sharing between two

generators be controlled without affecting the system's terminal voltage?
4-12. How can the system frequency of a large power system be adjusted without affect- (

ing the power sharing among the system's generators?
4-13. How can the concepts of Section 4.9 be expanded to calculate the system frequency

and power sharing among three or more generators operating inparallel?
4—14. Why is overheating such a serious matter for a generator?
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4-15. Explain indetail the concept behind capability curves.

4—16. What are short-time ratings? Why are they important inregular generator operation?

PROBLEMS

4-1. At a location in Europe, it is necessary to supply 1000kWof 60-Hz power.The only
power sources available operate at 50 Hz. It is decided to generate the power by
means of a motor-generator set consisting of a synchronous motor driving a syn¬
chronous generator. How many poles should each of the two machines have in or¬
der to convert 50-Hz power to 60-Hz power?

4-2. A 13,8-kV,50-MVA, 0,9-power-factor-lagging, 60-Hz, four-pole Y-connected syn¬
chronous generator has a synchronous reactance of 2.5 Cl and an armature resis¬
tance of 0.2 Cl. At 60 Hz, its friction and windage losses are 1MW, and its core
losses are 1.5 MW. The field circuit has a dc voltage of 120 V, and the maximum

IF is 10 A. The current of the field circuit is adjustable over the range from 0 to

10A. The OCC of this generator is shown inFigure P4—1.

Open-circuit characteristic
20

18

16

14
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6

4

2

0
0

Fieldcurrent (A)

FIGURE P4—1
Open-circuit characteristic curve for the generator in Problem 4—2.

(a) How much field current is required to make the terminal voltage VT (or line
voltage VL) equal to 13.8 kV when the generator is running at no load?

(b) What is the internal generated voltage EA of this machine at rated conditions?
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(c) What is the phase voltage of this generator at rated conditions?
(d) How much field current is required to make the terminal voltage Vr equal to

13.8 kV when the generator is running at rated conditions?
(e) Suppose that this generator is running at rated conditions, and then the load is

removed without changing the field current. What would the terminal voltage of
the generator be?

(f) How much steady-state power and torque must the generator's prime mover be
capable of supplying to handle the rated conditions?

(g) Construct a capability curve for this generator.

4—3. Assume that the field current of the generator inProblem 4—2 has been adjusted to
a value of 5 A.
(a) What will the terminal voltage of this generator be if it is connected to a

A-connected loadwith an impedance of 24 Z 25° XI?
(b) Sketch the phasor diagram of this generator.
(c) What is the efficiency of the generator at these conditions?
(d) Now assume that another identical A-connected load is to beparalleledwith the

first one. What happens to the phasor diagram for the generator? y
(e) What is the new terminal voltage after the load has been added?
(f) What must be done to restore the terminal voltage to its original value?

4ÿ4. Assume that the field current of the generator inProblem4-2 is adjusted to achieve
rated voltage (13.8 kV) at full-load conditions ineach of the following questions.
(a) What is the efficiency of the generator at rated load?
(b) What is the voltage regulation of the generator if it is loaded to rated kilo-

voltamperes with 0.9-PF-lagging loads?
(c) What is the voltage regulation of the generator if it is loaded to rated kilo-

voltamperes with 0.9-PF-leading loads?
(d) What is the voltage regulation of the generator if it is loaded to rated kilo-

voltamperes with unity-power-factor loads?
(e) Use MATLAB to plot the terminal voltage of the generator as a function of load

for all three power factors.
4-5. Assume that the field current of the generator inProblem 4—2 has been adjusted so

that it supplies rated voltage when loaded with rated current at unity power factor.
(a) What is the torque angle 8 of the generator when supplying rated current at

unity power factor?
(b) What is the maximum power that this generator can deliver to a unity power

factor load when the field current is adjusted to the current value?
(c) When this generator is running at full load with unity power factor, how close

is it to the static stability limit of the machine?
4-6. The internal generated voltage EA of a Y-connected, three-phase synchronous gen¬

erator is 14.4kV, and the terminal voltage VT is 12.8 kV.The synchronous reactance
of this machine is 4 XI, and the armature resistance can be ignored.
(a) If the torque angle of the generator S — 18°,how muchpower is being supplied

by this generator at the current time?
(b) What is the power factor of the generator at this time?
(c) Sketch the phasor diagram under these circumstances.
(d) Ignoring losses inthis generator, what torque must be applied to its shaft by the

prime mover at these conditions?
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4—7. A 100-MVA, 14.4—kV, 0.8-PF-lagging, 50-Hz, two-pole, Y-connected synchronous
generator has aper-unit synchronous reactance of 1.1and a per-unit armature resis¬
tance of 0.011.
(a) What are its synchronous reactance and armature resistance in ohms?
(b) What is the magnitude of the interna] generated voltage EA at the rated condi¬

tions? What is its torque angle 8 at these conditions?
(c) Ignoring losses in this generator, what torque must be applied to its shaft by the

prime mover at full load?

4-8. A 200-MVA, 12-kV, 0.85-PF-lagging, 50-Hz, 20-pole, Y-connected water turbine
generator has a per-unit synchronous reactance of 0.9 and a per-unit armature resis¬
tance of 0.1. This generator is operating in parallel with a large power system
(infinite bus).
(a) What is the speed of rotation of this generator's shaft?
(b) What is the magnitude of the internal generated voltage EA at rated conditions?
(c) What is the torque angle of the generator at rated conditions?
(d) What are the values of the generator's synchronous reactance and armature

resistance in ohms?
(e) If the field current is held constant, what is the maximum power possible out of

this generator? How much reserve power or torque does this generator have at
full load?

(f) At tire absolute maximum power possible, how much reactive power will this
generator be supplying or consuming? Sketch the corresponding phasor dia¬
gram. (Assume IF is still unchanged.)

4-9. A480-V, 250-kVA, 0.8-PF-lagging, two-pole, three-phase, 60-Hz synchronous gen¬
erator's prime mover has a no-load speed of 3650 r/min and a full-load speed of
3570 r/min. Itis operating inparallelwith a480-V, 250-kVA, 0.85-PF-lagging, four-
pole, 60-Hz synchronous generator whose prime mover has a no-load speed of
1800r/min and a full-load speed of 1780 r/min. The loads supplied by the two gen¬
erators consist of 300 kW at 0.8 PF lagging.
(a) Calculate the speed droops of generator 1and generator 2.
(b) Find the operating frequency of tire power system.
(cj Find the power being supplied by each of the generators inthis system.
(d) What must the generator's operators do to adjust the operating frequency to 60 Hz?
(e) If the current line voltage is 460 V, what must the generator's operators do to

correct for the low terminal voltage?
4-10. Three physically identical synchronous generators are operating in parallel. They

are all rated for a full load of 100 MW at 0.8 PF lagging. The no-load frequency
of generator A is 61Hz, and its speed droop is 3 percent. The no-load frequency of
generator B is 61.5 Hz, and its speed droop is 3.4 percent. The no-load frequency
of generator C is 60.5 Hz,and its speed droop is 2.6 percent.
(a) If a total load consisting of 230 MW is being supplied by litis power system,

what will the system frequency be, and how will the power be shared among the
three generators?

(b) Create a plot showing the power supplied by each generator as a function of the
total power supplied to all loads (you may use MATLAB to create this plot).At
what load does one of die generators exceed its ratings? Which generator ex¬
ceeds its ratings first?
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(c) Is this power sharing in (a) acceptable? Why or why not?
(d) What actions could an operator take to improve the real power sharing among

these generators?
4-11. A paper millhas installed three steam generators (boilers) to provide process steam

and also to use some its waste products as an energy source. Since there is extra ca¬
pacity, the mill has installed three 10-MW turbine generators to take advantage of
the situation. Each generator is a 4160-V, 12.5 MVA, 60 Hz, 0.8-PF-lagging, two-
pole, Y-connected synchronous generator with a synchronous reactance of 1.10 O
and an armature resistance of 0.03 fl. Generators 1 and 2 have a characteristic
power-frequency slope sP of 5 MW/Hz, and generators 3 has a slope of 6 MW/Hz.
(a) If the no-load frequency of each of the three generators is adjusted to 61 Hz.

how much power will the three machines be supplying when the actual system

frequency is 60 Hz?
(b) What is the maximum power the three generators can supply in this condition

without the ratings of one of them being exceeded? At what frequency does this
limit occur? How much power does each generator supply at that point?

(c) What would have to be done to get all three generators to supply their ratedreal
and reactive powers at an overall operating frequency of 60 Hz?

(d) What would the internalgenerated voltages of the three generators be under this
condition?

4-12. Suppose that you were an engineer planning a new electric co-generation facility for
a plant with excess process steam. You have a choice of either two 10-MW turbine-
generators or a single 20-MW turbine-generator. What would be the advantages and
disadvantages of each choice?

4-13. A 25-MVA, 12.2-kV, 0.9-PF-lagging, three-phase, two-pole, Y-connected, 60-Hz
synchronous generator was tested by the open-circuit test, and its air-gap voltage
was extrapolated with the following results:

Open-circuit test

Field current, A 320 365 380 475 570

Line voltage, kV 13.0 13.8 14.1 15.2 16.0

Extrapolated air-gap voltage, kV 15.4 17.5 18.3 22.8 27.4

The short-circuit test was then performed with the following results:

Short-circuit test

Field current, A 320 365 380 475 570

Armature current,A 1040 1190 1240 1550 1885

The armature resistance is 0.6 fl per phase.
(a) Findthe unsaturated synchronous reactance of this generator inohms per phase

and ohms per unit.
(b) Find the approximate saturated synchronous reactance Xs at a field current of

380 A. Express tire answer both inohms per phase and per unit.

L
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(c) Find the approximate saturated synchronous reactance at a field current of
475 A. Express the answer both in ohms per phase and in per unit.

(d) Find the short-circuit ratio for this generator.
(e) What is the internal generated voltage of this generator at rated conditions?
(f) What field current is required to achieve rated voltage at rated load?

4-14. During a short-circuit test, a Y-connected synchronous generator produces 100A of
short-circuit armature current per phase at a field current of 2.5 A. At the same field
current, the open-circuit line voltage is measured to be 440 V.
(a) Calculate the saturated synchronous reactance under these conditions.
(b) If the armaLure resistance is 0.3 fl per phase, and the generator supplies 60 A to

a purely resistive Y-connected load of 3 fl per phase at this field current setting,
determine the voltage regulation under these load conditions.

4-15. A three-phase, Y-connected synchronous generator is rated 120 MVA, 13.8 kV, 0.8-
PF-lagging, and 60 Hz. Its synchronous reactance is 1.20per phase, and its arma¬
ture resistance is 0.1 Cl per phase.
(a) What is its voltage regulation?
(b) What would the voltage and apparent power rating of this generator be if it were

operated at 50 Hz with the same armature and field losses as it had at 60 Hz?
(c) What would the voltage regulation of the generator be at 50 Hz?

Problems 4-16 to 4-26 refer to a six-pole, Y-connected synchronous generator rated
at 1MVA, 3.2 kV, 0.9 PF lagging, and 60 Hz. Its armature resistance RA is 0.7 Q.
The core losses of this generator at rated conditions are 8 kW, and the friction and
windage losses are 10 kW. The open-circuit and short-circuit characteristics are
shown in Figure P4—2.

4-16. (a) What is the saturated synchronous reactance of this generator at the rated
conditions?

(b) What is the unsaturated synchronous reactance of this generator?
(c) Plot the saturated synchronous reactance of litis generator as a function of load.

4-17. (a) What are the rated current and internal generated voltage of this generator?
(b) What field current does this generator require to operate at the rated voltage,

current, and power factor?
4—18. What is the voltage regulation of this generator at the rated current and power

factor?
4-19. If this generator is operating at the rated conditions and the load is suddenly re¬

moved, what will the terminal voltage be?
4-20. What are the electrical losses in this generator at rated conditions?
4-21. If this machine is operating at rated conditions, what input torque must be applied to

the shaft of this generator? Express your answer both in newton-meters and in
pound-feet.

4-22. What is the torque angle S of this generator at rated conditions?
4-23. Assume that the generator field current is adjusted to supply 3200 V under rated

conditions. What is the static stability limit of this generator? (Note: You may ignore

Ra to make this calculation easier.) How close is the full-load condition of this gen¬
erator to the static stability limit?

4-24. Assume that the generator field current is adjusted to supply 3200 V under rated
conditions. Plot the power supplied by the generator as a function of the torque
angle S.
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FIGURE P4-2
(a) Open-circuit characteristic curve for the generator in Problems 4-16 to 4-26. (b) Short-circuit
characteristic curve for the generator inProblems 4-16 to 4-26.
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4-25. Assume that the generator's field current is adjusted so that the generator supplies
rated voltage at the rated load current and power factor. If the field current and the
magnitude of the load current are held constant, how will the terminal voltage
change as the load power factor varies from 0.9 PF lagging to 0.9 PF leading? Make
a plot of the terminal voltage versus the loadpower factor.

4-26. Assume that the generator is connected to a 3200-V infinite bus. and that its field cur¬
rent has been adjusted so that it is supplying rated power and power factor to the bus.
You may ignore the armature resistance RA when answering the following questions.
(a) What will happen to the real and reactive power supplied by this generator if the

field flux (and therefore EA) is reducedby 5 percent?
(b) Plot the real power supplied by this generator as a function of the flux <j> as the

flux is varied from 80 percent to 100 percent of the flux at rated conditions.
(c) Plot the reactive power supplied by this generator as a function of the flux <j> as

the flux is varied from 80 percent to 100 percent of the flux at rated conditions.
(d) Plot the line current supplied by this generator as a function of tire flux <p as the

flux is varied from 80 percent to 100 percent of the flux at rated conditions.

4-27. Two identical 2.5-MVA, 1200-V 0.8-PF-lagging, 60-Hz, three-phase synchronous
generators are connected inparallel to supply a load. The prime movers of the two

generators happen to have different speed droop characteristics. When the field cur¬
rents of the two generators are equal, one delivers 1200 A at 0.9 PF lagging, while
the other delivers 900 A at 0.75 PF lagging.
(a) What are the real power and the reactive power supplied by each generator to

the load?
(b) What is the overall power factor of the load?
(c) Inwhat direction must the field current on each generator be adjusted in order

for them to operate at the same power factor?
4-28. A generating station for a power system consists of four 300-MVA, 15-kV,0.85-PF-

lagging synchronous generators with identical speed droop characteristics operating
in parallel. The governors on the generators' prime movers are adjusted to produce
a 3-Hz drop from no load to full load. Three of these generators are each supplying
a steady 200 MW at a frequency of 60 Hz, while the fourth generator (called the
swing generator ) handles all incremental load changes on the system while main¬
taining the system's frequency at 60 Hz.
(a) At a given instant, the total system loads are 650 MW at a frequency of 60 Hz.

What are the no-load frequencies of each of the system's generators?
(b) If the system load rises to 725 MW and the generator's governor set points do

not change, what will the new system frequency be?
(c) To what frequency must the no-load frequency of the swing generator be ad¬

justed inorder to restore the system frequency to 60 Hz?
(d) If the system is operating at the conditions described in part (c), what would

happen if the swing generator were tripped off the line (disconnected from the
power line)?

4-29. A 100-MVA, 14.4-kV, 0.8-PF-Iagging. Y-connected synchronous generator has a
negligible armature resistance and a synchronous reactance of 1.0 per unit. The gen¬
erator is connected in parallel with a 60-Hz, 14.4-kV infinite bus that is capable of
supplying or consuming any amount of real or reactive power with no change in
frequency or terminal voltage.
(a) What is the synchronous reactance of the generator in ohms?
(b) What is the internal generated voltage of this generator under ratedconditions?
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(c) What is the armature current I,, in this machine at rated conditions?
(d) Suppose that the generator is initially operating at rated conditions. If the inter¬

nal generated voltage is decreased by 5 percent, what will the new armature

current lA be?
(e) Repeat part (d) for 10, 15, 20, and 25 percent reductions in EA.
(f) Plot the magnitude of the armature current IA as a function of EA. (Youmay wish

to use MATLAB to create this plot.)
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CHAPTER

5
SYNCHRONOUS

MOTORS

(

LEARNING OBJECTIVES

• Understand the equivalent circuit of a synchronous motor.

• Be able to sketch phasor diagrams for a synchronous motor.

• Know the equations for power and torque ina synchronous motor.

• Understand how and why power factor varies as synchronous motor load in¬
creases.

• Understandhow andwhy power factor varies as synchronous motor field current

varies—the "V" curve.

• Understandhow synchronous motors can be started.

• Be able to tell whether a synchronous machine is acting as a motor or a gen¬
erator and whether it is supplying or consuming reactive power by examining
its phasor diagram.

• Understand synchronous motor ratings.

Synchronous motors are synchronous machines used to convert electrical power
to mechanical power. This chapter explores the basic operation of synchronous
motors and relates their behavior to that of synchronous generators.

5.1 BASIC PRINCIPLES OF
MOTOR OPERATION

i To understand the basic concept of a synchronous motor, look at Figure5-1,which
shows a two-pole synchronous motor. The field current IFof the motor produces a
steady-state magnetic field A three-phase set of voltages is applied to the stator

of the machine, which produces a three-phase current flow in the windings.

271
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Tind
-counterclockwise

FIGURE 5-1
A two-pole synchronous motor.

As was shown in Chapter 3, a three-phase set of currents in an armature
winding produces a uniformrotating magnetic field Bs. Therefore, there are two
magnetic fields present inthe machine, and the rotorfieldwill tend to line up with
the stator field, just as two bar magnets will tend to line up if placed near each
other. Since the stator magnetic field is rotating, the rotor magnetic field (and the
rotor itself) will constantly try to catch up. The larger the angle between the two
magnetic fields (up to a certain maximum), the greater the torque on the rotor of
the machine. The basic principle of synchronous motor operation is that the rotor
"chases" the rotating stator magnetic field around in a circle, never quite catching
up with it.

Since a synchronous motor is the same physical machine as a synchronous
generator, all of the basic speed, power, and torque equations of Chapters 3 and 4
apply to synchronous motors also.

The Equivalent Circuit of a Synchronous Motor

A synchronous motor is the same inall respects as a synchronous generator, except
that the direction of power flow is reversed. Since the direction of power flow inthe
machine is reversed, the direction of current flow in the stator of the motor may be
expected to reverse also. Therefore, the equivalent circuit of a synchronous motor is
exactly the same as the equivalent circuit of a synchronous generator, except that the j
reference directionof IA is reversed. The resulting full equivalent circuit is shown in
Figure 5-2a, and the per-phase equivalent circuit is shown inFigure 5-2b. As be¬
fore, the three phases of the equivalent circuit may be either Y- or A-connected. J

Because of the change in direction of IA, the Kirchhoff's voltage law equa¬
tion for the equivalent circuit changes, too. Writing a Kirchhoff's voltage law
equation for the new equivalent circuit yields ,

I1
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FIGURE 5-2
(a) The full equivalent circuit of a three-phase synchronous motor, (b) The per-phase equivalent circuit.

V, - EMjXs\A + raia (5-1)

or E„ = V, ~jXslA - RAlA (5-2)

This is exactly the same as the equation for a generator, except that the sign on the
current term has been reversed.

The Synchronous Motor from a Magnetic
Field Perspective

To begin to understand synchronous motor operation, take another look at a syn¬
chronous generator connected to an infinite bus. The generator has a prime mover
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turning its shaft, causing it to rotate. The direction of the applied torque rapp from
the prime mover is inthe direction of motion, because the prime mover makes the
generator rotate in the first place.

The pbasor diagram of the generator operating with a large field current is
shown inFigure 5-3a, and the corresponding magnetic field diagram is shown in
Figure 5-3b. As described before, BR corresponds to (produces) E4, Bnft corre¬
sponds to (produces) Vÿ, and B5 corresponds to Estat (= —jXsIA). The rotation of
both the phasor diagram and magnetic field diagram is counterclockwise in the
figure, following the standard mathematical convention of increasing angle.

The induced torque in the generator can be found from the magnetic field
diagram. From Equations (3-60) and (3-61) the induced torque is given by

Ind = kBR x Bne( (3-60)

or Tind = kBRBn&t sin 8 (3-61)

Notice that from the magnetic field diagram the induced torque in this machine is
clockwise,opposing the direction of rotation. Inother words, the induced torque
in the generator is a countertorque, opposing the rotation caused by the external
applied torque Tapp.

Suppose that, instead of turning the shaft in the direction of motion, the
prime mover suddenly loses power and starts to drag on the machine's shaft. What
happens to the machine now? The rotor slows down because of the drag on its shaft
and falls behind the net magnetic field in the machine (see Figure 5-ÿla). As the ro¬

tor, and therefore BR, slows down and falls behind Bnet tire operation of the machine
suddenly changes. By Equation (3-60), when BR is behind B„c:, the induced
torque's direction reverses and becomes counterclockwise. In other words, the
machine's torque is now inthe direction of motion, and the machine is acting as a
motor.The increasing torque angle 8 results in a larger and larger torque in the di¬
rection of rotation, until eventually the motor's induced torque equals the load

'sync

'net

FIGURE 5-3
(a) Phasor diagram of a synchronous generator operating at a laggingpower factor, (b) The
corresponding magnetic field diagram.
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sync

FIGURE 5-4
(a) Phasor diagram of a synchronous motor, (b) The corresponding magnelic field diagram.

( ,
torque on its shaft. At that point, the machine will be operating at steady state and
synchronous speed again, but now as a motor.

The phasor diagram corresponding to generator operation is shown inFig¬
ure 5-3a, and the phasor diagram corresponding to motor operation is shown in
Figure 5-4a. The reason that the quantity jXslA points from Vf/> , to in the gen¬
erator and from EA to in the motor is that the reference direction of I,,was re¬
versed in the definition of the motor equivalent circuit. The basic difference be¬
tween motor and generator operation in synchronous machines can be seen
either in the magnetic field diagram or in the phasor diagram. Ina generator,
hes ahead of \ , and B„ lies ahead of Bnet. Ina motor,E„ lies behind , and B/f
lies behind Bnel. Tn a motor the induced torque is in the direction of motion, and
in a generator the induced torque is a countertorque opposing the direction of
motion.

5.2 STEADY-STATE SYNCHRONOUS
MOTOR OPERATION

This section explores the behavior of synchronous motors under varying condi¬
tions of load and field current as well as the question of power-factor correction
with synchronous motors.The following discussions will generally ignore the ar¬
mature resistance of the motors for simplicity. However, RA will be considered in
some of the worked numerical calculations.

The Synchronous Motor Torque-Speed
f Characteristic Curve

Synchronous motors supply power to loads that are basically constant-speed devices.
They are usually connected to power systems very much larger than the individual
motors, so the power systems appear as infinite buses to the motors. This means that
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Tind

Tpulloul

SR = "" x 100%

SR = 0%

FIGURE S-S
The torque-speed characteristic of a synchronous motor. Since the speed of the motor is constant, its (
speed regulation is zero.

the terminal voltage andthe system frequency will be constant regardless of the amount
of power drawnby the motor. The speed of rotationof the motor is locked to the rate of
rotation of the magnetic fields, and the rate of rotauon of the appliedmechanical fields
is locked to the appliedelectrical frequency, so the speedofthe synchronous motor will
be constant regardless of the load. This fixed rate of rotationis given

1204 „ „nm = —— (5"3)

where nm is the mechanical rate of rotation,/„ is the stator electrical frequency,
and P is the number of poles in the motor.

The resulting torque-speed characteristic curve is shown inFigure5-5.The
steady-state speed of the motor is constant from no loadall the way up to the max¬
imum torque that the motor can supply (called the pullout torque), so the speed
regulation of this motor [Equation (3-68)] is 0%. The torque equation is

Tind = kBRBntlsin S (3-61)

or
3\ea sin 8

(4-22)

The maximum or pullout torque occurs when S = 90°. Normal full-load torques
are much less than that, however. In fact, the pullout torque may typically be three
times the full-load torque of the machine. ,

When the torque on the shaft of a synchronous motor exceeds the pullout
torque, the rotor can no longer remain locked to the stator and net magnetic fields.
Instead, the rotor starts to slip behind them. As the rotor slows down, the stator
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magnetic field "laps" it repeatedly, and the direction of the induced torque in the
rotor reverses with each pass. The resulting huge torque surges, first one way and
then the other way, cause the whole motor to vibrate severely. The loss of syn¬
chronization after the pullout torque is exceeded is known as slipping poles.

The maximum or pullout torque of the motor is given by

rmax = ÿBRBnet (5-4a)

or
J_Ma

Tmax - 0)mXs (5-1b)

These equations indicate that the larger thefield current (andhence EA), the greater

the maximum torque of the motor. There is therefore a stability advantage in operat¬
ing the motor with a large field current or a large EA.

( The Effect of Load Changes on a
Synchronous Motor

If a load is attached to the shaft of a synchronous motor, the motor will develop
enough torque to keep the motor and its load turning at a synchronous speed.
What happens when the load is changed on a synchronous motor?

To find out, examine a synchronous motor operating initially with a leading
power factor, as shown in Figure 5-6. If the load on the shaft of the motor is in¬
creased, the rotor will initially slow down. As it does, the torque angle 5 becomes
larger, and the induced torque increases. The increase in induced torque eventu¬

ally speeds tire rotor back up, and the motor again turns at synchronous speed but
with a larger torque angle 5.

What does the phasor diagram look like during this process? To find out, ex¬

amine the constraints on the machine during a load change. Figure 5-6a shows the
motor's phasor diagram before the loads are increased. The internal generated volt¬
age Ea is equal to Kcfca and so depends on only the field current in the machine and
tire speed of the machine. The speed is constrained to be constant by the input
power supply, and since no one has touched the field circuit, the field current is
constant as well. Therefore, IEAI must be constant as the load changes. The dis¬
tances proportional to power (EA sin S and 1A cos 6) will increase, but the magni¬
tude of Ea must remain constant. As the load increases, EA swings down in the
manner shown inFigure 5-6b.As EA swings down further and further, the quantity
jXs\A has to increase to reach from the tip of EA to , and therefore the armature

current IA also increases.Notice that the power-factor angle 6 changes too, becom¬
ing less and less leading and then more and more lagging.

Example 5-1. A 208-V, 45-hp, 0.8-PF-leading, A-connected, 60-Hz synchronous
machine has a synchronous reactance of 2.5 fl and a negligible armature resistance. Its
friction and windage losses are 1.5 kW, and its core losses are 1.0 kW. Initially, the shaft is
supplying a 15-hp load, and the motor's power factor is 0.80 leading.
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FIGURE 5-6
(a) Phasor diagram of a motor operating at a leading power factor, (b) The effect of an increase in
load on the operation of a synchronous motor.

(a) Sketch the phasor diagram of this motor, and find the values of IA, lL, and EA.
(b) Assume that the shaft load is now increasedto 30 hp. Sketch the behavior of the

phasor diagram in response to this change.
(c) FindIA, IL, and EA after the load change. What is the new motor power factor?

Solution
(a) Initially, the motor's output power is 15 hp. This corresponds to an output of

POM = (15 hp)(0.746 KW/hp) = 11.19 kW

Therefore, the electric power supplied to the machine is

P = P P + P 4- P1mcch loss 1 1core loss 1 1elec loss

= 11.19 kW+ 1.5 kW+ 1.0 kW + 0 kW = 13.69 kW

Since the motor's power factor is 0.80 leading, the resulting line current flow is '
Pm

V3 VT cos 6

13.69 kW
V3(208 V)(0.80)

= 47.5 A
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and the armature current is IL/V3 , with 0.8 leading power factor, which gives
the result

= 27.4 Z 36.87° A

To find Ea> apply Kirchlioff's voltage law [Equation (5-2)]:

E.4 = V* — jXÿlA

= 208 Z 0° V - (;2.5 0)(27.4 Z 36.87° A)

= 208 Z 0° V - 68.5 Z 126.87° V

= 249.1 -j'54.8 V = 255 Z -12.4° V

The resulting phasor diagram is shown in Figure 5-7a.
(b) As the power on the shaft is increased to 30 hp, the shaft slows momentarily, and

the internal generated voltage EA swings out to a larger angle S while maintain¬
inga constant magnitude. The resultingphasor diagram is shown inFigure 5-7b.

(c) After the load changes, the electric input power of the machine becomes
p 4. p 4. p 4. p
•'out 1 1mech loss 1 1core loss 1 1clec loss

(30 hp)(0.746 kW/hp) + 1.5 kW + 1.0kW + 0 kW

= 24.88 kW

lA =27.4 Z 36.ST A

:a =255Z-12.4° V

= 68.5 Z 126.87°

(a)

\

\
\
\

=255 Z -23° V

:A = 255 Z -12.4° V

FIGURE 5-7
(a) The motor phasor diagram for Example 5-1a. (b) The motor phasor diagram for Example 5—lb.
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From die equation for power in terms of torque angle [Equation (4-20)], it ispos¬
sible to find the magnitude of the angle 5 (remember that the magnitude of is
constant):

3V.Ea sin 5
P = —*-£- (4-20)

As

, XSPso S = sin 1
Q..

„

. (2.5 Q)(24.88 kW)
Sin 3(208 V)(255 V)

= sin-1 0.391 = 23°

The internal generated voltage thus becomes E/t = 355 Z -23° V. Therefore, 1ÿ
will be given by

_
~ Ea

JXs C
=

208 Z0° V - 255 Z —23° V
J2.5CI

103 1Z 105° V_ 1UJ.1 1UJ—V _ 4) o / 1« 1

J2.5CL 41.2 Z 15 A

and IL will become

h= = 71.4 A

The final power factor will be cos (— 15°) or 0.966 leading.

h =

The Effect of Field Current Changes on a
Synchronous Motor

We have seen how a change in shaft load on a synchronous motor affects the
motor. There is one other quantity on a synchronous motor that can be readily
adjusted—its field current. What effect does a change in field current have on a
synchronous motor?

To find out, look at Figure 5-8.Figure 5-8a shows a synchronous motor ini¬
tially operating at a lagging power factor. Now, increase its field current and see
what happens to the motor. Note that an increase infield current increases the
magnitude of EA but does not affect the real power supplied by the motor. The
power supplied by the motor changes only when the shaft load torque changes.
Since a change in IFdoes not affect the shaft speed n„„ and since the load attached
to the shaft is unchanged, the real power supplied is unchanged. Of course, VT is
also constant, since it is kept constant by the power source supplying the motor.
The distances proportional to power on the phasor diagram (JEA sin S and IA cos 0) ÿ

must therefore be constant. When the field current is increased, EA must increase,
but it can only do so by sliding out along the line of constant power. This effect is
shown in Figure 5-8b.
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(a)

«P(= conslanf)

«P(= constant)

FIGURE S-8
(a) Asynchronous motor operating at a lagging power factor, (b) The effect of an increase in field

current on the operation of this motor.

Notice that as the value of EA increases, the magnitude of the armature cur¬
rent I,, first decreases and then increases again. At low EA, the armature current is
lagging, and the motor is an inductive load. It is acting like an inductor-resistor
combination, consuming reactive power Q. As the field current is increased, the
armature current eventually lines up with Vÿ,, and the motor looks purely resistive.
As the field current is increased further, the armature current becomes leading,
and the motor becomes a capacitive load. It is now acting like a capacitor-resistor
combination, consuming negative reactive power — Q or, alternatively, supplying
reactive power Q to the system.

A plot of lA versus JF for a synchronous motor is shown inFigure 5-9. Such
a plot is called a synchronous motor V curve, for the obvious reason that it is
shaped like the letter V. There are several V curves drawn, corresponding to dif¬
ferent real power levels. For each curve, the minimum armature current occurs at

unity power factor, when only real power is being supplied to the motor. At any
other point on the curve, some reactive power is being supplied to or by the mo¬
tor as well. For field currents less than the value giving minimum lA, the armature

current is lagging, consuming Q. For field currents greater than the value giving
the minimum lA, the armature current is leading, supplying Q to the power system
as a capacitor would. Therefore, by controlling the field current of a synchronous
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FIGURE 5-9

ÿF Synchronous motor V curves.

motor, the reactive power supplied to or consumed by the power system can be
controlled.

When the projection of the phasor EA onto (EA cos 8) is shorter than
itself, a synchronous motor has a lagging current and consumes Q. Since the field
current is small in this situation, the motor is said to be underexcited. On the other
hand, when the projection of EA onto is longer than itself, a synchronous
motor has a leading current and supplies Q to the power system. Since the field
current is large in this situation, the motor is said to be overexcited. Phasor dia¬
grams illustrating these concepts are shown inFigure 5-10.

Example 5-2. The 208-V, 45-hp, 0.8-PF-Jeading, A-connected, 60-Hz synchro¬
nous motor of the previous example is supplying a 15-hp load with an initial power factor
of 0.85 PFlagging. The field current 1F at these conditions is 4.0 A.

(a) Sketch the initialphasor diagram of this motor, and find the values IA and EA,
(b) If the motor's flux is increased by 25 percent, sketch the new phasor diagram of

the motor. What are EA, IA, and the power factor of the motor now?

FIGURE5-10
(a) The phasor diagram of an underexcitedsynchronous motor, (b) The phasor diagram of an
overexcited synchronous motor.
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(c) Assume that the flux in the motor varies linearly with the field current Ir.Make
a plot of IA versus IF for the synchronous motor with a 15-hp load.

Solution
(a) Fromthe previous example, the electric input power with all the losses included

is Pm = 13.69 kW. Since the motor's power factor is 0.85 lagging, the resulting
armature current flow is

1 =-—-A 3V, cos B

13.69 kW
3(208 V)(0.85) - 25.8 A

The angle 9 is cos-1 0.85 = 31.8°, so the phasor current lA is equal to

IA - 25.8 A -31.8°A

To find Ea, apply Kirchhoff's voltage law [Equation (5-2)]:

EA - V(/l - jXs\A

= 208 A 0° V — 02-5 H)(25.8 A —31.8° A)

= 208 A 0° V - 64.5 A 58.2° V

= 182 A -17.5°V

The resulting phasor diagram is shown inFigure 5—11, together with the results
for part b.

(b) If the flux <fi is increased by 25 percent, then EA — Kcjyco will increase by 25 per¬
cent too:

EA2 = 1.25 EAl = 1.25(182 V) = 227.5 V

However, the power supplied to the load must remain constant. Since the dis¬
tance Ea sin 8 is proportional to the power, that distance on the phasor diagram
must be constant from tire original flux level to the new flux level. Therefore,

Ealsin S, = EA2 sin S2

FIGURE 5-11
The phasor diagram of the motor in Example 5-2.



284 ELECTRIC MACHINERY FUNDAMENTALS

5, = sin 'fÿr1sin 8
E.ÿA2

= sin 1 182 V . ,
sin (-17.5 ) •13.9°227.5 V '

The armature current can now be found from Kirchhoff 's voltage law:

T
ÿ 'Ea2

A1 jXs

=
208 ÿ0° V - 227.5 A -13.9° V

A j2.5 a
56 2Z103 2° V

= = 22'5 z 13i2° A

Finally, the motor's power factor is now

PF = cos (13.2°) = 0.974 leading

The resulting phasor diagram is also shown in Figure 5-11.
(c) Because the flux is assumed to vary linearly with field current, EA will also vary

linearly with field current. We know that EA is 182 V for a field current of 4.0 A,
so Ea for any given field current can be found from the ratio

Eai In

1,2 =ÿ (5-7)

182V 4.0 A

or Ea2 = 45.5In (5-5)

The torque angle 8 for any given field current can be found from the fact that
the power supplied to the load must remain constant:

Ea ÿ sin 5] EA2 sm 82

so S2 = sin-1 ÿp-sin (5-6)

These two pieces of information give us the phasor voltage Eÿ. Once is avail¬
able, the new armature current can be calculated from Kirchhoff's voltage law:

Y» ~ Ear
jXs

A MATLAB M-ftle to calculate and plot /,, versus Ip using Equations (5-5)
through (5-7) is shown below:

% M-file: v_curve .m

% M-file create a plot of armature current versus field
% current for the synchronous motor of Example 5-2 .

% First, initialize the field current values (21 values
% in the range 3.8-5.8 A)

i_f = (38:1:58) / 10;

& Now initialize all other values
i_a = zeros (1,21); % Pre-allocate i_a array
x_s =2.5; % Synchronous reactance
v_pbase =208; % Phase voltage at 0 degrees
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deltal = -17.5 * pi/180; % delta 1 in radians
e_al = 182 * (cos (deltal) + j * sin(deltal) ) ;

% Calculate the armature current for each value
for ii = 1:21

% Calculate magnitude of e_a2

e_a2 = 45.5 * i_f (ii) ;

% Calculate delta2
delta2 = asin ( abs(e_al) / abs(e_a2) * sin(deltal) ) ;

% Calculate the phasor e_a2

e_a2 = e_a2 * (cos(delta2) + j * sin (delta2) )

% Calculate i_a
i_a(ii) = ( v_phase - e_a2 ) / ( j * x_s);

end

, % Plot the v-curve
( plot ( i_f , abs ( i_a) , 'Color 1 , 'k' , 1 linewidth' ,2.0) ;

xlabel ('Field Current (A) ', 'Fontweight' , 'Bold' ) ;

ylabel ( 'Armature Current (A) ', 'Fontweight' , 'Bold' ) ;
title ('Synchronous Motor V-Curve' ,'Fontweight' , 'Bold' ) ;

grid on;

The plot produced by this M-file is shown in Figure 5—12. Note that for a field current of
4.0 A, the armature current is 25.8 A. This result agrees with part a of this example.

The Synchronous Motor and
Power-Factor Correction

Figure 5-13 shows an infinite bus whose output is connected through a transmis¬
sion line to an industrialplant at a distant point. The industrial plant shown consists

30
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4.0 4.5

Field current, A
5.0 5.53.5

FIGURE 5-12
V curve for the synchronous motor of Example 5-2.
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FIGURE5-13
A simple power system consisting of an infinitebus supplying an industrial plant through a
transmission line.

of three loads. Two of the loads are induction motors with lagging power factors,
and the third load is a synchronous motor with a variable power factor.

What does the ability to set the power factor of one of the loads do for the
power system? To find out, examine the following example problem. {Note: Are-
view of the three-phase power equations and their uses is given in Appendix A.
Some readers may wish to consult it when studying this problem.)

Example5-3. The infinite bus inFigure 5-13 operates at 480 V. Load 1is an induc¬
tion motor consuming 100kW at 0.78 PF lagging, and load 2 is an induction motor consum¬
ing 200 kWat 0.8 PF lagging. Load 3 is a synchronous motor whose real power consumption
is 150 kW.

(a) If the synchronous motor is adjusted to operate at 0.85 PF lagging, what is the
transmission line current inthis system?

(b) If the synchronous motor is adjusted to operate at 0.85 PF leading, what is the
transmission line current in this system?

(c) Assume that the transmission line losses are given by

where LL stands for line losses. How do the transmission losses compare in the
two cases?

Solution
(a) In the first case, the real power of load 1 is 100 kW, and the reactive power of

load 1 is

fix = 3l}RL line loss

£>i = P| tan 6
= (100 kW) tan (cos"1 0.78) = (100 kW) tan 38.7°
= 80.2 kVAR

J
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The real power of load 2 is 200 kW, and the reactive power of load 2 is

Q2 = P2 tan d
= (200 kW) tan (cos-' 0.80) = (200 kW) tan 36.87°

= ISOkVAR

The real power load 3 is 150 kW, and the reactive power of load 3 is

Q3 = P3 tan 6
= (150 kW) tan (cos"1 0.85) =(150 kW) tan 31.8°
= 93 kVAR

Thus, the total real load is

Pw = Px+Pi + Pi
= 100 kW + 200 kW + 150 kW = 450 kW

and the total reactive load is

Qm = Q\ + Qi + Qi
= 80.2 kVAR + 150 kVAR + 93 kVAR = 323.2 kVAR

The equivalent system power factor is tlius

I. Q\ f. 323.2 kVAR)
PF = cos 6 = cos Itan pi = cos I tan 1 —450 — I

= cos 35.7° = 0.812 lagging

Finally, the line current is given by

V3Vtcos0 V3<480V>(0.8]2)

(b) The real and reactive powers of loads 1 and 2 are unchanged, as is the real
power of load 3. The reactive power of load 3 is

Q3 = P3 tan 6
= (150 kW) tan (-cos"1 0.85) = (150 kW) tan (-31.8°)

= -93 kVAR

Thus, the total real load is

P,« = Pi + P2 + Pi
= 100 kW + 200 kW + 150kW = 450 kW

and the total reactive load is

<2,„, = fii + + Qi
= 80.2 kVAR + !50kVAR- 93 kVAR = 137.2 kVAR

The equivalent system power factor is thus

PF = cos 6 — cos

= cos 16.96° = 0.957 lagging

(. (. _i 137.2 kVARÿ
Itan 1 -pi = cos I tan ' — — I

450 kW )
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Finally, the line current is given by

r =
pm

= 450 kW
=

,,,
'L V3Vlcos 0 V3(480 V)(0.957)

(c) The transmission losses in the first case are

Pll= 3llR, = 3(667 A)2Rl = 1,344,700ÿ

The transmission losses in the second case are

Pll= 3llRL = 3(566 A)ÿ = 961,070

Notice that in the second case the transmission power losses are 28 percent less
than in the first case, while the power supplied to the loads is the same.

As seen in Example 5-3, the ability to adjust the power factor of one or
more loads in a power system can significantly affect the operating efficiency of
the power system. The lower the power factor of a system, the greater the losses,.
in the power lines feeding it. Most loads on a typical power system are inductW
motors, so power systems are almost invariably lagging in power factor. Having
one or more leading loads (overexcited synchronous motors) on the system can be
useful for the following reasons:

1. A leading load can supply some reactive power Q for nearby lagging loads,
instead of it coming from the generator. Since the reactive power does not
have to travel over the long and fairly high-resistance transmission lines, the
transmission line current is reduced and the power system losses are much
lower. (This was shown by the previous example.)

2. Since tire transmission lines carry less current, they can be smaller for a given
rated power flow. A lower equipment current rating reduces the cost of a
power system significantly.

3. Inaddition, requiring a synchronous motor to operate with a leading power
factor means that the motor must be run overexcited. This mode of operation
increases the motor's maximum torque and reduces the chance of acciden¬
tally exceeding the pullout torque.

The use of synchronous motors or other equipment to increase the overall
power factor of a power system is called power-factor correction. Since a syn¬
chronous motor can provide power-factor correction and lower power system
costs, many loads that can accept a constant-speed motor (even though they do not
necessarily need one) are driven by synchronous motors. Even though a synchro¬
nous motor may cost more than an induction motor on an individual basis, the
ability to operate a synchronous motor at leading power factors for power-factor
correction saves money for industrial plants. This results in the purchase and use/7
of synchronous motors.

Any synchronous motoT that exists in a plant is run overexcited as a matter

of course to achieve power-factor correction and to increase its pullout torque.
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However, running a synchronous motor overexcited requires a high field current
and flux, which causes significant rotor heating. An operator must be careful not

to overheat the field windings by exceeding the rated field current.

The Synchronous Capacitor or
Synchronous Condenser

A synchronous motor purchased to drive a load can be operated overexcited to

supply reactive power Q for a power system. In fact, at some times in the past a

synchronous motor was purchased and run without a load, simply for power-

factor correction. The phasor diagram of a synchronous motor operating overex¬
cited at no load is shown inFigure 5-14.

Since there is no power being drawn from tine motor, the distances propor¬
tional to power (Ea sin 8 and IA cos 6) are zero. Since the Kirchhoff's voltage law
equation for a synchronous motor is

Vÿ = EA+jXslA (5-1)

the quantity points to the left, and therefore the armature current 1A points
straight up. If and lA are examined, the voltage-current relationship between
them looks like that of a capacitor. An overexcited synchronous motor at no load
looks just like a large capacitor to the power system.

Some synchronous motors used to be sold specifically for power-factor cor¬
rection. These machines had shafts that did not even come through the frame of
the motor—no load could be connected to them even if one wanted to do so. Such
special-purpose synchronous motors were often called synchronous condensers or
synchronous capacitors. (Condenser is an old name for capacitor.)

The V curve for a synchronous capacitor is shown in Figure 5-15a. Since
the real power supplied to the machine is zero (except for losses), at unity power
factor the current IA = 0. As the field current is increased above that point, the line
current (and the reactive power supplied by the motor) increases in a nearly linear
fashion until saturation is reached. Figure 5-15b shows the effect of increasing the
field current on the motor's phasor diagram.

Today, conventional static capacitors are more economical to buy and use
than synchronous capacitors. However, some synchronous capacitors may still be
in use in older industrial plants.

(

jXslA FIGURE 5-14
— " The phasor diagram of a synchronous

capacitor or synchronous condenser.
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FIGURE S-1S
(a) The V curve of a synchronous capacitor, (b) The corresponding machine phasor diagram.

Section 5.2 explained the behavior of a synchronous motor under steady-state
conditions. In that section, the motor was always assumed to be initially turning
at synchronous speed. What has not yet been considered is the question: How did
the motor get to synchronous speed in the first place?

To understand the nature of the starting problem, refer to Figure 5-16. This
figure shows a 60-Hz synchronous motor at the moment power is applied to its
stator windings. The rotor of the motor is stationary, and therefore the magnetic
field Bÿ is stationary. The stator magnetic field B5- is starting to sweep around the
motor at synchronous speed.

Figure5-16a shows the machine at time t = 0 s, when B; and Bs are exactly
lined up. By the induced-torque equation

the induced torque on the shaft of the rotor is zero. Figure 5-16b shows the situa¬
tion at time t = 1/240 s. Insuch a short time, the rotor has barely moved, but the
stator magnetic field now points to the left. By the induced-torque equation, the
torque on the shaft of the rotor is now counterclockwise. Figure 5-16c shows
the situation at time t = 1/120 s. At that point Bÿ and Bÿ point in opposite direc¬
tions, and Tind again equals zero. At t = 3/240 s, the stator magnetic field now
points to the right, and the resulting torque is clockwise.

Finally, at t = 1/60 s, the stator magnetic field is again lined up with the ro¬
tor magnetic field, and Tind = 0. During one electrical cycle, the torque was first
counterclockwise and then clockwise, and the average torque over the complete1
cycle was zero. What happens to the motor is that it vibrates heavily with each
electrical cycle and finally overheats.

Such an approach to synchronous motor starting is hardly satisfactory—
managers tend to frown on employees who burn up their expensive equipment. So
just how can a synchronous motor be started?

5.3 STARTING SYNCHRONOUS MOTORS

(3-58)
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FIGURE 5-16
Starting problems in a synchronous motor—the torque alternates rapidly in magnitude and direction,
so that the net starting torque is zero.

Three basic approaches can be used to safely start a synchronous motor:

1. Reduce the speedof the stator magneticfieldto a low enough value that the rotor
can accelerate and lock inwith it during one half-cycle of the magnetic field's ro¬
tation. This can be done by reducing the frequency of the applied electric power.

2. Use an external prime mover to accelerate the synchronous motor up to syn¬
chronous speed, go through the paralleling procedure, and bring the machine
on the line as a generator. Then, turning off or disconnecting the prime mover
will make the synchronous machine a motor.

3. Use damper windings or amortisseur windings. The function of damper
windings and their use inmotor starting will be explained below.

Each of these approaches to synchronous motor starting will be described
in turn.

Motor Starting by Reducing Electrical Frequency

If the stator magnetic fields ina synchronous motor rotate at a low enough speed,
there will be no problem for the rotor to accelerate and to lock in with the stator

L
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magnetic field. The speed of the stator magnetic fields can then be increased to

operating speed by gradually increasing/ÿ up to its normal 50- or 60-Hz value.
This approach to starting synchronous motors makes a lot of sense, but it does

have one big problem; Where does the variable electrical frequency come from?
Regular power systems are very carefully regulated at 50 or 60 Hz,so until recently
any variable-frequency voltage source had to come from a dedicated generator.
Such a situation was obviously impractical except for very unusual circumstances. •

Today, things are different. Solid-state motor controllers can be used to convert
a constant input frequency to any desired output frequency. With the development of
modern solid-state variable-frequency drive packages, it is perfectly possible to con¬
tinuously control the electrical frequency applied to the motor all the way from a frac¬
tion of ahertz up to and above full rated frequency. Ifsuch a vanable-frequency drive
unit is included in a motor-control circuit to achieve speed control, then starting the
synchronous motor is very easy—simply adjust the frequency to a very low value for
starting, and dren raise it up to the desired operating frequency for normal running.

When a synchronous motor is operated at a speed lower than the rated speed, (
its interna] generated voltage EA = Kef)o> will be smaller than normal. If EA is re¬
duced inmagnitude, then the terminal voltage applied to die motor must be reduced
as well in order to keep the stator current at safe levels. The voltage in any variable-
frequency drive or variable-frequency starter circuit must vary roughly linearly with
the applied frequency.

To learn more about such solid-state motor-drive units, refer to Reference 9.

Motor Starting with an External Prime Mover

The second approach to starting a synchronous motor is to attach an external start¬

ing motor to it and bring the synchronous machine up to full speed with the ex¬
ternal motor. Then the synchronous machine can be paralleled with its power sys¬
tem as a generator, and the starting motor can be detached from the shaft of the
machine. Once the starting motor is turned off, the shaft of the machine slows
down, the rotor magnetic field falls behind B„et, and the synchronous machine
starts to act as a motor. Once paralleling is completed, the synchronous motor can
be loaded down in an ordinary fashion.

This whole procedure is not as preposterous as it sounds, since many syn¬
chronous motors are parts of motor-generator sets, and the synchronous machine in
the motor-generator set may be started with the other machine serving as the starl¬
ing motor. Also, the starting motor only needs to overcome the inertia of the syn¬
chronous machine without a load—no load is attached until the motor is paralleled
to the power system. Since only the motor's inertia must be overcome, the starting
motor can have a much smaller rating than the synchronous motor it starts.

Since most large synchronous motors have brushless excitation systems
mounted on their- shafts, it is often possible to use these exciters as starting motors. (

For many medium-size to large synchronous motors, an external starting
motor or starting by using the exciter may be the only possible solution, because
the power systems they are tied to may not be able to handle the starting currents
needed to use the amortisseur winding approach described next.
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Motor Starting by UsingAmortisseur Windings

By far the most popular way to start a synchronous motor is to employ amortisseur
or damper windings. Amortisseur windings are special bars laid into notches
carved in the face of a synchronous motor's rotor and then shorted out on each end
by a large shorting ring.A pole face with a set of amortisseur windings is shown in
Figure 5-17, and amortisseur windings are visible in Figures 4-2 and 4—4.

To understand what a set of amortisseur windings does in a synchronous mo¬
tor, examine the stylized salient two-pole rotor shown in Figure 5-18. This rotor

shows an amortisseur winding with the shorting bars on the ends of tire two rotor

FIGURE 5-17
A rotor field pole for a synchronous
machine showing amortisseur
windings in the pole face. (Courtesy

of General Electric Company.)

Shoning
bars

Shorting
bars ,

FIGURE 5-18
A simplified diagram of a salient two-
pole machine showing amortisseur
windings.
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pole faces connected by wires. (This is not quite the way normalmachines are con¬
structed, but itwill serve beautifully to illustrate the point of the windings.)

Assume initially that the main rotorfield winding is disconnected and that a

three-phase set of voltages is applied to the stator of this machine. When the
power is first applied at time t — 0 s, assume that the magnetic field Bs is vertical,
as shown in Figure 5-19a. As the magnetic field sweeps along in a counter¬

clockwise direction, it induces a voltage in the bars of the amortisseur winding
given by Equation (1-45):

emd = (vxB)«l (1-45)

where v = velocity of the bar relative to the magneticfield
B = magnetic flux density vector

1 = length of conductor in the magnetic field

The bars at the top of the rotor are moving to the right relative to the magnetic ,

field,so the resulting direction of the inducedvoltage is out of the page. Similarly, 'the induced voltage is into the page in the bottom bars. These voltages produce a

current flow out of the top bars and into the bottom bars, resulting in a winding
magnetic field Bw pointing to tire right. By the induced-torque equation

Aid ~ kBw x

the resulting torque on the bars (and the rotor) is counterclockwise.
Figure 5-19b shows the situation at t = 1/240 s. Here, the stator magnetic

field has rotated 90° while the rotor has barely moved (it simply cannot speed up
in so short a time). At this point, the voltage induced in the amortisseur windings
is zero, because v is parallel to B. With no induced voltage, there is no current in
the windings, and the induced torque is zero.

Figure 5-19c shows the situation at t = 1/120 s. Now the stator magnetic
field has rotated 90°, and the rotor still has not moved yet. The induced voltage
[given by Equation (1—45)] in the amortisseur windings is out of the page in the
bottom bars and into the page in the top bars. The resulting current flow is out of
the page in the bottom bars and into the page in the top bars, causing a magnetic
field Bjy to point to the left. The resulting induced torque, given by

Tind = x By

is counterclockwise.
Finally, Figure 5-19d shows the situation at time t - 3/240 s. Here, as at

t = 1/240 s, the induced torque is zero.
Notice that sometimes the torque is counterclockwise and sometimes it is

essentially zero, but it is always unidirectional. Since there is a net torque ina sin¬
gle direction, the motor's rotor speeds up. (This is entirely different from starting (
a synchronous motor with its normal field current, since in that case torque is first
clockwise and then counterclockwise, averaging out to zero. Inthis case, torque is
always in the same direction, so there is a nonzero average torque.)
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FIGURE 5—19
The development of a unidirectional torque with synchronous motor amortisseur windings.

Although the motor's rotor will speed up, it can never quite reach synchro¬
nous speed. This is easy to understand. Suppose that a rotor is turning at syn¬
chronous speed. Then the speed of the stator magnetic field B$ is the same as the
rotor's speed, and there is no relative motion betweenBÿ and the rotor. If there is
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no relative motion, the induced voltage in the windings will be zero, the result¬
ing current flow will be zero, and the winding magnetic field will be zero. There¬
fore, there will be no torque on the rotor to keep it turning. Even though a rotor
cannot speed up all the way to synchronous speed, it can get close. It gets close
enough to »syrc that the regular field current can be turned on, and the rotor will
pull into step with the stator magnetic fields.

Ina realmachine, the field windings are not open-circuited during the start¬

ing procedure. If the field windings were open-circuited, then very high voltages
would be produced in them during starting. If the field winding is short-circuited
during starting, no dangerous voltages are produced, and the inducedfield current

actually contributes extra starting torque to the motor.

To summarize, if a machine has amortisseur windings, it can be started by
the following procedure:

1. Disconnect the field windings from their dc power source and short them out.

2. Apply a three-phase voltage to the stator of the motor, and let the rotor accel- ÿ

erate up to near-synchronous speed. The motor should have no load on its
shaft, so that its speed can approach ;zsync as closely as possible.

3. Connect the dc field circuit to its power source. After this is done, the motor
will lock into step at synchronous speed, and loads may then be added to its
shaft.

The Effect of Amortisseur Windings
on Motor Stability

If amortisseur windings are added to a synchronous machine for starting, we get
a free bonus—an increase inmachine stability. The stator magnetic field rotates at

a constant speed nsync, which varies only when the system frequency varies. If the
rotor turns at «sy„c, then the amortisseur windings have no induced voltage at all.
If the rotor turns slower than «sync, then there will be relative motion between the
rotor and the stator magnetic field and a voltage will be induced in the windings.
This voltage produces a current flow, and the current flow produces a magnetic
field. The interaction of the two magnetic fields produces a torque that tends to
speed the machine up again. On the other hand, if the rotor turns faster than the
stator magnetic field, a torque will be produced that tries to slow the rotor down.
Thus, the torque produced by the amortisseur windings speeds up slow machines
and slows downfast machines.

These windings therefore tend to dampen out the loador other transients onthe
machine. It is for this reason that amortisseur windings are also called damper wind¬
ings. Amortisseur windings are also used on synchronous generators, where they
serve a similar stabilizing function when a generator is operating in parallel with:
other generators on an infinite bus. Ifa variation in shaft torque occurs on the gener¬
ator, its rotor will momentarily speed up or slow down, and these changes will be op¬
posed by the amortisseur windings. Amortisseur windings improve the overall sta¬

bility of power systems by reducing the magnitude of power and torque transients.

\



SYNCHRONOUS MOTORS 297

Amortisseur windings are responsible for most of the subtransient current in
a faulted synchronous machine.A short circuit at the terminals of a generator isjust
another form of transient, and the amortisseur windings respond very quickly to it.

5,4 SYNCHRONOUS GENERATORS AND
SYNCHRONOUS MOTORS

A synchronous generator is a synchronous machine that converts mechanical
power to electric power, while a synchronous motor is a synchronous machine
that converts electric power to mechanical power. In fact, they are both the same
physical machine.

A synchronous machine can supply real power to or consumerealpower from
a power system and can supply reactive power to or consume reactive power from a
power system. All four combinations of real and reactive power flows are possible,
and Figure 5-20 shows the phasor diagrams for these conditions.
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FIGURE 5-20
Phasor diagrams showing ihe generation and consumption of real power P and reactive power Q by
synchronous generators and motors.



298 ELECTRIC MACHINERY FUNDAMENTALS

GEN ERAL (P ELECTRIC
SYNCHRONOUS MOTOR

RATED HP 21.000 RPM 1200 PF 1.0
VOLTS 6600 PHASE 3 FREQ 60 CODE B
AMP 1404 FRAME 9398 TYPE TS
EXCITATION-VOLTS 125 AMP 5.2
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INSTRUCTIONS GEK-42586
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MODEL 264x766 SEft. NO 8374051

HP34AT70l69-a01 SCHENECTADY N. Y. made in iua

FIGURE 5-21
A typical nameplate lor a large synchronous motor. {Courtesy of General Electric Company.)

Notice from the figure that

1. The distinguishing characteristic of a synchronous generator (supplying P) is
that Eÿ lies aheadof\,,f, while for a motor EA lies behind Vÿ.

2. The distinguishing characteristic of a machine supplying reactive power Q is
that Eÿ cos S > regardless of whether the machine is acting as a generator or
as a motor.A machine that is consuming reactive power Q has EA cos 8 < Vÿ.

5.5 SYNCHRONOUS MOTOR RATINGS

Since synchronous motors are the same physical machines as synchronous gener¬
ators, the basic machine ratings are the same. The one major difference is that a

large EA gives a leading power factor instead of a lagging one, and therefore the
effect of the maximum field current limit is expressed as a rating at a leading
power factor. Also, since the output of a synchronous motor is mechanical power,
a synchronous motor's power rating is usually given in output horsepower (in the
USA) or output kilowatts (everywhere else in the world), instead of being speci¬
fied by a voltampere rating and power factor the way generators are.

The nameplate of a large synchronous motor is shown in Figure 5-21. In
addition to the information shown in the figure, a smaller synchronous motor
would have a service factor on its nameplate.

In general, synchronous motors are more adaptable to low-speed, high-
power applications than induction motors (see Chapter 6). They are therefore
commonly used for low-speed, high-power loads.

5.6 SUMMARY

A synchronous motor is the same physical machine as a synchronous generator,
except that the direction of real power flow is reversed. Since synchronous motors

are usually connected to power systems containing generators much larger than
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f

the motors, the frequency and terminal voltage of a synchronous motor are fixed
(i.e., the power system looks like an infinite bus to the motor).

The equivalent circuit of a synchronous motor is the same as the equivalent
circuit of a synchronous generator, except that the assumed direction of the arma¬
ture current is reversed.

The speed of a synchronous motor is constant from no load to the maximum
possible load on the motor. The speed of rotation is

120fsenm = (5-3)

from no load all the way up to the maximumpossible load. The maximum possi¬
ble power a synchronous motor can produce is

3Mlÿax = (4-21)

And the maximumpossible torque is given by

_ 3V+Ea
ioXc

(4-22)

If this value is exceeded, the rotor will not be able to stay locked inwith the stator

magnetic fields, and the motor will slip poles.
If we ignore the effect of electrical and mechanical losses, then power con¬

verted from electrical to mechanical form in the motor is given by

3V E
P = —ÿ-4- sin 8 (4-201

C011V V ÿ '
If the input voltage Vÿ, is constant, then the power converted (and thus the power
supplied) is directly proportional to the quantity EA sin 8. This relationship can be
usefulwhen plotting synchronous motor phasor diagrams. For example, if the field
current is increased or decreased, the internal generated voltage of tire motor will
increase or decrease, but the quantity EA sin S will remainconstant. This constraint
makes it easy to plot the changes in the motor's phasor diagram (see Figure 5-9),
and to calculate synchronous motor V curves.

If the field current of a synchronous motor is varied while its shaft load re¬
mains constant, then the reactive power supplied or consumed by the motor will
vary , IfEA cos S > Vÿ, the motor will supply reactive power, while ifEA cos 8 <
the motor will consume reactive power. A synchronous motor is usually operated
with Ea cos S > Vÿ, so that the synchronous motor supplies reactive power to the
power system and reduces the overall power factor of the loads.

A synchronous motor has no net starting torque and so cannot start by itself.
There are three main ways to start a synchronous motor:

1. Reduce the stator frequency to a safe starting level.
2. Use an external prime mover.

3. Put amortisseur or damper windings on the motor to accelerate it to near-
synchronous speed before a direct current is applied to the field windings.
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If damper windings are present on a motor, they will also increase the stability
of the motor during load transients.

QUESTIONS

5-1. What is the difference between a synchronous motor and a synchronous generator?
5-2. What is tire speed regulation of a synchronous motor?
5-3. When would a synchronous motor be used even though its constant-speed charac¬

teristic was not needed?
5-4. Why can't a synchronous motor start by itself?
5-5. What techniques are available to start a synchronous motor?
5-6. What are amortisseur windings? Why is the torque produced by them unidirectional

at starting, while the torque produced by the main field winding alternates direction?
5-7. What is a synchronous capacitor? Why would one be used?
5-8. Explain, usiDg phasor diagrams, what happens to a synchronous motor as its field

current is varied. Derive a synchronous motor V curve from the phasor diagram.
5-9. Is a syncluonous motor's field circuit in more danger of overheating when it is op¬

erating at a leading or at a lagging power factor? Explain, using phasor diagrams.
5-10. A synchronous motor is operating at a fixed real load, and its field current is in¬

creased. If the armature current falls, was the motor initially operating at a lagging
or a leading power factor?

5-11. Why must the voltage applied to a synchronous motor be derated for operation at

frequencies lower than the rated value?

PROBLEMS

5-1. A 480-V, 60-Hz, 400-hp, 0.8-PF-leading, eight-pole, A-connected synchronous mo¬
tor has a synchronous reactance of 0.6 A and negligible armature resistance. Ignore
its friction, windage, and core losses for the purposes of this problem. Assume that
IE,,I is directly proportional to the field current /,.- (in other words, assume that the
motor operates in the linear part of the magnetization curve), and that IE,,I = 480 V
when If = 4 A.
(a) What is the speed of this motor?
(b) If this motor is initially supplying 400 hp at 0.8 PF lagging, what are the mag¬

nitudes and angles of EA and IA?
(c) How much torque is this motor producing? What is the torque angle 5? How

near is this value to the maximum possible induced torque of the motor for this
field current setting?

(d) If IEJ is increased by 30 percent, what is the new magnitude of the armature

current? What is the motor's new power factor?
(e) Calculate and plot the motor's V curve for this load condition.

5-2. Assume that the motor of Problem 5-1 is operating at rated conditions.
(a) What are the magnitudes and angles of EA and IA, and IF1
(b) Suppose the load is removed from the motor. What are the magnitudes and an¬

gles of Ea and IA now?
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5-3. A 230-V, 50-Hz, two-pole synchronous motor draws 40 A from the line at unity
power factor and full load. Assuming that the motor is lossless, answer the follow¬
ing questions:
(a) What is the output torque of this motor? Express the answer both in newton-me-

ters and in pound-feet.
(b) What must be done to change the power factor to 0.85 leading? Explain your

answer, using phasor diagrams.
(c) What will the magnitude of the line current be if the power factor is adjusted to

0.85 leading?
5-4. A 2300-V, 1000-hp, 0.8-PF-leading, 60-Hz, two-pole, Y-connected synchronous

motor has a synchronous reactance of and an armature resistance of 0.3 Cl. At
60 Hz, its friction and windage losses are 30 kW, and its core losses are 20 kW. The
field circuit has a dc voltage of 200 V, and the maximum Ip is 10 A. The open-cir¬
cuit characteristic of this motor is shown in Figure P5-1. Answer the following
questions about the motor, assuming that it is being supplied by an infinite bus.
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FIGUREP5-1
The open-circuit characteristic for the motor in Problems 5-4 and 5-5.



(a) How much field current would be required to make this machine operate at

unity power factor when supplying full load?
(b) What is the motor's efficiency at full load and unity power factor?
(c) If the field current were increased by 5 percent, what would the new value of

the armature current be? What would the new power factor be? How much re¬
active power is being consumed or supplied by the motor?

(d) What is the maximum torque this machine is theoretically capable of supplying
at unity power factor? At 0.8 PF leading?

5-5. Plot the V curves (/„ versus IF) for the synchronous motor of Problem 5-4 at no-
load, half-load, and full-load conditions. (Note that an electronic version of the
open-circuit characteristics inFigure P5-1is available at the book's website. Itmay
simplify the calculations required by this problem.)

5-6. Jf a 60-Hz synchronous motor is to be operated at 50 Hz, will its synchronous reac¬
tance be the same as at 60 Hz, or will it change? (Hint: Think about the derivation
of Xs.)

5-7. A 208-V, Y-connected synchronous motor is drawing 50 A at unity power factor from
a 208-V power system. The field current flowing under these conditions is 2.7 A. Its
synchronous reactance is 1.6 Si. Assume a linear open-circuit characteristic.
(a) Find and E4 for these conditions.
(b) Find the torque angle 8.
(c) What is the static stability power limit under these conditions?
(d) How much field current would be required to make the motor operate at 0.80 PF

leading?
(e) What is the new torque angle in part (dp

5-8. A 4.12-kV, 60-Hz, 3000-hp, 0.8-PF-leading, A-connected, three-phase synchro¬
nous motor has a synchronous reactance of 1.1 per unit and an armature resistance
of 0.1 per unit. If this motor is running at rated voltage with a line current of 300 A
at 0.85 PF leading, what is the internal generated voltage per phase inside this mo¬
tor? What is the torque angle S?

5-9. Figure P5-2 shows a synchronous motor phasor diagram for a motor operating at a
leading power factor with no RA. For this motor, the torque angle is given by

FIGURE P5-2
Phasor diagram of a motor at a leading power factor.
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tan 8 ÿ

XSIA cos 0
'

ÿ + XSIA sin 0

S = tan
XSIA cos 6

V+ + XSIA sin 6.

Derive an equation for the torque angle of the synchronous motor if the armature

resistance is included.
5-10. A synchronous machine has a synchronous reactance of 1.0fiper phase and an ar¬

mature resistance of 0.1 11per phase. If = 460 Z -10° V and = 480 Z 0° V,
is this machine a motor or a generator? How much power P is this machine con¬
suming from or supplying to the electrical system? How much reactive power Q is
this machine consuming from or supplying to the electrical system?

5-11. A 500-kVA, 600-V, 0.8-PF-leading, Y-connected synchronous motor has a synchro¬
nous reactance of I.Oper unit and an armature resistance of 0.1 per unit.At the current
time, E,, = 1.00 Z 12° puand = 1 Z 0° pu.
(a) Is this machine currently acting as a motor or a generator?
(b) How much power P is this machine consuming from or supplying to the elec¬

trical system?
(c) How much reactive power Q is this machine consuming from or supplying to

the electrical system?
(d) Is this machine operating within its rated limits?

5-12. FigureP5-3 shows a small industrialplant supplied by an external 480-V, three-phase
power supply. Tire plant includes three main loads as shown in the figure. Answer the
following questions about the plant.The synchronous motor is rated at 100hp, 460 V,
and 0.8 PF leading. The synchronous reactance is 1.1 pu and armature resistance is
0.01 pu. The OCC for this motor is shown in Figure P5—4.

Bus 1

480 V
Y-connected

Load 1

Load 2

100 KW
0.9 PF lagging

80 KVA
0.8 PF lagging

\ Synchronous
notor

FIGURE P5-3
A small industrial facility.
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700
Open-circuit characteristic

> soo

2 3
Field current (A)

FIGURE P5-4
Open-circuit characteristic of synchronous motor.

(a) If the switch on the synchronous motor is open, how much real, reactive, and
apparent power is being supplied to the plant? What is the current IL in the
transmission line?

The switch is now closed and the synchronous motor is supplying rated power with
the field current adjusted to 1,5 A. <•-'* A ?<ÿ

> ~~ÿ(b) What is the real and reactive power supplied to the motor? o i' £
, (c) What is the torque angle of the motor?

(d) What is the power factor of the motor?
(e) How much real, reactive, and apparent power is being supplied to the plant

now? What is the current IL in the transmission line?
Now suppose that the field current is increased to 3.0 A.
(f) What is the real and reactive power supplied to the motor?
(g) What is the torque angle of the motor?

V.», (h) What is the power factor of the motor?
(i) How much real, reactive, and apparent power is being supplied to the plant

now? What is the current IL in the transmission line?
(j) How does the line current when the field current is 1.5 A compare to the line

current when the field current is 3.0 A?
5-13. A480-V, 100-kW, 0.8-PF-leading, 50-Hz, four-pole, Y-connected synchronous mo¬

tor has a synchronous reactance of 1.8 fl and a negligible armature resistance. The
rotational losses are also to be ignored. This motor is to be operated over a continu¬
ous range of speeds from 300 to 1500 r/min, where the speed changes are to be ac¬
complished by controlling the system frequency with a solid-state drive.
(a) Over what range must the input frequency be varied to provide this speed con¬

trol range?
(b) How large is EA at the motor's rated conditions?
(c) What is the maximum power the motor can produce at rated speed with the EA

calculated in part (b)l
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(d) What is the largest value that EA could be at 300 r/min?
(e) Assuming that the applied voltage is derated by the same amount as EM what

is the maximum power the motor could supply at 300 r/min?
(f) How does the power capability of a synchronous motor relate to its speed?

5-14. A 2300-V, 400-hp, 60-Hz, eight-pole, Y-connected synchronous motor has a rated
power factor of 0.85 leading.At full load, the efficiency is 90 percent. The armature
resistance is 0.8 fl, and the synchronous reactance is 11 fl. Find the following
quantities for this machine when it is operating at full load:
(a) Output torque
(b) Input power
(c) n,„
(d) E,
(e)
(J) Pccm
C8) Emech "F Pcarc + Psirny

5-15. The Y-connected synchronous motor whose nameplate is shown in Figure 5-21 has
a per-unit synchronous reactance of 0.70 and a per-unit resistance of 0.02.
(a) What is the rated input power of this motor?
(b) What is the magnitude of EA at rated conditions?
(c) If the input power of this motor is 12MW,what is the maximum reactive power

the motor can simultaneously supply? Is it the armature current or the field cur¬
rent that limits the reactive power output?

(d) How much power does the field circuit consume at the rated conditions?
(e) What is the efficiency of this motor at full load?
{f) What is the output torque of the motor at the rated conditions? Express the an¬

swer both in newton-meters and in pound-feet.
5-16. A 480-V, 500-kVA, 0.8-PF-lagging, Y-connected synchronous generator has a syn¬

chronous reactance of 0.4 fl and a negligible armature resistance. This generator is
supplying power to a 480-V, 80-kW, 0.8-PF-leading, Y-connected synchronous mo¬
tor with a synchronous reactance of 2.0 fland a negligible armature resistance. The
synchronous generator is adjusted to have a terminal voltage of 480 V when the mo¬
tor is drawing the rated power at unity power factor.
(a) Calculate the magnitudes and angles of EA for both machines.
(b) If the flux of the motor is increased by 10 percent, what happens to the terminal

voltage of the power system? What is its new value?
(c) What is the power factor of the motor after the increase in motor flux?

5-17. A 440-V, 60-Hz, three-phase,Y-connected synchronous motor has a synchronous re¬
actance of 1.5 flper phase. The field current has been adjusted so that the torque an¬
gle 8 is 25° when the power supplied by the generator is 90 kW.
(a) What is the magnitude of the internal generated voltage EA in this machine?
(b) What are the magnitude and angle of the armature current inthe machine? What

is the motor's power factor?
(c) If the field current remains constant, what is the absolute maximum power this

motor could supply?
5-18. A 460-V, 200-kVA, 0.85-PF-leading, 400-Hz, four-pole, Y-connected synchronous

motor has negligible armature resistance and a synchronous reactance of 0.90 per
unit, Ignore all losses.
(a) What is the speed of rotation of this motor?
(b) What is the output torque of this motor at the rated conditions?
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(c) What is Lhe internal generated voltage of this motor at the rated conditions?
(d) With the field current remaining at the value present in the motor in part (c),

what is the maximumpossible output power from the machine?
5-19. A 100-hp, 440-V, 0.8-PF-leading, A-connected synchronous motor has an armature

resistance of 0.3 fl and a synchronous reactance of 4.0 fl. Its efficiency at full load
is 96 percent.
(a) What is the input power to the motor at rated conditions?
(b) What is the line current of the motor atrated conditions? What is the phase cur¬

rent of the motor at rated conditions?
(c) What is the reactive power consumed by or supplied by the motor at rated

conditions?
(d) What is the internal generated voltage EA of this motor at rated conditions?
(e) What are the stator copper losses in the motor at rated conditions?
(f) What is Pconv at rated conditions?
(g) If Ea is decreased by 10 percent, how much reactive power will be consumed

by or supplied by the motor?
5-20. Answer the following questions about the machine of Problem 5-19. (

(a) If Ea = 430 Z 15° V and Vtf, = 440 Z 0° V, is this machine consuming real
power from or supplying real power to the power system? Is it consuming reac¬
tive power from or supplying reactive power to the power system?

(b) Calculate the real power P and reactive power Q supplied or consumed by the
machine under the conditions inpart (a). Is the machine operating within its rat¬

ings under these circumstances?
(c) If Ea = 470 Z—20° V and V((l = 440 Z 0° V, is this machine consuming real

power from or supplying real power to the power system? Is it consuming reac¬
tive power from or supplying reactive power to the power system?

(d) Calculate the real power P and reactive power Q supplied or consumed by the
machine under the conditions inpart (c). Is the machine operating within its rat¬

ings under these circumstances?
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CHAPTER

6
INDUCTION MOTORS

LEARNING OBJECTIVES
• Understand the key differences between a synchronous motor and an induction

motor.

• Understand the concept of rotor slip and its relationship to rotor frequency.
• Understand and know how to use tire equivalent circuit of an induction motor.

• Understand power flows and the power flow diagram of an induction motor.

• Beable to use the equation for the torque-speed characteristic curve.

• Understand how the torque-speed characteristic curve varies with different
rotor designs.

• Understand the techniques used for induction motor starting.

• Understand how the speed of induction motors can be controlled.
• Understand how to measure induction motor circuit model parameters.

• Understand the induction machine used as a generator.

• Understand induction motor ratings.

InChapter 5, we saw how amortisseur windings on a synchronous motor could de¬
velop a starting torque without the necessity of supplying an external field current

to them. In fact, amortisseur windings work so well that a motor could be built
without the synchronous motor's main dc field circuit at all. A machine with only
a continuous set of amortisseur windings is called an inductionmachine. Such ma¬

chines are called inductionmachines because the rotor voltage (which produces the
rotor current and the rotor magnetic field) is inducedin the rotor windings rather
tlian being physically connected by wires. The distinguishing feature of an induc¬
tion motor is that no dcfield current is required to run the machine.

Although it is possible to use an induction machine as either a motor or a gen¬
erator, ithas many disadvantages as a generator and so is only used as a generator in
special applications. For this reason, induction machines are usually referred to as
induction motors.
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FIGURE 6-1
The stator of n typical induction
motor, showing tile stator

windings. (.Courtesy of
MagneTek, Inc.)

Conductor
shorting
rings

Embedded
rotor
conductors

FIGURE 6-2
(a) Sketchof cage rotor, (b) A typical cage rotor. (Courtesy ofGenera! Electric Company.)
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6.1 INDUCTIONMOTOR CONSTRUCTION

An induction motor has the same physical stator as a synchronous machine, with
a different rotor construction. A typical two-pole stator is shown in Figure 6-1. It
looks (and is) the same as a synchronous machine stator. There are two different
types of induction motor rotors which can be placed inside the stator. One is called
a cage rotor, while the other is called a wound rotor.

Figures 6-2 and 6-3 show cage induction motor rotors. A cage induction
motor rotor consists of a series of conducting bars laidinto slots carved inthe face

FIGURE 6-3
(a) Cutaway diagram of a typical small cage rotor induction motor. (Courtesy ofMugneTek, Inc.)

(b) Cutaway diagram of a typical large cage rotor induction motor. (Courtesy ofGeneralElectric
Company.)
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of the rotor and shorted at either end by large shorting rings. This design is re¬

ferred to as a cage rotor because the conductors, if examined by themselves,
would look like one of the exercise wheels that squirrels or hamsters run on.

The other type of rotor is a wound rotor. A wound rotor has a complete set

of three-phase windings that are similar to the windings on the stator. The three
phases of the rotor windings axe usually Y-connected, and the ends of the three ro¬
tor wires are tied to slip rings on the rotor's shaft. The rotor windings are shorted
through brushes riding on the slip rings. Wound-rotor induction motors therefore
have their rotor currents accessible at the stator brushes, where they can be exam¬
ined and where extra resistance can be inserted into the rotor circuit. It is possible
to take advantage of this feature to modify the torque-speed characteristic of the
motor. Two wound rotors are shown in Figure 6-A,and a complete wound-rotor
induction motor is shown inFigure 6-5.

Wound-rotor induction motors are moreexpensive than cage inductionmotors,
and they require much more maintenance because of the wear associated with their
brushes and slip rings.As a result, wound-rotor inductionmotors are rarely used. (

(a)

FIGURE 6-4
Typical wound rotors for induction motors. Notice the slip rings and the bars connecting the rotor
windings to the slip rings. (Courtesy of General Electric Company.)
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6.2 BASIC INDUCTIONMOTOR CONCEPTS

Induction motor operation is basically the same as that of amortisseur windings on
synchronous motors. That basic operation will now be reviewed, and some im¬
portant induction motor terms will be defined.

FIGURE 6-5
Cutaway diagram of a wound-rotor induction motor. Notice the brushes and slip rings. Also notice
that the rotor windings are skewed to eliminate slot harmonics. (Courtesy ofMagneTek, Inc.)

The Development of Induced Torque
in an Induction Motor

Figure 6-6 shows a cage rotor induction motor.A three-phase set of voltages has
been applied to the stator, and a three-phase set of stator currents is flowing. These
currents produce a magnetic field B5, which is rotating in a counterclockwise
direction. The speed of the magnetic field's rotation is given by

120/„
(6-1)

wherefse is the system frequency applied to the stator inhertz and P is the number
of poles in the machine. This rotating magnetic field Bs passes over the rotor bars
and induces a voltage in them.

The voltage induced in a given rotor bar is given by the equation

eind = (v x B) • I (1-45)

where v =

B =
1=

velocity of the bar relative to the magneticfield
magnetic flux density vector

length of conductor in the magnetic field
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Maximum
induced voltage

V
\
\

(a)

jjÿ Net voltage

FIGURE 6-6
The development of induced torque in an induction
motor, (a! The rotating stacor field Bjinduces a voltage
in the rotor bars; (b) the rotor voltage produces a rotor

current flow, which lags behind the voltage because of
the inductance of the rotor; (c) the rotor current

produces a rotor magnetic field B« lagging 90° behind
itself, and ll)? interacts with B„fl to produce a

counterclockwise torque in the machine.

Maximum
induced voltage

Maximum
induced cuirent

/ I*

It is the relative motion of the rotor compared to the stator magnetic field
that produces induced voltage in a rotor bar. The velocity of the upper rotor bars
relative to the magnetic field is to the right, so the induced voltage in the upper
bars is out of the page, while the induced voltage in the lower bars is into the page.
This results in a current flow out of the upper bars and into the lower bars. How¬
ever, since the rotor assembly is inductive, the peak rotor current lags behind the
peak rotor voltage (see Figure 6-6b). The rotor current flow produces a rotor mag- |

netic field Bs.
Finally, since the induced torque in the machine is given by

r,nd = kB, x B, (3-58)
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the resulting torque is counterclockwise. Since the rotor induced torque is coun¬
terclockwise, the rotor accelerates in that direction.

There is a finite upper limit to the motor's speed, however. If the induction
motor's rotor were turning at synchronous speed, then the rotor bars would be sta¬

tionary relative to the magneticfield and there would be no induced voltage. If eind
were equal to 0, then there would be no rotor current and no rotor magnetic field.
With no rotor magnetic field, the induced torque would be zero, and the rotor

would slow down as a result of friction losses. An induction motor can thus speed
up to near-synchronous speed, but it can never exactly reach synchronous speed.

Note that in normal operation both the rotor and stator magnetic fields
and rotate together at synchronous speed nsync, while the rotor itself turns at a
slower speed.

The Concept of Rotor Slip

The voltage induced in a rotor bar of an induction motor depends on the speed of
the rotor relative to the magneticfields. Since the behavior of an induction motor

depends on the rotor's voltage and current, it is often more logical to talk about
this relative speed. Two terms are commonly used to define the relativemotion of
the rotor and the magnetic fields. One is slip speed,defined as the difference be¬
tween synchronous speed and rotor speed:

*s)ip (6-2)

where nS|ip = slip speed of the machine

nsync = speed of the magnetic fields

n,„ = mechanical shaft speed of motor

The other term used to describe die relative motion is slip, which is the rela¬
tive speed expressed on a per-unit or a percentage basis. That is, slip is defined as

s = ÿ(x 100%) (6-3)
sync

Yl — 71sync .
s = —-(X 100%)

'ÿsync
(6—4)

This equation can also be expressed in terms of angular velocity tr> (radians per
second) as

wsync wiu , ,
5 = —1-(X 100%)

wsync
(6-5)

Notice that if the rotor turns at synchronous speed, 5 = 0, while if the rotor is sta¬

tionary, 5 = 1. Ail normal motor speeds fall somewhere between those two limits.
It is possible to express the mechanical speed of the rotor shaft in terms of

synchronous speed and slip. Solving Equations (6-4) and (6-5) for mechanical
speed yields



nm = (! ~
sync (6-6)

or °>m = (1 - s)<».sync (6-7)

These equations are useful in the derivation of induction motor torque and power
relationships.

The Electrical Frequency on the Rotor

An induction motor works by inducing voltages and currents in the rotor of the
machine, and for that reason it has sometimes been called a rotating transformer.
Like a transformer, the primary (stator) induces a voltage inthe secondary (rotor),
but unlike a transformer, the secondary frequency is not necessarily the same as

the primary frequency.
If the rotor of a motor is locked so that it cannot move, then the rotor will

have the same frequency as the stator. On the other hand, if the rotor turns at syn- /
chronous speed, the frequency on the rotor will be zero. What will the rotor fre¬
quency be for any arbitrary rate of rotor rotation?

At n,„ = 0 r/min, the rotor frequency fn. = and the slip s = 1.At nm = nsync,
the rotor frequency fre — 0 Hz,and the slip s = 0. For any speed inbetween, the ro¬
tor frequency is directly proportional to the difference between the speed of themag¬
netic field nsyiK and the speed of the rotor n,„. Since the slip of the rotor is defined as

s = (6-4)
lsync

the rotor frequency can be expressed as

fre = Sfse (6-8)

Several alternative forms of this expression exist that are sometimes useful. One of the
more common expressions is derived by substituting Equation (6-4) for the slip into
Equation (6-8) and then substituting for nÿ„c in the denominator of the expression:

)1 ~ )l_ sync /L»i
Jre y, Jse

""sync

But «sync = 120f,e/P [fromEquation (6-1)], so

Therefore,

fre (ÿsync Tn) J20f

fre 220 ''"sync (6-9) f

Example 6-1. A 208-V, 10-hp, four-pole, 60-Hz, Y-connected induction motor has
a full-load slip of 5 percent.

fa) What is the synchronous speed of this motor?
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(b) What is the rotor speed of this motor at the rated load?
(c) What is the rotor frequency of this motor at the rated load?
(d) What is the shaft torque of this motor at the rated load?

Solution
(a) The synchronous speed of this motor is

c = (6-D

4 poles

(b) The rotor speed of the motor is given by

«,» = 0 ~ *Kync (6-6)

= (1 - 0.05)(1800 r/min) = 1710r/min

(c) The rotor frequency of this motor is given by

L= sf„ = (0.05)(60 Hz) = 3 Hz (6-8)

Altematively, the frequency can be found from Equation (6-9):

p
fn = Xtg ~ (6_9)

— "l20 r/min — 1710 r/min) = 3 Hz

(d) The shaft load torque is given by

T,Md
01win

(10 hp)(746 W/hp)
-

ÿ
---= 41.7 N• m

(1710 r/min)(2/it rad/r)(l min/60 s)

The shaft load torque inEnglish units is given by Equation ( 1-17):

_ 5252P
h°ad n

where r is in pound-feet, P is in horsepower, and n,„ is in revolutions per minute.
Therefore,

5252(10 hp)
T|0«d = TnOrTmki = 3 '

6.3 THE EQUIVALENT CIRCUIT
OFAN INDUCTIONMOTOR

An induction motor relies for its operation on the induction of voltages and currents

inits rotor circuit from the stator circuit (transformer action). Because the induction
of voltages and currents in the rotor circuit of an induction motor is essentially a
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FIGURE 6-7
The transformer model of an induction motor, with rotor and stator connected by an ideal

transformer of turns ratio atU.

transformer operation, the equivalent circuit of an induction motor will turn out to

be very similar to the equivalent circuit of a transformer. An induction motor is f
called a singly excited machine (as opposed to a doubly excited synchronous ma¬
chine), since power is supplied to only the stator circuit. Because an induction mo¬
tor does not have an independent field circuit, its model will not contain an internal
voltage source such as the internal generated voltage EA in a synchronous machine.

It is possible to derive the equivalent circuit of an induction motor from a
knowledge of transformers and from what we already know about the variation of
rotor frequency with speed in induction motors. The induction motor model will
be developed by starting with the transformer model inChapter 2 and then decid¬
inghow to take the variable rotor frequency and other similar induction motor ef¬
fects into account.

The Transformer Model of an Induction Motor

A transformer per-phase equivalent circuit, representing the operation of an in¬
duction motor, is shown in Figure 6-7. As in any transformer, there is a certain
resistance and self-inductance in the primary (stator) windings, which must be
represented in the equivalent circuit of the machine. The stator resistance will be
called Rh and the stator leakage reactance will be called A,. These two compo¬
nents appear right at the input to the machine model.

Also, like any transformer with an iron core, the flux in the machine is re¬

lated to the integral of the applied voltage E,. The curve of magnetomotive force
versus flux (magnetization curve) for this machine is compared to a similar curve
for a power transformer inFigure 6-8. Notice that the slope of the induction mo¬
tor's magnetomotive force-flux curve is much shallower than the curve of a good
transformer. This is because there must be an air gap inan induction motor,which
greatly increases the reluctance of the flux path and therefore reduces the coupling I
between primary and secondary windings. The higher reluctance caused by the air
gap means that a higher magnetizing current is required to obtain a given flux
level. Therefore, the magnetizing reactance XM inthe equivalent circuit will have
a much smaller value (or the susceptance BM will have a much larger value) than
itwould inan ordinary transformer.
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Transformer —
Induction
motor

3% A« turns

FIGURE 6-8
The magnetization curve of an induction motor compared to that of a transformer.

The primary internal stator voltage E, is coupled to the secondary E,; by an

ideal transformer with an effective turns ratio atff. The effective turns ratio aef)- is
fairly easy to determine for a wound-rotor motor—it is basically the ratio of the
conductors per phase on the stator to the conductors per phase on the rotor, modi¬
fied by any pitch and distribution factor differences. It is rather difficult to see acf(

clearly inthe case of a cage rotor motor because there are no distinct windings on
the cage rotor. Ineither case, there is an effective turns ratio for tire motor.

The voltage produced in the rotor in turn produces a current flow inthe
shorted rotor (or secondary) circuit of the machine.

The primary impedances and the magnetization current of the induction mo¬
tor are very similar' to the corresponding components in a transformer equivalent
circuit. An induction motor equivalent circuit differs from a transformer equiva¬
lent circuit primarily inthe effects of varying rotor frequency on the rotor voltage

Ew and the rotor impedances Rr andjXK.

The Rotor Circuit Model

Inan induction motor, when the voltage is applied to the stator windings, a volt¬
age is induced in the rotor windings of the machine. Ingeneral, the greater the
relative motion between the rotor and the stator magneticfields, the greater the
resulting rotor voltage and rotorfrequency. The largest relative motion occurs
when the rotor is stationary, called the locked-rotor or blocked-rotor condition, so
the largest voltage and rotor frequency are induced in the rotor at that condition.
The smallest voltage (0 V) and frequency (0 Hz) occur when the rotor moves at

the same speed as the stator magnetic field, resulting in no relative motion. The
magnitude and frequency of the voltage induced in the rotor at any speed between
these extremes is directly proportional to the slip of the rotor. Therefore, if the
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magnitude of the induced rotor voltage at locked-rotor conditions is calledEm, the
magnitude of the induced voltage at any slip will be given by the equation

Er = sEro (6-10)

and the frequency of the induced voltage at any slip will be given by the equation

/,, ÿ tie (6-8)

This voltage is induced in a rotor containing both resistance and reactance.

The rotor resistance Rr( is a constant (except for the skin effect), independent of
slip, while the rotor reactance is affected ina more complicated way by slip.

The reactance of an induction motor rotor depends on the inductance of the
rotor and the frequency of the voltage and current in the rotor. With a rotor induc¬
tance of Lr> the rotor reactance is given by

XR co-re Lr 2irfreLR
By Equation (6-8),fre = sfse, so

XR 277sfS£Eg
= s(2irfseLÿ

(6-11)

where XRQ is the blocked-rotor rotor reactance.

The resulting rotor equivalent circuit is shown in Figure 6-9. The rotor cur¬
rent flow can be found as

Er
Rr+JXr

R ER + jsXR0 (6-12)

y _ _—/<U_
R Rr/s + jXRo

(6-13)

Notice from Equation (6-13) that it is possible to treat all of the rotor effects due
to varying rotor speed as being caused by a varying impedance supplied with
power from a constant-voltage source Es0. The equivalent rotor impedance from
this point of view is

ÿ jX-R =JsXro

FIGURE 6-9
The rotor circuit model of an induction motor.
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Zff.oq — Rr/$ + j%R0 (6-14)

and the rotor equivalent circuit using this convention is shown inFigure 6-10. In
the equivalent circuit in Figure 6-10, the rotor voltage is a constant Efl0 V and the
rotor impedance ZR e() contains all the effects of varying rotor slip. A plot of the

current flow in the rotor as developed in Equations (6-12) and (6-13) is shown in
Figure 6-11.

I*

61vto

jÿRO
_rv-vv~\

FIGURE 6-10
The rotor circuit model with all the frequency
(slip) effects concentrated in resistor RK.

o
o

ea

25 50 75 100 125

nm, percentage of synchronous speed

FIGURE 6-11
Rotor current as a function of rotor speed.
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Notice that at very low slips the resistive term Rr/s»X*o, so the rotor re¬
sistance predominates and the rotor current varies linearly with slip. At high slips,
XR0 is much larger than Rr/s, and the rotor current approaches a steady-state
value as tire slip becomes very large.

The FinalEquivalent Circuit

To produce the final per-phase equivalent circuit for an inductionmotor, it is nec¬
essary to refer the rotor part of tire model over to the stator side. The rotor circuit
model that will be referred to the stator side is tire model shown inFigure 6-10,
which has all the speed variation effects concentrated inthe impedance term.

In ait ordinary transformer, the voltages, currents, and impedances on the
secondary side of the device can be referred to the primary side by means of the
turns ratio of the transformer:

\p — V, = aVs (6-15) ÿ

lP = l's = ÿ (6-16)

and Z5 = a2Zs (6-17)

where the prime refers to the referred values of voltage, current, and impedance.
Exactly the same sort of transformation can be done for the induction mo¬

tor's rotor circuit. If tire effective turns ratio of an induction motor is aeff, then the
transformed rotor voltage becomes

E] = EJj = fleffEra
the rotor current becomes

I= —2
aeff

and the rotor impedance becomes

Z2 = alfr + jXpoj
If we now make the following definitions:

«2 = 4f Rr (6-21)

ÿ2 = 4Ao (6-22)

then the final per-phase equivalent circuit of the induction motor is as shown in
Figure 6-12.

The rotor resistance Rr and the locked-rotor rotor reactance XR0 are very dif¬
ficult or impossible to determine directly on cage rotors, and the effective turns ra¬
tio ac{{ is also difficult to obtain for cage rotors. Fortunately, though, it is possible

(6-18)

(6-19)

(6-20)
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FIGURE 6-12
The per-phase equivalent circuit of an induction motor.

to make measurements that will directly give the referredresistance andreactance

R2 and X2,even though Rr,Xro and acff are not known separately. The measurement
of induction motor parameters will be taken up in Section 6.7.

6.4 POWERAND TORQUE IN
INDUCTIONMOTORS

Because induction motors are singly excited machines, their power and torque re¬
lationships are considerably different from the relationships in the synchronous
machines previously studied. This section reviews the power and torque relation¬
ships in induction motors.

Losses and the Power-Flow Diagram

An induction motor can be basically described as a rotating transformer. Its input
is a three-phase system of voltages and currents. For an ordinary transformer, the
output is electric power from the secondary windings. The secondary windings in
an induction motor (the rotor) are shorted out, so no electrical output exists from
normal induction motors. Instead, the output is mechanical. The relationship be¬
tween the input electric power and the output mechanical power of this motor is
shown in the power-flow diagram in Figure 6-13.

The input power to an inductionmotor /?, is in the form of three-phase elec¬
tric voltages and currents. The first losses encountered in the machine are 12R
losses in the stator windings (the stator copper loss PscL), Then some amount of
power is lost as hysteresis and eddy currents in the stator (Pcore). The power re¬
maining at this point is transferred to the rotor of the machine across the air gap
between the stator and rotor. This power is called the air-gap power PAG of the
machine. After the power is transferred to the rotor, some of it is lost as PR losses
(the rotor copper loss PRCL), and the rest is converted from electrical to mechani¬
cal form (PC011V). Finally, friction and windage losses PF&W and stray losses Pmisc are
subtracted. The remaining power is the output of the motor Pout.

L
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Pcconv

ein = J5vTiLcos8

Air-gap power
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(Stator
copper
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(Core
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(Rotor
copper
loss)

FIGURE 6-13
The power-flow diagram of an inductionmotor.

The core losses do not always appear in the power-flow diagram at the (
point shown in Figure 6-13. Because of the nature of core losses, where they are

accounted for in the machine is somewhat arbitrary. The core losses of an in¬
duction motor come partially from the stator circuit and partially from the rotor
circuit. Since an induction motor normally operates at a speed near synchronous
speed, the relative motion of the magnetic fields over the rotor surface is quite
slow, and the rotor core losses are very tiny compared to the stator core losses.
Since the largest fraction of the core losses comes from the stator circuit, all the
core losses are lumped together at that point on the diagram. These losses are
represented in the induction motor equivalent circuit by the resistor Rc (or the
conductance Gc). If core losses are just given by a number (X watts) instead
of as a circuit element, they are often lumped together with the mechanical
losses and subtracted at the point on the diagram where the mechanical losses
are located.

The higher the speed of an induction motor, the higher its friction, windage,
and stray losses. On the other hand, the higher the speed of the motor (up to nsyiic),
the lower its core losses. Therefore, these three categories of losses are sometimes
lumped together and called rotational losses. The total rotational losses of a mo¬

tor are often considered to be constant with changing speed, since the component
losses change in opposite directions with a change in speed,

Example 6-2. A 480-V, 60-Hz, 50-hp, three-phase induction motor is drawing
60 A at 0.85 PF lagging. The stator copper losses are 2 k\V, and the rotor copper losses are
700 W. The friction and windage losses are 600 W, the core losses are 1800 W, and the
stray losses are negligible. Find the following quantities:

(a) The air-gap power PAG
(b) The power converted
(c) The output power Pout
(d) The efficiency of the motor

L
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Solution
To answer these questions, refer to the power-flow diagram for an induction motor

(Figure 6-13).

(a) The air-gap power is just the input power minus the stator I2R losses and core

losses. The input power is given by

Pin — V3VT1L cos 6

= V3(480 V)(60 A)(0.85) - 42.4 kW

From the power-flow diagram, the air-gap power is given by

ÿAG ~ P\n ~ PsCL ~ Pcort
= 42.4 kW — 2 kW — 1.8 kW — 38.6 kW

(b) From the power-flow diagram, the power converted from electrical to mechan¬
ical form is

ÿconv = fAG
~~ -PrCL

= 38.6 kW - 700 W - 37.9 kW

(c) From the power-flow diagram, the output power is given by

P — P — P — P
out Iconv F&W misc

37.9 kW — 600 W - 0 W — 37.3 kW

or, inhorsepower,

PolIt = (37.3 kW)
Q 746 kW

= 50 hp

(d) Therefore, the induction motor's efficiency is

p = -jr x ioo%

37.3 kW
42.4 kW

x 100% - 88%

Power and Torque in an Induction Motor

Figure 6-12 shows the per-phase equivalent circuit of an induction motor. If the
equivalent circuit is examined closely, it can be used to derive the power and
torque equations governing the operation of the motor.

The input current to a phase of the motor can be found by dividing the input
voltage by the total equivalent impedance:

i1 v (6-23)

where Ze =R, +jX,+
Gc ~ JBm +

(6-24)
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Therefore, the stator copper losses, the core losses, and the rotor copper losses can
be found. The stator copper losses in the three phases are given by

ÿscl 3/j/?,

The core losses are given by

ÿcore = 3E\Gc
so the air-gap power can be found as

PKG ~ P\n ÿSCL ÿcore

(6-25)

(6-26)

(6-27)

Look closely at the equivalent circuit of the rotor. The only element in the
equivalent circuit where the air-gap power can be consumedis inthe resistorR7/s.
Therefore, the air-gap power can also be given by

' AG = 3/? —

The actual resistive losses in the rotor circuit are given by the equation

ÿrcl ~ 3IrRr

(6-28) (

(6-29)

Since power is unchanged when referred across an ideal transformer, the rotor
copper losses can also be expressed as

6rcl 3/ÿ R2 (6-30)

After stator copper losses, core losses, and rotor copper losses are sub¬
tracted from the input power to the motor, the remaining power is converted from
electrical to mechanical form. This converted power, which is sometimes called
developed mechanicalpower, is given by

ÿconv — -ÿAG /rCL

= 311ÿ _
s ?>1\R2

= 3/5
1

Sony = 3/2 (6-31)

Notice from Equations (6-28) and (6-30) that the rotor copper losses are
equal to the air-gap power times the slip:

/rcl ~ sPAG (6-32)

Therefore, the lower the slip of the motor, the lower the rotor losses in the ma- '
chine. Note also that if the rotor is not turning, the slip £ = 1 and the air-gap
power is entirely consumed in the rotor. This is logical, since if the rotor is not
turning, the output power P0U[ (= T]0.i(l com) must be zero. Since /conv — /ag /rcl>
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this also gives another relationship between the air-gap power and the power con¬
verted from electrical to mechanical form:

P = P1conv 1AG

fir. SP/,

•ÿconv (1 ri-ÿAG (6-33)

Finally, if tire friction and windage losses and tire stray losses are known,
the output power can be found as

P = P — P — P1out L conv 1 F&W 1rnisc (6-34)

The induced torque rind ina machine was defined as the torque generated by
the internal electric-to-mechanical power conversion. This torque differs from the
torque actually available at the terminals of the motor by an amount equal to the
friction and windage torques in tire machine. The induced torque is given by the
equation

Pconv
Tnd = ~~T (6-35)

This torque is also called the developed torque of the machine.
The induced torque of an induction motor can be expressed in a different

form as well. Equation (6-7) expresses actual speed in terms of synchronous
speed and slip, while Equation (6-33) expresses PC0I1V in terms of ÿAG and slip.
Substituting these two equations into Equation (6-35) yields

_
(1 - s)PKG

Tind (l - *Kync

(6-36)

The last equation is especially useful because it expresses induced torque directly
in terms of air-gap power and synchronous speed,which does not vary. A knowl¬
edge of PAG thus directly yields rind.

Separating the Rotor Copper Losses and
the Power Converted in an Induction
Motor's Equivalent Circuit

Part of the power coming across the air gap in an induction motor is consumed in
the rotor copper losses, and part of it is converted to mechanical power to drive
the motor's shaft. It is possible to separate the two uses of the air-gap power and
to indicate them separately on the motor equivalent circuit.

Equation (6-28) gives an expression for the total air-gap power in an in¬
duction motor, while Equation (6-30) gives the actual rotor losses in the motor.
The air-gap power is the power which would be consumed in a resistor of value
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FIGURE 6-14
The per-phase equivalent circuit with rotor losses and Pcore separated.

R2/s, while the rotor copper losses are the power which would be consumed in a
resistor of value R2- The difference between them is Pcor)v, which must therefore be
the power consumed in a resistor of value

Per-phase equivalent circuit with the rotor copper losses and the power con¬
verted to mechanical form separated into distinct elements is shown inFigure 6-14.

Example 6-3. A460-V, 25-hp, 60-Hz, four-pole, Y-connected induction motor has
the following impedances in ohms per phase referred to the stator circuit:

The total rotational losses are 1100 W and are assumed to be constant. The core loss is
lumped inwith the rotational losses. For a rotor slip of 2.2 percent at the rated voltage and
rated frequency, find the motor's

(a) Speed

(b) Stator current

(c) Power factor
(d) Pconv and PQlll
(e) rmd and tImJ
(f) Efficiency

Solution
The per-phase equivalent circuit of this motor is shown inFigure 6-12, and the power-flow
diagram is shown inFigure 6-13. Since the core losses are lumped together with the friction

conv

conv (6-37)

P, = 0.641 n P2 = 0.332 a
Xl — 1.106 fl X2 = 0.464 a XM = 26.3 fl

r
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FIGURE 6-14
The per-phase equivalent circuit with rotor losses and Pcore separated.

R2/s, while the rotor copper losses are the power which would be consumed in a
resistor of value R2ÿ The difference between themis Pconv, which must therefore be (
the power consumed in a resistor of value

- 1)

conv (6-37)

Per-phase equivalent circuit with the rotor copper losses and the power con¬
verted to mechanical form separated into distinct elements is shown inFigure 6-14.

Example 6-3. A 460-V, 25-hp, 60-PIz, four-pole, Y-connected induction motor has
the following impedances in ohms per phase referred to the stator circuit:

= 0.641 A = 0.332 ft
Yj = 1.106 A X2 = 0.464 A XM = 26.3 A

The total rotational losses are 1100 W and are assumed to be constant. The core loss is
lumped inwith the rotational losses. For a rotor slip of 2.2 percent at the rated voltage and
rated frequency, find the motor's

(a) Speed

(b) Stator current

(c) Power factor
(d) Pcam and Poll,
(ÿ) Tnd and Tjoflÿ

(f) Efficiency

Solution
The per-phase equivalent circuit of this motor is shown inFigure 6-12, and the power-flow
diagram is shown inFigure 6-13. Since the core losses are lumped together with the friction
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(c) The power motor power factor is

PF = cos 33.6° = 0.833 lagging

(d) The input power to this motor is

Pm = ÿvTiL cos e
= V3(460 V)(18.88 A)(0.833) = 12,530W

The stator copper losses in this machine are

?SCL = 3/?*, (6-25)

= 3(18.88 A)2(0.641 Q.) = 685 W

The air-gap power is given by

pag = Pm ~ pscl = 12-530 W - 685 W = 11,845 W

Therefore, the power converted is

pcmv = (1 - S)PAC = (1 - 0.022X11,845 W) = 11,585 W (
The power Poul is given by

PM - Pcom - Pm = 1 1,585 W - 1100W = 10,485 W

= 10,485w(ÿ)= 14.1 hp

(e) The induced torque is given by

PAG

1 1,845 W _0„T= ' —— — 62.8 N ÿ m188.3 rad/s

and the output torque is given by
p
'out

10,485 W
= yoJ a

—j~r = 56.9 N• m184.4 rad/s

(In English units, these torques are 46.3 and 41.9 lb-ft, respectively.)
(f) The motor's efficiency at this operating condition is

p
77 = jr1 x 100%

Mil

_ 10,485 W
12,530 W

x ÿ 83.7%

6.5 INDUCTIONMOTOR TORQUE-SPEED
CHARACTERISTICS

How does the torque of an induction motor change as the load changes? How
much torque can an induction motor supply at starting conditions? How much
does the speed of an induction motor drop as its shaft load increases? To find out
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Rotor Rotor

(b)

FIGURE 6-15
(a) The magnetic fields in an induction motor under light loads, (b) The magnetic fields inan

induction motor under heavy loads.

the answers to these and similar questions, it is necessary to clearly understand the
relationships among the motor's torque, speed, and power.

Inthe following material, the torque-speed relationship will be examined
first from the physical viewpoint of the motor's magnetic field behavior. Then, a
general equation for torque as a function of slip will be derived from the induction
motor equivalent circuit (Figure 6-12).

InducedTorque from a Physical Standpoint

Figure 6-15a shows a cage rotor induction motor that is initially operating at no
load and therefore very nearly at synchronous speed. The net magnetic field Bnct in
this machine is produced by the magnetization current IM flowing in the motor's
equivalent circuit (see Figure 6-12). The magnitude of the magnetization current

andhence of Bnet is directly proportional to the voltage Et.IfEj is constant, then the
net magnetic field in the motor is constant. In an actual machine, E, varies as the
load changes, because the stator impedances and Xj cause varying voltage drops
with varying load. However, these drops in the stator windings are relatively small,
so Et (and hence and Bne[) is approximately constant with changes in load.

Figure 6-15a shows the induction motor at no load. At no load, the rotor

slip is very small, and so the relative motion between the rotor and the magnetic
fields is very small and the rotor frequency is also very small. Since the relative
motion is small, the voltage ER induced in the bars of the rotor is very small, and
the resulting current flow 1ÿ is small. Also, because the rotor frequency is so very
small, the reactance of the rotor is nearly zero, and the maximumrotor current IR
is almost in phase with the rotor voltage EB. The rotor current thus produces a

small magnetic field at an angle just slightly greater than 90° behind the net

magnetic field B„et. Notice that the stator. current must be quite large even at no
load, since it must supply most of Bnet. (This is why induction motors have large
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no-load currents compared to other types of machines. The no-load current of an

induction motor is usually 30-60 percent of the full-load current.)
The induced torque, which keeps the rotor turning, is given by the equation

Tint! = X Bnel (3-60)

Its magnitude is given by

Tm = fcBtfBnetsinS (3-61)

Since the rotor magnetic field is very small, the induced torque is also quite
small—-just large enough to overcome the motor's rotational losses.

Now suppose the induction motor is loaded down (Figure 6-15b). As the
motor's load increases, its slip increases, and the rotor speed falls. Since the rotor

speed is slower, there is now more relative motion between the rotor and the sta-

tor magnetic fields inthe machine. Greater relative motion produces a stronger ro¬
tor voltage Efi which in turn produces a larger rotor current Iff. With a larger rotor

current, the rotor magnetic field also increases. However, the angle of the ro- 1

tor current and BK changes as well. Since the rotor slip is larger, the rotor fre¬
quency rises (/re = sfSL,), and the rotor's reactance increases (ui„Xs). Therefore, the
rotor current now lags further behind the rotor voltage, and the rotor magnetic
field shifts with the current. Figure 6-15b shows the induction motor operating at

a fairly high load. Notice that the rotor current has increased and that the angle S
has increased. The increase inBR tends to increase the torque, while the increase
in angle 6 tends to decrease the torque (rind is proportional to sin 6, and § > 90°).
Since the first effect is larger than the second one, the overall induced torque in¬
creases to supply the motor's increased load.

When does an induction motor reach pullout torque? This happens when the
point is reached where, as the load on the shaft is increased, the sin <5 term de¬
creases more than the BR term increases. At that point, a further increase in load
decreases rind, and the motor stops.

It is possible to use a knowledge of the machine's magnetic fields to approx¬
imately derive the output torque-versus-speed characteristic of an inductionmotor.

Remember that the magnitude of the induced torque in the machine is given by

Tind = kBRBna sin S (3-61)

Each term in this expression can be considered separately to derive the overall
machine behavior. The individual terms are

1. Br.The rotor magnetic field isdirectly proportional to the current flowing in the
rotor, as long as the rotor is unsaturated. The current flow in the rotor increases
with increasing slip (decreasing speed) according to Equation (6-13). This cur¬
rent flow was plotted inFigure 6-11 and is shown again inFigure 6-16a.

2. Bna.The net magnetic field in the motor is proportional to E] and therefore is ap¬
proximately constant (E, actually decreases with increasing current flow, but this
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FIGURE 6-16
Graphical development of an induction
motor torque-speed characteristic.
(a) Plot of rotor current (and thus IBSI)
versus speed for an induction motor;

(b) plot of net magnetic field versus
speed for the motor; (c) plot of rotor

power factor versus speed for the
motor; (d) the resulting torque-speed
characteristic.

effect is small compared to the other two, and itwill be ignored inthis graphical
development). The curve for Unelversus speed is shown inFigure 6-16b.

3. sin S. The angle 8 between the net and rotor magnetic fields can be expressed
in a very useful way. Look at Figure 6-15b. In this figure, it is clear that the
angle 8 isjust equal to thepower-factor angle of the rotorplus 90°:

8= 6R + 90° (6-38)
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Therefore, sin 8 = sin (dR + 90°) = cos dR. This term is the power factor of
the rotor. The rotor power-factor angle can he calculated from the equation

e* = tw TR=tm ÿ7 (6-39)

The resulting rotor power factor is given by

PFS = cos dR

PFÿ = cos |ÿtan 1 (6ÿ10)

A plot of rotor power factor versus speed is shown inFigure6-l6c.

Since the inducedtorque isproportional to the product of these three terms, the
torque-speed characteristic of an inductionmotor can beconstructed from the graph¬
ical multiplication of the previous three plots (Figure 6-16a to c). The torque-speed
characteristic of an inductionmotor derivedinthis fashion is showninFigure6-16d.

This characteristic curve can be divided roughly into three regions. The first
region is the low-slip region of the curve. Inthe low-slip region, the motor slip in¬
creases approximately linearly with increased load, and the rotor mechanical
speed decreases approximately linearly with load. In this region of operation, the
rotor reactance is negligible, so the rotor power factor is approximately unity,
while the rotor current increases linearly with slip. The entire normalsteady-state
operating range of an induction motor is included in this linear low-slip region.
Thus innormal operation, an inductionmotor has a linear speed droop.

The second regionon the inductionmotor's curve can be called the moderate-
slip region. Inthe moderate-slip region, the rotor frequency is higher than before,
and the rotor reactance is on the same order of magnitude as the rotor resistance. In
this region, the rotor current no longer increases as rapidly as before, and the power
factor starts to drop. The peak torque (thepullout torque)of the motor occurs at the
point where, for an incremental increase in load, the increase in the rotor current is
exactly balanced by the decrease in the rotor power factor.

The third region on the induction motor's curve is called the high-slip re¬

gion. Inthe high-slip region, the induced torque actually decreases with increased
load, since the increase in rotor current is completely overshadowed by the de¬
crease in rotor power factor.

For a typical induction motor, the pullout torque on the curve will be 200 to

250 percent of the ratedfull-load torque of the machine, and the starting torque (the
torque at zero speed) will be 150percent or so of the full-load torque. Unlike a syn¬
chronous motor, the induction motor can start with a full load attached to its shaft.

The Derivation of the InductionMotor
Induced-Torque Equation

It is possible to use the equivalent circuit of an induction motor and the power-flow
diagram for the motor to derive a general expression for induced torque as a
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function of speed. The induced torque in an induction motor is given by Equation
(6-35) or (6-36):

'ind (6-35)

Tind
'AG

O),
(6-36)

sync

The latter equation is especially useful, since tire synchronous speed is a constant
for a given frequency and numbeT of poles. Since wsync is constant, a knowledge
of the air-gap power gives the induced torque of the motor.

The air-gap power is the power crossing the gap from the stator circuit to

the rotor circuit. It is equal to the power absorbed in the resistance R2/s. How can

this power be found?
Refer to the equivalent circuit given in Figure 6-17. In this figure, the air-

gap power supplied to one phase of the motor can be seen to be

rkG,\<t>

Therefore, the total air-gap power is

P = 312 —rAG JJ2 s

If 72 can be determined, then the air-gap power and the induced torque will be
known.

Although there are several ways to solve the circuit inFigure6-17 for the cur¬
rent I2, perhaps the easiest one is to determine the Thevenin equivalent of the por¬
tion of the circuit to the left of the X's in the figure. Thevenin's theorem states that
any linear circuit that can be separated by two terminals from the rest of the system
can be replaced by a single voltage source in series with an equivalent impedance.
If this were done to the induction motor equivalent circuit, the resulting circuit
would be a simple series combination of elements as shown inFigure 6-18c.

+ O
\ jX, Ri

-— —vw

FIGURE 6-17
Per-phase equivalent circuit of an induction motor.
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FIGURE 6-18
(a) The Thevenin equivalent voltage of an induction motor input circuit, (b) The Thevenin equivalent
impedance of the input circuit, (c) The resulting simplified equivalent circuit of an induction motor.

To calculate the Thevenin equivalent of the input side of the induction motor

equivalent circuit, first open-circuit the terminals at the X's and find the resulting
open-circuit voltage present there. Then, to find the Thevenin impedance, kill
(short-circuit) the phase voltage and find the seen "looking" into the terminals.

Figure 6-18a shows the open terminals used to find the Thevenin voltage.
By the voltage divider rule,

Vth = ÿ

= V,

-"M

M + z,
Jxm

R\ +JX1 +JXM
The magnitude of the Thevenin voltage VXH is

yTH V4>y/R2 + + Xm)1
(6-4la)
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Since the magnetization reactance XM»Xt and XM»Rh the magnitude of the
Thevenin voltage is approximately

X,M
vth~v*Xi+Xm (6-4lb)

to quite good accuracy.
Figure 6-18b shows the input circuit with the input voltage source killed.

The two impedances are in parallel, and the Thevenin impedance is given by

ZTu —JTH 7+7

This impedance reduces to

ZTH — Rth + jXTH
JXm(R\ + JXi)

R,+KX{ + XM)

(6-42)

(6-43)

Because »X{ and XM + Xl »Ru the Thevenin resistance and reactance are
approximately given by

xM YR™~ *'U, +xj

XTH A1

(6—44)

(6-45)

The resulting equivalent circuit is shown in Figure 6-18c. From this circuit,
the current I2 is given by

TH
2 Zth + Zj

TH

i?TH + RYJ + jXTH + jX2

The magnitude of this current is

U =
V-TH

'2 V(7?th + R2/s)2 + (Xth + X2)2
The air-gap power is therefore given by

(6-46)

(647)

(648)

P = 3/2 —"ag -"i
ÿh

s

3FjH R2/s
(7?th 4 R-Y 4" CÿTH 4 Xj)"

and the rotor-induced torque is given by

(649)

Tind -
Pkg

CO,sync

R2/s
T'rd UsynMTH + RYS)2 + (*TH + X2f) (6-50)
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FIGURE 6-19
A typical induction motor torque-speed characteristic curve.

A plot of induction motor torque as a function of speed (and slip) is shown
in Figure 6-19, and a plot showing speeds both above and below the normal mo¬
tor range is shown inFigure 6-20.

Comments on the InductionMotor
Torque-Speed Curve

The induction motor torque-speed characteristic curve plotted in Figures 6-19
and 6-20 provides several important pieces of information about the operation of
induction motors. This information is summarized as follows:

1. The induced torque of the motor is zero at synchronous speed. This fact has
been discussed previously.

2. The torque-speed curve is nearly linear between no load and full load. In this
range, the rotor resistance is much larger than the rotor reactance, so the ro¬
tor current, the rotor magnetic field, and the induced torque increase linearly 'with increasing slip.

3. There is a maximum possible torque that cannot be exceeded. This torque,
called die pullout torque or breakdown torque, is 2 to 3 times the rated full-
load torque of the motor. The next section of this chapter contains a method
for calculating pullout torque.
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FIGURE 6-20
Induction motor torquc-specd characteristic curve, showing the extended operating ranges (braking
region and generator region).

4. The starting torque on the motor is slightly larger than its full-load torque, so
this motor will start carrying any load that it can supply at full power.

5. Notice that the torque on the motor for a given slip varies as the square of the
applied voltage. This fact is useful in one form of induction motor speed con¬
trol that will be described later.

6. If the rotor of the induction motor is driven faster than synchronous speed,
then the direction of the induced torque in the machine reverses and the ma¬
chine becomes a generator, converting mechanical power to electric power.
The use of induction machines as generators will be described later.

7. If the motor is turning backward relative to the direction of the magnetic fields,
the induced torque in the machine will stop the machine very rapidly and will
try to rotate it in the other direction. Since reversing the direction of magnetic
field rotation is simply a matter of switching any two stator phases, this fact
can be used as a way to very rapidly stop an induction motor. The act of
switching two phases in order to stop the motor very rapidly is called plugging.

The power converted to mechanical form in an induction motor is equal to

-ÿconv Tjnd tUj,,

and is shown plotted in Figure 6-21. Notice that the peak power supplied by the
induction motor occurs at a different speed than the maximum torque; and, of
course, no power is converted to mechanical form when the rotor is at zero speed.
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FIGURE 6-21
Induced torque and power converted versus molor speed in revolutions per minute for an example
four-pole induction motor.

Maximum (Pullout) Torque in an Induction Motor

Since the induced torque is equal to PAGIwsync, the maximum possible torque oc¬
curs when the air-gap power is maximum. Since the air-gap power is equal to the
power consumed in the resistor R2/s, the maximum induced torque will occur
when the power consumed by that resistor is maximum.

When is the power supplied to R2/s at its maximum? Refer to the simplified
equivalent circuit in Figure 6-18c. In a situation where the angle of the load im¬
pedance is fixed, the maximum power transfer theorem states that maximum
power transfer to the load resistor R2/s will occur when the magnitude of that im¬
pedance is equal to the magnitude of the source impedance. The equivalent source
impedance in the circuit is

ÿsource — ÿTH + j%TH + 7ÿ2

so the maximum power transfer occurs when

'source (6-51)

(6-52)
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SolvingEquation (6-52) for slip, we see that the slip atpullout torque isgiven by

Vj?yH "1" Oÿth ÿ2max (6-53)

Notice that the referred rotor resistance R2 appears only in the numerator, so the
slip of the rotor at maximum torque is directly proportional to the rotor resistance.

The value of the maximum torque can be found by inserting the expression
for the slip at maximum torque into the torque equation [Equation (6-50)].The re¬
sulting equation for the maximum or pullout torque is

2&,synctÿTH + ÿTH + tÿTH +TH

(6-54)

This torque is proportional to the square of the supply voltage and is also inversely
/ related to the size of the stator impedances and the rotor reactance. The smaller a

machine's reactances, the larger the maximum torque it is capable of achieving.
Note that slip at which the maximum torque occurs is directly proportional to rotor

resistance [Equation (6-53)], but the value of the maximum torque is independent
of the value of rotor resistance [Equation (6-54)].

The torque-speed characteristic for a wound-rotor induction motor is shown
in Figure 6-22. Recall that it is possible to insert resistance into the rotor circuit
of a wound rotor because the rotor circuit is brought out to the stator through slip
rings. Notice on the figure that as tire rotor resistance is increased, the pullout
speed of the motor decreases, but the maximum torque remains constant.

It is possible to take advantage of this characteristic of wound-rotor induc¬
tion motors to start very heavy loads. Ifa resistance is inserted into the rotor circuit,
the maximum torque can be adjusted to occur at starting conditions. Therefore, the
maximum possible torque would be available to start heavy loads. On the other
hand, once the load is turning, the extra resistance can be removed from the cir¬
cuit, and the maximum torque will move up to near-synchronous speed for regu¬
lar operation.

Example 6—4. A two-pole, 50-Hz induction motor supplies 15 kW to a load at a
speed of 2950 r/min.

(a) What is the motor's slip?
(b) What is the induced torque in the motor inN « ni under these conditions?
(c) What will the operating speed of the motor be if its torque is doubled?
(d) How much power will be supplied by the motor when the torque is doubled?

Solution
(a) The synchronous speed of this motor Is

120fse 120(50Hz)
_ ___

,— - —r1—;-' = 3000 r/mmÿ P 2 poles
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FIGURE 6-22
The effect of varying rotor resistance on the torque-speed characteristic of a wound-rotor induction
motor.

Therefore, the motor's slip is

j = ——— (x 100%)
"sync

_ 3000 1/ mill — 2950 r/min
3000 1/min

= 0.0167 or 1.67%

(6-4)

(x 100%)

(b) The induced torque in the motor must be assumed equal to the load torque, and
Peo„v must be assumed equal to since no value was given for mechanical
losses. The torque is thus

'ind

P*conv

15 kW
(2950 r/min)(2T7rad/r)(J min/60s)

48.6 N • m

(c) In the low-slip region, the torque-speed curve is linear, and the induced torque
is directly proportional to slip. Therefore, if the torque doubles, then the new
slip will be 3.33 percent. The operating speed of the motor is thus

(1 - s)n,sync (1 - 0.0333)(3000 r/min) = 2900 r/min
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(d) The power supplied by the motor is given by

ÿconv hndÿni

= (97.2 N • m)(2900 r/min)(2"<rrad/r)(i min/60s)

= 29.5 kW

Example 6-5. A 460-V, 25-hp, 60-Hz, four-pole, Y-connecied wound-rotor induc¬
tion motor has the following impedances in ohms per phase referred to the stator circuit:

rt, =0.6410 Ro = 0.332 O
A', = 1.106n X~2 = 0.464 O XM = 26.3 O

(a) What is the maximum torque of this motor? At what speed and slip does it
occur?

(b) What is the starting torque of this motor?
(c) When the rotor resistance is doubled, what is the speed at which the maximum

torque now occurs? What is the new starting torque of die motor?

(d) Calculate and plot the torque-speed characteristics of this motor both with the
original rotor resistance and with the rotor resistance doubled.

Solution
The Thevenin voltage of tills motor is

"™ = v..
=

__
(266 W26.3 Ot__

= 255 2 V
3/(0.641 ft)2 + (1.106 0 + 26.3 0):

The Thevenin resistance is

\2

:x (6-44)
M'

[ Xu \2

U, +xj

(0.641 ÿ)(j 106a + 26.3 a) =0-59on

The Thevenin reactance is

*th *= = 1.106 n
(a) The slip at which maximum torque occurs is given by Equation (6-53):

(6-53)

= 0.198

V/?|H + (XXH + X2)2

_0.332 O
3/(0.590 O)2 + (1.106 O + 0.464 Cl)2

This cotresponds to a mechanical speed of

nm = (1 - s)nsync = (1 - 0.198)(1800 r/min) = 1444r/min
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The torque at this speed is

3V-?h
—10- (6-54)

2wsync"ÿTH 4" V/?jÿj + (X-yji + Xj)2ÿ
_3(255.2 V)2

2(188.5 rad/s)[0.590 ft + V(0.590 ft)2 + (1.106 ft + 0.464 ft)2]

= 229 N• m

(b) The starting torque of this motor is found by setting s = 1inEquation (6-50):

=
_3UfH R2_

Tstart «VeKRra + Rl)2 + (*TH + X2)2]

_3(255.2 V)2(0.332 ft)_
(188.5 rad/s)[(0.590 ft + 0.332 ft)2 + (1.106 ft + 0.464 ft)2]

= 104 N• m

(c) If the rotor resistance is doubled, then the slip at maximum torque doubles, too.

Therefore,

W = 0-396

and the speed at maximum torque is

nm = (1 - «)nsync = (1 — 0.396)(1800 r/min) = 1087 r/min

The maximum torque is still

Tmax — 229 N • m

The starting torque is now

3(255.2 V)2(0.664 ft)
'slait (188.5 rad/s)[(0.590 ft + 0.664 ft)2 + (1.106 ft + 0.464 ft)2

= 170 N • m

(d) We will create a MATLAB M-file to calculate and plot the torque-speed char¬
acteristic of the motor both with the original rotor resistance and with the dou¬
bled rotor resistance. The M-file will calculate the Thevenin impedance using
the exact equations for VTH and ZrH [Equations (6-4la) and (6—43)] instead of
the approximate equations, because the computer can easily perform the exact

calculations. Itwill then calculate the inducedtorque using Equation (6-50) and
plot the results. The resultingM-file follows:

% M-file: torque_speed_curve.m
% M-file create a plot of the torque-speed curve of the
% induction motor of Example 6-5.

% First, initialize the values needed in this program.

rl = 0.641
xl = 1.106
r2 = 0.332
x2 = 0.464

Stator resistance
Stator reactance

Rotor resistance
Rotor reactance

xm = 26.3; % Magnetization branch reactance
v_j?hase = 460 / sqrt ( 3 ) ; % Phase voltage

n_sync = 1800; % Synchronous speed (r/min)
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w_sync = 188.5; % Synchronous speed (rad/s)

% Calculate the Thevenin voltage and impedance from Equations

% 6-41a and 6-43.
v_th = v_phase * ( xm / sqrC(rlA2 + (xl + xm)A2) );
z_th = ((j*xm) * (rl + j*xl)) / (rl + j*(xl + xm) ) ;

r_th = real (z_th) ;

x_th = imag(z_th);

% Now calculate the torque-speed characteristic for many

% slips between 0 and 1. Note that the first slip value
% is set to 0 . 001 instead of exactly 0 to avoid divide-
% by-zero problems.
s = (0:1:50) / 50; % Slip
s(l) = 0.001;
nm = (1 - s) * n_sync; % Mechanical speed

% Calculate torque for original rotor resistance
for ii = 1:51

t_indl(ii) = (3 * v_thA2 ' r2 / s(ii)) / ...
(w_sync * ( (r_th + r2/s(ii))A2 + (x_th + x2)A2) ) ;

end

% Calculate torque for doubled rotor resistance
for ii = 1:51

t_ind2 ( ii) = (3 * v_thA2 * (2*r2) / s(ii)) / ...
(w_sync * ( (r_th + (2*r2 ) /s ( ii) ) A2 + (x_th + x2)A2) );

end

% Plot the torque- Speed curve
plot (nm, t_indl , ' Color ' , 'b ' , ' LineWidth',2.0);

hold on;
plot (nm, t_ind2 , 1 Color ' , ' k ' , ' LineWidth',2.0,'L.ineStyle

xlabel ( 1 \bf \itn_{m) 1 ) ;
ylabel ( ' \bf \tau_( ind} ' ) ;

title (' \bf Induction motor torque-speed characteristic');

legend ('Original R_{ 2 )','Doubled R_(2) 1 ) ;

grid on;

hold off;

The resulting torque-speed characteristics are shown in Figure 6-23. Note that the peak
torque and starting torque values on the curves match the calculations of parts (a) through
(c). Also, note that the starting torque of the motor rose as R2 increased.

6.6 VARIATIONS ININDUCTIONMOTOR
TORQUE-SPEED CHARACTERISTICS

Section 6.5 contained the derivation of the torque-speed characteristic for an
induction motor. Infact, several characteristic curves were shown, depending on the
rotor resistance. Example 6-5 illustrated an induction motor designer's dilemma—

if a rotor is designed with high resistance, then the motor's starting torque is quite
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FIGURE 6-23
Torque-speed characteristics for the motor of Example 6-5.

high, but the slip is also quite high at normal operating conditions. Recall that Pconv =
(1 — s)PAc, so the higher the slip, the smaller thefraction ofair-gappower actually
converted to mechanicalform, and thus the lower the motor's efficiency. A motor

with high rotor resistance has a good starting torque but poor efficiency at normal
operating conditions. Onthe other hand, amotor with low rotor resistancehas a low
starting torque and high starting current, but its efficiency at normal operating con¬
ditions is quite high.An induction motor designer is forced to compromise between
the conflicting requirements of high starting torque and good efficiency.

One possible solution to this difficulty was suggested in passing in Section
6.5: use a wound-rotor induction motor and insert extra resistance into the rotor
during starting. The extra resistance could be completely removed for better effi¬
ciency during normal operation. Unfortunately, wound-rotor motors are more ex¬
pensive, need moie maintenance, and require a more complex automatic control
circuit than cage rotor motors. Also, it is sometimes important to completely seal
a motor when it is placed in a hazardous or explosive environment, and this is eas¬
ier to do with a completely self-contained rotor. It would be nice to figure out

some way to add extra rotor resistance at starting and to remove it during nonnal
running without slip rings and without operator or control circuit intervention.

Figure 6-24 illustrates the desired motor characteristic. This figure shows
two wound-rotor motor characteristics, one with high resistance and one with low
resistance. At high slips, the desired motor should behave like the high-resistance ,

wound-rotor motor curve; at low slips, it should behave like the low-resistance
wound-rotor motor curve.

Fortunately, it is possible to accomplish just this effect by properly taking
advantage of leakage reactance in inductionmotor rotor design.
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FIGURE6-24
A torque-speed characteristic curve combining high-resistance effects at low speeds (high slip) with
low-resistance effects at high speed (low slip).

Control of Motor Characteristics
by Cage Rotor Design

The reactance X2 in an induction motor equivalent circuit represents tire referred
form of the rotor's leakage reactance. Recall that leakage reactance is the reac¬
tance due to the rotor flux lines that do not also couple with the stator windings. In
general, the farther away from the stator a rotor bar or part of a bar- is, tire greater
its leakage reactance, since a smaller percentage of die bar's flux will reach the sta¬
tor. Therefore, if tire bars of a cage rotor are placed near the surface of the rotor,
they will have only a small leakage flux and the reactance X2 will be small in the
equivalent circuit. On the other hand, if dre rotor bars are placed deeper into the ro¬
tor surface, there will be more leakage and the rotor reactance X2 will be larger.

For example, Figure 6-25a is a photograph of a rotor lamination showing
the cross section of the bars in the rotor. The rotor bars inthe figure are quite large
and are placed near the surface of the rotor. Such a design will have a low resis¬
tance (due to its large cross section) and a low leakage reactance and X2 (due to
the bar's location near the stator). Because of the low rotor resistance, the pullout
torque will be quite near synchronous speed [see Equation (6-53)], and the motor
will be quite efficient. Remember that

so very little of the air-gap power is lost in the rotor resistance. However, since R2
is small, the motor's starting torque will be small, and its starting current will be
high. This type of design is called the National Electrical Manufacturers Associa¬
tion (NEMA) design class A. It is more or less a typical induction motor, and its
characteristics are basically the same as those of a wound-rotor motor with no ex¬
tra resistance inserted. Its torque-speed characteristic is shown inFigure 6-26.

Pcanv — 0 s)Pag (6-33)
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FIGURE 6-25
Laminations from typical cage induction motor rotors, showing lite cross section of the rotor bars:
(a) NEMAdesign class A—large bar s near the surface; (b) NEMAdesign class B—large, deep rotor

bars; (c) NEMA design class C—double-cage rotor design; (d) NEMA design class D—small bars
near the surface. (Courtesy of MagneTek, Inc.)

Figure 6-25d, however, shows the cross section of an induction motor rotor
with small bars placed near the surface of the rotor. Since the cross-sectional area
of the bars is small, the rotor resistance is relatively high. Since the bars are lo¬
cated near the stator, the rotor leakage reactance is still small. This motor is very
much like a wound-rotor induction motor with extra resistance inserted into the
rotor. Because of the large rotor resistance, this motor has a pullout torque occur-;
ring at a high slip, and its starting torque is quite high.A cage motor with this type
of rotor construction is called NEMA design class D. Its torque-speed character¬
istic is also shown in Figure 6-26.
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FIGURE6-26
Typical torque-speed curves for different
rotor designs.Percentage of synchronous speed

Deep-Bar and Double-Cage Rotor Designs

Both of the previous rotor designs are essentially similar to a wound-rotor motor

with a set rotor resistance. How can a variable rotor resistance be produced to

combine the high starting torque and low starting current of a class D design with
the low normal operating slip and high efficiency of a class A design?

It is possible to produce a variable rotor resistance by the use of deep rotor
bars or double-cage rotors. The basic concept is illustrated with a deep-bar rotor

inFigure 6-27. Figure 6-27a shows a current flowing through the upper part of a
deep rotor bar. Since current flowing in that area is tightly coupled to the stator,
the leakage inductance is small for this region. Figure 6-27b shows current flow¬
ing deeper inthe bar. Here, the leakage inductance is higher. Since all parts of the
rotor bar are inparallel electrically, the bar essentially represents a series of par¬
allel electric circuits, the upper ones having a smaller inductance and the lower
ones having a larger inductance (Figure 6-27c).

At low slip, the rotor's frequency is very small, and the reactances of all
the parallel paths through the bar are small compared to their resistances. The im¬
pedances of all parts of the bar are approximately equal, so current flows through
all parts of the bar equally. The resulting large cross-sectional area makes the ro¬
tor resistance quite small, resulting in good efficiency at low slips. At high slip
(starting conditions), the reactances are large compared to the resistances in the

/ rotor bars, so all the current is forced to flow in the low-reactance part of the bar
near the stator. Since the effective cross section is lower, the rotor resistance is
higher than before. With a high rotor resistance at starting conditions, the start¬

ing torque is relatively higher and the starting current is relatively lower than in
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FIGURE 6-27
Flux linkage in a deep-bar rotor, (a) For a current flowing in the top of the bar, the flux is tightly
linked to the stator, and leakage inductance is small; (b) for a current flowing in the bottom of the
bar, the flux is loosely linked to the stator, and leakage inductance is large; (c) resulting equivalent
circuit of the rotor bar as a function of depth in the rotor.

a class A design. A typical torque-speed characteristic for this construction is the
design class B curve inFigure 6-26.

A cross-sectional view of a double-cage rotor is shown inFigure6-25c. It con¬
sists of a large, low-resistance set of bars buried deeply in the rotor and a small, high-
resistance set of bars set at the rotor surface. It is similar to the deep-bar rotor, except
that the difference between low-slip and high-slip operation is even more exagger¬
ated. At starting conditions, only the small bar is effective, and the rotor resistance is
quite high. This highresistance results ina large starting torque. However, at normal
operating speeds, both bars are effective, and the resistance is almost as low as in a
deep-bar rotor. Double-cage rotors of this sort are used to produce NEMA class B
and class C characteristics. Possible torque-speed characteristics for a rotor of this
design are designated design class B and design class C inFigure6-26.

Double-cage rotors have the disadvantage that they are more expensive than
the other types of cage rotors, but they are cheaper than wound-rotor designs. They .
allow some of the best features possible with wound-rotor motors (high starting
torque with a low starting current and good efficiency at normal operating condi¬
tions) at a lower cost and without the need of maintaining slip rings and brushes.
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InductionMotor Design Classes

It is possible to produce a large variety of torque-speed curves by varying the ro¬
tor characteristics of induction motors. To help industry select appropriate motors

for varying applications in the integral-horsepower range, NEMA in the United
States and the InternationalElectrotechnical Commission (IEC) in Europe have
defined a series of standard designs with different torque-speed curves. These
standard designs are referred to as design classes,and an individual motor may be
referred to as a design class X motor. It is these NEMA and IEC design classes
that were referred to earlier. Figure 6-26 shows typical torque-speed curves for
the four standard NEMA design classes. The characteristic features of each stan¬

dard design class are given below.

DESIGN CLASS A. Design class A motors are the standard motor design, with a
normal starting torque, a normal starting current, and low slip. The full-load slip

( of designA motors must be less than 5 percent and must be less than that of a de¬
sign B motor of equivalent rating. The pullout torque is 200 to 300 percent of the
full-load torque and occurs at a low slip (less than 20 percent). The starting torque
of this design is at least the rated torque for larger motors and is 200 percent or
more of the rated torque for smaller motors. The principal problem with this de¬
sign class is its extremely high inrush current on starting. Current flows at starting
are typically 500 to 800 percent of the rated current. Insizes above about 7.5 hp,
some form of reduced-voltage starting must be used with these motors to prevent
voltage dip problems on starting in the power system they are connected to. Inthe
past, design class A motors were the standard design for most applications below
7.5 hp and above about 200 hp, but they have largely been replaced by design
class B motors in recent years. Typical applications for these motors are driving
fans, blowers, pumps, lathes, and other machine tools.

DESIGN CLASS B. Design class B motors have a normal starting torque, a lower
starting current, and low slip. This motor produces about the same starting torque as
the class A motor with about 25 percent less current. The pullout torque is greater

than or equal to 200 percent of the rated load torque, but less than that of the class A
design because of the increasedrotor reactance. Rotor slip is still relatively low (less
than 5 percent) at full load. Applications are similar to those for designA, but design
B is preferred because of its lower starting-current requirements. Design class B
motors have largely replaced design class A motors innew installations.

DESIGN CLASS C. Design class C motors have a high starting torque with low
starting currents and low slip (less than 5 percent) at full load. The pullout torque

f is slightly lower than that for class A motors, while the starting torque is up to 250
percent of the full-load torque. These motors are built from double-cage rotors, so
they are more expensive than motors in the previous classes. They are used for
high-starting-torque loads, such as loadedpumps, compressors, and conveyors.
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DESIGN CLASS D. Designclass D motors have a very high starting torque (275
percent or more of the rated torque) and a low starting current, but they also have
a high slip at full load. They are essentially ordinary class A inductionmotors,but
with the rotor bars made smaller and with a higher-resistance material. The high
rotor resistance shifts the peak torque to a very low speed. It is even possible for
the highest torque to occur at zero speed (100 percent slip). Full-load slip for these
motors is quite high because of the high rotor resistance. It is typically 7 to 11per¬
cent, but may go as high as 17 percent or more. These motors are used inapplica¬
tions requiring the acceleration of extremely high-inertia-type loads, especially
large flywheels used inpunch presses or shears. Insuch applications, these motors
gradually accelerate a large flywheel up to full speed, which then drives the
punch.After a punching operation, the motor then reaccelerates the flywheel over
a fairly long time for the next operation.

In addition to these four design classes, NEMA used to recognize design
classes E and F, which were called soft-start induction motors (see Figure 6-28).
These designs were distinguished by having very low starting currents and were ( )
used for low-starting-torque loads in situations where starting currents were a
problem. These designs are now obsolete.

Example6-6. A 460-V, 30-hp, 60-Hz, four-pole, Y-connected induction motor has
two possible rotor designs, a single-cage rotor and a double-cage rotor. (The stator is iden¬
tical for either rotor design.) The motor with the single-cage rotor may be modeled by the
following impedances in ohms per phase referred to (he stator circuit:

Rv = 0.641n R2 = 0.300 a
A, = 0.750 CI X2 = 0.500 CI XM = 26.3 CI

The motor with the double-cage rotor may be modeled as a tightly coupled, high-
resistance outer cage in parallelwith a loosely coupled, low-resistance inner cage (similar
to the structure of Figure 6-25c). The stator and magnetization resistance and reactances

will be identicalwith those in the single-cage design.
The resistance and reactance of the rotor outer cage are:

R2o = 3.200 a X2„ = 0.500 CI

Note that the resistance ishigh because the outer bar has a small cross section, while the re¬
actance is the same as the reactance of the single-cage rotor, since the outer cage is very
close to the stator, and the leakage reactance is small.

The resistance and reactance of the inner cage are

R2i = 0.400 Cl X2i = 3.300 CI

Here the resistance is low because the bars have a large cross-sectional area, but the leak¬
age reactance is quite high.

Calculate the torque-speed characteristics associated with the two rotor designs.
How do they compare?

Solution
The torque-speed characteristic of the motor with the single-cage rotor can be calculated
in exactly the same manner as Example 6-5. The torque-speed characteristic of the motor
with the double-cage rotor can also be calculated in the same fashion, except that at each
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FIGURE 6-28
Rotor cross section, showing the construction of the former design class F induction motor. Since the
rotor bars are deeply buried, they have a very high Leakage reactance. The high leakage reactance

reduces tlie starting torque and current of this motor, so it is called a soft-start design. (Courtesy of
MagneTek, Inc.)

slip the rotor resistance and reactance will be the parallel combination of the impedances
of the inner and outer cages. At low slips, the rotor reactance will be relatively unimportant,
and the large inner cage will play a major part inthe machine's operation. At high slips, the
high reactance of the inner cage almost removes it from the circuit.

A MATLAB M-file to calculate and plot the two torque-speed characteristics
follows:

M-file: torque_speed_2 .m

M-file create and plot of the torque-speed curve of an

induction motor with a double-cage rotor design.

First, initialize the values needed in this program.

rl = 0.641
xl = 0.750
r2 = 0.300

Stator resistance
Stator reactance

Rotor resistance for single-
cage motor



352 352 ELECTRIC MACHINERY FUNDAMENTALS

x2 = 0.500;

r2i = 0.400;

r2o = 3 .200;

% Rotor resistance for inner
% cage of double-cage motor
% Rotor resistance for outer
% cage of double-cage motor
% Rotor reactance for single-
% cage motor

x2i = 3.300; % Rotor reactance for inner

x2o = 0.500;
% cage of double-cage motcr

% Rotor reactance for outer
cage of double-cage motor

xm - 26.3;
v_phase = 460 / sqrt(3);
n_sync = 1800;
w_sync = 188.5;

% Magnetization branch reactance
% Phase voltage
% Synchronous speed (r/min)

% Synchronous speed (rad/s)

% Calculate the Thevenin voltage and impedance from Equations
% 6-41a and 6-43 .
v_th = v_phase * ( xm / sqrt(rl"2 + (xl + xm)"2) );

z_th = ((j*xm) * (rl + j*xl)) / (rl + j*(xl + xm) ) ;

r_th = real(z_th);

x_th = imag(z_th);

% Now calculate the motor speed for many slips between
% 0 and 1. Note that the first slip value is set to

% 0.001 instead of exactly 0 to avoid divide-by-zero
% problems.

S = (0:1:50) / 50; % Slip
s(l) = 0.001; % Avoid division-by-zero
nm = (1 - s) * n_sync ; % Mechanical speed

% Calculate torque for the single-cage rotor.

for ii = 1:51
t_indl(ii) = (3 * v_th"2 * r2 / s (ii) ) / ...

(w_sync * ( (r_th + r2/s(ii))A2 + (x_th + x2)~2) );

% Calculate resistance and reactance of the double-cage
% rotor at this slip, and then use those values to
% calculate the induced torque.

for ii = 1:51
y_r = l/(r2i + j*s(ii)*x2i) + l/(r2o + j*s (ii)*x2o) ;

z_r = l/y_r; % Effective rotor impedance
r2eff = real(2_r); % Effective rotor resistance
x2e£f = imag(z_r); % Effective rotor reactance

% Calculate induced torque for double-cage rotor.
t_ind2(ii) = (3 * v_th~2 * r2eff / s ( ii> ) / ...

(w_sync * ( (r_th 4 r2eff/s(ii) ) "2 + (x_th + x2eff)ÿ2) );

% Plot the torque-speed curves

plot (nm, t_indl, 1 b- ' , ' LineWidth',2.0);

hold on;
plot (nm, t_ind2 , 1 k- . ' , 'LineWidth' ,2.0) ;

xlabel ( ' \bf \itn_{m) ' ) ;

end

end
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FIGURE 6-29
Comparison of torque-speed characteristics for the single- and double-cage rotors of Example 6-6.

ylabel ( ' \bf \tau_{ind} 1 ) ;

title ( ' Yfa£Induction motor torque-speed characteristics ' ) ;

legend ('Single-cage design' , 'Double-cage dacigu ' ) ;

grid on;

hold off;

The resulting torque-speed characteristics are shown in Figure fi-29. Note that the double-
cage design has a slightly higher slip in the normal operating range, a smaller maximum
torque and a higher starting torque compared to the corresponding single-cage rotor design.
This behavior matches our theoretical discussions in this section.

6.7 TRENDS ININDUCTION
MOTOR DESIGN

The fundamental ideas behind the induction motor were developed during the late
1880s by Nicola Tesla, who received a patent on his ideas in 1888. At that time, he
presented a paper before the American Institute of Electrical Engineers [AIEE, pre¬
decessor of today's Instituteof Electricaland Electronics Engineers (IEEE)] inwhich
he described the basic principles of the wound-rotor induction motor, along with ideas
for two other important ac motors—the synchronous motor and the reluctance motor.

Although the basic idea of the induction motor was described in 1888, the
motor itself did not spring forth in full-fledged form. There was an initial period
of rapid development, followed by a series of slow, evolutionary improvements
which have continued to this day.

The induction motor assumed recognizable modern form between 1888 and
1895. During that period, two- and three-phase power sources were developed to

produce the rotating magnetic fields within the motor, distributed stator windings
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1903 1920

1940 1954 1974

FIGURE 6-30
The evolution of the induction motor. The motors shown in this figure are all rated at 220 V and 15
hp. There has been a dramatic decrease in motor size and material requirements in induction motors

since the first practical ones were produced in the 1S90s. (Courtesy of General Electric Company.)

were developed, and the cage rotor was introduced. By 1896, fully functional and
recognizable three-phase induction motors were commercially available.

Between then and the early 1970s, there was continual improvement in the
quality of the steels, the casting techniques, the insulation, and the construction fea¬
tures used in induction motors. These trends resulted ina smaller motor for a given
power output, yielding considerable savings in construction costs. In fact, a mod¬
ern 100-hp motor is the same physical size as a 7.5-hp motor of 1897. This pro¬
gression is vividly illustrated by the 15-hp induction motors shown in Figure 6-30.
(See also Figure 6-31.)

However, these improvements in induction motor design did not necessar¬
ily lead to improvements in motor operating efficiency. The major design effort
was directed toward reducing the initial materials cost of the machines,not toward
increasing their efficiency. The design effort was oriented in that direction because
electricity was so inexpensive, making the up-front cost of a motor the principal
criterion used by purchasers inits selection.

Since the price of oil began its spectacular climb in 1973, the lifetime oper¬
ating cost of machines has become more and more important, and the initial in-'
stallation cost has become relatively less important. As a result of these trends,
new emphasis has been placed on motor efficiency bothby designers andby end |
users of the machines.

New lines of high-efficiency induction motors are now being produced by all
major manufacturers, and they are forming an ever-increasing share of the induction
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FIGURE 6-31
Typical early large induction motors. The motors shown were rated at 2000 hp. (Courtesy ofGeneral
Electric Company.)

motor market. Several techniques are usedto improve the efficiency of these motors

compared to the traditional standard-efficiency designs.Among these techniques are

1. More copper is used in the stator windings to reduce copper losses.
2. The rotor and stator core length is increased to reduce the magnetic flux den¬

sity in tire air gap of the machine. This reduces the magnetic saturation of the
machine, decreasing core losses.

3. More steel is used in the stator of the machine, allowing a greater amount of
heat transfer out of the motor and reducing its operating temperature. The ro¬
tor's fan is then redesigned to reduce windage losses.

4. The steel used in the stator is a special high-grade electrical steel with low
hysteresis losses.

5. The steel is made of an especially thin gauge (i.e., the laminations are very
close together), and the steel has a very high internal resistivity. Both effects
tend to reduce the eddy current losses in the motor.

6. The rotor is carefully machined to produce a uniform air gap, reducing the

stray load losses in the motor.

In addition to the general techniques described above, each manufacturer
has his own unique approaches to improving motor efficiency. A typical high-
efficiency induction motor is shown in Figure 6-32.

To aid in the comparison of motor efficiencies, NEMA has adopted a stan¬
dard technique for measuring motor efficiency based on Method B of the IEEE
Standard 112, Test Procedurefor Polyphase Induction Motors and Generators.
NEMA has also introduced a rating called NEMA nominal efficiency, which ap¬
pears on the nameplates of design class A, B, and C motors. The nominal effi¬
ciency identifies the average efficiency of a large number of motors of a given
model, and it also guarantees a certain minimum efficiency for that type of motor.
The standard NEMA nominal efficiencies are shown in Figure 6-33.
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FIGURE 6-32
A General Electric Energy Saver motor, typical of modern high-efficiency induction motors,

{Courtesy of General Electric Company.)
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FIGURE 6-33
Table of NEMA nominal efficiency standards. The nominalefficiency represents the mean efficiency
of a large number of sample motors, and the guaranteed minimum efficiency represents the lowest
permissible efficiency for any given motor of the class. (Reproducedby permissionfrom Motors and
Generators, NEMA Publication.MG-L copyright 1987by NEMA.)
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Other standards organizations have also established efficiency standards for
induction motors, the most important of which are the British (BS-269), IEC (IEC
34-2), and Japanese (JEC-37) standards. However, the techniques prescribed for
measuring induction motor efficiency are different ineach standard and yield dif¬
ferent resultsfor the same physical machine. If two motors are each rated at 82.5
percent efficiency, but they are measured according to different standards, then
they may not be equally efficient. When two motors are compared, it is important
to compare efficiencies measured under the same standard.

6.8 STARTING INDUCTIONMOTORS

Induction motors do not present the types of starting problems that synchronous
motors do. Inmany cases, induction motors can be started by simply connecting
them to the power line. However, there are sometimes good reasons for not doing
this. For example, the starting current required may cause such a dip in the power
system voltage that across-the-line starting is not acceptable.

For wound-rotor induction motors, starting can be achieved at relatively low
currents by inserting extra resistance in the rotor circuit during starting. This extra

resistance not only increases the starting torque but also reduces the starting current.

For cage induction motors, the starting current can vary widely depending
primarily on the motor's ratedpower and on the effective rotor resistance at start¬
ing conditions. To estimate the rotor current at starting conditions, all cage motors
now have a starting code letter (not to be confused with their design class letter)
on their nameplates. The code letter sets limits on the amount of current the mo¬
tor can draw at starting conditions.

These limits are expressed in terms of the starting apparent power of the
motor as a function of its horsepower rating. Figure 6-34 is a table containing the
starting kilovoltamperes per horsepower for each code letter.

To determine the starting current for an inductionmotor, read the rated volt¬
age, horsepower, and code letter from its nameplate. Then the starting apparent
power for the motor will be

Ssuirc = (rated horsepower)(code letter factor) (6-55)

and the starting current can be found from the equation

(6-56)

Example 6-7. What is the starting current of a 15-hp, 208-V, code-letter-F, three-
phase induction motor?

Solution
According to Figure 6-34, the maximumkilovoltamperes per horsepower is 5.6. Therefore,
the maximum starting kilovoltamperes of this motor is

ÿSmrt = (15 hp)(5.6) = 84 kVA

-
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Nominal code Lockedrotor, Nominal code Lockedrotor,
letter kVA/hp letter kVA/hp

A 0-3.15 L 9.00-10.00

B 3.15-3.55 M 10.00-11.00

C 3.55ÿ1.00 N 11.20-12.50

D 4.00ÿ1.50 P 12.50-14.00

E 4.50-5.00 R 14.00-16.00

F 5.00-5.60 S 16.00-18.00

G 5.60-6.30 T 18.00-20.00

H 6.30-7.10 U 20.00-22.40

J 7.10-8.00 V 22.40 and up

K 8.00-9.00

r
FIGURE 6-34
Table of NEMAcode letters, indicating the starting kilovoltamperes per horsepower of rating for a
motor. Each code letter extends up to, but does not include, the lower bound of the next higher class.
(Reproduced bypermissionfrom Motors and Generators, NEMA PublicationMG-1, copyright 1987
by NEMA)

The starting current is thus

ÿ (6-56)

84 kVA
V3(208 V) = 233 A

If necessary, the starting current of an induction motor may be reducedby a
starting circuit. However, if this is done, it will also reduce the starting torque of
the motor.

One way to reduce the starting current is to change a normally A-connected
motor into a Y-connected motor during the starting process. If tire stator winding
from the motor is switched from a A-connection to aY-connection, then the phase
voltage across the winding will decrease from VL to VL / V3 , reducing the maxi¬
mum starting current by the same ratio. When the motor accelerates to close to
full speed, the stator windings can be opened and reconnected in a A configura¬
tion (See Figure 6-35).

Another way to reduce the starting current is to insert extra inductors or re¬
sistors into the power line during starting. While formerly common, this approach
is rare today. An alternative approach is to reduce the motor's terminal voltage -
during starting by using autotransformers to step it down. Figure 6-36 shows a
typical reduced-voltage starting circuit using autotransformers. During starting,
contacts 1and 3 are shut, supplying a lower voltage to the motor. Once tire motor

is nearly up to speed, those contacts are opened and contacts 2 are shut. These
contacts put full line voltage across the motor.
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Line terminals
p

HH

Motor
phases

2 2

Starting sequence:

(a) Close 1
(b) Open 1when motor is turning
(c) Close 2

FIGURE <5-35
A Y-A induction motor starter.

Line terminals
<?

rQ .O

Motor terminals

Starting sequence:

(a) Close 1 and 3
(b) Open 1and 3
(c) Close 2

FIGURE 6-36
An autotransformer starter for an induction motor.

It is important to realize that while the starting current is reduced in direct
proportion to the decrease interminal voltage, the starting torque decreases as the
square of the applied voltage. Therefore, only a certain amount of current reduc¬
tion can be done if the motor is to start with a shaft load attached.

Induction Motor Starting Circuits

Atypical full-voltage or across-the-Iine magnetic inductionmotor starter circuit is
shown inFigure 6-37, and the meanings of the symbols used in the figure are ex¬
plained in Figure 6-38. This operation of this circuit is very simple. When the
start button is pressed, the relay (or contactor) coil Mis energized, causing the

:
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Disconnect
switch

Overload
M healers

—II—OCÿ-

M,

M3l

Induction
motor-TLr

OL
Start

Stop

3_I_Q- o o--(m)—-jf-

M4

FIGURE 6-37
A typical across-the-line starter for an induction motor.

Disconnect switch

Push button; push to close

Push button; push to open

Fuse

(M)

if
-TLr

OL

if

) Relay coil; contacts change state
when the coil energizes

Normally open Contact open when coil deenergized

Normally shut Contact shut when coil deenergized

Overload heater

Overload contact; opens when the heater
gets too warm

FIGURE 6-38
Typical components found in induction motor control circuits.
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normally open contacts Mh M2, and M3 to shut. When these contacts shut, power
is applied to the induction motor, and the motor starts. Contact M4 also shuts,
which shorts out the starting switch, allowing the operator to release itwithout re¬
moving power from the Mrelay. When the stop button is pressed, the Mrelay is
deenergized, and the Mcontacts open, stopping the motor.

A magnetic motor starter circuit of this sort has several built-in protective
features:

I. Short-circuit protection
2. Overload protection
3. Undervoltage protection

Short-circuitprotection for the motor is providedby fuses Fh F2, and F3. If
a sudden short circuit develops within the motor and causes a current flow many
times larger than the rated current, these fuses will blow, disconnecting the motor

from the power supply and preventing it from burning up. However, these fuses
must not burn up during normal motor starting, so they are designed to require
currents many times greater than die full-load current before they open the circuit.
This means that short circuits through a high resistance and/or excessive motor

loads will not be cleared by the fuses.
Overloadprotection for the motor is providedby the devices labeled OLin

the figure. These overload protection devices consist of two parts, an overload
heater element and overload contacts. Under normal conditions, the overload con¬
tacts are shut. However, when the temperature of the heater elements rises far
enough, the OL contacts open, deenergizing the Mrelay, which in turn opens the
normally open Mcontacts and removes power from the motor.

When aninductionmotor is overloaded, it is eventually damagedby the exces¬
sive heating caused by its high currents. However, this damage takes time, and an in¬
duction motor willnot normally be hurt by briefperiods of highcurrents (suchas start¬

ing currents). Only if the high current is sustained will damage occur. The overload
heater elements also depend on heat for their operation, so they will notbeaffectedby
brief periods of highcurrent during starting, and yet they will operate during long pe¬
riods of high current, removing power from the motor before it can be damaged.

Undervoltage protection is provided by the controller as well. Notice from
the figure that the control power for the Mrelay comes from directly across the
lines to the motor. If the voltage applied to the motor falls too much, the voltage
applied to the Mrelay will also fall and the relay will deenergize. The Mcontacts

then open, removing power from the motor terminals.
An induction motor starting circuit with resistors to reduce the starting current

flow is shown in Figure 6-39. This circuit is similar to tire previous one, except that
there are additional components present to control removal of the starting resistor.
Relays 1TD,2TD, and 3TD in Figure 6-39 are so-called time-delay relays, mean¬
ing that when they are energized there is a set time delay before their contacts shut.

When the start button is pushedin this circuit, the Mrelay energizes andpower
is applied to the motor as before. Since the 1TD,2TD, and 3TD contacts are allopen,
the full starting resistor is in series with tire motor, reducing the starting current.
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M,
Overload
heaters

1TD 2TD 3TD

Induction
motor

1TD 2TD 3TD

1TD 2TD 3TD

Start
Stop OL

1TD

Resistor

Resistor

Resistor

2TD 3TD

FIGURE 6-39
A three-step resistive starter for an induction motor.

When the M contacts close, notice that the 1TD relay is energized. How¬
ever, there is a finite delay before the 1TD contacts close. During that time, the
motor partially speeds up, and the starting current drops off some. After that time,

the 1TD contacts close, cutting out part of the starting resistance and simultane¬
ously energizing the 2TD relay. After another delay, the 2TD contacts shut, cut¬

ting out the second part of the resistor and energizing the 3TD relay. Finally, the
3TD contacts close, and the entire starting resistor is out of the circuit.

By a judicious choice of resistor values and time delays, this starting circuit
can be used to prevent the motor starting current from becoming dangerously
large, while still allowing enough current flow to ensure prompt acceleration to
normal operating speeds.



INDUCTION MOTORS 363

!

6.9 SPEED CONTROL OFINDUCTIONMOTORS

Until the advent of modern solid-state drives, induction motors in general were
not good machines for applications requiring considerable speed control. The
normal operating range of a typical induction motor (design classes A, B, and C)
is confined to less than 5 percent slip, and the speed variation over that range is
more or less directly proportional to the load on the shaft of the motor. Even if the
slip could be made larger, the efficiency of the motor would become very poor,
since the rotor copper losses are directly proportional to the slip on the motor
(remember that PRCL = sPAG).

There are really only two techniques by which the speed of an induction
motor can be controlled. One is to vary the synchronous speed, which is the speed
of the stator and rotor magnetic fields, since the rotor speed always remains near

nsync. The other technique is to vary the slip of the motor for a given load. Each of
these approaches will be taken up inmore detail.

The synchronous speed of an induction motor is given by

sync p (6 1)

so the only ways in which the synchronous speed of the machine can be varied are
(1) by changing the electrical frequency and (2) by changing the number of poles
on the machine. Slip control may be accomplished by varying either the rotor re¬
sistance or the terminal voltage of the motor.

Induction Motor Speed Control by Pole Changing

There are two major approaches to changing the number of poles in an induction
motor:

1. The method of consequent poles

2. Multiple stator windings

The method of consequent poles is quite an old method for speed control,
having been originally developed in 1897. It relies on the fact that the number of
poles in the stator windings of an induction motor can easily be changed by a fac¬
tor of 2:1 with only simple changes in coil connections. Figure 6ÿ10 shows a
simple two-pole induction motor stator suitable for pole changing. Notice that the
individual coils are of very short pitch (60 to 90°). Figure 6-41 shows phase a of
these windings separately for more clarity of detail.

Figure 6—41a shows the current flow in phase a of tire stator windings at an

instant of time during normal operation. Note that the magnetic field leaves the
stator in the upper phase group (a north pole) and enters the stator in the lower
phase group (a south pole). This winding is thus producing two stator magnetic
poles.
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a
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( (

a

FIGURE 6-40
A two-pole stator winding for pole changing. Notice the very small rotor pitch of these windings.

Now suppose that the direction of current flow in the lower phase group on
the stator is reversed (Figure 6-41b). Then die magnetic field will leave the stator

inboth the upper phase group andthe lower phase group—each one will be a north
magnetic pole. The magnetic flux inthis machine must return to the stator between
the two phase groups, producing a pair of consequent south magnetic poles. Notice
that now the stator has four magnetic poles—twice as many as before.

The rotor in such a motor is of the cage design, since a cage rotor always
has as many poles induced in it as there are in the stator and can thus adapt when
die number of stator poles changes.

When the motor is reconnected from two-pole to four-pole operation, the
resulting maximum torque of the induction motor can be the same as before
(constant-torque connection), half of its previous value (square-law-torque con¬
nection, used for fans, etc.), or twice its previous value (constant-output-power
connection), depending on how the stator windings are rearranged. Figure 6—42
shows the possible stator connections and their effect on the torque-speed curve.

The major disadvantage of the consequent-pole method of changing speed ÿ

is that the speeds must be in a ratio of 2:1. The traditional approach to overcom¬
ing this limitation was to employ multiple stator windings with different numbers
of poles and to energize only one set at a time. For example, a motor might be
wound with a four-pole and a six-pole set of stator windings, and its synchronous

f
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Connections
at fan end
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FIGURE 6-41
A close-up view of one phase of a pole-changing winding, (a) In the two-pole configuration, one coil
is a north pole and the other one is a south pole, (b) When the connection on one of the two coils is
reversed, they are both north poles, and the magnetic flux returns to the stator at points halfway
between the two coils. The south poles are called consequent poles, and the winding is now a four-
pole winding.

speed on a 60-Hz system could be switched from 1800 to 1200r/min simply by
supplying power to the other set of windings. Unfortunately, multiple stator
windings increase the expense of the motor and are therefore used only when ab¬
solutely necessary.

By combining the methodof consequent poles with multiple stator windings,
it is possible to build a four-speed induction motor. For example, with separate
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FIGURE 6-42
Possible connections of the stator coils in a pole-changing motor, together with the resulting
torque-speed characteristics: (a) Constant-torque connection—the torque capabilities of the motor
remain approximately constant inboth high-speed and low-speed connections, (b) Constant-
horsepower connection—the power capabilities of the motor remain approximately constant inboth
high-speed and low-speed connections, (c) Fan torque connection—the torque capabilities of the
motor change with speed in the same manner as fan-type loads.

L
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four- and six-pole windings, it is possible to produce a 60-Hz motor capable of run¬
ning at 600, 900, 1200, and 1800 r/min.

Speed Control by Changing the Line Frequency

If the electrical frequency applied to the stator of an induction motor is changed, the
rate of rotation of its magnetic fields nsync will change in direct proportion to the
change inelectrical frequency, and the no-loadpoint onthe torque-speed characteris¬
tic curve will change with it (see Figure6-43). The synchronous speed of the motor at

rated conditions is known as the base speed. By using variable frequency control, it is
possible to adjust the speed of the motor either above or below base speed. A properly
designed variable-frequency inductionmotor drive canbevery flexible. Itcancontrol
the speed of an inductionmotor over a range from as little as 5 percent of base speed
up to about twice base speed. However, it is important to maintain certainvoltage and
torque limits on the motor as the frequency is varied, to ensure safe operation.
i When running at speeds below the base speed of tire motor, it is necessary
to reduce the terminal voltage applied to the stator for proper operation. The ter¬

minal voltage applied to the stator should be decreased linearly with decreasing
stator frequency. This process is called derating. If it is not done, the steel in the
core of the induction motor will saturate and excessive magnetization currents

will flow in the machine.
To understand the necessity for derating, recall that an induction motor is

basically a rotating transformer. As with any transformer, the flux inthe core of an
induction motor can be found from Faraday's law:

v(t) = -Nÿj (1-36)

If a voltage v(f) = VM sin ot>t is applied to the core, the resulting flux 4> is

4>(0 = }ÿp\vMdt
= ]VMsin cotdt

(6-57)4>(t) = ~~ÿcos 0)1

Note that the electrical frequency appears in the denominator of this expression.
Therefore, if the electrical frequency applied to the stator decreases by 10percent
while the magnitude of the voltage applied to the stator remains constant, the flux
in the core of the motor will increase by about 10 percent and the magnetization
current of the motor will increase. In the unsaturated region of the motor's
magnetization curve, the increase in magnetization current will also be about 10
percent. However, in the saturated region of the motor's magnetization curve, a 10
percent increase in flux requires a much larger increase in magnetization current.
Induction motors are normally designed to operate near the saturation point on
their magnetization curves, so the increase in flux due to a decrease in frequency
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FIGURE 6-43
Variable-frequency speed control in an induction motor: (a) The family of torque-speed
characteristic curves for speeds below base speed, assuming that the line voltage is derated linearly
with frequency, (b) The family of torque-speed characteristic curves for speeds above base speed,
assuming that the line voltage is held constant.
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FIGURE 6-43 (concluded)
(c) The torque-speed characteristic curves for all frequencies.

will cause excessive magnetizationcurrents to flow in the motor. (This same prob¬
lem was observed in transformers; see Section 2.12.)

To avoid excessive magnetization currents, it is customary to decrease the
applied stator voltage in direct proportion to the decrease infrequency whenever
the frequency falls below the rated frequency of the motor. Since the applied volt¬
age v appears inthe numerator of Equation (6-57) and the frequency cj appears in
the denominator of Equation (6-57), the two effects counteract each other, and the
magnetization current is unaffected.

When the voltage applied to an induction motor is varied linearly with fre¬
quency below the base speed, the flux in the motor will remain approximately
constant. Therefore, the maximum torque which the motor can supply remains
fairly high. However, the maximumpower rating of the motor must be decreased
linearly with decreases infrequency to protect the stator circuit from overheating.
The power supplied to a three-phase induction motor is given by

P = \/3VL/Lcos e
If the voltage VL is decreased, then the maximum power P must also be decreased,
or else the current flowing in the motor will become excessive, and the motor will
overheat.

Figure 6-43a shows a family of induction motor torque-speed characteris¬
tic curves for speeds below base speed, assuming that the magnitude of the stator
voltage varies linearly with frequency.
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When the electrical frequency applied to the motor exceeds the rated fre¬
quency of the motor, the stator voltage is held constant at the rated value. Al¬
though saturation considerations would permit the voltage to be raised above the
rated value under these circumstances, it is limited to the rated voltage to protect
the winding insulation of the motor. The higher the electrical frequency above
base speed, the larger the denominator of Equation (6-57) becomes. Since the nu¬
merator term is held constant above rated frequency, the resulting flux jn the ma¬
chine decreases and the maximumtorque decreases with it.Figure 6-43b shows a
family of induction motor torque-speed characteristic curves for speeds above
base speed, assuming that the stator voltage is held constant.

If the stator voltage is varied linearly with frequency below base speed and
is held constant at rated value above base speed, then the resulting family of
torque-speed characteristics is as shown inFigure 6-43c. The rated speed for the
motor shown inFigure 6-43 is 1800r/min.

In the past, the principal disadvantage of electrical frequency control as a

method of speed changing was that a dedicated generator or mechanical fre- (
quency changer was required to make it operate. This problem has disappeared
with the development of modern solid-state variable-frequency motor drives. In
fact, changing the line frequency with solid-state motor drives has become the
method of choice for inductionmotor speed control. Note that this methodcan be
used with any induction motor, unlike the pole-changing technique, which re¬

quires a motor with special stator windings.
A typical solid-state variable-frequency induction motor drive will be de¬

scribed inSection 6.10.

Speed Control by Changing the Line Voltage

The torque developed by an induction motor is proportional to the square of the
applied voltage. If a load has a torque-speed characteristic such as the one shown
inFigure 6-44, then the speed of the motor may be controlled over a limitedrange
by varying the line voltage. This method of speed control is sometimes used on
small motors driving fans.

Speed Control by Changing the Rotor Resistance

Inwound-rotor induction motors, it is possible to change the shape of the torque-
speed curve by insertingextra resistances into the rotor circuit of the machine. The
resulting torque-speed characteristic curves are shown in Figure 6ÿ-5. If the
torque-speed curve of the load is as shown in the figure, then changing the rotor re¬
sistance will change the operating speed of the motor. However, inserting extra re¬
sistances into the rotor circuit of an induction motor seriously reduces the effi- (

ciency of the machine.
This method of speed control is mostly of historical interest, since very few

wound-rotor induction motors are built anymore. When it is used, it is normally
used only for short periods because of the efficiency problem mentioned in the
previous paragraph.
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FIGURE 6-44
Variable-line-voltage speed control in an induction motor.
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FIGURE 6-45
Speed control by varying the rotor resistance of a wound-rotor induction motor.
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6.10 SOLID-STATE INDUCTION
MOTOR DRIVES

As mentioned in the previous section, the method of choice today for induction
motor speed control is the solid-state variable-frequency inductionmotor drive. A
typical drive of this sort is shown inFigure 6-46. The drive is very flexible: its in¬
put power can be either single-phase or three-phase, either 50 or 60 Hz, and any¬
where from 208 to 230 V. The output from this drive is a three-phase set of volt¬
ages whose frequency can be varied from 0 up to 120 Hz and whose voltage can

be varied from 0 V up to the rated voltage of the motor.
The output voltage and frequency control are achieved by using the pulse-

width modulation (PWM) techniques.' Both output frequency and output voltage
can be controlled independently by pulse-width modulation. Figure 6-A7 illus¬
trates the manner in which the PWMdrive can control the output frequency while
maintaining a constant rms voltage level, while Figure 6-48 illustrates the man¬
ner in which the PWM drive can control the rms voltage level while maintaining (
a constant frequency.

As we described in Section 6.9, it is often desirable to vary the output fre¬
quency and output rms voltage together in a linear fashion. Figure 6-49 shows
typical output voltage waveforms from one phase of the drive for the situation
in which frequency and voltage are varied simultaneously in a linear fashion.2

'PWM techniques are described in an online supplement to this book, "Introduction to Power Elec¬
tronics," which is available at the book's website.

"The output waveforms in Figure 6-48 are actually simplified waveforms. The real induction motor

drive has a much higher carrier frequency than that shown in the figure.

ilANCfR

mlLt jj£

FIGURE 6-46
A typical solid-state variable-frequency induction motor

drive. (Courtesy of MagneTek, Inc.)
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FIGURE 6-47
Variable-frequency control with a PWM waveform: (a) 60-Hz, 120-V PWM waveform; (b) 30-Hz,
120-V PWM waveform.

Figure 6-49a shows the output voltage adjusted for a frequency of 60 Hz and an
rms voltage of 120 V. Figure 6-49b shows the output adjusted for a frequency
of 30 Hz and an rms voltage of 60 V, and Figure 6—49c shows the output ad¬
justed for a frequency of 20 Hz and an rms voltage of 40 V. Notice that the peak
voltage out of the drive remains the same in all three cases; the rms voltage
level is controlledby the fraction of time the voltage is switched on, and the fre¬
quency is controlled by tire rate at which the polarity of the pulses switches from
positive to negative and back again.

The typical induction motor drive shown in Figure 6-46 has many built-in
features which contribute to its adjustability and ease of use. Here is a summary
of some of these features.

Frequency (Speed) Adjustment

The output frequency of the drive can be controlled manually from a control
mountedon the drive cabinet, or it can be controlled remotely by an external volt¬
age or current signal. The ability to adjust the frequency of the drive in response
to some external signal is very important, since it permits an external computer or
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FIGURE 6—48
Variable voltage control with a PWM waveform: (a) 60-Hz, 120-V PWM waveform; (b) 60-Hz,
60-V PWM waveform.

process controller to control the speed of the motor in accordance with the over¬
all needs of the plant inwhich it is installed,

A Choice of Voltage and Frequency Patterns

The types of mechanical loads which might be attached to an induction motor
vary greatly. Some loads such as fans require very little torque when starting (or
running at low speeds) andhave torques which increase as the square of the speed.
Other loads might be harder to start, requiringmore than the rated full-load torque
of the motor just to get the load moving. This drive provides a variety of voltage-
versus-frequency patterns which can be selected to match the torque from the in¬
duction motor to the torque requiredby its load. Three of these patterns are shown
inFigures 6-50 through 6-52.

Figure 6-50a shows the standard or general-purpose voltage-versus-
frequency pattern, described in the previous section. This patternchanges the out¬
put voltage linearly with changes inoutput frequency for speeds below base speed
and holds the output voltage constant for speeds above base speed. (The small

L
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FIGURE 6-49
Simultaneous voltage and frequency control with a PWM waveform: (a) 60-Hz, 120-V PWM
waveform; (b) 30-Hz, 60-V PWM waveform; (c) 20-Hz, 40-V PWM waveform.

constant-voltage region at very low frequencies is necessary to ensure that there
will be some starting torque at the very lowest speeds.) Figure 6-50b shows the
resulting induction motor torque-speed characteristics for several operating fre¬
quencies below base speed.
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FIGURE 6-50
(a) Possible voltage-versus-frequency patterns for the solid-state variable-frequency induction motor

drive: general-purpose partem. This pattern consists of a linear voltage-frequency curve below rated

frequency and a constant voltage above rated frequency, (b) The resulting torque-speed
characteristic curves for speeds below rated frequency (speeds above rated frequency look like
Figure 6—42b).
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FIGURE 6-51
(a) Possible voltage-versus-frequency patterns for the solid-stale variable-frequency induction motor

drive: lugh-staning-ror/piepattern. This is a modified voltage-frequency pattern suitable for loads
requiring high starting torques. It is the same as (he linear voltage-frequency pattern except at low
speeds. The voltage is disproportionately high at very low speeds, wliich produces extra torque at the
cost of a higher magnetization current, (b) The resulting torque-speed characteristic curves for
speeds below rated frequency (speeds above rated frequency look tike Figure 6—42b).
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Figure 6-5la shows the voltage-versus-frequency pattern used for loads
with high starting torques. This pattern also changes the output voltage linearly
with changes in output frequency for speeds below base speed, but it has a shal¬
lower slope at frequencies below 30 Hz. For any given frequency below 30 Hz,
the output voltage will be higher than it was with the previous pattern. This higher
voltage will produce a higher torque, but at the cost of increased magnetic satura¬

tion and higher magnetization currents. The increased saturation and higher cur¬
rents are often acceptable for the short periods required to start heavy loads. Fig¬
ure 6-51b shows the induction motor torque-speed characteristics for several
operating frequencies below base speed. Notice the increased torque available at

low frequencies compared to Figure 6-50b.
Figure 6-52a shows the voltage-versus-frequency pattern used for loads

with low starting torques (called soft-start loads). This pattern changes the output
voltage parabolically with changes in output frequency for speeds below base
speed. For any given frequency below 60 Hz, the output voltage will be lower
than it was with the standard pattern. This lower voltage will produce a lower (
torque, providing a slow, smooth start for low-torque loads. Figure 6-52b shows
the induction motor torque-speed characteristics for several operating frequencies
below base speed. Notice the decreased torque available at low frequencies com¬
pared to Figure 6-50.

Independently Adjustable Acceleration
and Deceleration Ramps

When the desired operating speed of the motor is changed, the drive controlling
it will change frequency to bring the motor to the new operating speed. If the
speed change is sudden (e.g., an instantaneous jump from 900 to 1200 r/min),
the drive does not try to make the motor instantaneously jump from the old de¬
sired speed to the new desired speed. Instead, the rate of motor acceleration or
deceleration is limited to a safe level by special circuits built into the electron¬
ics of the drive. These rates can be adjusted independently for accelerations and
decelerations.

Motor Protection

The induction motor drive has built into it a variety of features designed to pro¬
tect the motor attached to the drive. The drive can detect excessive steady-state
currents (an overload condition), excessive instantaneous currents, overvoltage
conditions, or undervoltage conditions. In any of these cases, it will shut down
the motor.

Induction motor drives like the one described above are now so flexible and
reliable that induction motors with these drives are displacing dc motors inmany
applications which require a wide range of speed variation.
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FIGURE6-S2
(a) Possible voltage-versus-frequency patterns for the solid-state variable-frequency induction motor

drive: fan torque pattern. This is a voltage-frequency pattern suitable for use with motors driving
fans and centrifugal pumps, which have a very low starting torque, (b) The resulting torque-speed
characteristic curves for speeds below rated frequency (speeds above rated frequency look like
Figure 6-42b).
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6.11 DETERMINING CIRCUIT MODELPARAMETERS

The equivalent circuit of an induction motor is a very useful tool for determining
the motor's response to changes in load. However, if a model is to be used for a
real machine, it is necessary to determine what the element values are that go into
the model. How can Rh R2, Xj, X2, and XM be determined for a real motor?

These pieces of information may be found by performing a series of tests on
the induction motor that are analogous to the short-circuit and open-circuit tests in
a transformer. The tests must be performed under precisely controlled conditions,
since the resistances vary with temperature and the rotor resistance also varies
with rotor frequency. The exact details of how each induction motor test must be
performed in order to achieve accurate results are described in IEEE Standard
112. Although the details of the tests are very complicated, the concepts behind
them are relatively straightforward and will be explained here.

The no-load test of an induction motor measures the rotational losses of the mo¬
tor and provides information about its magnetization current. The test circuit for
this test is shown in Figure 6-53a. Wattmeters, a voltmeter, and three ammeters
are connected to an induction motor, which is allowed to spin freely. The only
load on the motor is the friction and windage losses, so all Pcotw in this motor is
consumed by mechanical losses, and the slip of the motor is very small (possibly
as small as 0.001 or less). The equivalent circuit of this motor is shown inFigure
6-53b. With its very small slip, the resistance corresponding to its power con¬
verted, i?2(l - x)/s, is much much larger than the resistance corresponding to the
rotor copper losses R2 and much larger than the rotor reactance X2. In this case, the
equivalent circuit reduces approximately to the last circuit inFigure 6-53b. There,
the output resistor is in parallel with the magnetization reactance XM and the core
losses Rc.

Inthis motor at no-load conditions, the input power measured by the meters
must equal the losses in the motor. The rotor copper losses are negligible because
the current /2 is extremely small [because of the large load resistance R2(\ — s)/s],
so they may be neglected. The stator copper losses are given by

Thus, given the input power to the motor, the rotational losses of the machine may
be determined.

The No-Load Test

Pscl = 3/ÿ1 (6-25)

so the input power must equal

raise

= 3 +Pral
where Pmi is the rotational losses of the motor:

core raise

(6-58)

(6-59)

L
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FIGURE 6-53
The no-load test of an induction motor: (a) test circuit; (b) the resulting motor equivalent circuit.
Note that at no load the motor's impedance is essentially the series combination of RhjXh andjXM.

The equivalent circuit that describes the motor operating in this condition
contains resistors Rc and i?2(l -s)/s inparallel with the magnetizing reactance XM.
The current needed to establish a magnetic field is quite large in an inductionmo¬
tor, because of the highreluctance of its air gap, so the reactance XM will be much
smaller than the resistances inparallel with it and the overall input power factor
will be very small. With the large lagging current, most of the voltage drop will be
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across the inductive components in the circuit. The equivalent input impedance is
thus approximately

eq| A.nl VM (6-60)

and ifX, can be found in some other fashion, the magnetizing impedance XM will
be known for the motor.

The DC Test for Stator Resistance

The rotor resistance R2 plays an extremely critical role in the operation of an in¬
duction motor. Among other tilings, R2 determines the shape of the torqueÿspeed
curve, determining the speed at which the pullout torque occurs. A standard mo¬
tor test called the locked-rotor test can be used to determine the total motor circuit
resistance (this test is taken up in the next section). However, this test finds only 'the total resistance. To find the rotor resistance R2 accurately, it is necessary to
know so that it can be subtracted from the total.

There is a test for /?, independent of R2, Xt and X2. This test is called the dc
test. Basically, a dc voltage is applied to the stator windings of an induction mo¬
tor. Because the current is dc, there is no induced voltage in the rotor circuit and
no resulting rotor current flow. Also, the reactance of the motor is zero at direct
current. Therefore, the only quantity limiting current flow in the motor is the sta¬

tor resistance, and that resistance can be determined.
The basic circuit for the dc test is shown in Figure 6-54. This figure shows

a dc power supply connected to two of the three terminals of a Y-connected in¬
duction motor.To perform the test, the current in the stator windings is adjusted to

the rated value, and the voltage between the terminals is measured. The current in
the stator windings is adjusted to the rated value in an attempt to heat the wind¬
ings to the same temperature they would have during normal operation (remem¬
ber, winding resistance is a function of temperature).

Current-
liiniting
resistor

AM—0
DC

(variable)

FIGURE 6-54
Test circuit for a dc resistance test.

u
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The current inFigure 6-54 flows through two of the windings, so the total
resistance in the current path is 2Rv Therefore,

ÿpc
ÿDC2*i =

or (6-61)

With this value of R{ the stator copper losses at no load may be determined,
and the rotational losses may be found as the difference between the input power
at no load and the stator copper losses.

The value of R] calculated in this fashion is not completely accurate, since
it neglects the skin effect that occurs when an ac voltage is applied to the wind¬
ings. More details concerning corrections for temperature and skin effect can he
found in IEEE Standard 112.

f
The Locked-Rotor Test

The third test that can be performed on an induction motor to determine its circuit
parameters is called the locked-rotor test, or sometimes the blocked-rotor test.

This test corresponds to the short-circuit test on a transformer. Inthis test, the ro¬
tor is locked or blocked so that it cannot move, a voltage is applied to the motor,

and the resulting voltage, current, and power are measured.
Figure6-55a shows the connections for the locked-rotor test. To perform the

locked-rotor test, an ac voltage is applied to the stator, and the current flow is ad¬
justed to be approximately full-load value. When the current is full-load value, the
voltage, current, and power flowing into the motor are measured. The equivalent
circuit for this test is shown in Figure6-55b. Notice that since the rotor is not mov¬
ing, the slip s = 1, and so the rotor resistance R2/s is just equal to R2 (quite a small
value). Since R2 and X2 are so small, almost all the input current will flow through
them, instead of through the much larger magnetizing reactance XM. Therefore, the
circuit under these conditions looks like a series combination of XhRh X2, and R2.

There is one problem with this test, however. Innormal operation, the stator

frequency is the line frequency of the power system (50 or 60 Hz).At starting con¬

ditions, the rotor is also at line frequency. However, at normaloperating conditions,
the slip of most motors is only 2 to 4 percent, and the resulting rotor frequency is
in the range of 1to 3 Hz.This creates a problem in that the linefrequency does not

represent the normal operating conditions of the rotor. Since effective rotor resis¬
tance is a strong function of frequency for design class B and C motors, the incor¬
rect rotor frequency can lead to misleading results in this test. A typical compro¬
mise is to use a frequency 25 percent or less of the rated frequency. While this

' approach is acceptable for essentially constant resistance rotors (design classes A
and D), it leaves a lot to be desired when one is trying to find the normal rotor re¬
sistance of a variable-resistance rotor. Because of these and similar problems, a

great deal of care must be exercised in taking measurements for these tests.

L
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FIGURE6-55
The locked-rotor test for an induction motor: (a) test circuit; (b) motor equivalent circuit.

After a test voltage and frequency have been set up, the current flow in the
motor is quickly adjusted to about the rated value, and the input power, voltage,
and current are measured before the rotor can heat up too much. The input power
to the motor is given by

P = V3Vt1l cos 8

so the locked-rotor power factor can be found as

PF = cos 6 = V3VTIL (6-62)

and the impedance angle 6 is just equal to cos-1 PF.
The magnitude of the total impedance in the motor circuit at this time is

\v \ = =
ÿ

(6-63)

and the angle of the total impedance is 6. Therefore,

ÿlr = + JXLR

= |ZlR|cos 8 + ;jzLR|sin (6-64)
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Xt and X2 as functions of Xl n

Rotor Design X, x2

Wound rotor 0.5 XLR 0.5 Xul
Design A 0.5 XLR 0-5 XLR
Design B 0.4 Ylr 0.6 XLR
Design C 0.3 Xu, 0-7 XLR
Design D 0.5 *LR 0.5 XLR

FIGURE 6-56
Rules of thumb for dividing rotor and stator circuit reactance.

The locked-rotor resistance Rlr is equal to

i?LR — Rl + R2 (6-65)

while the locked-rotor reactance X'LR is equal to

X|jR = X[ + X£ (6-66)

where X\ and X'2 are the stator and rotor reactances at the test frequency,
respectively.

The rotor resistance R2 can now be found as

R2 = — (6-67)

where Ry was determined in the dc test The total rotor reactance referred to the sta¬

tor can also be found. Since the reactance is directly proportional to the frequency,
the total equivalent reactance at the normal operating frequency can be found as

X,LR
./rated
/test XLr = X, + Xy (6-68)

Unfortunately, there is no simple way to separate the contributions of the
stator and rotor reactances from each other. Over the years, experience has shown
that motors of certain design types have certain proportions between the rotor and
stator reactances. Figure 6-56 summarizes this experience. In normal practice, it
really does not matter just how Xlr is broken down, since the reactance appears as
the sum Xy -I- X2 in all the torque equations.

Example 6-8. The following test data were taken on a 7.5-hp, four-pole, 208-V,
60-Hz, design A, Y-connected induction motor having a rated current of 28 A.

DC test:

No-load test:

VDC = 13.6 V

Vr = 208 V

lA = 8.12 A

/DC — 28.0 A

/= 60 Hz
p = 420 W
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IB = 8.20 A

Ic = 8. 18 A

Locked-rotor test:

/= I5Hz

Pip = 920 W

IB = 28.0 A

7C = 27.6A

(a) Sketch the per-phase equivalent circuit for this motor.

(b) Find the slip at the pullout torque, and find the value of the pullout torque itself.

Solution
(a) From the dc lest,

R = Vv>c =
13 6 V

= n 743 O (
1 27DC 2(28.0 A) °-243 "

From the no-load test,

8.12 A + 8.20 A + 8.18 A
/Lav =-

3
-= 8.17 A

=
208V

Vd y/j iZU V

Therefore,

i i 120 VN=
8T7A

= 14/7«= +X»

When Xt is known,XM can be found. The stator copper losses are

pscl ~ 3IiRi ~ 3(8-17 A)2(0.243 fl) = 48.7 W

Therefore, the no-load rotational losses are

Rlo\ ÿLi.n! ÿSCL.ul

= 420 W - 48.7 W = 371.3 W

From the locked-rotor test,

r 28.1 A + 28.0 A + 27.6 A .
L,av ~~

3 — II.y A

The locked-rotor impedance is

lz I

___
25V

__
n1ÿ1~

IA
~ V3 lA

~ V3(27.9A) " °'517a

and the impedance angle 8 is

p._
1 * ill

= COS

V3VTIL
920 W

V3(25 V)(27.9 A)
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= cos-1 0.762 = 40.4°

Therefore, = 0.517 cos 40.4° = 0.394 12 = /?, + R2. Since /?, = 0.243 A,
R2 must be 0.151 A. The reactance at 15 Hz is

Xix = 0.517 sin 40.4° = 0.335 A

The equivalent reactance at 60 Hz is

-(iff)0335""1-34"v _ -United _

Alt - r Arf, LLR

For design class A induction motors, this reactance is assumed to be divided
equally between the rotor and stator, so

X] ~ X2 = 0.67 A

Xu X, = 14.7 A - 0.67 A = 14.03 A

The final per-phase equivalent circuit is shown in Figure 6-57.
(b) For tills equivalent circuit, the Thevenin equivalents are found from Equations

(6-41b), (6-44), and (6-45) to be

VTH = 114.6 V R-w = 0.221 A X™ = 0.67 fl

Therefore, the slip at the pullout torque is given by

R>
+ (Xth + Xj)2

__
0.151 A

(6-53)

V(0.243 A)2 + (0.67 A + 0.67 A)2

The maximum torque of this motor is given by

__3i4H_
2w5ync[RTH + Vfifrr + CÿTH + 2(2)]

= 0.111 = 11.1%

(6-54)

3(114.6 V)2
2(188.5 rad/s)[0.221 A + V(0.221 A)2 + (0.67 A + 0.67 A)2]

= 66.2 N«ra

R,

-VA-
0.243 ft

jX,

Rc :
(unknown).

-i-

jx2 =;o.67n

jXw=;T4.03A *2 _ 0.151 A
S 5

FIGURE 6-57
Motor per-phase equivalent circuit for Example 6-8.
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6.12 THE INDUCTIONGENERATOR

The torque-speed characteristic curve in Figure 6-20 shows that if an induction
motor is driven at a speed greater than «sync by an external prime mover, the di¬
rection of its inducted torque will reverse and it will act as a generator. As the
torque applied to its shaft by the prime mover increases, the amount of power pro¬
duced by the induction generator increases.As Figure 6-58 shows, there is a max¬
imumpossible inducedtorque inthe generator mode of operation. This torque is
known as the pushover torque of the generator. If a prime mover applies a torque
greater than the pushover torque to the shaft of an induction generator, the gener¬
ator will overspeed.

As a generator, an induction machine has severe limitations. Because it
lacks a separate field circuit, an induction generator cannot produce reactive
power. In fact, it consumes reactive power, and an external source of reactive
power must be connected to it at all times to maintain its stator magnetic field.
This external source of reactive power must also control the terminal voltage of(
the generator—with no field current, an induction generator cannot control its
own output voltage. Normally, the generator's voltage is maintainedby the exter¬
nal power system to which it is connected.

The one great advantage of an induction generator is its simplicity. An in¬
duction generator does not need a separate field circuit and does not have to be dri¬
ven continuously at a fixed speed. As long as the machine's speed is some value
greater than nsync for the power system to which it is connected, it will function as
a generator. The greater the torque applied to its shaft (up to a certain point), the

e
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FIGURE 6-58
The torque-speed characteristic of an induction machine, showing the generator regionof operation.
Note the pushover torque.
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Terminals
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induction
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To loads

Capacitor bank

/
FIGURE 6-59

\ \n induction generator operating alone with a capacitor bank to supply reactive power.

greater its resulting output power. The fact that no fancy regulation is required
makes this generator a good choice for windmills, heat recovery systems, and sim¬
ilar supplementary power sources attached to an existing power system. Insuch ap¬
plications, power-factor correction can be providedby capacitors, and the genera¬
tor's terminal voltage can be controlled by the external power system.

The Induction Generator Operating Alone

Itis also possible for an inductionmachine to function as an isolated generator, in¬
dependent of any power system, as long as capacitors are available to supply the
reactive power required by the generator and by any attached loads. Such an iso¬
lated induction generator is shown inFigure 6-59.

The magnetizing current hirequired by an induction machine as a function
of terminal voltage can be found by running the machine as a motor at no load and
measuring its armature current as a function of tenninal voltage. Such a magneti¬
zation curve is shown in Figure 6-60a. To achieve a given voltage level in an in¬
duction generator, external capacitors must supply the magnetization current cor¬

responding to that level.
Since the reactive current that a capacitor canproduce is directlyproportional

to the voltage applied to it, the locus of all possible combinations of voltage and
current through a capacitor is a straight line. Such a plot of voltage versus current

for a given frequency is shown inFigure 6-60b. Ifa three-phase set of capacitors
is connected across the terminals of an induction generator, the no-loadvoltage of
the induction generator will be the intersection of the generator's magnetization
curve and the capacitor's load line. The no-load terminal voltage of an induction
generator for three different sets of capacitance is shown inFigure 6-60c.

How does the voltage build up in an induction generator when it is first
started? When an induction generator first starts to turn, the residual magnetism in
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VT,V

(/M= no-load armature current)

(Lagging amperes)

Capacitor bank
voltage Vc, V

h.i: A

Small Medium capacitance C

capacitance (medium Zc)

/
(large Zc) /

/
/

/ •
/ Large capacitance C

y' (Small Zc)

/c, A
(Capacitor bank current)

(leading amperes) ÿ
(a) 0>)

4f or Ic< &
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Medium C Large C

FIGURE 6-60
(a) The magnetization curve of an induction machine. It is a plot of the terminal voltage of the
machine as a function of its magnetization current (which lags the phase voltage by approximately
90°). (b) Plot of the voltage-current characteristic of a capacitor bank. Note that the larger the
capacitance, the greater its current for a given voltage. This current leads the phase voltage by
approximately 90°. (c) The no-load terminal voltage for an isolated induction generator can be found1
by plotting the generator terminal characteristic and the capacitor voltage-current characteristic on a
single set of axes. The intersection of the two curves is the point at which the reactive power
demanded by the generator is exactly supplied by the capacitors, and this point gives the no-load
terminal voltage of the generator.
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its field circuit produces a small voltage. That small voltage produces a capacitive
current flow, which increases the voltage, further increasing the capacitive cur¬
rent, and so forth until the voltage is fully built up. If no residual flux is present in
the induction generator's rotor, then its voltage will not build up, and it must be
magnetized by momentarily running it as a motor.

The most serious problem with an induction generator is that its voltage
varies wildly with changes in load, especially reactive load. Typical terminal char¬
acteristics of an induction generator operating alone with a constant parallel ca¬

pacitance are shown in Figure 6-61. Notice that, in the case of inductive loading,
the voltage collapses very rapidly. This happens because the fixed capacitors must

supply all tire reactive power needed by both the load and the generator, and any re¬
active power diverted to the load moves the generator back along its magnetization
curve, causing a major drop in generator voltage. It is therefore very difficult to

start an induction motor on a power system supplied by an induction generator—
special techniques must be employed to increase the effective capacitance during
darting and then decrease it during normal operation,

Because of the nature of the induction machine's torque-speed characteristic,
an induction generator's frequency varies with changing loads: but since the
torque-speed characteristic is very steep in the normal operating range, the total fre¬
quency variation is usually limitedto less than 5 percent. This amount of variation
may be quite acceptable inmany isolated or emergency generator applications.

Induction Generator Applications

Induction generators have been used since early in the twentieth century, but by
thel960s and 1970s they had largely disappeared from use. However, the induction
generator has made a comeback since tire oil price shocks of 1973. Willi energy
costs so high, energy recovery became an important part of the economics of most

h

FIGURE 6-61
The terminal voltage-current characteristic of an induction generator for a load with a constant

lagging power factor.
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industrial processes. The induction generator is ideal for such applications because
it requires very little in the way of control systems or maintenance.

Because of their simplicity and small size per kilowatt of output power, in¬
duction generators are also favored very strongly for small windmills. Many com¬
mercial windmills are designed to operate in parallel with large power systems,
supplying a fraction of the customer's total power needs. In such operation, the
power system can be relied on for voltage and frequency control, and static ca¬
pacitors can be used for power-factor correction.

Itis interestingthat wound-rotor inductionmachines have beenmakinga bit of
acomeback as inductiongenerators connectedto windmills.As mentionedpreviously,
wound-rotor machines are more expensive than cage rotor machines, and they require
more maintenance because of the slip rings and brushes included in their design.
However, wound-rotor machines allow rotor resistance control, as discussed in Sec¬
tion 6.9. Inserting or removing rotor resistance changes the shape of the torque-speed
characteristic, and therefore the operating speed of the machine (see Figure 6-45). /

This characteristic of wound-rotor machines can be very important for induct
tion generators connected to windmills. Wind is a very fickle and uncertain power
source: sometimes it blows strongly, sometimes it blows lightly, and sometimes it
doesn't blow at all. To use an ordinary cage-rotor induction machine as a generator,
the wind must be turning the machine's shaft at a speed between nsync and the
pushover speed (as shown in Figure 6-58). This is a relatively narrow range of
speeds, which limits the wind conditions under which awind generator can be used.

Wound-rotor machines are better here because it is possible to insert a rotor

resistance and thus change the shape of the torque-speed characteristic. Figure 6-62

Induction machine torque-speed characteristic
300

-Original R:200

100
Motor region

2;

Generator region
-1003

-200

-300
Pushover
torque 2

ÿ100
Pushover
torque J '

-500
500 1000 1500 2000 2500 3000 3500

Mechanical speed, r/min

FIGURE 6-62
Torque-speed characteristic of a wound-rotor induction generator with the original rotor resistance
and with three times the original rotor resistance. Note that the range of speeds at which the machine
can operate as a generator is greatly increased by adding rotor resistance.
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shows an example of a wound-rotor induction machine with both the original rotor

resistance R2 and trebled rotor resistance 3R2. Note that the pushover torque is the
same for both cases, but the range of speeds between nsync and the pushover speed is
much greater for the generator with inserted rotor resistance. This allows the gener¬
ator to produce useful power over a wider range of wind conditions.

Inpractice, solid-state controllers are used instead of actual resistors to adjust
the effective rotor resistance of modem wound-rotor induction generators. However,
the effect on the torque-speed characteristic is the same.

6.13 INDUCTIONMOTOR RATINGS

A nameplate for a typical high-efficiency small-lo-medium-sized induction motor is
shown in Figure 6-63. The most important ratings present on the nameplate are

1. Output power (This will be horsepower in the CJSA and kilowatts everywhere
else in the world.)

SPARTANriO" MOTOR
MODH 27987J-X

TYPE CJ4B II.HE 324TS

volTS 230/460
T AMI.
INS.CL. 40 B

MT.
IPG 2 L0 SF

EXT.•»G 312 SF
IEIV.
F AC T. .0

OPEI
INST1 C-517

PHASE 3 H2 60 CODE c WDGS 1
H.P. 40

I.P. M. 3565

AMPS 97/48.3
N£MA NOM tfl .936

NOM. P.F. .827
MiN.All
VEl.fr/MIN.
DUTY Cont

NEMA
DESIGN B

FUll WINDING Fait WINDING
LO\V V DITA GF HIGH VOtTAGE LOW VOLTAGE

l2 La \ l| l? la JOIN iT A 1TE 1 E 1 '2 J°.

Tl T2 7a i.
ri >7 Tl h |'4 STAIT 1M

CONTACTOI Tt 'J Tj T4
TS
T6

T| '4 cJWflc T<¥i 77 T»

JNPO020J-0I00

m LOUIS ALUS
Lttton Milwaukee Wisconsin 5320'

FIGURE 6-63
The nameplate of a typical high-efficiency induction motor. (Courtesy ofMagiteTek. Inc.)
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2. Voltage
3. Current
4. Power factor
5. Speed
6. Nominal efficiency
7. NEMA design class
8. Starting code

A nameplate for a typical standard-efficiency induction motor would be similar,
except that it might not show a nominal efficiency.

The voltage limit on the motor is based on the maximum acceptable magneti¬
zation current flow, since the higher the voltage gets, the more saturated the motor's
iron becomes and the higher its magnetization current becomes. Just as in the case
of transformers and synchronous machines, a 60-Hz induction motor may be used .
on a 50-Hz power system, but only if the voltage rating is decreased by an amount (

proportional to the decrease in frequency. This derating is necessary because the
flux in the core of the motor is proportional to the integralof the applied voltage. To
keep the maximum flux in the core constant while the period of integration is in¬
creasing, the average voltage level must decrease.

The current limit 011 an induction motor is based on the maximum acceptable
heating in the motor's windings, and the power limit is set by the combination of
the voltage and current ratings with the machine's power factor and efficiency.

NEMA design classes, starting code letters, and nominal efficiencies were
discussed in previous sections of this chapter.

6.14 SUMMARY

The induction motor is the most popular type of ac motor because of its simplicity
and ease of operation. An induction motor does not have a separate field circuit; in¬
stead, it depends on transformer action to induce voltages and currents in its field
circuit. In fact, an induction motor is basically a rotating transformer. Its equivalent
circuit is similar to that of a transformer, except for the effects of varying speed.

There are two types of induction motor rotors, cage rotors and wound ro¬
tors. Cage rotors consist of a series of parallel bars all around the rotor, shorted to¬
gether at each end. Wound rotors are complete three-phase rotor windings, with
tire phases brought out of the rotor through slip rings and brushes. Wound rotors
are more expensive and require more maintenance than cage rotors, so they are
very rarely used (except sometimes for induction generators).

An induction motor normally operates at a speed near synchronous speed,
but it can never operate at exactly nsync. There must always be some relative mo- .
tion in order to induce a voltage in the induction motor's field circuit. The rotor

voltage induced by the relative motion between the rotor and the stator magnetic
field produces a rotor current, and that rotor current interacts with the stator mag¬
netic field to produce the induced torque in the motor.
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In an induction motor, the slip or speed at which the maximum torque oc¬

curs can be controlled by varying the rotor resistance. The value of that maximum
torque is independent of tine rotor resistance. A high rotor resistance lowers the
speed at which maximum torque occurs and thus increases the starting torque of
the motor. However, it pays for this starting torque by having very poor speed reg¬
ulation in its normal operating range.A low rotor resistance, on the other hand, re¬
duces the motor's starting torque while improving its speed regulation. Any nor¬
mal induction motor design must be a compromise between these two conflicting
requirements.

One way to achieve such a compromise is to employ deep-bar or double-
cage rotors. These rotors have a high effective resistance at starting and a low
effective resistance under normal running conditions, thus yielding both a high
starting torque and good speed regulation in the same motor. The same effect
can be achieved with a wound-rotor induction motor if the rotor field resistance
is varied.

Induction motors are classified by their torque-speed characteristics into a
series of NEMA design classes. Design class A motors are standard induction mo¬
tors, with normal starting torque, relatively high starting current, low slip, and
highpullout torque. These motors can cause problems when started across the line
due to the high starting currents. Design class B motors use a deep bar design to

produce normal starting torque, lower starting current, a bit greater slip, and a bit
lower pullout torque when compared to design class A motors. Since they require
about 25 percent less starting current, they work better in many applications
where the power system cannot supply high surge currents. Design class C motors

use a deep-bar or double-cage design to produce a high starting torque with low
starting current, at the expense of greater slip and lower pullout torque. These mo¬
tors can be used in applications where high starting torque is needed without
drawing excessive line currents. Design class D motors use high-resistance bars
to produce very high starting torque with low starting currents, at the expense of
very high slip. Pullout torque is quite high for this design, but it can occur at ex¬
tremely high slips.

Speed control of induction motors can be accomplished by changing the
number of poles on the machine,by changing the applied electrical frequency, by
changing the applied terminal voltage, or by changing the rotor resistance in the
case of a wound-rotor induction motor. All of these techniques are regularly used
(except for changing rotor resistance), but by far the most common technique to¬

day is to change the applied electrical frequency using a solid-state controller.
An induction motor has a starting current that is many times the rated cur¬

rent of the motor, and this can cause problems for the power systems that the mo¬
tors are connected to. The starting current of a given induction motor is specified
by a NEMA code letter, which is printed on the motor's nameplate. When this
starting current is too high to be handled by the power system, motor starter cir¬
cuits are used to reduce the starting current to a safe level. Starter circuits can
change motor connections from A to Y during starting, can insert extra resistors
during starting, or can reduce the applied voltage (and frequency) during starting.
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The induction machine can also be used as a generator as long as there is
some source of reactive power (capacitors or a synchronous machine) available in
the power system. An inductiongenerator operating alone has serious voltage reg¬
ulation problems, but when it operates inparallel with a large power system, the
power system can control the machine's voltage. Induction generators are usually
rather small machines and are used principally with alternative energy sources,
such as windmills, or with energy recovery systems. Almost all the really large
generators in use are synchronous generators.

6-1. What are slip and slip speed in an induction motor?
6-2. How does an induction motor develop torque?
6-3. Why is it impossible for an induction motor to operate at synchronous speed?
6-4. Sketch and explain the shape of a typical induction motor torque-speed characteris¬

tic curve.
6-5. What equivalent circuit element has the most direct control over the speed at which

the pullout torque occurs?
6-6. What is a deep-bar cage rotor?Why is it used? What NEMA design class(es) can be

built with it?
6-7. What is a double-cage cage rotor? Why is itused? What NEMA design class(es) can

be built with it?
6-8. Describe the characteristics and uses of wound-rotor induction motors and of each

NEMA design class of cage motors.

6-9. Why is the efficiency of an induction motor (wound-rotor or cage) so poor at high
slips?

6-10. Name and describe four means of controlling the speed of induction motors.

6-11. Why is it necessary to reduce the voltage applied to an induction motor as electrical
frequency is reduced?

6-12. Why is terminal voltage speed control limited inoperating range?

6-13. What are starting code factors? What do they say about the starting current of an in¬
duction motor?

6-14. I-Iow does a resistive starter circuit for an induction motor worlc?
6-15. What information is learned in a locked-rotor test?'

6-16. What information is learned in a no-load test?
6-17. What actions are taken to improve the efficiency of modern high-efficiency induc¬

tion motors?
6-18. What controls the terminal voltage of an induction generator operating alone?
6-19. For what applications are induction generators typically used?
6-20. ?Iow can a wound-rotor induction motor be used as a frequency changer?
6-21. How do different voltage-frequency patterns affect the torque-speed characteristics

of an induction motor?
6-22. Describe the major features of the solid-state induction motor drive featured in Sec¬

tion 6.10.
6-23. Two 480-V, 100-hp induction motors are manufactured. One is designed for 50-Hz

operation, and one is designed for 60-Hz operation, but they are otherwise similar.
Which of these machines is larger?

QUESTIONS
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6-24. An induction motor is running at the rated conditions. If the shaft load is now in¬
creased, how do the following quantities change?
(a) Mechanical speed
(b) Slip
(c) Rotor induced voltage
(d) Rotor current
(e) Rotor frequency
(f) Prcl
(g) Synchronous speed

PROBLEMS

6-1. A 220-V, three-phase, six-pole, 50-Hz inductionmotor is running at a slip of 3.5 per¬
cent. Find:
(a) The speed of (he magnetic fields in revolutions per minute
(b) The speed of the rotor in revolutions per minute
(c) The slip speed of the rotor

(d) The rotor frequency inhertz
6-2. Answer the questions in Problem 6-1 for a 480-V, three-phase, two-pole, 60-Hz in¬

duction motor running at a slip of 0.025.
6-3. A three-phase, 60-Hz induction motor runs at 7 15 r/min at no load and at 670 r/min

at full load.
(a) How many poles does this motor have?
(b) What is the slip at rated load?
(c) What is the speed at one-quarter of the rated load?
(d) What is the rotor's electrical frequency at one-quarter of the rated load?

6-4. A 50-kW, 460-V, 50-Hz, two-pole induction motor has a slip of 5 percent when op¬
erating at full-load conditions. At full-load conditions, the friction and windage
losses are 700 W, and the core losses are 600 W. Find the following values for full-
load conditions:
(a) The shaft speed nm
(b) The output power in watts

(c) The load torque rloud in newton-meters
(d) The induced torque Tilld in newton-meters
(e) The rotor frequency in hertz

6-5. A 208-V, four-pole, 60-Hz, Y-connected wound-rotor induction motor is rated at

30 hp. Its equivalent circuit components are

r, = 0.100 A r2 = 0.070 n =10.0 ft

Yl = 0.210 ft X2 = 0.210 ft

Pmcch= 500W = 0

For a slip of 0.05, find
(a) The line current IL
(b) The stator copper losses b'sCL
(c) The air-gap power PAC
(d) The power converted from electrical to mechanical form Pu
(e) The induced torque rin[i
(f) The load torque t>0!k1
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(g) The overall machine efficiency 17
(h) The motor speed in revolutions per minute and radians per second

6-6. For the motor in Problem 6-5, what is the slip at the pullout torque? What is the
puilout torque of this motor?

6-7. (a) Calculate andplot the torque-speed characteristic of the motor inProblem 6-5.
(b) Calculate and plot the output-power-versus-speed curve of the motor in Prob-

6-8. For the motor of Problem 6-5, how much additional resistance (referred to the sta-

tor circuit) would it be necessary to add to the rotor circuit to make the maximum
torque occur at starting conditions (when the shaft is not moving)? Plot the
torque-speed characteristic of this motor with the additional resistance inserted.

6-9. If the motor in Problem 6-5 is to be operated on a 50-Hz power system, what must

be done to its supply voltage? Why? What will the equivalent circuit component
values be at 50 Hz? Answer the questions in Problem 6-5 for operation at 50 Hz
with a slip of 0.05 and the proper voltage for this machine.

6-10. A three-phase, 60-Hz, two-pole induction motor runs at a no-load speed of 3580 /
r/min and a full-load speed of 3440 r/min. Calculate the slip and the electrical fre¬
quency of the rotor at no-load and full-load conditions. What is the speed regulation
of this motor [Equation (3-68)]?

6-11. The input power to the rotor circuit of a six-pole, 60-Hz induction motor running at
1100 r/min is 5 kW. What is the rotor copper loss in this motor?

6-12. The power crossing the air gap of a 60-Hz, four-pole induction motor is 25 kW, and
the power converted from electrical to mechanical form in the motor is 23.2 kW.
(a) What is the slip of the motor at this lime?
(b) What is the induced torque in this motor?
(c) Assuming that the mechanical losses are 300 W at this slip, what is the load

6-13. Figure 6-18a shows a simple circuit consisting of a voltage source, a resistor, and
two reactances. Find the Thevenin equivalent voltage and impedance of this circuit
at the terminals. Then derive the expressions for the magnitude of VTH and for R-ni
given in Equations (6-4lb) and (6-44).

6-14. FigureP6-1 shows a simple circuit consisting of a voltage source, two resistors, and
two reactances in parallel with each other. If the resistor Rt is allowed to vary, but all
the other components are constant, at what value of RL will the maximum possible
power be supplied to it? Prove your answer. (Hint:Derive an expression for load
power in terms of V,Rs, Xs, RL, and XL and take the partial derivative of that ex¬
pression with respect to RL.) Use this result to derive the expression for the pullout
torque [Equation (6-54)].

lem 6-5.

torque of this motor?

FIGURE P6-1
Circuit for Problem 6-14.
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6-15. A 460-V, 60-Hz, four-pole, Y-connected induction motor is rated at 25 hp. The
equivalent circuit parameters are

/?, = 0.15 n fl2 = 0.154 ft X,„ = 20ft
X,= 0.852 ft X2 = 1.066 ft

PF&W = 400 W Pwx = 150 W Pcm = 400 W

For a slip of 0.02, find
(a) The line current IL
(b) The stator power factor
(c) The rotor power factor
(d) The rotor frequency
(e) The stator copper losses PSCL
(f) The air-gap power PAC
(g) The power converted from electrical to mechanical form Pc(in„
(h) The induced torque Tind
(ij The load torque Tload
(j) The overall machine efficiency rj

(k) The motor speed in revolutions per minute and radians per second
(I) What is the starting code letter for this motor?

6-16. For the motor in Problem 6-15, what is the pullout torque ? What is the slip at the
pullout torque? What is the rotor speed at the pullout torque?

6-17. if the motor in Problem 6-15 is to be driven from a 460-V, 50-Hz power supply,
what will the pullout torque be? What will the slip be at pullout?

6-18. Plot the following quantities for the motor in Problem 6-15 as slip varies from 0
percent to 10 percent: (a) Timl (b) Pconv (c) Poul (d) efficiency q. At what slip does Pom
equal the rated power of the machine?

6-19. A dc test is performed on a 460-V, A-connected, 100-hp induction motor. If Vdc =

21 V and /DC = 72 A, what is the stator resistance P|? Why is this so?

6-20. A 208-V, six-pole, Y-connected, 25-hp design class B induction motor is tested in
the laboratory, with the following results:

No load: 208 V, 24.0 A, 1400 W, 60 Hz

Locked rotor: 24.6 V, 64.5 A, 2200 W, 15 Hz

detest: 13.5 V, 64 A

Find the equivalent circuit of this motor, and plot its torque-speed characteristic
curve.

6-21. A 460-V, 10-hp, four-pole, Y-connected, insulation class F, service factor 1.15 in¬
duction motor has the following parameters

ft, =0.54 ft fl2 = 0.488 ft XM = 51.12 ft

X, = 2.093 ft X2 = 3.209 ft
Pf&w = 150W

For a slip of 0.02, find
(a) The line current I,
(b) The stator power factor
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(c) The rotor power factor
(d) The rotor frequency
(e) The stator copper losses Pscl
(f) The air-gap power PAC
(g) The power converted from electrical to mechanical form Pcmw
(h) The induced torque ri(Ki

(i) The load torque r,()ad

(j) The overall machine efficiency 17
(k) The motor speed in revolutions per minute and radians per second
(I) Sketch the power flow diagram for this motor.

(in) What is the starting code letter for this motor?
(n) What is the maximum acceptable temperature rise in this motor, given its insu¬

lation class?
(o) What does the service factor of this motor mean?

6-22. Plot the torque-speed characteristic of the motor in Problem 6-21. What is the start¬
ing torque of this motor?

6-23. A 460-V, four-pole, 75-hp, 60-Hz, Y-connected, three-phase induction motor de- (
velops its full-load induced torque at 1.2 percent slip when operating at 60 Hz and
460 V. The per-phase circuit model impedances of the motor are

R, = 0.058ÿ Y.w = 1 8 fi
Y, = 0.32 fl Y, = 0.386 fi

Mechanical, core, and stray losses may be neglected in this problem.
(a) Find the value of the rotor resistance R2.
(b) Find Tnmx, smav and the rotor speed at maximum torque for this motor.
(c) Find the starting torque of litis motor.
(d) What code letter factor should be assigned to this motor?

6-24. Answer the following questions about the motor in Problem 6-21.
(a) If this motor is started from a 460-V infinite bus, how much current will flow in

the motor at starting?
(b) If transmission line with an impedance of 0.50 + y'0.35 ft per phase is used to

connect the induction motor to the infinite bus, what will the starting current of
the motor be? What will the motor's terminal voltage be on star ting?

(c) If an ideal 1.4;1 step-down autotransformer is connected belweeD the transmis¬
sion line and the motor, what will the current be in the transmission line during
starting? What will the voltage be at the motor end of the transmission line dur¬
ing starting?

6-25. In this chapter, we learned than a step-down autotransformer could be used to reduce
the starting cuixent drawn by an induction motor. While this technique works, an au¬
totransformer is relatively expensive. A muchless expensive way to reduce the start¬

ingcurrent is to use a device called Y-A starter (described earlier in this chapter). If
an induction motor is normally A-connected, it is possible to reduce its phase volt-
age V,j, (and hence its starting cuixent) by simply reconnecting the stator windings in
Y during stal ling, and then restoring the connections to A when the motor comes up i

to speed. Answer the following questions about this type of starter.

(a) How would the phase voltage at starting compare with the phase voltage tinder
normal running conditions?

(b) How would the starting current of the Y-connected motor compare to the start¬
ing current if the motor remained in a A-connection during starting?

J
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6-26. A 460-V, 50-hp, six-pole, A-coonected, 60-Hz, three-phase induction motor has a
full-load slip of 4 percent, an efficiency of 91 percent, and a power factor of 0.87
lagging. At startup, the motor develops 1.75 times the full-load torque but draws 7
times the rated current at the rated voltage. This motor is to be started with an auto-

transformer-reduced voltage starter.
(a) What should the output voltage of the starter circuit be to reduce the starting

torque until it equals the rated torque of the motor?
(b) What will the motor starting current and the current drawn from the supply be

at this voltage ?
6-27. A wound-rotor induction motor is operating at rated voltage and frequency with its slip

rings shorted and with a load of about 25 percent of die rated value for the machine. If
the rotor resistance of this machine is doubled by insertingexternal resistors into the ro¬

tor circuit, explain what happens to the following:
(a) Slip s
(b) Motor speed n,„
(c) The induced voltage in the rotor

(d) The rotor current
(e> find
(f) poa,
(8) Prci.
(h) Overall efficiency t;

6-28. A 460-V, 75-hp, four-pole, Y-connected induction motor has die following parameters:

P, = 0.058 H R7 = 0.037 fl XM = 9.24 ft
X, = 0.320 X2 = 0.386 fl

PF&W = 650 W Pmisc = 1 50 W Pcorc = 600 kW

For a slip of 0.01, find
(a) The line current 1L
(b) The stator power factor
(c) The rotor power factor
(d) The rotor frequency
(e) The stator copper losses PSCL
(f) The air-gap power PAG
(g) The power converted from electrical to mechanical form Pconv
(h) The induced torque rilld
(i) The load torque T|„ad

(j) The overall machine efficiency 77
(k) The motor speed in revolutions per minute and radians per second
(I) Sketch the power flow diagram for this motor.
(m) What is the starting code letter for this motor?

6-29. Plot the torque-speed characteristic of the motor in Problem 6-28. What is the start¬
ing torque of this motor?

6-30. Answer the following questions about a 460-V, A-connected, two-pole, 100-hp,
60-Hz, starting code letter F induction motor:
(a) What is the maximum starting current that this machine's controller must be

designed to handle?
(b) If the controller is designed to switch the stator windings from a A-connection

to a Y-connection during starting, what is the maximumstarting current that the
controller must be designed to handle?
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(c) Ifa 1.25: 1 step-down autotransformer starter is used during starting, what is the
maximum starting current that it must be designed to handle?

6-31. When it is necessary to stop an induction motor very rapidly,many induction motor
controllers reverse the direction of rotation of the magnetic fields by switching any
two stator leads. When the direction of rotation of the magnetic fields is reversed,
the motor develops an induced torque opposite to the current direction of rotation,
so it quickly stops and tries to start turning in the opposite direction. If power is re¬
movedfrom the stator circuit at the moment when the rotor speed goes through zero,
then the motor has been stopped very rapidly. This technique for rapidly stopping an
induction motor is called plugging. The motor of Problem 6-23 is running at rated
conditions and is to be stopped by plugging.
(a) What is the slip s before plugging?
(b) What is the frequency of the rotor before plugging?
(c) What is the induced torque Ti(U| before plugging?
(d) What is the slip s immediately after switching the stator leads?
(e) What is the frequency of the rotor immediately after switching tine stator leads?
(f) What is the induced torque Tilld immediately after switching the stator leads?

6-32. A 460-V, 10-hp, two-pole,Y-connected induction motor has the following parameters:

/?, = 0.54 O X, = 2.093 Cl XM = 51.12 fl

Pr&w = 150 W P,„isu = 50 W Pmi = 150 kW

The rotor is a dual-cage design, with a tightly coupled, high-resistance outer bar and
a loosely coupled, low-resistance inner bar (see Figure 6-25c). The parameters of
the outer bar are

R2 = 3.20 H X, = 2.00 fl

The resistance is high due to the lower cross-sectional area, and the reactance is rel¬
atively low due to the tight coupling between the rotor and stator. The parameters
of the inner bar are

R2 = 0.382 Cl X2 = 5.10 fl

The resistance is low due to the high cross-sectional area, but the reactance is rela¬
tively high due to the quite loose coupling between the rotor and stator.

Calculate the torque-speed characteristic for this induction motor, and com¬
pare it to the torque-speed characteristic for the single-cage design in Problem 6-21.
How do the curves differ? Explain the differences.
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CHAPTER

7
DC MACHINERY
FUNDAMENTALS

r
LEARNING OBJECTIVES

• Understand how voltage is induced in a rotating loop.
• Understand how curved pole faces contribute to a constant flux, and thus

more constant output voltages.
• Understand and be able to use the equation for induced voltage and torque in

a dc machine.
• Understand commutation.
• Understand problems with commutation, including armature reaction and L

effects.
• Understand the power flow diagram for dc machines.

DC machines are generators that convert mechanical energy to dc electric energy and
motors that convert dc electric energy to mechanical energy. Most dc machines are
like ac machines in that they have ac voltages and currents within them—dc ma¬
chines have a dc output only because a mechanism exists that converts the internal ac
voltages to dc voltages at their terminals. Since this mechanism is called a commuta¬
tor, dc machinery is also known as coinmutating machinery.

The fundamental principles involved in the operation of dc machines are
very simple. Unfortunately, they are usually somewhat obscured by the compli¬
cated construction of real machines. This chapter will first explain the principles of
dc machine operation by using simple examples and then consider some of the
complications that occur in real dc machines.

7.1 A SIMPLE ROTATINGLOOPBETWEEN
CURVED POLE FACES

The linear machine studied in Section 1.8 served as an introduction to basic ma¬
chine behavior. Its response to loading and to changing magnetic fields closely

404
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resembles the behavior of the real dc generators and motors that we will study in
Chapter 8. However, real generators and motors do not move in a straight line—
they rotate. The next step toward understanding real dc machines is to study the
simplest possible example of a rotating machine.

The simplest possible rotating dc machine is shown inFigure 7-1. Itconsists
of a single loop of wire rotating about a fixed axis. The rotating part of this ma¬
chine is called the rotor, and the stationary part is called the stator. The magnetic
field for the machine is supplied by the magnetic north and south poles shown on
the stator in Figure 7-1.

Notice that the loop of rotor wire lies in a slot carved in a ferromagnetic
core. The iron rotor, together with the curved shape of the pole faces, provides a
constant-width air gap between the rotor and stator. Remember from Chapter 1that
the reluctance of air is much higher than the reluctance of the iron in the machine.
To minimize the reluctance of the flux path through the machine, the magnetic flux
must take the shortest possible path through the air between the pole face and the
rotor surface.

Since the magnetic flux must take the shortest path through the air, it is per¬
pendicular to the rotor surface everywhere under the pole faces. Also, since the air
gap is of uniform width, the reluctance is the same everywhere under the pole
faces. The uniform reluctance means that the magnetic flux density is constant
everywhere under the pole faces.

The Voltage Induced in a Rotating Loop

If tire rotor of this machine is rotated, a voltage will be induced in the wire loop.
To determine the magnitude and shape of the voltage, examine Figure 7-2. The
loop of wire shown is rectangular, with sides ab and cd perpendicular to the plane
of the page and with sides be and da parallel to the plane of the page. The mag¬
netic field is constant and peipendicular to the surface of the rotor everywhere un¬
der the pole faces and rapidly falls to zero beyond the edges of the poles.

To determine the total voltage elol on the loop, examine each segment of the
loop separately and sum all the resulting voltages. The voltage on each segment is
given by Equation (1ÿ15):

ey = (vxB).| (1-45)

1. Segment ab. In this segment, the velocity of the wire is tangential to the path
of rotation. The magnetic field B points out perpendicular to the rotor surface
everywhere under the pole face and is zero beyond the edges of the pole face.
Under the pole face, velocity v is perpendicular to B,and the quantity v X B
points into the page. Therefore, the induced voltage on the segment is

ebu = (v x B) • 1

f vBl positive into page under the pole face

|0 beyond the pole edges (7-1)
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(d)

FIGURE 7-1
A simple rotating loop between curved pole faces, (a) Perspective view; (b) view of field lines;
(c) top view; (d) front view.

I



UC MACHINERY FUN DAMENTALS 4U I 

.. 

UL- MALHlNtKY MJJNJLJAIVJbN 1AL5 ÿU/

B

f
FIGURE7-2
Derivationof an equation for the voltages induced ir the loop.

2. Segment be. In this segment, the quantity y x Bis either into or out of the
page, while length 1is in the plane of the page, so v x B is perpendicular to 1.
Therefore the voltage insegment be will be zero:

3. Segment cd. In this segment, the velocity of the wire is tangential to the path
of rotation. The magnetic field B points in perpendicular to the rotor surface
everywhere under the pole face and is zero beyond the edges of the pole face.
Under the pole face, velocity v is perpendicular to B, and the quantity v x B
points out of the page. Therefore, the induced voltage on the segment is

4. Segment da. Just as in segment be, v x B is perpendicular to I.Therefore the
voltage in this segment will be zero, too:

(7-2)

e,k- = (v x B) • 1

vBl

0

positive out of page under the pole face

beyond the pole edges (7-3)

e„,i = 0

The total induced voltage on the loop emA is given by

emd = eba + ecb + edc + ead

(7-4)

eind
2vBl under tire pole faces
0 beyond the pole edges

(7-5)
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FIGURE 7-3
The output voltage of the loop.

When the loop rotates through 180°, segment cib is under the north pole face in¬
stead of the south pole face. At that time, the direction of the voltage on the seg¬
ment reverses, but its magnitude remains constant. The resulting voltage etot is
shown as a function of time in Figure 7-3.

There is an alternative way to express Equation (7-5) which clearly relates
the behavior of the single loop to the behavior of larger, real dc machines. To

Pole surface area

Rotor surface area
A = 2nd

FIGURE7-4
Derivation of an alternative form of the induced voltage equation.

J
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derive this alternative expression, examine Figure 7-4. Notice that the tangential
velocity v of the edges of the loop can be expressed as

v = ru>„,

where r is the radius fromthe axis of rotation out to the edge of die loop and o)m is the
angular velocity of the loop. Substituting this expression into Equation (7-5) gives

ÿind

emd =

2rcomBl under the pole faces

0 beyond the pole edges

[2rlBcom under the pole faces

I 0 beyond the pole edges

Notice also from Figure 7ÿ1 that the rotor surface is a cylinder, so the area of
the rotor surface A isjust equal to Itrrl. Since there are two poles, the area of the
rotor under each pole (ignoring the small gaps between poles) is AP = mi.
Therefore,

ÿind

2
77

0

under the pole faces

beyond the pole edges

Since the flux density B is constant everywhere in the air gap under the pole faces,
the total flux under each pole isjust the area of the pole times its flux density:

4> = APB
Therefore, the final form of the voltage equation is

2
77 <M„ under the pole faces

eind -
beyond the pole edges1°

Thus, the voltage generated in the machine is equal to the product of the

flux inside the machine and the speed of rotation of the machine,multiplied by a
constant representing the mechanical construction of the machine. Ingeneral, the
voltage in any real machine will depend on the same three factors:

1. The flux in the machine

2. The speed of rotation
3. A constant representing the construction of the machine

Getting DC Voltage Out of the Rotating Loop

Figure 7-3 is a plot of the voltage elol generated by the rotating loop. As shown,
the voltage out of the loop is alternately a constant positive value and a constant
negative value. How can this machine be made to produce a dc voltage instead of
the ac voltage it now has?

One way to do this is shown inFigure7-5a. Here two semicircular conduct¬
ing segments ate added to the end of the loop, and two fixed contacts are set up at
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Commutator

Brushes

(a)

tpu> -

\ f \ r

(b)

FIGURE 7-5
Producing a dc output from the machine with a commutator and brushes, (a) Perspective view;
(b) the resulting output voltage.

an angle such that at the instant when the voltage in the loop is zero, the contacts

short-circuit the two segments. In this fashion, every time the voltage of the loof
switches direction, the contacts also switch connections, and the output of the con¬
tacts is always built up in the same way (Figure 7-5b). This connection-switching
process is known as commutation. The rotating semicircular segments are called
commutator segments, and the fixed contacts are called brushes.
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Commutator

JM' \
Brushes— V,

(a)

Current into
pagec-d

Current out of page

ÿah. ind
cd, indN

a-t

(b)

FIGURE7-6
Derivationof an equation for the induced torque in the loop. Note that the iron core is not shown in
part b for clarity.

The Induced Torque in the Rotating Loop

Suppose a battery is now connected to the machine in Figure 7-5. The resulting
configuration is shown in Figure 7-6. How much torque will be produced in the
loop when the switch is closed and a current is allowed to flow into it? To deter¬
mine the torque, look at the close-up of the loop shown in Figure 7-6b.

The approach to take in determining the torque on the loop is to look at one
segment of the loop at a time and then sum the effects of all the individual seg¬
ments. The force on a segment of the loop is given by Equation (1-43):



4 12. ELl:K.TRlC MACH INER Y I·' UNDAMENTALS 

F = i(1 x B) (1-43)

and the torque on the segment is given by

t — rF sin 6 (1-6)

where 6 is the angle between r and F.The torque is essentially zero whenever the
loop is beyond the pole edges.

While the loop is under the pole faces, the torque is

1. Segment ab. Insegment ab, the current from the battery is directed out of the
page. The magnetic fieldunder tire pole face is pointingradially out of the ro¬
tor, so the force on the wire is given by

= ?(1 X B)

= ilB tangent to direction of motion (7-7)

The torque on the rotor caused by this force is {

Tab = rF sin 6

= r(HB) sin 90°

= rilB CCW (7-8)

2. Segment be. Insegment be, the current from the battery is flowing from the
upper left to the lower right in the picture. The force induced on the wire is
given by

Ffc, = i(1 x B)

= 0 since 1is parallel to B (7-9)

Therefore,

rbc = 0 (7-10)

3. Segment cd. In segment cd, the current from the battery is directed into the
page. The magnetic field under the pole face is pointing radially into the ro¬
tor, so the force on tire wire is given by

Fcd = 1(1 x B)

= ilB tangent to direction of motion (7-11)

" The torque on the rotor caused by this force is

7cd = rFsin 9

= r(ilB) sin 90°

= rilB CCW (7-12),;

4. Segment da. In segment da, the current from the battery is flowing from the
upper left to the lower right in tire picture. The force induced on the wire is
given by

L -
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F„a = 1(1 X B)

= 0 since 1is parallel to B

Therefore,

Ti„ = 0

The resulting total induced torque on the loop is given by

Tab + Tbc + Tcd +

(7-13)

(7-14)

'ind da

T. = \2rilBind I0
under the pole faces

beyond the pole edges
(7-15)

By using the facts that AP ~ irrl and <fi = ApB, the torque expression can be re¬
duced to

r

2 JL- under the pole faces
Tind

0 beyond the pole edges
(7-16)

Thus, the torque produced in the machine is the product of theflux in the
machine and the current in the machine,times some quantity representing the me¬

chanical consti'uction of the machine (the percentage of the rotor covered by pole
faces). Ingeneral, the torque in any real machine will depend on the same three
factors:

1. The flux Id the machine
2. The current in the machine

3. A constant representing the construction of the machine

Example 7-1. Figure 7-6 shows a simple rotating loop between curved pole faces
connected to a battery and a resistor through a switch. The resistor shown models the total
resistance of the battery and the wire in the machine. The physicaldimensions and charac¬
teristics of this machine are

v = 0.5 m

/? = o.3 n
VR = 120 V

I— 1.0 m

B = 0.25 T

(a) What happens when the switch is closed?
(b) What is the machine's maximum starting current? What is its steady-state angu¬

lar velocity at no load?
(c) Suppose a load is attached to lire loop, and the resulting load torque is 10 N• m.

What would the new steady-state speed be? How much power is supplied to the
shaft of the machine? Plow much power is being supplied by the battery? Is this
machine a motor or a generator?
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(d) Suppose the machine is again unloaded, and a torque of 7.5 N'm is applied to

the shaft in the direction of rotation. What is the new steady-state speed? Is this
machine now a motor or a generator?

(ej Suppose the machine is running unloaded. What would the final steady-state
speed of the rotor be if the flux density were reduced to 0.20 T?

Solution
(a) When the switch in Figure 7-6 is closed, a current will flow in the loop. Since

the loop is initially stationary, e0ld = 0. Therefore, the current will be given by

. _
ÿ
5

~ gind

R R

This current flows through the rotor loop, producing a torque

2
Mnd =-cf>i ccw

This induced torque produces an angular acceleration in a counterclockwise di¬
rection, so the rotor of the machine begins to turn. But as the rotor begins to
turn, an induced voltage is produced in the motor, given by

£ind = ~ <M„

so the current falls. As the current falls, rind = (2J7r)4>i4- decreases, and the ma¬
chine winds up in steady state with Tlnd = 0, and the battery voltage VB = emtJ.

This is the same sort of starting behavior seen earlier in the linear dc machine.
(b) At starting conditions, the machine's current is

ÿ _ Yb _ 120 V _ ,AA .
1 R 0.3 n ~ 400 A

At no-load steady-state conditions, the induced torque TmlS must be zero. But

Tind = 0 implies that current imust equal zero, since rind = (2/7f)(j>i, and the flux
is nonzero. The fact that i= OA means that the battery voltage VB = eilld. There¬
fore, the speed of the rotor is

VB ~ = Trÿ"' v'D

CO = vB vB
(2/77)4> 2rlB

_120 V
2(0.5 m)(1.0m)(0.25T) 480 rad/s

(c) If a load torque of 10 N• m is applied to the shaft of the machine, it will begin
to slow down. But as to decreases, eind = (2Jit)ct> wJ- decreases and the rotor cur¬
rent increases [t = (V8 - eind J.)//?]. As the rotor current increases, |Tind| in¬
creases too, until |Tind[ = |T]oad| at a lower speed w.

At steady state, |T|oad| = |Tind| = (2/v)4>i. Therefore,

ind _ ind
(2/tt)4> " IrlB

10 N• m
(2)(0.5 m)(1.0 m)(0.25 T) = 40 A
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By Kirchhoff's voltage law, eind = VB — iR, so

£W = 120 V - (40 A)(0.3 O) = 108 V

Finally, the speed of the shaft is
giru] gind

(2/7t)4> IrLB

108 V
= 432 rad/s(2)(0.5 m)(1.0 m)(0.25 T)

The power supplied to the shaft is

P = TO>m

= (10 N• m)(432 rad/s) = 4320 W

The power out of the battery is

P = VBi = (120 V)(40 A) = 4800 W

This machine is operating as a motor, converting electric power to mechanical
power.

(d) If a torque is applied in the direction of motion, the rotor accelerates. As the
speed increases, the internal voltage eiNd increases and exceeds VB, so the current

flows out of the top of the bar and into the battery. This machine is now a gen¬
erator. This current causes an induced torque opposite to the direction of mo¬
tion. The induced torque opposes the external applied torque, and eventually
I I = Ihnd 1 a higher speed co,„.

The current in the rotor will be

•

__
ÿind _ Tind

1 ~ (2/7t)4>
~

2rlB--7.5N-m-= 30 A(2)(0.5 m)(1.0 m)(0.25 T)

The induced voltage eind is

«ind = VB + iR

= 120V+ (30A)(0.3fl)

= 129 V

Finally, the speed of the shaft is

gind gind

(2/vr)ÿ> 2rlB

129 V
(2){0.5 m)(1.0 m)(0.25T)

516 rad/s

(e) Since the machine is initially unloaded at the original conditions, the speed
or,,, = 480 rad/s. If the flux decreases, there is a transient. However, after the
transient is over, the machine must again have zero torque, since there is still no
load on its shaft. If rirld = 0, then the current in the rotor must be zero, and

= eind. The shaft speed is thus

eind

___
gind

w ~
(2/7-)(f>

~
IrlB
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=
_120 V_

=
,.

(2X0.5 m)(1.0m)(0.20T) DUUraa/s

Notice that when theflux in the machine is decreased, its speed increases. This
is the same behavior seen in the linear machine and the same way that real dc
motors behave.

7.2 COMMUTATION INA SIMPLE
FOUR-LOOPDC MACHINE

Commutation is the process of converting the ac voltages and currents in the rotor

of a dc machine to dc voltages and currents at its terminals. It is the most critical
part of the design and operation of any dc machine. A more detailed study is nec¬
essary to determinejust how this conversion occurs and to discover the problems
associated with it. Inthis section, the technique of commutation will be explained
for a machine more complex than the single rotating loop in Section 7.1but less
complex than a real dc machine. Section 7.3 will continue this development and'
explain commutation in real dc machines.

A simple four-loop, two-pole dc machine is shown inFigure 7-7. This ma¬
chine has four complete loops buried in slots carved in the laminated steel of its
rotor. The pole faces of the machine are curved to provide a uniform air-gap width
and to give a uniform flux density everywhere under the faces.

The four loops of titis machine are laid into the slots in a special manner.
The "unprimed" end of each loop is the outermost wire in each slot, while the
"primed" end of each loop is the innermost wire in the slot directly opposite. The
winding's connections to the machine's commutator are shown in Figure 7-7b.
Notice that loop 1 stretches between commutator segments a and b, loop 2
stretches between segments b and c, and so forth around die rotor.

~o o—

FIGURE 7-7
(a) A four-loop, two-pole dc machine shown at time cot = 0°. (continues)

|

u
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r 2

Back side of
coil I

Back side of coil 2

Back side of
coi] 4

Back side of coil 3

4 3

(b)

©©©©©©©©

Commutator —•
segments —

Brushes ÿ

(c)

FIGURE 7-7 (concluded)
(b) The voltages on the rotor conductors at this time, (c) A winding diagram of this machine showing
the interconnections of the rotor loops.

At the instant shown inFigure 7-7, the 1, 2, 3', and 4' ends of the loops are
under the north pole face, while the 1',2', 3, and 4 ends of Lhe loops are under the
south pole face. The voltage in each of the 1, 2, 3', and 4' ends of the loops is
given by

emcl = (vxB)'l (1-45)

eM = vBl positive out of page (7-17)

The voltage in each of the T, 2', 3, and 4 ends of the loops is given by

«ind = (v x B) • 1 (1-45)

= vBl positive into the page (7-18)



0it= 45°

E= 2e

lb)

FIGURE 7-8
The same machine at time cor =

45°. showing the voltages on the
conductors.

The overall result is shown in Figure 7-7b. In Figure 7-7b, each coil represents
one side (or conductor) of a loop. If the inducedvoltage on any one side of a loop
is called e = vBl, then the total voltage at the brashes of the machine is

E = 4<? tot = 0° (7-19)

Notice that there are two parallelpathsfor current through the machine. The ex¬
istence of two or more parallel paths for rotor current is a common feature of all
commutation schemes. (

What happens to the voltage E of the terminals as the rotor continues to

rotate? To find out, examine Figure 7-8. This figure shows the machine at time
cot = 45°. At that time, loops Iand 3 have rotated into the gap between the poles,
so the voltage across each of them is zero. Notice that at this instant the brushes
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1 4'

FIGURE 7-9 (b)

The same machine at time cot = 90°, showing the voltages on the conductors.

of the machine are shorting out commutator segments ab and cd. This happens
just at the time when the loops between these segments have 0 V across them, so
shorting out the segments creates no problem. At this time, only loops 2 and 4 are
under the pole faces, so the terminal voltage Eis given by

E = 2e oot — 0° (7-20)

Now let the rotor continue to turn through another 45°. The resulting situa¬
tion is shown inFigure 7-9. Here, the 1', 2, 3, and 4' ends of the loops are under
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FIGURE 7-10
The resulting output voltage of the machine in Figure 7-7.
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the north pole face, and the 1, 2', 3', and 4 ends of the loops are under the south
pole face. The voltages are still bnilt up out of the page for the ends under the
north pole face and into the page for the ends under the south pole face. The re¬
sulting voltage diagram is shown in Figure 7-9b. There are now four voltage-
carrying ends ineachparallelpath through the machine, so the terminal voltage E
is given by

E = Ae cot = 90° (7-21)

Compare Figure 7-7 to Figure 7-9. Notice that the voltages on loops 1and
3 have reversed between the two pictures, but since their connections have also
reversed, the total voltage is still being built up in the same direction as before. J
This fact is at the heart of every commutation scheme. Whenever the voltage re¬
verses in a loop, the connections of the loop are also switched, and the total volt¬
age is still built up in the original direction.

The terminal voltage of this machine as a function of time is shown inFig¬
ure 7-10. It is a better approximation to a constant dc level than the single rotat¬

ing loop in Section 7.1 produced. As the number of loops on the rotor increases,
tire approximation to a perfect dc voltage continues to get better and better.

Insummary,

Commutation is the process of switching the loop connections on the rotor of a dc
machine just as the voltage in the loop switches polarity, in order to maintain an es-<'

sentially constant dc output voltage.

As inthe case of the simple rotating loop, the rotating segments to which the
loops are attached are called commutator segments, and the stationary pieces that
ride on top of the moving segments are called brushes. The commutator segments
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inreal machines are typically made of copper baa's. The brushes are made of a mix¬
ture containing graphite, so that they cause very little friction as they rub over the
rotating commutator segments.

7.3 COMMUTATIONAND ARMATURE
CONSTRUCTION INREALDC MACHINES

Inreal dc machines, there are several ways in which the loops on the rotor (also
called the armature) can be connected to its commutator segments. These differ¬
ent connections affect the number of parallel current paths within the rotor, the
output voltage of the rotor, and the number and position of the brushes riding on
the commutator segments. We will now examine the construction of the coils on
a real dc rotor and then look at how they are connected to the commutator to pro¬
duce a dc voltage.

The Rotor Coils

Regardless of the way in which the windings are connected to the commutator

segments, most of the rotor windings themselves consist of diamond-shaped
preformed coils which are inserted into the armature slots as a unit (see Figure
7-11). Each coil consists of a number of turns (loops) of wire, each turn taped and
insulated from the other turns and from the rotor slot. Each side of a turn is called
a conductor. The number of conductors on a machine's armature is given by

where Z = number of conductors on rotor

C = number of coils on rotor

Nc = number of turns per coil

Normally, a coil spans 180 electrical degrees. This means that when one
side is under the center of a given magnetic pole, the other side is under the cen¬
ter of a pole of oppositepolarity. The physical poles may not be located 180 me¬
chanical degrees apart, but the magnetic field has completely reversed its polarity
in traveling from under one pole to die next. The relationship between the electri¬
cal angle and mechanical angle in a given machine is given by

(

Z = 2CNc (7-22)

(7-23)

where 0C — electrical angle, in degrees
6„, = mechanical angle, indegrees
P = number of magnetic poles on the machine

If a coil spans 180 electrical degrees, the voltages in the conductors on either side
of the coil will be exactly the same inmagnitude and opposite in direction at all
times. Such a coil is called afull-pitch coil.
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FIGURE7-11
(a) The shape of a typical preformed rotor coil, (b) A typical coil insulation system showing
insulation between turns within a coil. (.Courtesy of General Electric Company.)

the

Sometimes a coil is built that spans less than 180 electrical degrees. Such a
coil is called &fractional-pitch coil,and a rotor winding wound with fractional-
pitch coils is called a chorded winding. The amount of chording in a winding is
described by a pitch factor p, which is defined by the equation

(7-24)

Sometimes a small amount of chording will be used in dc rotor windings to im-/
prove commutation.

Most rotor windings are two-layer windings, meaning that sides from two

different coils are inserted into each slot. One side of each coil will be at the bot¬
tom of its slot, and the other side will be at the top of its slot. Such a construction
requires the individual coils to be placed in the rotor slots by a very elaborate

electrical angle of coil
P =-jgjjS-x 100%
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FIGURE 7-12
The installation of preformed rotor coils on a dc machine rotor. (Courtesy of Weslinghouse Electric
Company.)

procedure (see Figure 7-12). One side of each of the coils is placed in the bottom
of its slot, and then after all the bottom sides are in place, the other side of each
coil is placed in the top of its slot. Inthis fashion, all the windings are woven to¬

gether, increasing the mechanical strength and uniformity of the final structure.

Connections to the Commutator Segments

Once the windings are installed in the rotor slots, they must be connected to the
commutator segments. There are a number of ways in which these connections
can be made, and the different winding arrangements which result have different
advantages and disadvantages.

The distance (in number of segments) between the commutator segments to
which the two ends of a coil are connected is called the commutator pitch yc. If the
end of a coil (or a set number of coils, for wave construction) is connected to a
commutator segment ahead of the one its beginning is connected to, the winding
is called a progressive winding (see Figure 7-13a). If the end of a coil is con¬
nected to a commutator segment behind tire one its beginning is connected to, the
winding is called a retrogressive winding (see Figure 7-13b). If everything else is
identical, the direction of rotation of a progressive-wound rotor will be opposite
o the direction of rotation of a retrogressive-wound rotor.

Rotor (armature) windings are further classified according to the plex of
their windings. A simplex rotor winding is a single, complete, closed winding
wound on a rotor. A duplex rotor winding is a rotor with two complete and inde¬
pendent sets of rotor windings. If a rotor has a duplex winding, then each of the
windings will be associated with every other commutator segment: One winding
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FIGURE7-13
(a) A coil in a progressive rotor winding, (b) A coil in a retrogressive rotor winding.

will be connected to segments 1, 3, 5, etc., and the other winding will be con¬
nected to segments 2, 4, 6, etc. Similarly, a triplex winding will have three com¬
plete and independent sets of windings, each winding connected to every third
commutator segment on the rotor. Collectively, all armatures with more than one
set of windings are said to have multiplex windings.

Finally, armature windings are classified according to the sequence of their
connections to the commutator segments. There are two basic sequences of arma¬
ture winding connections—lap windings and wave windings. In addition, there is
a third type of winding, called afrog-leg winding, which combines lap and wave
windings on a single rotor. These windings will be examined individually below,
and their advantages and disadvantages will be discussed.

The Lap Winding

The simplest type of winding construction used in modern dc machines is the sim¬
plex series or lap winding. A simplex lap winding is a rotor winding consisting of
coils containing one or more turns of wire with the two ends of each coil coining
out at adjacent commutator segments (Figure 7-13). If the end of the coil is con¬

nected to the segment after the segment that the beginning of the coil is connected
to, the winding is a progressive lap winding and yc = 1; if the end of the coil is
connected to the segment before the segment that the beginning of the coil is con¬
nected to, the winding is a retrogressive lap winding andyc— — 1.A simple twoy
pole machine with lap windings is shown inFigure 7-14. I

An interesting feature of simplex lap windings is that there are as many par¬
allel currentpaths through the machine as there are poles on the machine. IfC is J
the number of coils and commutator segments present in the rotor and P is the
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FIGURE7-14
A simple iwo-pole lap-wound dc machine.

I

number of poles on the machine, then there will be C/P coils in each of the P par¬
allelcurrent paths through the machine. The fact that there are Pcurrent paths also
requires that there be as many brushes on the machine as there are poles in order
to tap all the current paths. This idea is illustrated by the simple four-pole motor
inFigure 7-15. Notice that, for this motor, there are four current paths through the
rotor, each having an equal voltage. The fact that there are many current paths in
amultipole machine makes the lap winding an ideal choice for fairly low-voltage,
high-current machines, since the high currents required can be split among the
several different current paths.This current splitting permits the size of individual
rotor conductors to remain reasonable even when the total current becomes ex¬
tremely large.

The fact that there are many parallel paths through a multipoie lap-wound
machine can lead to a serious problem, however. To understand the nature of this
problem, examine the six-pole machine in Figure 7-16. Because of long usage,
there has been slight wear on the bearings of this machine, and the lower wires are
closer to their pole faces than the upper wires are. As a result, there is a larger volt¬
age in the current paths involving wires under the lower pole faces than in the paths
involving whes under the upper pole faces. Since all the paths are connected in par¬
allel, the result will be a circulating current flowing out some of the brushes in the
machine and back into others, as shown inFigure 7-17. Needless to say, this is not

good for the machine. Since the winding resistance of a rotor circuit is so small, a
very tiny imbalance among the voltages in the parallel paths will cause large cir¬
culating currents through the brushes and potentially serious heating problems.

The problem of circulating currents within the parallel paths of a machine
with four or more poles can never be entirely resolved, but it can be reduced
somewhat by equalizers or equalizing windings. Equalizers are bars located on the
rotor of a lap-wound dc machine that short together points at the same voltage
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FIGURE7-15
(a) A four-pole lap-wound dc motor, (b) The rotor winding diagram of this machine. Notice that each
winding ends on the commutator segment just after the one it begins at. This is a progressive lap
winding.
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FIGURE 7-16
A six-pole dc motor showing the effects of bearing wear. Notice that the rotor is slightly closer to the
lower poles than it is to the upper poles.

level in the different parallel paths. The effect of this shorting is to cause any cir¬
culating currents that occur to flow inside the small sections of windings thus
shorted together and to prevent this circulating current from flowing through the
brushes of the machine. These circulating currents even partially correct the flux
imbalance that caused them to exist in the first place. An equalizer for the four-
pole machine inFigure 7-15 is shown in Figure 7-18, and an equalizer for a large
lap-wound dc machine is shown in Figure 7-19.

If a lap winding is duplex, then there are two completely independent wind¬
ings wrapped on the rotor, and every other commutator segment is tied to one of
the sets. Therefore, an individual coil ends on the second commutator segment
down from where it started, and yc = ±2 (depending on whether the winding is
progressive or retrogressive). Since each set of windings has as many current
paths as the machine has poles, there are twice as many current paths as the ma¬
chine has poles in a duplex lap winding.

Ingeneral, for an m-plex lap winding, the commutator pitch yc is

yc = ±m lap winding (7-25)

and the number of current paths in a machine is

a = mP lap winding (7-26)
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FIGURE7-17
The voltages on the rotor conductors of the machine in Figure 7—16 are unequal, producing
circulating currents flowing through its brushes.

where a = number of current paths in the rotor

m = plex of the windings (1, 2, 3, etc.)

P = number of poles on the machine

The Wave Winding

The series or wave winding is an alternative way to connect the rotor coils to the
commutator segments. Figure 7-20 shows a simple four-pole machine with a

f

i
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FIGURE7-18
(a) An equalizer connection for the four-pole machine in Figure 7-15. (b) A voltage diagram for the
machine shows the points shorted by the equalizers.



430 ELECTRIC MACHINERY FUNDAMENTALS

FIGURE7-19
A cJoseup of the commutator of a /
large lap-wound dc machine. The
equalizers are mounted in the
small ringjust infront of the
commutator segments. (Courtesy

ofGeneral Electric Company.)

FIGURE 7-20
A simple four-pole wave-wound dc machine.
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simplex wave winding. Inthis simplex wave winding, every other rotor coil con¬
nects back to a commutator segment adjacent to the beginning of the first coil.
Therefore, there are two coils in series between the adjacent commutator seg¬
ments. Furthermore, since each pair of coils between adjacent segments has a side
under each pole face, all output voltages are the sum of the effects of every pole,
and there can be no voltage imbalances.

The leadfrom the second coilmay be connected to the segment either ahead
of or behind the segment at which the first coil begins. If the second coil is con¬
nected to the segment ahead of the first coil, the winding is progressive; if it is
connected to the segment behind the first coil, it is retrogressive.

Ingeneral, if there are Ppoles on the machine, then there are PI1coils in se¬
ries betweenadjacent commutator segments. Ifthe (P/2)thcoil is connected to the
segment ahead of the first coil, the winding is progressive. If the (P/2)th coil is
connected to the segment behind the first coil, the winding is retrogressive.

Ina simplex wave winding, there are only two current paths. There are CI2
or one-half of the windings in each current path. The brushes in such a machine
will be located a full pole pitch apart from each other.

What is the commutator pitch for a wave winding? Figure 7-20 shows a
progressive nine-coil winding, and the end of a coil occurs five segments down
from its starting point. Ina retrogressive wave winding, the end of the coil occurs
four segments down from its starting point. Therefore, the end of a coil ina four-
pole wave winding must be connected just before or just after the point halfway
around the circle from its starting point.

The general expression for commutator pitchinany simplex wave winding is

2(C ± I) . . f_yc — p simplex wave (7-27)

where C is the number of coils on the rotor and P is the number of poles on the
machine. The plus sign is associated with progressive windings, and the minus
sign is associated with retrogressive windings. A simplex wave winding is shown
inFigure 7-21.

Since there are only two current paths through a simplex wave-wound rotor,
only two brushes are needed to draw off the current. This is because the segments
undergoing commutation connect tire points with equal voltage under all the pole
faces. More brushes can be added at points 180 electrical degrees apart if desired,
since they are at the same potential and are connected together by the wires un¬
dergoing commutation in the machine. Extrabrushes are usually added to a wave-
wound machine, even though they are not necessary, because they reduce the
amount of current that must be drawn through a given brush set.

Wave windings are well suited to building higher-voltage dc machines,
since the number of coils in series between commutator segments permits a high
voltage to be built up more easily than with lap windings.

A multiplex wave winding is a winding with multiple independent sets of
wave windings on the rotor. These extra sets of windings have two current paths
each, so the number of current paths on a multiplex wave winding is
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FIGURE 7-21
The rotor winding diagram for the machine inFigure 7-20. Notice that tire end of every second coil in
series connects to the segment after the beginning of the first coil. This is a progressive wave winding.

= 2m multiplex wave (7-28)

The Frog-Leg Winding

Thefrog-leg winding or self-equalizing winding gets its name from the shape of
its coils, as shown in Figure 7—22. It consists of a lap winding and a wave wind¬
ing combined.

The equalizers in an ordinary lap winding are connected at points of equal
voltage on tire windings. Wave windings reach between points of essentially equal
voltage under successive pole faces of the same polarity, which are the same lo¬
cations that equalizers tie together. A frog-leg or self-equalizing winding com¬

bines a lap winding with a wave winding, so that the wave windings can function
as equalizers for tire lap winding.

The number of current paths present in a frog-leg winding is

a = 2Pmlap frog-leg winding (7-29)

where P is the number of poles on the machine and is the plex of the lap
winding.

Example 7-2. Describe the rotor winding arrangement of the four-loop machine
inSection 7.2.

Solution
The machine described in Section 7.2 has four coils, each containing one turn, resulting in
a total of eight conductors. Ithas a progressive lap winding.

Lj
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FIGURE7-22
A frog-leg or self-equalizing winding coil.Wave windings

7.4 PROBLEMS WITH COMMUTATION IN
REALMACHINES

The commutation process as described in Sections 7.2 and 7.3 is not as simple in
practice as it seems in theory, because two major effects occur in the real world to

disturb it:

1. Armature reaction
2. Ldi/dt voltages

This section explores the nature of these problems and the solutions employed to
mitigate their effects.

Armature Reaction

If the magnetic field windings of a dc machine are connected to a power supply
and the rotor of the machine is turned by an external source of mechanical power,
then a voltage will be induced in the conductors of the rotor. Tiiis voltage will be
rectified into a dc output by the action of the machine's commutator.

Now connect a load to the terminals of the machine, and a current will flow
in its armature windings. This current flow will produce a magnetic field of its
own, which will distort the original magnetic field from the machine's poles.This
distortion of the flux in a machine as the load is increased is called armature re¬

action. It causes two serious problems in real dc machines.
The first problem caused by armature reaction is neutral-plane shift. The

magnetic neutral plane is defined as the plane within the machine where the
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FIGURE7-23
The development of armature reaction in a dc generator, (a) Initially the pole flux is uniformly
distributed, and the magnetic neutral plane is vertical; (b) the effect of the air gap on the pole flux
distribution; (c) the armature magnetic field resulting when a load is connected to the machine;
(d) both rotor and pole fluxes are shown, indicating points where they add and subtract; (e) the
resulting flux under the poles. The neutral plane has shifted in the direction of motion.

velocity of the rotor wires is exactly parallel to the magnetic flux lines, so that ejnd

in the conductors in the plane is exactly zero.
To understand the problem of neutral-plane shift, examine Figure 7-23. Fig¬

ure 7-23a shows a two-pole dc machine. Notice that the flux is distributed uni¬
formly under the pole faces. The rotor windings shown have voltages built up out

of the page for wires under the north poLe face and into the page for wires under
the south pole face. The neutral plane in this machine is exactly vertical.

Now suppose a load is connected to this machine so that it acts as a genera¬
tor. Current will flow out of the positive terminal of the generator, so current will

I

u
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be flowing out of the page for wires under the northpole face and into the page for
wires under the south pole face. This current flow produces a magnetic field from
the rotor windings, as shown inFigure7-23c. This rotor magnetic field affects the
original magnetic field from the poles that produced the generator's voltage in the
first place. Insome places under the pole surfaces, it subtracts from the pole flux,
and inother places it adds to the pole flux. The overall result is that the magnetic
flux inthe air gap of the machine is skewed as shown inFigure 7-23d and e. No¬
tice that the place on the rotor where the induced voltage ina conductor wohld be
zero (the neutral plane) has shifted.

For the generator shown inFigure7-23, the magnetic neutral plane shifted
in the direction of rotation. If this machine had been a motor, the current in its ro¬
tor would be reversed and the flux would bunch up in the opposite comers from
the bunches shown in the figure. As a result, the magnetic neutral plane would
shift the other way.

Ingeneral, the neutral plane shifts in the direction of motion for a generator
and opposite to the direction of motion for a motor. Furthermore, the amount of the
shift depends on the amount of rotor current and hence on the load of the machine.

So what's the big deal about neutral-plane shift? It'sjust this: The commu¬
tator must short out commutator segments just at the moment when the voltage
across them is equal to zero. If the brushes are set to short out conductors in the
vertical plane, then the voltage between segments is indeed zero until the machine
is loaded. When the machine is loaded, the neutral plane shifts, and the brushes
short out commutator segments with a finite voltage across them. The result is a
current flow circulating between the shorted segments and large sparks at the
brushes when tire current path is interrupted as the brush leaves a segment. The
end result is arcing and sparking at the brushes. This is a very serious problem,
since it leads to drastically reduced brush life, pitting of the commutator segments,
and greatly increased maintenance costs. Notice that this problem cannot be fixed
even by placing the brushes over the full-load neutral plane, because then they
would spark at no load.

In extreme cases, the neutral-plane shift can even lead to flashover in the
commutator segments near the brushes. The air near the brushes in a machine is
normally ionized as a result of the sparking on the brushes. Flashover occurs when
the voltage of adjacent commutator segments gets large enough to sustain an arc
in the ionizedair above them. If flashover occurs, the resulting arc can even melt
the commutator's surface.

The second major problemcaused by armature reaction is calledflux weak¬
ening. To understand flux weakening, refer to the magnetization curve shown in
Figure 7-24. Most machines operate at flux densities near the saturation point.
Therefore, at locations on the pole surfaces where the rotor magnetomotive force
adds to the pole magnetomotive force, only a small increase in flux occurs. But at

locations on the pole surfaces where the rotor magnetomotive force subtracts from
the pole magnetomotive force, there is a larger decrease in flux. The net result is
that the total averageflux under the entirepoleface is decreased (see Figure 7-25).
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FIGURE 7-24
A typical magnetization cui-ve shows the effects of pole saturation where armature and pole
magnetomotive forces add.

Flux weakening causes problems in both generators and motors. In genera¬
tors, the effect of flux weakening is simply to reduce the voltage supplied by the
generator for any givenload. Inmotors, the effect can be more serious. As tire early
examples inthis chapter showed, when the flux ina motor is decreased, its speed in¬
creases. But increasing the speed of a motor can increase its load, resulting in more
flux weakening. It is possible for some shunt dc motors to reach a runaway condi¬
tion as a result of flux weakening, where the speed of the motor just keeps increas¬
ing until the machine is disconnected from the power line or until it destroys itself.

Ldi/dt Voltages

The second major problem is the Ldi/dt voltage that occurs in commutator seg¬
ments being shorted out by the brushes, sometimes called inductive kick. To un¬
derstand this problem, look at Figure 7-26. This figure represents a series of com¬
mutator segments and the conductors connected between them. Assuming that the
current in the brush is 400 A, the current in each path is 200 A. Notice that when
a commutator segment is shorted out, the current flow through that commutator
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FIGURE 7-25
The flux and magnetomotive force under the pole faces in a dc macliine. At those poiuts where the
magnetomotive forces subtract, the flux closely follows the net magnetomotive force in the iron; but
at those points where the magnetomotive forces add, saturation limits the total flux present. Note
also that (he neutral point of the rotor has shifted.

segment must reverse. How fast must this reversal occur? Assuming that the ma¬
chine is turning at 800 r/min and that there are 50 commutator segments (a reason¬
able number for a typical motor), each commutator segment moves under a brush
and clears it again in t = 0.0015 s. Therefore, the rate of change in current with re¬
spect to time in the shorted loop must average

di 400 A
dt 0.0015 s

= 266,667 A/s (7-30)
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FIGURE7-26
(a) The reversal of current flow in a coil undergoing commutation. Note that the current in the
coil between segments a and b must reverse direction while the brush shorts together the two

commutator segments, (b) The current reversal in the coil undergoing commutation as a function
of time for both ideal commutation and real commutation, with the coil inductance taken into
account.

With even a tiny inductance in the loop, a very significant inductive voltage kick
v =Ldi/dt will be induced in the shorted commutator segment. This highvoltage I

naturally causes sparking at the brushes of the machine, resulting inthe same arc¬
ingproblems that the neutral-plane shift causes.
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Solutions to the Problems with Commutation

Three approaches have beendeveloped to partially or completely correct the prob¬
lems of armature reaction andLdi/dt voltages:

1. Brush shifting
2. Commutating poles or interpoles
3. Compensating windings

Eachof these techniques is explained below, together with its advantages and dis¬
advantages.

BRUSH SHIFTING. Historically, the first attempts to improve the process of
commutation inreal dc machines started with attempts to stop the sparking at the
brushes caused by the neutral-plane shifts and L di/dt effects. The first approach
taken by machine designers was simple: If the neutral plane of the machine shifts,
why not shift the brushes with it in order to stop the sparking? Itcertainly seemed
like a good idea, but there are several serious problems associated with it.For one
thing, the neutral plane moves with every change in load, and the shift direction
reverses when the machine goes from motor operation to generator operation.
Therefore, someone had to adjust the brushes every time the load on the machine
changed. Inaddition, shifting the brashes may have stopped the brush sparking,
but it actually aggravated the flux-weakening effect of the armature reaction in
the machine. This is true because of two effects:

1. The rotor magnetomotive force now has a vector component that opposes the
magnetomotive force from the poles (see Figure 7-27).

2. The change in armature current distribution causes the flux to bunch up even
more at the saturated parts of the pole faces.

Another slightly different approach sometimes taken was to fix the brushes
in a compromise position (say, one that caused no sparking at two-thirds of full
load). In this case, the motor sparked at no load and somewhat at full load, but if
it spent most of its life operating at about two-thirds of full load, then sparking
was minimized. Of course, such a machine could not be used as a generator at

all—the sparking would have been horrible.
By about 1910, the brush-shifting approach to controlling sparking was al¬

ready obsolete. Today, brush shifting is only used invery small machines that al¬
ways runas motors.This is done because better solutions to the problem are sim¬
ply not economical in such small motors.

COMMUTATING POUES OR INTERPOUES. Because of the disadvantages noted
above and especially because of the requirement that a person must adjust the
brush positions of machines as their loads change, another solution to the problem
of brush sparking was developed. The basic idea behindthis new approach is that
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FIGURE 7-27
(a) The net magnetomotive force in a dc machine with its brushes in the vertical plane, (b) The net

magnetomotive force in a dc machine with its brushes over the shifted neutralplane. Notice that now
there is a component of armature magnetomotive force directly opposing the poles' magnetomotive
force, and the net magnetomotive force in the machine is reduced.

if the voltage in the wires undergoing commutation can be made zero, then there
will be no sparking at the brushes. To accomplish this, small poles, called com-
mutatingpoles or interpoles, are placed midway between the main poles. These
commutating poles are located directly over the conductors being commutated. By
providing a flux from the commutating poles, the voltage in the coils undergoing
commutation can be exactly canceled. If the cancellation is exact, then there will
be no sparking at the brushes.

The commutating poles do not otherwise change the operation of the ma¬
chine, because they are so small that they affect only the few conductors about to

undergo commutation. Notice that the armature reaction under the mainpole faces ,

is unaffected, since the effects of the commutating poles do not extend that far. This '•
means that the flux weakening in the machine is unaffected by commutating poles.

How is cancellation of the voltage in the commutator segments accom¬
plished for all values of loads? This is done by simply connecting the interpole
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windings in series with the windings on the rotor, as shown in Figure 7-28. As the
load increases and the rotor current increases, the magnitude of the neutral-plane
shift and the size of the Ldi/dt effects increase as well. Both these effects increase
the voltage in the conductors undergoing commutation. However, the interpole
flux also increases, producing a larger voltage in the conductors that opposes the
voltage due to the neutral-plane shift. The net result is that their effects cancel
over a broad range of loads. Note that interpoles work for both motor and gener¬
ator operation, since when the machine changes from motor to generator, the cur¬
rent both in its rotor and in its interpoles reverses direction. Therefore, the voltage
effects from them still cancel.

What polarity must the flux in the interpoles be? The interpoles must induce
a voltage in the conductors undergoing commutation drat is opposite to tire voltage
caused by neutral-plane shift andLdi/dt effects. In the case of a generator, the neu¬
tral plane shifts in the direction of rotation, meaning that the conductors undergoing
commutation have the same polarity of voltage as the pole drey just left (see Figure

( 7-29). To oppose this voltage, the interpoles must have the opposite flux, which is
the flux of the upcoming pole. Ina motor,however, the neutralplane shifts opposite
to the direction of rotation, and the conductors undergoing commutation have the
same flux as the pole they are approaching. In order to oppose this voltage, the in¬
terpoles must have the same polarity as the previous main pole. Therefore,

1. The interpoles must be of the same polarity as the next upcoming main pole
in a generator.

-o

N S

!
FIGURE7-28
A dc machine with interpoles.
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2. The interpoles must be of the same polarity as the previous main pole in a

motor.

The use of commutating poles or interpoles is very common, because they
correct the sparking problems of dc machines at a fairly low cost. They are almost
always found in any dc machine of 1 hp or larger. It is important to realize.
though, that they do nothing for the flux distribution under the pole faces, so the
flux-weakening problemisstillpresent. Mostmedium-sized general-purpose mo¬
tors correct for sparking problems with interpoles and just live with the flux-
weakening effects.

New neutral
plane

\

\

N S

/

New
neutral
plane

Voltage due
to neutral

Voltage
due to

intetpole \ P'ane shift and
\ r <h

FIGURE7-29
Determining the required polarity of an interpoie. The flux from the interpole must produce a voltage
that opposes the existing voltage in the conductor.



U I.... 1 I 1/'\1...:1 

Flux from compensating windingsRotor (armature) flux

Neutral plane not shifted
with load

FIGURE 7-30
The effect of compensating windings in a dc machine, (a) The pole flux in the machine; (b) the
fluxes from the armature and compensating windings. Notice that they are equal and opposite;
(c) the net flux in the machine, which is just the original pole flux.

COMPENSATING WINDINGS. For very heavy, severe duty cycle motors, the
flux-weakening problem can be very serious. To completely cancel armature re¬
action and thus eliminate both neutral-plane shift and flux weakening, a different
technique was developed. This third technique involves placing compensating
windings in slots carved in the faces of the poles parallel to the rotor conductors,
to cancel the distorting effect of armature reaction. These windings are connected
in series with the rotor windings, so that whenever the load changes in the rotor,
the current in the compensating windings changes, too. Figure7-30 shows the ba¬
sic concept. InFigure 7-30a, the pole flux is shown by itself. InFigure 7-30b, the
rotor flux and the compensating winding flux are shown. Figure7-30c represents
the sum of these three fluxes, which is just equal to the original pole flux by itself.

Figure 7-31 shows a more careful development of the effect of compensat¬
ing windings on a dc machine. Notice that the magnetomotive force due to the
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FIGURE 7-31
The flux and magnetomotive forces in a dc machine with compensating windings.

compensating windings is equal and opposite to the magnetomotive force due to

the rotor at every point under the pole faces. The resulting net magnetomotive
force is just the magnetomotive force due to the poles, so the flux in the machine
is unchanged regardless of the load on the machine. The stator of a large dc ma¬

chine with compensating windings is shown in Figure 7-32.
The major disadvantage of compensating windings is that they are expen¬

sive, since they must be machined into the faces of the poles. Any motor that uses
them must also have interpoles, since compensating windings do not cancel
Ldi/dt effects. The interpoles do not have to be as strong, though, since they are

canceling only L di/dt voltages in the windings, and not the voltages due to

neutral-plane shifting. Because of the expense of having both compensating wind¬
ings and interpoles on such a machine, these windings are used only where the ex¬
tremely severe nature of a motor's duty demands them.
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r

FIGURE 7-32
The stator of a six-pole dc machine with interpoles and compensating windings. (Courtesy of
Westinghouse Electric Company.)

7.5 THE INTERNALGENERATED VOLTAGE
AND INDUCEDTORQUE EQUATIONS OF
REALDC MACHINES

How muchvoltage is produced by a real dc machine? The inducedvoltage inany
given machine depends on three factors:

1. The flux <p in the machine
2. The speed com of the machine's rotor

3. A constant depending on the construction of the machine

How can the voltage in the rotor windings of a real machine be determined? The

voltage out of the armature of a real machine is equal to the number of conductors
per current path times the voltage on each conductor. The voltage in any single
conductor under the polefaces was previously shown to be

dind = e=vBl (7-31)

The voltage out of the armature of a real machine is thus

i7
ZvjSZ

fn ooxE,=- (7-32)n a
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where Z is the total number of conductors and a is the number of current paths.
The velocity of each conductor in the rotor can be expressed as v = rco„„ where r
is the radius of the rotor, so

Zro),JBl
(7-33)

This voltage can be reexpressed in a more convenient form by noting that
the flux of a pole is equal to the flux density under the pole times the pole's area:

4> - BAP
The rotOT of the machine is shaped like a cylinder, so its area is

A = Inrrl (7-34)

If there are P poles on the machine, then the portion of the area associated with
each pole is the total area A divided by the number of poles P:

. _ A _ lirrl
Ap~ P~ P

The totalflux per pole in the machine is thus

x — da — B(2irrl) _ InrrlB
4> — BAP — p — p

(7-35)

(7-36)

f

Therefore, the internal generated voltage in the machine can be expressed as

Zrco,„Bl
EA =

_ IZP V2trrlB\
UmiX P

(7-33)

Finally,

«7 ZP ,ea=

ea = K

(7-37)

(7-38)

where K = ZP
2ira (7-39)

In modern industrial practice, it is common to express the speed of a ma¬
chine in revolutions per minute instead of radians per second. The conversion
from revolutions per minute to radians per second is

_ 27T
~

60 n" (7—40)

so the voltage equation with speed expressed interms of revolutions per minute is
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Ea = K'cf>n„ (7-41)

where K' = ZP
60a (7-42)

How much torque is induced in the armature of a real dc machine? The
torque in any dc machine depends on three factors:

1. The flux 4> in the machine

2. The armature (or rotor) current IA in the machine
3. A constant depending on the construction of the machine

How can the torque on the rotor of a real machine be determined? The
torque on the armature of a real machine is equal to the number of conductors Z
times the torque on each conductor. The torque inany single conductor under the
volefaces was previously shown to be

Tend (1-43)

If there are a current paths in the machine, then the total armature current 1A is
split among the a current paths, so the current in a single conductor is given by

7 = ±
hond a

and the torque in a single conductor on the motor may be expressed as

rlJB
cond

(7—44)

(7ÿ15)

Since there are Z conductors, the total induced torque in a dc machine
rotor is

ZrlBL
'ind

The flux per pole in this machine can be expressed as

, „ , 5(27n7) lirrlB(f> = BAP = N
p ' = —p—

so the total induced torque can be reexpressed as

ZP
'ind 2rra

Finally,

where

Tind = K<t>IA

K =
ZP
lira

(7-46)

(7—47)

(7-48)

(7—49)

(7-39)
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Both the interna] generated voltage and the induced torque equations just
given ate only approximations, because not all the conductor's in the machine are
under the pole faces at any given time and also because the surfaces of each pole
do not cover an entire 1IP of the rotor's surface. To achieve greater accuracy, the
number of conductors under the pole faces could be used instead of the total num¬
ber of conductors on tire rotor.

Example 7-3. A duplex lap-wound armature is used in a six-pole dc machine with
six brush sets, each spanning two commutator segments. There are 72 coils on the arma¬
ture, each containing 12 turns. The flux per pole in the machine is 0.039 Wb, and the ma¬
chine spins at 400 r/min.

(a) How many current paths are there in this machine?
(b) What is its induced voltage E/i

Solution
(a) The number of current paths in this machine is (

a - mP = 2(6) = 12 current paths (7-26)

(b) The induced voltage in the machine is

Ea = K'4>nm (7-41)

and K'= §-a (7-12)

The number of conductors in this machine is

Z = 2CNc (7-22)

= 2(72)(12) = 1728 conductors

Therefore, the constant K' is

K,=
ZP_

=
(1728X6)

60a (60)(12)

and the voltage EA is

Ea = K'4>nm
= (14.4)(0.039 Wb)(400 r/min)

= 224.6 V

Example 7-4. A 12-pole dc generator has a simplex wave-wound armature con¬
taining 144 coils of 10 turns each. The resistance of each turn is 0.011 Q.. Its flux per pole
is 0.05 Wb, and it is turning at a speed of 200 r/min.

(a) How many current paths are there in this machine?
(b) What is the induced annature voltage of this machine?
(c) What is the effective armature resistance of this machine? I
(d) If a 1-kft resistor is connected to the terminals of this generator, what is tire re¬

sulting induced countertorque on the shaft of the machine? (Ignore the internal
armature resistance of the machine.)
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Solution
(a) There are a = 2m = 2 current paths in this winding.
(b) There are Z = 2CNc = 2(144)(10) = 2880 conductors on this generator's rotor.

Therefore,

ZP _ (-2880)112)
K 60o (60)(2)

Therefore, the induced voltage is

Ea = K'4>nm
= (288X0.05 Wb)(200 r/min)

= 2880 V

(c) There are two parallel paths through the rotor of this machine, each one consist¬
ing of Z/2 = 1440 conductors, or 720 turns. Therefore, the resistance in each
current path is

Resistance/path = (720 tums)(0.011 fi/turn) = 7.92 fl

Since there are two parallel paths, the effective armature resistance is

Ra = = 3.96 a

(d) If a 1000-fl load is connected to the terminals of the generator, and if RA is ig¬
nored, then a current of / = 2880 V/1000 fI= 2.88 A flows. The constant K is
given by

„
=

ZP (2880X12) „

2-rra (2tt)(2)

Therefore, the countertorque on the shaft of the generator is

Tjntl = K<fiIA = (2750.2)(0.05 Wb)(2.88 A)

— 396 N • m

7.6 THE CONSTRUCTION
OF DC MACHINES

A simplified sketch of a dc machine is shown inFigure 7-33, and a more detailed
cutaway diagram of a dc machine is shown in Figure 7-34.

The physical structure of the machine consists of two parts: the stator or sta¬
tionary part and the rotor or rotating part. The stationary part of the machine con¬
sists of the frame,which provides physical support, and the pole pieces, which
project inward and provide a path for the magnetic flux in the machine. The ends

( rf the pole pieces that are near the rotor spread out over the rotor surface to dis¬
tribute its flux evenly over the rotor surface. These ends are called thepole shoes.
The exposed surface of a pole shoe is called a poleface, and the distance between
the pole face and the rotor is called the air gap.
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FIGURE 7-33
A simplified diagram of a dc machine.

(a) (b)

FIGURE 7-34
(a) A cutaway view of a 4000-hp, 700-V, 18-poJe dc machine showing compensating windings,
interpoles, equalizer, and commutator. (Courtesy of General Electric Company.) (b) Acutaway view
of a smaller four-pole dc motor including interpoles but without compensating windings. (Courtesy

of MtigneTttk hujirpmufeeL)
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There are two principal windings on a dc machine: the armature windings
and the field windings. The armature windings are defined as the windings in
which a voltage is induced, and thefield windings are defined as the windings that
produce the main magnetic flux in the machine. In a normal dc machine, the
armature windings are located on the rotor, and the field windings are located on
the stator. Because the armature windings are located on the rotor, a dc machine's
rotor itself is sometimes called an armature.

Some major features of typical dc motor construction are described below.

Pole and Frame Construction

The main poles of older dc machines were often made of a single cast piece of
metal, with the field windings wrapped around it.They often had bolted-on lami¬
nated tips to reduce core losses in the pole faces. Since solid-state drive packages
have become common, the main poles of newer machines are made entirely of
laminated material (see Figure 7-35). This is true because there is a much higher
ac content in the power supplied to dc motors driven by solid-state drive pack¬
ages, resulting in much higher eddy current losses in the stators of the machines.
The pole faces are typically either chamfered, or eccentric in construction, mean¬
ing that the outer tips of a pole face are spaced slightly further from the rotor's
surface than the center of tire pole face is (see Figure 7-36). This action increases
the reluctance at the tips of a pole face and therefore reduces the flux-bunching ef¬
fect of armature reaction on the machine.

FIGURE7-35
Main field pole assembly for a dc motor. Note the pole laminations and compensating windings.
(Courtesy of General Electric Company.)
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The poles on dc machines are called salient poles, because they stick out

from the surface of the stator.

The inlerpoles in dc machines are located between the main poles. They are
more and more commonly of laminated construction, because of the same loss
problems that occur in the main poles.

Some manufacturers are even constructing the portion of the frame that
serves as the magnetic flux's return path (the yoke) with laminations, to further re¬
duce core losses in electronically driven motors.

Rotor or Armature Construction

The rotor or armature of a dc machine consists of a shaft machined from a steel
bar with a core built up over it. The core is composed of many laminations
stamped from a steel plate, with notches along its outer surface to hold the arma¬
ture windings. The commutator is built onto the shaft of the rotor at one end of (he

core. The armature coils are laid into the slots on the core, as described in Sectiom
7.4, and their ends are connected to the commutator segments. A large dc machine
rotor is shown in Figure 7-37.

Commutator and Brushes

The commutator in a dc machine (Figure 7-38) is typically made of copper bars
insulated by a mica-type material. The copper bars are made sufficiently thick to

permit normal wear over the lifetime of the motor. The mica insulation between
commutator segments is harder than the commutator material itself, so as a ma¬
chine ages, it is often necessary to undercut the commutator insulation to ensure
that it does not stick up above the level of the copper bars.

The brushes of the machine are made of carbon, graphite, metal graphite, or
a mixture of carbon and graphite. They have a high conductivity to reduce elec¬
trical losses and a low coefficient of friction to reduce excessive wear. They are

(a)

FIGURE7-36
Poles Willi exlrn air-gap width at rhe tips «> reduce armature reaction, (a) Chamfered poles;
fh) eccentric or uniformly graded poles.
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FIGURE7-37
Photograph of a dc machine with the upper stator half removed shows the construction of its rotor.

(Courtesy of General Electric Company.)

FIGURE 7-38
Close-up view of commutator and brushes ina large dc machine. (Courtesy of GeneralElectric
Company.)
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deliberately made of much softer material than that of the commutator segments,
so that the commutator surface will experience very little wear. The choice of
brash hardness is a compromise: If the brashes are too soft, they will have to be
replaced too often; but if they are too hard, the commutator surface will wear ex¬
cessively over the life of the machine,

All the wear that occurs on the commutator surface is a direct result of the
fact that the brushes must rub over them to convert the ac voltage in the rotor
wires to dc voltage at the machine's terminals. Ifthe pressure of the brushes is too
great, both the brushes and commutator bars wear excessively. However, if the
brush pressure is too small, the brushes tend to jump slightly and a great deal of
sparking occurs at the brush-commutator segment interface. This sparking is
equally bad for the brashes and the commutator surface. Therefore, the brush
pressure on the commutator surface must be carefully adjusted for maximumlife.

Another factor which affects (he wear on the brushes and segments in a dc
machine commutator is the amount of current flowing in the machine. The*
brushes normally ride over the commutator surface on a thin oxide layer, which
lubricates the motion of the brush over the segments. However, if the current is
very small, that layer breaks down, and the friction between the brushes and the
commutator is greatly increased. This increased friction contributes to rapid wear.
For maximumbrush life, a machine should be at least partially loaded all the time.

Winding Insulation

Other than tire commutator, the most critical part of a dc motor's design is the in¬
sulation of its windings. If the insulation of the motor windings breaks down, the
motor shorts out. The repair of a machine with shorted insulation is quite expen¬
sive, if it is even possible. To prevent the insulation of the machine windings from
breaking down as a result of overheating, it is necessary to limit the temperature
of the windings. This can be partially done by providing a cooling air circulation
over them, but ultimately the maximumwinding temperature limits the maximum
power that can be supplied continuously by the machine.

Insulation raTely fails from immediate breakdown at some critical tempera¬
ture. Instead, the increase in temperature produces a gradual degradation of the in¬
sulation, making it subject to failure due to another cause such as shock, vibration,
or electrical stress. There is an old rule of thumb which says that the life ex¬
pectancy of a motor with a given insulation is halved for each 10 percent rise in
winding temperature. This rule still applies to some extent today.

To standardize the temperature limits of machine insulation, the National
Electrical Manufacturers Association (NEMA) in the United States has defined a
series of insulationsystem classes.Eachinsulation system class specifies the max¬
imum temperature rise permissible for each type of insulation. There are four stan{
dard NEMA insulation classes for integral-horsepower dc motors: A, B,F, and H.
Each class represents a higher permissible winding temperature than the one before
it. For example, if the armature winding temperature rise above ambient tempera¬
ture in one type of continuously operating dc motor is measured by thermometer,
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it must be limited to 70°C for class A, 100°C for class B, 130°C for class F, and
155°C for class Hinsulation.

These temperature specifications are set out in great detail in NEMA Stan¬
dard MG1-1993,Motors and Generators. Similar standards have been defined by
the International Electrotechnical Commission (IEC) and by various national stan¬
dards organizations in other countries.

7.7 POWER FLOWAND LOSSES
INDC MACHINES

DC generators take in mechanical power and produce electric power, while dc
motors take jn electric power and produce mechanical power. Ineither case, not

all the power input to the machine appeal's in useful form at the other end—there
is always some loss associated with the process.

The efficiency of a dc machine is defined by the equation

t? = x 100%
in

(7-50)

The difference between the input power and the output power of a machine is the
losses diat occur inside it. Therefore,

V =
P — P'out ' loss

X 100% (7-51)

The Losses in DC Machines

The losses that occur in dc machines can be divided into five basic categories:

1. Electrical or copper losses (I2R losses)

2. Brush losses
3. Core losses
4. Mechanical losses
5. Stray load losses

ELECTRICAL OR COPPER LOSSES. Copper losses are the losses that occur in
the armature and field windings of the machine. The copper losses for the arma¬
ture and field windings are given by

Armature loss: Pa 11 (7-52)

Field loss: Pf — lpRF (7-53)

where PA = armature loss

P,7 = field circuit loss

ÿ
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1A = armature current

IF — field current

Ra = armature resistance

Rf = field resistance

The resistance used inthese calculations is usually the winding resistance at nor¬
mal operating temperature.

BRUSHLOSSES. The brush drop loss is the power lost across the contact poten¬
tial at the brushes of the machine. It is given by the equation

PbD yBDIA (7-54)

where PBD = brush drop loss

VBD = brush voltage drop

1A = armature current

The reason that the brush losses are calculated in this manner is that the voltage
drop across a set of brushes is approximately constant over a large range of arma¬
ture currents. Unless otherwise specified, the brush voltage drop is usually as¬
sumed to be about 2 V.

CORE LOSSES. The core losses are the hysteresis losses and eddy current losses
occurring in the metal of the motor. These losses are described inChapter 1. These
losses vary as the square of the flux density (B2) and, for the rotor, as the 1.5th
power of the speed of rotation (n1-5).

MECHANICAL LOSSES. The mechanical losses in a dc machine are the losses
associated with mechanical effects. There are two basic types of mechanical
losses'.friction and windage. Friction losses are losses caused by the friction of the
bearings in the machine, while windage losses are caused by the friction between
the moving parts of the machine and the air inside the motor's casing. These
losses vary as the cube of the speed of rotation of the machine.

STRAY LOSSES (OR MISCELLANEOUS LOSSES). Stray losses are losses that
cannot be placed inone of the previous categories. No matter how carefully losses
are accounted for, some always escape inclusion in one of the above categories.
All such losses are lumped into stray losses. For most machines, stray losses are
taken by convention to be 1 percent of full load.

The Power-Flow Diagram <

One of the most convenient techniques for accounting for power losses in a ma¬

chine is the power-flow diagram. A power-flow diagram for a dc generator is
shown inFigure 7-39a. Inthis figure, mechanical power is input into the machine,

J
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FIGURE7-39
Power-flow diagrams fordc machine: (a) generalor; (b) motor.

and then the stray losses, mechanical losses, and core losses are subtracted. After
they have been subtracted, the remaining power is ideally converted from me¬
chanical to electrical form at the point labeled Pconv. The mechanical power that is
converted is given by

and the resulting electric power produced is given by

Eah

(7-55)

(7-56)

However, this is not tire power that appears at the machine's terminals. Be¬
fore the terminals are reached, the electrical PR losses and the brush losses must

be subtracted.
Inthe case of dc motors, this power-flow diagram is simply reversed. The

power-flow diagram for a motor is shown in Figure 7-39b.
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Example problems involving the calculation of motor and generator effi¬
ciencies will be given in Chapters 8 and 9.

7.8 SUMMARY

DC machines convert mechanical power to dc electric power, and vice versa. In
this chapter, the basic principles of dc machine operation were explained first by
looking at a simple linear machine and then by looking at a machine consisting of
a single rotating loop.

The concept of commutation as a technique for converting the ac voltage in
rotor conductors to a dc output was introduced, and its problems were explored.
The possible winding arrangements of conductors in a dc rotor (lap and wave
windings) were also examined.

Equations were then derived for the induced voltage and torque in a dc ma¬
chine, and the physical construction of the machines was described. Finally, the
types of losses in the dc machine were described and related to its overall operat¬
ing efficiency.

QUESTIONS

7-1. What is commutation? How can a commutator convert ac voltages on a machine's
armature to dc voltages at its terminals?

7-2. Why does curving the pole faces in a dc machine contribute to a smoother dc output
voltage from it?

7-3. What is the pitch factor of a coil?
7—4. Explain the concept of electrical degrees. How is the electrical angle of the voltage

ill a rotor conductor related to the mechanical angle of the machine's shaft?
7-5. What is commutator pitch?
7-6. What is the plex of an armature winding?
7-7. How do lap windings differ from wave windings?
7-8. What are equalizers? Why are they needed on a lap-wound machine but not on a

wave-wound machine?
7-9. What is armatare reaction? How does it affect the operation of a dc machine?

7-10. Explain the Ld.i/dt voltage problemin conductors undergoing commutation.
7-11. How does brush shifting affect the sparking problem in dc machines?
7-12. What are commutating poles? How are they used?
7-13. What are compensating windings? What is their most serious disadvantage?
7-14. Why are laminatedpoles used in modern dc machine construction?
7-15. What is an insulation class?
7-16. What types of losses are present in a dc machine?

PROBLEMS

7-1. The following information is given about the simple rotating loop shown inFigure

'i
t L
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B = 0.4 T VB = 48 V

I= 0,5 m R = 0.4 fl
r = 0-25 m to = 500 rad/s

fa) Is this machine operating as a motor or a generator? Explain.
(b) What is the current iflowing into or out of the machine? What is the power

flowing into or out of the machine?
(c) If the speed of the rotor were changed to 550 rad/s, what would happen to the

current flow into or out of the machine?
(d) If the speed of the rotor were changed to 450 rad/s, what would happen to the

current flow into or out of the machine?
7-2. Refer to the simple two-pole, eight-coil machine shown in Figure P7-1. The fol¬

lowinginformation is given about this machine:

(

* Dead /

y—-~ zone —-!
\ w /

/ \

Given: B = 1.0T m the air gap ..
, ., ,, , ? . , -Lines on this side of rotor
/ =0.3 m (length of sides)
r =0.10 m (radius of coils) ,. .. , ., . ----Lines on other side of rotor
n = 1800 r/min

FIGUREP7-1
The machine in Problem 7-2.
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fi=1.0T in air gap

I= 0.3 m (length of coil sides)

r — 0.10 m (radius of coils)

n = 1800 L'/min CCW

The resistance of each rotor coil is 0.04 Q.
(a) Is the annature winding shown a progressive or retrogressive winding?
(b) How man}' current paths are there through the armature of this machine?
(c) What are the magnitude and the polarity of the voltage at the brushes in this

machine?
(d) What is the armature resistance RA of this machine? ,
(e) If a 5-fl resistor is connected to the terminals of this machine, how much cur- [

rent flows in the machine? Consider the internal resistance of the machine in de¬
termining the current flow.

(f) What are the magnitude and the direction of the resulting induced torque?
(g) Assuming that the speed of rotation and magnetic flux density are constant, plot /

the terminal voltage of this machine as a function of the current drawn from it.
7-3. Prove that the equation for the induced voltage of a single simple rotating loop

2 I
«ind = ~ 0~6)

is just a special case of the general equation for induced voltage in a dc machine

Ea = K(f>o)m (7-38)

7-4. A dc machine has eight poles and a rated current of 120A. How much current will
flow in each path at rated conditions if the armature is (a) simplex lap-wound,
(b) duplex lap-wound, (c) simplex wave-wound?

7-5. How many parallel current paths will there be in the armature of a 20-pole machine
if the armature is (a) simplex lap-wound, (b) duplex wave-wound, (c) triplex lap-
wound, (d) quadruplex wave-wound?

7-6. The power converted from one form to another within a dc motor was given by

-ÿconv

Use the equations for EA and Tind [Equations (7-38) and (7-49)] to prove that EAJA
= rind£t>,„; that is, prove that the electric power disappearing at the point of power
conversion is exactly equal to die mechanical power appearing at that point.

7-7. An eight-pole, 25-lcW, 120-V dc generator has a duplex lap-wound armature which
has 64 coils with 10 turns per coil. Its rated speed is 3600 r/min.
(a) How much flux per pole is required to produce the rated voltage in this genera¬

tor at no-load conditions?
(b) What is the current per path in the armature of this generator at the rated load?
(c) What is the induced torque in this machine at the rated load?
(d) How many brushes must this motor have? How wide must each one be? i
(e) If the resistance of this winding is 0.011 £2 per turn, what is the armature resis¬

tance Ra of this machine?

7-8. FigureP7-2 shows a small two-pole dc motor with eight rotor coils and 10 turns per
coil. The flux per pole in this machine is 0.006 WT>.

L
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FIGUREP7-2
The machine in Problem 7-8.

(a) If this motor is connected to a 12-V dc car battery, what will the no-load speed
of the motor be?

(b) If the positive terminal of the battery is connected to the rightmost brush on the
motor, which way will it rotate?

(c) If this motor is loaded down so that it consumes 600 W from the battery, what
will die induced torque of the motor be? (Ignore any internal resistance in the
motor.)

7-9. Refer to the machine winding shown io Figure P7-3.
(a) How many parallel current paths are there through this armature winding?
(b) Where should the brushes be located on this machine for proper commutation?

How wide should they be?
(c) What is the plex of this machine?
(d) If the voltage on any single conductor under the pole faces in this machine is e,

what is the voltage at the terminals of this machine?
7-10. Describe in detail the winding of the machine shown inFigure P7-4. If a positive

voltage is applied to the brush under the north pole face, which way will this motor

rotate?
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(a)

..J

(b)

FIGUREP7-3
(a) The machine in Problem 7-9. (b) The armature winding diagram of tills machine.

d
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FIGURE P7—4
The machine in Problem 7-10.

/



CHAPTER

8
DC MOTORS
AND
GENERATORS

(

LEARNING OBJECTIVES
8 Know the types of dc motors in general use,

• Understand the equivalent circuit of a dc motor.

• Understand how to derive the torque-speed characteristics of separately ex¬
cited, shunt, series, and compounded dc motors,

• Be able to perform nonlinear analysis of dc motors using the magnetization
curve, talcing into account armature reaction effects.

• Understand how to control the speed of different types of dc motors.

• Understand the special characteristics of series dc motors, and the applica¬
tions that they are especially suited for.

• Be able to explain the problems associated with a differentially compounded
dc motor.

• Understand the methods of starting dc motors safely. j
• Understand the equivalent circuit of a dc generator. j
• Understand how a dc generator can start without an external voltage source.

• Understand how to derive the voltage-current characteristics of separately
excited, shunt, series, and compounded dc generators.

• Be able to perform nonlinear analysis of dc generators using the magnetiza¬
tion curve, taking into account armature reaction effects. 1

464 I
I
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Dc motors are dc machines used as motors, and dc generators are dc machines
used as generators. As noted inChapter 7, the same physical machine can operate
as either a motor or a generator—it is simply a question of the direction of the
power flow through it. This chapter will examine the different types of dc motors

that can be made and explain the advantages and disadvantages of each. Itwill in¬
clude a discussion of dc motor starting and solid-state controls. Finally, die chap¬
ter will conclude with a discussion of dc generators.

8.1 INTRODUCTIONTO DC MOTORS

The earliest power systems inthe United States were dc systems (see Figure 8-1),
butby the 1890s ac power systems were clearly winning out over dc systems. De¬
spite this fact, dc motors continued to be a significant fraction of the machinery
purchased each year through the 1960s (that fraction has declined in the last 40
years). Why were dc motors so common, when dc power systems themselves
were fairly rare?

There were several reasons for the continued popularity of dc motors. One
was that dc power systems are still common in cars, trucks, and aircraft. When a
vehicle has a dc power system, it makes sense to consider using dc motors. An¬
other application for dc motors was a situation inwhich wide variations in speed
are needed. Before the widespread use of power electronic rectifier-inverters, dc
motors were unexcelled in speed control applications. Even if no dc power source
were available, solid-state rectifier and chopper circuits were used to create tire
necessary dc power, and dc motors were used to provide the desired speed control.
(Today, induction motors with solid-state drive packages are the preferred choice
over dc motors for most speed control applications. However, there are still some
applications where dc motors are preferred.)

DC motors are often compared by their speed regulations. The speed regu¬
lation (SR) of a motor is defined by

(8-1)

(8-2)

It is a rough measure of the shape of a motor's torque-speed characteristic—a
positive speed regulation means that a motor's .speedjirops with increasing load,
and a negative sgeedxegÿlation means a motor's speed increases with increasirig
load.. The magnitude of the speed regulation tellslippfoximately how steep the
slope of the torque-speed curve is.

DC motors are, of course, driven from a dc power supply. Unless otherwise
specified, the input voltage to a dc motor is assumed to be constant, because that
assumption simplifies the analysis of motors and the comparison between differ¬
ent types of motors.

SR =
ÿm.nl ft

0),
X 100%

m.fl

SR "m.nl "m.fl
"nl.fi

X 100%
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There are five major types of dc motors in general use:

1. The separately excited dc motor

2. The shunt dc motor

3. The permanent-magnet dc motor i

4. The series dc motor

5. The compounded dc motor

Each of these types will be examined in turn,

FIGURE 8-1
Early dc motors, (a) A very early dc motor built by ElihuThompson in 1886. It was rated at about
Vi hp. (Courtesy ofGeneral Electric Company.) (b) A larger four-pole dc motor from about the turn

of the century. Notice the handle for shifting (he brushes to the neutral plane. (Courtesy of GeneraJ
Electric Company.)
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8.2 THE EQUIVALENT CIRCUIT
OFA DC MOTOR

The equivalent circuit of a dc motor is shown in Figure 8-2. In this figure, the ar¬
mature circuit is represented by an ideal voltage source EA and a resistor RA. This
representation is really the Thevenin equivalent of the entire rotor structure, in¬
cluding rotor coils, interpoles, and compensating windings, if present. The brush
voltage drop is represented by a small battery Vbrusti opposing the direction of cur¬
rent flow in the machine. The field coils, which produce the magnetic flux in the
generator, are represented by inductor Lr and resistor Rr.The separate resistor 7?adj
represents an external variable resistor used to control the amount of current in the
field circuit.

There are a few variations and simplifications of this basic equivalent cir¬
cuit. The brush drop voltage is often only a very tiny fraction of the generated
voltage in a machine. Therefore, in cases where it is not too critical, the brush
drop voltage may be left out or approximately included in the value of RA. Also,
the internal resistance of the field coils is sometimes lumped together with the
variable resistor, and the total is called RF (see Figure 8-2b). A third variation is
that some generators have more than one field coil, all of which will appear on the
equivalent circuit.

brush

FIGURE 8-2
(a) The equivalent circuit of a dc motor, (b) A simplified equivalent circuit eliminating Che brush
voltage drop and combining i?aJi with the field resistance.
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The internal generated voltage in this machine is given by the equation

Ea = (7-38)

and the induced torque developed by the machine is given by

71nd = (7-49)

These two equations, the Kirchhoffs voltage law equation of the armature circuit
and the machine's magnetization curve, are all the tools necessary to analyze the
behavior and performance of a dc motor.

8.3 THE MAGNETIZATION CURVE
OFA DC MACHINE

The interna] generated voltage EA of a dc motor or generator is given by Equation
(7-38): (

Ea = K«K, (7-38)

Therefore, EA is directly proportional to the flux in the machine and the speed of
rotation of the machine. How is the internal generated voltage related to the field
current in tire machine?

The field current in a dc machine produces a field magnetomotive force
given by 5F = NFIF. This magnetomotive force produces a flux in the machine in
accordance with its magnetization curve (Figure 8-3). Since the field current is di¬
rectly proportional to the magnetomotive force and since EA is directly propor¬
tional to the flux, it is customary to present the magnetization curve as a plot of EA
versus field current for a given speed co0 (Figure 8-4).

It is worth noting here that, to get the maximum possible power per pound
of weight out of a machine, most motors and generators are designed to operate

<p, Wb

Si A ÿ aims

FIGURE 8-3
The magnetization curve of a ferromagnetic materia) (cf> versus ÿ).
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BAl= K*u.J

nm = ;i0 (constant)

FIGURE 8-4
The magnetization curve of a dc machine expressed as a plot of EA versus IFl for a fixed speed ojl

near the saturation point on the magnetization curve (at the knee of the curve).

This implies that a fairly large increase in field current is often necessary to get a
small increase in EA when operation is near full load.

The dc machine magnetization curves used in this book are also available
in electronic form to simplify the solution of problems by MATLAB. Each
magnetization curve is stored in a separate MAT file. Each MAT file contains
three variables: if_values, containing the values of the field current;
ea_values, containing the corresponding values of £„; and n_G, containing
the speed at which the magnetization curve was measured in units of revolu¬
tions per minute.

8.4 SEPARATELY EXCITEDAND
SHUNT DC MOTORS

The equivalent circuit of a separately excited dc motor is shown in Figure 8-5a,
and the equivalent circuit of a shunt dc motor is shown in Figure 8-5b. A sepa¬
rately excited dc motor is a motor whose field circuit is supplied from a separate
constant-voltage power supply, while a shunt dc motor is a motor whose field
circuit gets its power directly across the armature terminals of the motor. When
the supply voltage to a motor is assumed constant, there is no practical difference
in behavior between these two machines. Unless otherwise specified, whenever
the behavior of a shunt motor is described, the separately excited motor is
included, too.

The Kirchhoff's voltage law (KVL) equation for the armature circuit of
these motors is

vt = ea + iara (8-3)
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+ o-

/ Sometimes
lumped
together and
called Rr

Ra U 'l
ÿAMi-° +

V,Fb
Vt~ E-A + 1aR.

rf
7= T M'M

'l= 'a
(a)

Lumped
together and
called R

b=7T

Vj-~Ea + 1aRa

(

(b)

FIGURE 8-5
(a) The equivalent circuit of a separately excited dc motor, (b) The equivalent circuit of a shunt
dc motor.

The Terminal Characteristic of a Shunt DC Motor

A terminal characteristic of a machine is a plot of the machine's output quanti¬
ties versus each other. For a motor, the output quantities are shaft torque and
speed, so the terminal characteristic of a motor is a plot of its output torque /

versus speed.
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How does a shunt dc motor respond to a load? Suppose that tire load on the
shaft of a shunt motor is increased. Then the load torque rtoad will exceed the
induced torque rin[) in the machine, and the motor will start to slow down. When
the motor slows down, its internal generated voltage drops (EA = so
the armature current in the motor IA = (Vr~ EAl)/RA increases. As the armature
current rises, the induced torque in the motor increases (rind = K$IAt), and
finally the induced torque will equal the load tOTque at a lower mechanical
speed of rotation

The output characteristic of a shunt dc motor can be derived from the in¬
duced voltage and torque equations of the motor plus Kirchhoff's voltage law
(KVL). The KVLequation for a shunt motor is

vr = Ea + IaRa (8-3)

The induced voltage Eh = so

( Vr = KJ>com + IaRa (8-1)

Since = K<f>IA, current IA can be expressed as

CombiningEquations (8—1) and (8-5) produces

Vr - K<t>a>m + ÿRA (8-6)

Finally, solving for the motor's speed yields

Vr Ra
~~

Kcf> (Kef))2 T'nd ÿ8_7ÿ

This equation is just a straight line with a negative slope. The resulting
torque-speed characteristic of a shunt dc motor is shown in Figure 8-6a.

It is important to realize that, in order for the speed of the motor to vary lin¬
early with torque, the other terms in this expression must be constant as the load
changes. The terminal voltage supplied by the dc power source is assumed to be
constant—if it is not constant, then the voltage variations wiLI affect the shape of
the torque-speed curve.

Another effect internal to the motor that can also affect the shape of the
torque-speed curve is armature reaction. If a motor has armature reaction, then
as its load increases, the flux-weakening effects reduce its flux. As Equation
(8-7) shows, the effect of a reduction in flux is to increase the motor's speed at

[' any given load over the speed it would run at without armature reaction. The
torque-speed characteristic of a shunt motor with armature reaction is shown in
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1ind

(a)

— Willi AR

~ No AR

Had

(b)

FIGURE 8-6
(a) Torque-speed characteristic of a shunt or separately excited dc motor with compensating
windings to eliminate armature reaction, (b) Torque-speed characteristic of the motor with armature
reaction present.

Figure 8-6b. If a motor has compensating windings, of course there will be no
flux-weakening problems in the machine, and the flux in the machine will be
constant.

If a shunt dc motor has compensating windings so that itsflux is constant

regardless of load, and the motor's speed and armature current are known at any
one value of load, then it is possible to calculate its speed at any other value of
load, as long as the armature current at that load is known or can be determined.
Example 8-1 illustrates this calculation.

Example 8-1. A 50-hp, 250-V, 1200 r/min dc shunt motor with compensating
windings has an armature resistance (including the brushes, compensating windings, and
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. 

rA R.

0.06 n

F J 1200 turns

VT = 250 V

f

FIGURE 8-7
The shunt motor in Example 8-1.

interpoles) of 0.06 fl. Its field circuit has a total resistance f?adj + Rp of 50 fl, which pro¬
duces a no-loadspeed of 1200 r/min. There are 1200 turns per pole on the shunt field wind¬
ing (see Figure 8-7).

(a) Find the speed of this motor when its input current is 100A.
(b) Find the speed of this motor when its input current is 200 A.
(c) Find the speed of this motor when its input current is 300 A.
(d) Plot the torque-speed characteristic of this motor.

Solution
The internal generated voltage of a dc machine with its speed expressed inrevolutions per
minute is given by

Ea = K'f>nm (7-41)

Since the field current in the machine is constant (because Vr and the field resistance are
both constant), and since there are no armature reaction effects, theflux in this motor is
constant. The relationship between the speeds and internal generated voltages of the motor
at two different load conditions is thus

-A2 K'cftn,ml

K'(f>n, (8-8)
ml

The constant K'cancels, since it is a constant for any given machine, and the flux <fi can¬
cels as described above. Therefore,

— A2
nm2 J? nmi 8-9)

U no load, the armature current is zero, so EM = Vr = 250 V, while the speed nml =

1200 r/min. If we can calculate the internal generated voltage at any other load, it will be
possible to determine the motor speed at that load from Equation (8-9).
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(a) If IL — 100A, then the armature current inthe motor is

h ~ h h h Rp

m2 — ~g~nmi ~

250 V
1200 i'/nÿin =1173 r/min

250 V
= 100 A _

50fT ~ 95 a

Therefore, EA at this load will be

&a ~ Vt ~

= 250 V - (95 A)(0.06 CI) = 244.3 V

The resulting speed of the motor is

244.3 V
„ n,„| =

-Ml

(b) If IL — 200 A, then the armature current in the motor is

750 V
1A = 200 A - = 195 A

Therefore, EA at this load will be

EA = VT — IaRa
= 250 V - (195 A)(0.06 CI) = 238.3 V

The resulting speed of the motor is

EA2 238.3 V , .
nm2 =

£
— nmt =

250 v 1200r/mrn — 1144 r/mrn

(c) IfIi— 300 A, then the armature current in the motor is

VTIA=lL-Ir =k-fp
250 V

= 300A-w = 295 A

Therefore, EA at this load will be

Ea = VT - IaRa
= 250 V - (295 A)(0.06 H) = 232.3 V

The resulting speed of the motor is

_ EA2 232.3 V .
250 V 1200 r/min = 1115 r/min

C

(d) To plot the output characteristic of this motor, it is necessary to find the torque
corresponding to each value of speed. At no load, the induced torque rind is
clearly zero. The induced torque for any other load can be found from the fact
that power converted in a dc motor is (

ÿcorv EaIa Tjnd U>w (7-55,7-56)

II
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From this equation, the induced torque in a motor is

rind = "TT* (8-10)
ÿrn

Therefore, the induced torque when IL= 100A is

(244.3 V)(95 A)
_ nntJ . ...md ÿ [ ] 73 r/mjn)(] min/60s)(217 rad/r)

The induced torque when IL = 200 A is__
(238.3 V)(95 A)

md (i j 44 r/min)(l min/60s)(2-7r rad/r)

The induced torque when IL — 300 A is

= 388 N • m

=
(232.3 V)(295 A)

=Tmd (1115 r/min)(l min/60s)(27r rad/r) m

The resulting torque-speed characteristic for this motor is plottedinFigure 8-8.

Nonlinear Analysis of a Shunt DC Motor

The flux <fi and hence the internal generated voltage EA of a dc machine is a non¬
linear function of its magnetomotive force. Therefore, anything that changes the

1200

1100

c 1000 -

E
7:

g

900 -

800 -

700 -

200 400 600 800 Mild.
Nun

FIGURE 8-8
The torque-speed characteristic of the motor in Example 8-1.

ÿ
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magnetomotive force in a machine will have a nonlinear effect on the internal
generated voltage of the machine. Since the change inEA cannot be calculated an¬
alytically, the magnetization curve of the machine must be used to accurately de¬
termine its Ea for a given magnetomotive force. The two principal contributors to
the magnetomotive force in the machine are its field current and its armature re¬
action, if present.

Since the magnetization curve is a direct plot of EA versus 1F for a given
speed (d0, the effect of changing a machine's field current can be determined di¬
rectly from its magnetization curve.

If a machine has armature reaction, its flux will be reduced with each
increase in load. The total magnetomotive force in a shunt dc motor is the field
circuit magnetomotive force less the magnetomotive force due to armature re¬
action (AR):

®Tet = NfIf — S'ar (8-11)

Since magnetization curves are expressed as plots of EA versus field current, it isf
customary to define an equivalentfield current that would produce the same out¬
put voltage as the combination of all the magnetomotive forces in the machine.
The resulting voltage EA can then be determined by locating that equivalent field
current on the magnetization curve. The equivalent field current of a shunt dc mo¬
tor is given by

= b- lr <8-12)
1y F

One other effect must be considered when nonlinear analysis is used to de¬
termine the internal generated voltage of a dc motor. The magnetization curves for
a machine are drawn for a particular speed, usually the rated speed of the ma¬
chine. How can the effects of a given field current be determined if the motor is
turning at other than rated speed?

The equation for the induced voltage in a dc machine when speed is ex¬
pressed in revolutions per minute is

Ea = K'4>nm (7-41)

For a given effective field current, the flux in a machine is fixed, so the internal
generated voltage is related to speed by

EA nm
eao n0

(8-13)

where EMand n0 represent the reference values of voltage and speed, respectively.
If the reference conditions are knownfrom the magnetization curve and the actual

Ea is knownfrom Kirchhoff's voltage law, then it is possible to determine the ac¬
tual speed nfrom Equation (8-13). The use of the magnetization curve and Equa¬
tions (8-12) and (8-13) is illustrated in the following example, which analyzes a
dc motor with armature reaction.
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FIGURE 8-9
The magnetization curve of a typical 250-V dc motor, lalcen at a speed of 1200r/min.

Example 8-2. A 50-hp, 250-V, 1200 r/min dc shunt motor without compensating
windings has an armature resistance (including the brushes and inteipoles) of 0.06 Q. Its
field circuit has a total resistance RF + of 50 O, which produces a no-load speed of
1200 r/min. There are 1200 turns per pole on the shunt field winding, and the armature re¬
action produces a demagnetizing magnetomotive force of 840 A • turns at a load current of
200 A. The magnetization curve of this machine is shown inFigure 8-9.

(a) Findthe speed of this motor when its input current is 200 A.
(b) This motor is essentially identical to the one inExample 8-1except for the ab¬

sence of compensating windings. How does its speed compare to that of the pre¬
vious motor at a load current of 200 A?

(c) Calculate and plot the torque-speed characteristic for this motor.

Solution
(a) If11— 200 A, then the armature current of the motor is

VT
h = k~h=h~fF

250 V
= 200A-w=195A
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Therefore, the internal generated voltage of the machine is

ea = VT - iara
= 250 V - (195 A)(0.06 A) = 238.3 V

At IL = 200 A, the demagnetizing magnetomotive force due to armature reac¬
tion is 840 A • turns, so the effective shunt field current of the motor is

rF = JF -ÿ (8-12)

= 5.0A-8t°V/m"nS = 4.3A1200 turns

From the magnetization curve, this effective field current would produce an in¬
ternal generated voltage Eao of 233 V at a speed n0 of 1200 r/min.

We know that the internal generated voltage Eao would be 233 V at a speed
of 1200 r/min. Since the actual internal generated voltage EA is 238.3 V, the ac¬
tual operating speed of the motor must be

Ea nm '7T3- = — (8-13)
EAo no

Ea 238 3 V
n,„ = ~£— «0= 77 (1200 r/min) = 1227 r/min

C'AO V

(b) At 200 A of load in Example 8-1, the motor's speed was nm = 1144 r/min. In
this example, the motor's speed is 1227 r/min. Notice that the speed of the mo¬
tor with armature reaction is higher than the speed of the motor with no arma¬

ture reaction. This relative increase inspeed is due to the flux weakening in the
machine with armature reaction.

(c) To derive the torque-speed characteristic of this motor, we must calculate the
torque and speed for many different conditions of load. Unfortunately, the de¬
magnetizing armature reaction magnetomotive force is only given for one con¬
dition of load (200A). Since no additional information is available, we will as¬
sume that the strength of 9ÿ varies linearly with load current.

A MATLAB M-file which automates this calculation and plots the resulting
torque-speed characteristic is shown below. Itperforms the same steps as part a
to determine the speed for each load current, and then calculates the induced
torque at that speed. Note that it reads tire magnetization curve from a file called
f ig8_9 .mat. This file and the other magnetization curves in tliis chapter are
available for download from the book's World Wide Web site (see Preface for
details).

I
% M-file: shunt_ts_curve .in |
% M-file create a plot of the torque-speed curve of the I
% the shunt dc motor with armature reaction in
% Example 8-2 .

% Get the magnetization curve. This file contains the i
% three variables if_value, ea_value, and n_0 .
load f ig8_9 .mat . |

% First, initialize the values needed in this program. J
v_t = 250; % Terminal voltage (V) j
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r_f =50; % Field resistance (ohms)

r_a = 0.06; % Armature resistance (ohms)

i_l = 10:10:300; % Line currents (A)

n_f = 1200; % Number of turns on field
f_ar0 = 840; % Armature reaction 0 200 A (A-t/m)

% Calculate the armature current for each load.
i_a = i_l - v_t / r_f;

% Now calculate the internal generated voltage for

% each armature current .
e_a = v_t - i_a * r_a;

% Calculate the armature reaction MMF for each armature

% current .
f_ar = (i_a / 200) * fÿarO;

% Calculate the effective field current.

i_f = v_t / r_f - f_ar ) n_f;

% Calculate the resulting internal generated voltage at

% 1200 r/min by interpolating the motor's magnetisation
% curve.
e_a0 = interpl(if_values ,ea_values , i_f , 1spline1) ;

% Calculate the resulting speed from Equation (8-13).

n = ( e_a ./ e_a0 ) * n_0 ; p _
ÿ Q

S; Calculate the induced torque corresponding to each
% speed from Equations (7-55) and (7-56).

t_ind = e_a .* i_a . / {n * 2 * pi / 60) ;

% Plot the torque-speed curve
plot ( t_ind,n, 1 k- 1 , 'LineWidth' ,2.0);

hold on;

xlabel ( 1 \bf \tau_(ind] (N-m)1);

ylabel ( 1 \bf\itn_{m} (r/min)1);

title ('\bfShunt DC mocor torque-speed characteristic1);
axis ([0600 1100 1300] ) ;

grid on;

hold off;

The resulting torque-speed chai'acteristic is shown in Figure 8-10. Note that for any given
load, the speed of the motor with armature reaction is higher than the speed of the motor

without armature reaction.

Speed Control of Shunt DC Motors

How can the speed of a shunt dc motor be controlled? There are two common
nethods and one less common methodinuse. The common methods have already

been seen in the simple linear machine in Chapter 1 and the simple rotating loop
in Chapter 7. The two common ways in which the speed of a shunt dc machine
can be controlled are by
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FIGURE 8-10
The torque-speed characteristic of the motor with armature reaction in Example 8-2.

1. Adjusting the field resistance RF (and thus the field flux)

2. Adjusting the terminal voltage applied to the armature,

The less common method of speed control is by

3. Inserting a resistor in series with the armature circuit.

Each of these methods is described in detail below.

CHANGING THE FIELDRESISTANCE. To understand what happens when the
field resistor of a dc motor is changed, assume that the field resistor increases and
observe the response. If the field resistance increases, then the field current de¬
creases (IF = Vp/Rf T), and as the field current decreases, the flux cf> decreases
with it.A decrease in flux causes an instantaneous decrease in the internal gener¬
ated voltage Ea(= which causes a large increase in the machine's arma¬
ture current, since

Vr-Eÿ
Ra

The induced torque in a motor is given by rilld = Kcf>IA. Since the flux cf> in
this machine decreases while the current IA increases, which way does the induced
torque change? The easiest way to answer this question is to look at an example.
Figure 8—11 shows a shunt dc motor with an internal resistance of 0.25 fl. It
is currently operating with a terminal voltage of 250 V and an internal generated
voltage of 245 V. Therefore, the armature current flow is IA ~ (250 V —
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RA = 0.25 n

-A/W o +

Vt - 250 VE. = 245 V = K<po>

FIGURE 8-11
A 250-V shunt dc motor with typical values of EA and RA.

245 V)/0.25 XI — 20 A. What happens in this motor ifthere is a 1percent decrease

influx? If the flux decreases by 1percent, then EA must decrease by 1percent too,

because EA = K(j>a>m. Therefore, EA will drop to

Ea2 = 0.99 Em = 0.99(245 V) = 242.55 V

The armature current must then rise to

. 250 V - 242.55 V „
1a ~

0.25 XI " 29 8 A

Thus a 1percent decrease influx produced a 49 percent increase in armature

current.

So to get back to the original discussion, the increase in current predomi¬
nates over the decrease in flux, and the induced torque rises:

ill
hnd = Kff

Since rind > 7ioad, the motor speeds up.
However, as the motor speeds up, the internal generated voltage EA rises,

causing IA to fall. As IA falls, the induced torque Tind falls too, and finally rjnd again
equals T|oad at a higher steady-state speed than originally.

To summarize the cause-and-effect behavior involved in this method of
speed control:

1. Increasingÿcauses IF(= VT/RF T) to decrease.

2. Decreasing IFdecreases (f>.

3. Decreasing flowers EA (= Ktplco,,,).
4. Decreasing EA increases IA(= VT -EA i)/RA.

5. Increasing 1A increases rind(= with the change in 1A dominant over
the change in flux).

6. Increasing rind makes rind > T)oad, and the speed a>,„ increases.
7. Increasing com increases EA = K4>a>m1 again.
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FIGURE 8-12
The effect of field resistance speed
control on a shunt motor's
torque-speed characteristic:
(a) over the motor's normal
operating range; (b) over the entire
range from no-loadto stall
conditions.

8. IncreasingEA decreases IA.
9. Decreasing lA decreases 7mi until Tin(I = T|oad at a higher speed a)m.

The effect of increasing the field resistance on the output characteristic of a shunt
motor is shown inFigure 8-12a. Notice that as the flux in the machine decreases,
the no-load speed of the motor increases, while the slope of the torque-speed
curve becomes steeper. Naturally, decreasing RFwould reverse the whole process,
and the speed of the motor would drop.

A WARNINGABOUT FIELDRESISTANCE SPEED CONTROL. The effect of in¬
creasing the field resistance on the output characteristic of a shunt dc motor ii
shown in Figure 8-12. Notice that as the flux in the machine decreases, the no-
load speed of the motor increases, while the slope of the torque-speed curve be¬
comes steeper. This shape is a consequence of Equation (8-7), which describes
the terminal characteristic of the motor. In Equation (8-7), the no-load speed is
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FIGURE 8-13
Armature voltage control of a shunt (or separately excited) dc motor.

proportional to the reciprocal of the flux in the motor, while the slope of the curve
is proportional to the reciprocal of the flux squared. Therefore, a decrease in flux
causes the slope of the torque-speed curve to become steeper.

Figure 8-12a shows the terminal characteristic of the motor over the range
from no-load to full-load conditions. Over this range, an increase in field resis¬
tance increases the motor's speed, as previously described in this section. For mo¬
tors operating between no-load and full-load conditions, an increasein RFmay re¬
liably be expected to increase operating speed.

Now examine Figure 8-12b. This figure shows tine terminal characteristic of
the motor over the full range from no-load to stall conditions. It is apparent from
the figure that at very slow speeds an increase in field resistance will actually de-
crease the speed of the motor. This effect occurs because, at very low speeds, tire
increase in armature current caused by the decrease in EA is no longer large
enough to compensate for the decrease in flux in the induced torque equation.
With the flux decrease actually larger than the armature cuirent increase, the in¬
duced torque decreases, and the motor slows down.

Some small dc motors used for control purposes actually operate at speeds
close to stall conditions. For these motors, an increase in field resistance might have
no effect, or it might even decrease the speed of the motor. Since the results are not
predictable, field resistance speed control should not be used m these types of dc
motors. Instead, the armature voltage method of speed control should be employed.

CHANGING THEARMATURE VOLTAGE. The second form of speed control in¬
volves changing the voltage applied to the armature of the motor without chang¬
ing the voltage applied to thefield. A connection similar to that in Figure 8-13 is

/ necessary for this type of control. Ineffect, the motor must be separately excited
co use armature voltage control.

If the voltage VA is increased, then the armature current in the motor must
rise [lA — (VA T — EA)/RA], As IA increases, the induced torque rind = Kf>IAT in¬
creases, making rind > T,ood> and the speed com of dre motor increases.
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FIGURE 8-14
The effect of armature voltage speed control on a shunt motor's torque-speed characteristic.

But as the speed u>m increases, the internal generated voltage EA(= K<j>a)mt) .. j
increases, causing the armature current to decrease. This decrease in 1A decreases (
the induced torque, causing Tilld to equal T,oad at a higher rotational speed u>.

To summarize the cause-and-effect behavior in this method of speed
control:

1. An increase in increases IA [= (VA T -EA)/RA\.

2. Increasing IA increases rind (= K(f>IAt). [
3. Increasing rind makes > Tload increasing com.
4. Increasing com increases EA(= K<f>comt).
5. IncreasingEA decreases lA [= (VA T -EA)/RA],

6. Decreasing IA decreases Tind until rind = T|oad at a higher com.

The effect of an increase in VA on the torqueÿspeed characteristic of a sepa¬
rately excited motor is shown inFigure 8-14. Notice that the no-load speed of the
motor is shifted by this method of speed control, but the slope of the curve re¬
mains constant.

INSERTING A RESISTOR IN SERIES WITH THE ARMATURE CIRCUIT. If a
resistor is inserted in series with the armature circuit, the effect is to drastically in¬
crease the slope of the motor's torque—speed characteristic, making it operate
more slowly if loaded (Figure 8-15), This fact can easily be seen from Equation
(8—7). The insertion of a resistor is avery wasteful method of speed control, since
the losses in the inserted resistor are very large. For this reason, it is rarely used.
Itwill be found only inapplications in which the motor spends almost all its time
operating at full speed or in applications too inexpensive to justify a better form
of speed control. (<

The two most common methods of shunt motor speed control—field resis¬
tance variation and armature voltage variation—have different safe ranges of
operation. j

In field resistance control, the lower the field current in a shunt (or sepa¬
rately excited) dc motor, the faster it turns; and the higher the field current, the

L
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FIGURE 8-15
The effect of armature resistance speed control on a shunt motor's torque-speed characteristic.

C
slower it turns. Since an increase in field current causes a decrease in speed, there
is always a minimum achievable speed by field circuit control. This minimum
speed occurs when the motor's field circuit has the maximum permissible current

flowing through it.
If a motor is operating at its rated terminal voltage, power, and field current,

then itwill be runningat rated speed, also known as base speed. Fieldresistance con¬
trol can control the speed of the motor for speeds above base speed but not for speeds
below base speed. To achieve a speed slower than base speed by field circuit control
would require excessive field current, possibly burning up the field windings.

In armature voltage control, the lower the armature voltage on a separately
excited dc motor, the slower it turns; and the higher the armature voltage, the
faster it turns. Since an increase in armature voltage causes an increase in speed,
there is always a maximum achievable speed by armature voltage control. This
maximum speed occurs when the motor's armature voltage reaches its maximum
permissible level.

If the motor is operating at its rated voltage, field current, and power, it will
be turning at base speed. Armature voltage control can control the speed of the
motor for speeds below base speed but not for speeds above base speed. To
achieve a speed faster than base speed by armature voltage control would require
excessive armature voltage, possibly damaging the armature circuit.

These two techniques of speed control are obviously complementary. Ar¬
mature voltage control works well for speeds below base speed, and field resis¬
tance or field current control works well for speeds above base speed. By com¬
bining the two speed-control techniques in the same motor, it is possible to get a

( ange of speed variations of up to 40 to 1or more. Shunt and separately excited dc
motors have excellent speed control characteristics.

There is a significant difference in the torque and power limits on the ma¬
chine under these two types of speed control. The limiting factor ineither case is
the heating of the armature conductors, which places an upper limit on the mag¬
nitude of the armature current IA.
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FIGURE 8-16
Power and torque limits as a function of speed for a shunt motor under armature volt and field
resistance control.

For armature voltage control, theflux in the motor is constant, so the maxi¬
mum torque in the motor is

Tm»x = K4>Ia.,™* (8-14)

This maximum torque is constant, regardless of the speed of the rotation of the
motor. Since the power out of the motor is given by P = tco, the maximumpower
of the motor at any speed under armature voltage control is

A™* = WV (8-15)

Thus the maximumpower out of the motor is directly proportional to its operat¬

ing speed under armature voltage control.
On the other hand, when field resistance control is used, the flux does

change. Inthis form of control, a speed increase is caused by a decrease in the ma¬
chine's flux. In order for the armature current limit not to be exceeded, the in¬
duced torque limit must decrease as the speed of the motor increases. Since the
power out of the motor is given by P = ™, and the torque limit decreases as the
speed of the motor increases, the maximumpower out of a dc motor underfield
current control is constant,while the maximum torque varies as the reciprocalof
the motor 's speed.

These shunt dc motor power and torque limitations for safe operation as a
function of speed are shown inFigure 8-16.

The following examples illustrate how to find tire new speed of a dc motor

if it is varied by field resistance or armature voltage control methods.

i
Example 8-3. Figure 8-17a shows a 100-bp, 250-V, 1200r/min shunt dc motor with

an armature resistance of 0.03 O and a field resistance of 41.67 ft. The motor has compen¬
sating windings, so armature reactioncan be ignored. Mechanical and core losses may be as¬
sumed to be negligible for the purposes of this problem. The motor is assumed to be driving

LJ



DC MOTORS AND GENERATORS 487

Rj = 0.03 CI 'a
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(b)

FTGURE 8-17
(a) The shunt motor in Example 8-3. (b) The separately excited dc motor in Example 8-4.

a load with a line current of 126 A and an initial speed of 1 103 r/min. To simplify the prob¬
lem, assume that the amount of armature current drawn by the motor remains constant.

(a) If the machine's magnetization curve is shown in Figure 8-9, what is the mo¬
tor's speed if the field resistance is raised to 50 H?

(b) Calculate and plot the speed of this motor as a function of the field resistance Rh-
assuming a constant-current load.

Solution
(a) The motor has an initial line current of 126 A, so the initial armature current is

150V
'a 4I.67H

Therefore, lite internal generated voltage is

= 120 A

ea\ = vt~ 'a\Ra = 250 V - (120 A)(0.03 H)

= 246.4 V

After the field resistance is increased to 50 H, the field current will become

= Vt= 250V
rf 50 a 3A
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The ratio of the internal generated voltage at one speed to the internal generated
voltage at another speed is given by the ratio of Equation (7—41) at the two speeds:

2 K'<j}2nm2
E,u

~
K'4>ynmx <8-16>

Because tire armature current is assumed constant, EM — EA2, and this equation
reduces to

j = ml

$\nm\

or = (8-17)

A magnetization curve is a plot of EA versus IF for a given speed. Since the val¬
ues of Ea on tire curve are directly proportional to the flux, the ratio of the inter¬
nal generated voltages read off the curve is equal to the ratio of the fluxes within
the machine. At /,.- = 5 A, EA(I = 250 V, while at IF = 6 A, EA0 = 268 V. There- .
fore, the ratio of fluxes is given by (

& - 268V _
<t>2~ 250 V" 1076

and the new speed of the motor is

4> i
nm2 ~ 1~nm\ ~ (1-076)(1103 r/min) = 1187 r/min

<Pj

(b) A MATLAB M-file that calculates the speed of the motor as a function of Rr
follows:

% M-file: rf_speed_control .m

% M-file create a plot of the speed of a shunt dc
% motor as a function of field resistance, assuming
% a constant armature current (Example 8-3) .
% Get the magnetization curve. This file contains the
% three variables if_value, ea_value, and n_0.
load fig8_9.mat

% First, initialize the values needed in this program.
v_t = 250; % Terminal voltage (V)

r_f = 40:1:70; % Field resistance (ohms)

r_a = 0.03; % Armature resistance (ohms)

i_a = 120; % Armature currents (A)

% The approach here is to calculate the e_a0 at the
% reference field currenr, and then to calculate the
% e_a0 for every field current. The reference speed is
% 1103 r/min, so by knowing the e_a0 and reference
% speed, we will be able to calculate the speed at the
% other field current.

% Calculate the internal generated voltage at 1200 r/min
% for the reference field current (5 A) by interpolating

J
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% the motor's magnetization curve. The reference speed
% corresponding to this field current is 1103 r/min.
e_aO_ref = interpl ( if_values,ea_values ,5 spline' ) ;

n_ref = 1103;

% Calculate the field current for each value of field
% resistance.
i_f = v_t ./ r_f ;

% Calculate the E_a0 for each field current by
% interpolating the motor's magnetization curve.
e_a0 = interpl (if_values,ea_values, i_f, ' spline' ) ;

% Calculate the resulting speed from Equation (8-17) :

% n2 = (phil / phi2) * nl = (e_aO_l / e_a0_2 ) * nl
n2 = ( e_aO_ref ./ e_a0 ) * n_ref;

% Plot the speed versus r_f curve.
plot (r_f ,n2 , 'k- 1 , 'LineWidth' ,2.0);

hold on;

xlabel ( ' \bfField resistance, \Omega');
ylabel ( ' \bf \itn_{m) \rm\bf (r/min) 1 ) ;
title ('\bfSpeed vs \itR_{F) \rm\bffor a Shunt DC Motor');

axis ( [40 70 0 1400] ) ;

grid on;

hold off;

The resulting plot is shown in Figure 8-18.

Note that the assumption of a constant armature current as RFchanges is not

a veiy good one for real loads. The current in the armature will vary with speed in
a fashion dependent on the torque required by the type of load attached to the
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FIGURE 8-18
Plot of speed versus field resistance for the shunt dc motor of Example 8-3.
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motor. These differences will cause a motor's speed-versus-/?F curve to be slightly
different than the one shown inFigure 8-18, but it will have a similar shape.

Example 8-4. The motor inExample 8-3 is now connected separately excited, as
shown inFigure 8-17b. The motor is initially running with VA = 250 V, lA = 120 A, and
n = 1103 r/min, while supplying a constant-torque load.What will the speed of this motor
be if VA is reduced to 200 V?

Solution
The motor has an initial line current of 120A and an armature voltage VA of 250 V, so the
internal generated voltage EA is

EA ~ VT — IaRa = 250 V - (120 A)(0.03 fi) = 246.4 V

By applying Equation (8-16) and realizing that the flux <fi is constant, the motor's speed
can be expressed as

E., K'<f)2n 2= J* - (8-16)
EA\ K<P\nml (

n,v2

J7r'A\

To find Ea2 use Kirchhoffs voltage law:

Ea2

Since the torque is constant and the flux is constant, IA is constant. This yields a voltage of

Ea2 = 200 V - (120 A)(0.03 LI) = 196.4V

The final speed of the motor is thus

E/,1 196 4 V
nm2 = Eÿnmi =

246.4 V 1103 r/min = 879 r/min

The Effect of an Open Field Circuit

The previous section of this chapter contained a discussion of speed control by vary¬
ingthe field resistance of a shunt motor. As the field resistance increased, the speed of
the motor increased with it. What would happen if this effect were taken to the ex-
treme. if the field resistor really increased?What would happen if the field circuit ac¬
tually opened while the motor was mnning? From the previous discussion, the flux in
the machine would drop drastically, all the way down to </>re5, and EA(= Kcfta.>m) would
drop with it. This would cause an enormous increase in the armature current, and the
resulting induced torque would be quite a bit higher than the load torque on the mo¬
tor. Therefore, the motor's speed would start to rise and would just keep going up.

The results of an open field circuit can be quite spectacular. When the author was ( \
an undergraduate "in ElectricalEngineering at Louisiana State University," his labora¬
tory group once made a mistake of this soit. The group was working with a small mo¬
tor-generator set beingdrivenby a 3-hp shunt dc motor. The motor was connected and J
ready to go, but there was just one httlemistake—when the field circuit was connected, '
it was fused with a 0.3-A fuse instead of the 3-A fuse that was supposed to be used. I
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When the motor was started, it ran normally for about 3 s, and then sud¬
denly there was a flash from the fuse. Immediately, the motor's speed skyrock¬
eted. Someone turned the main circuit breaker off within a few seconds, but by
that time the tachometer attached to the motor hadpegged at 4000 r/min. The mo¬
tor itself was only rated for 800 r/min.

Needless to say, that experience scared everyone present very badly and
taught them to be most careful about field circuit protection. In dc motor starting
and protection circuits, afield loss relay is normally included to disconnect the
motor from the line inthe event of a loss of field current.

A similar effect can occur in ordinary shunt dc motors operating with light
fields if their armature reactioneffects are severe enough. If the armature reaction
on a dc motor is severe, an increase in loadcan weaken its flux enough to actually
cause the motor's speed to rise. However, most loads have torque-speed curves

whose torque increases with speed, so the increased speed of the motor increases
its load, which increases its armature reaction, weakening its flux again. The
weaker flux causes a further increase in speed, further increasing load, etc., until
the motor overspeeds. This condition is known as runaway.

In motors operating with very severe load changes and duty cycles, this
flux-weakening problem can be solved by installing compensating windings.
Unfortunately, compensating windings are too expensive for use on ordinary run-
of-the-mill motors. The solution to the runaway problem employed for less-
expensive, less-severe duty motors is to provide a turn or two of cumulative com¬

pounding to the motor's poles. As the load increases, the magnetomotive force
from the series turns increases, which counteracts the demagnetizing magneto¬
motive force of the armature reaction. A shunt motor equipped withjust a few se¬
ries turns like this is called a stabilized shunt motor.

8.5 THE PERMANENT-MAGNET DC MOTOR

A permanent-magnet dc (PMDC) motor is a dc motor whose poles are made of per¬
manent magnets. Permanent-magnet dc motors offer a number of benefits compared
with shunt dc motors in some applications. Since these motors do not require an ex¬
ternal field circuit, they do nothave the field circuit copper losses associated with shunt
dc motors. Because no field windings are required, they can be smaller than corre¬
sponding shunt dc motors. PMDCmotors can be commonly found insizes up to about
10hp, and inrecent years some motors havebeenbuilt insizes up to 100hp. However,
they are especially common insmaller fractional- and sub fractional-horsepower sizes,
where the expense and space of a separate field circuit cannot bejustified.

PMDC motors are generally less expensive, smaller in size, simpler, and
higher efficiency than corresponding dc motors with separate electromagnetic
fields. This makes them a good choice in many dc motor applications. The arma¬
tures of PMDC motors are essentially identical to the armatures of motors with
separate field circuits, so their costs are similar too. However, the elimination of
separate electtomagnets on the stator reduces the size of the stator, tire cost of the
stator, and the losses in the field circuits.

PMDC motors also have disadvantages. Permanent magnets cannot produce as
high a flux density as an externally supplied shunt field, so a PMDC motor will have
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a lower induced torque rM per ampere of armature current IA than a shunt motor of
the same size and construction. Inaddition, PMDC motors run the risk of demagne¬
tization. As mentioned in Chapter 7, the armature current IA ina dc machine produces
an armature magnetic field of its own. The armature mmf subtracts from the mmf of
the poles under some portions of the pole faces and adds to the mmf of the poles un¬

der other portions of the pole faces (see Figures 8-23 and 8-25), reducing the over¬
all net flux inthe machine. This is the armature reaction effect. Ina PMDC machine,
tire pole flux is just the residual flux in the permanent magnets. If the armature cur¬

rent becomes very large, there is some risk that the armature mmf may demagnetize
tire poles, permanently reducing and reorienting the residual flux in them. Demagne¬
tization may also be caused by the excessive heating which can occur due to shock
(dropping the motor) or during prolonged periods of overload. In addition, PMDC
materials are weaker physically than most normal steels, so stators constructed out of
them can be limited by the physical torque requirements of the motor.

Figure 8-19a shows a magnetization curve for a typical ferromagnetic mater¬

ial. It is a plot of flux density B versus magnetizing intensity H(or equivalently, a

plot of flux (j) versus mmf SP). When a strong external magnetomotive force is ap¬
plied to this material and then removed, a residual flux Bÿ will remain inthe mater¬
ial. To force the residual flux to zero, it is necessary to apply a coercive magnetizing
intensity Hc with a polarity opposite to the polarity of the magnetizing intensity H
that originally established the magnetic field. For normal machine applications
such as rotors and stators, a ferromagnetic material should be picked which has the
smallest Bÿ and He possible, since such a material will have low hysteresis losses.

On the other hand, a good material for the poles of a PMDC motor should
have the largest residual flux density Bres possible, while simultaneously having
the largest coercive magnetizing intensity Hc possible. The magnetization curve
of such a material is shown inFigure 8— 19b. The large Br&, produces a large flux
in the machine, while the large Hc means that a very large current would be re¬
quired to demagnetize the poles.

In the last 40 years, a number of new magnetic materials have been devel¬
oped which have desirable characteristics for making permanent magnets. The
major types of materials are the ceramic (ferrite) magnetic materials and the rare-
earth magnetic materials. Figure 8—19c shows the second quadrant of the magne¬
tization curves of some typical ceramic and rare-earth magnets, compared to the
magnetization curve of a conventional ferromagnetic alloy (Alnico 5). It is obvi¬
ous from the comparison that the best rare-earth magnets can produce the same
residual flux as the best conventional ferromagnetic alloys, while simultaneously
being largely immune to demagnetization problems due to armature reaction.

A permanent-magnet dc motor is basically the same machine as a shunt dc
motor, except that theflux of a PMDC motor isfixed. Therefore, it is not possible
to control the speed of a PMDC motor by varying the field current or flux. The
only methods of speed control available for a PMDC motor are armature voltage
control and armature resistance control.

The techniques to analyze a PMDC motor are basically the same as the
techniques to analyze a shunt dc motor with the field current held constant.
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FIGURE S-I9
(a) The magnetization curve of a typical ferromagnetic material. Note the hysteresis loop. After a
large magnetizing intensity H is applied to the core and then removed, a residual flux density B,„
remains behind in the core. This flux can be brought to zero if a coercive magnetizing intensity Hc is
applied to the core with the opposite polarity. In this case, a relatively small value of it will
demagnetize the core.

For more information about PMDC motors, see References 4 and 10.

A series dc motor is a dc motor whose field windings consist of a relatively few
turns connected in series with the armature circuit. The equivalent circuit of a se¬
ries dc motor is shown in Figure 8-20. In a series motor, the armature current,
field current, and line current are ail the same. The Kirchhoff's voltage law equa¬
tion for this motor is

Induced Torque in a Series DC Motor

The terminal characteristic of a series dc motor is very different from that of the
shunt motor previously studied. The basic behavior of a series dc motor is due to

the fact that theflux is directly proportional to the armature current, at least until
saturation is reached. As the load on the motor increases, its flux increases too. As
seen earlier, an increase influx in the motor causes a decrease in its speed. The re¬
sult is that a series motor has a sharply drooping torque-speed characteristic.

The induced torque in this machine is given by Equation (7-49):

8.6 THE SERIES DC MOTOR

VT = EA + Ia(Ra + Rs) (8-18)

Tnd K<filA (7-49)
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FIGURE 8-19 (concluded)
(b) The magnetization curve of a ferromagnetic material suitable for use in permanent magnets. Note.
the high residua] flux density Bres and the relatively large coercive magnetizing intensity Hc. (c) The
second quadrant of the magnetization curves of some typical magnetic materials. Note that the rare-
earth magnets combine a high residual flux with a high coercive magnetizing intensity.
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FIGURE 8-20
The equivalenr circuit of a series dc motor.
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The flux in this machine is directly proportional to its armature current (at least
until die metal saturates). Therefore, the flux in the machine can be given by

4> = clA (8-19)

where c is a constant of proportionality. The induced torque in this machine is thus
given by

'ind = *4>h KcJl (8-20)

In odter words, the torque in the motor is proportional to the square of its arma¬

ture current. As a result of this relationship, it is easy to see that a series motor

gives more torque per ampere than any other dc motor. It is therefore used in ap¬
plications requiring very high torques. Examples of such applications are the
starter motors incars, elevator motors, and tractor motors in locomotives.

The Terminal Characteristic of a Series DC Motor

To determine the terminal characteristic of a series dc motor, an analysis will be
based on the assumption of a lineaj magnetization curve, and then the effects of
saturation will be considered in a graphical analysis.

The assumption of a linear magnetization curve implies that the flux in the
motor will be given by Equation (8-19):

0 = clA (8-19)

This equation will be used to derive the torque-speed characteristic curve for the
series motor.

The derivation of a series motor's torque-speed characteristic starts with
KirchhofFs voltage law:

Vr = Ea + IA(RA + Rs) (8-18)

From Equation (8-20), the armature current can be expressed as
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Also, Ea = K<fici)m. Substituting these expressions inEquation (8-18) yields

Vr = KiK,+ + *s) (8-21)

If the flux can be eliminated from this expression, it will directly relate the
torque of a motor to its speed. To eliminate the flux from the expression, notice that

h 4i
c

and the induced torque equation can be rewritten as

ind

Therefore, the flux in the motor can be rewritten as

<t> ' KVÿi (8-22)

Substituting Equation (8-22) into Equation (8-21) and solving for speed yields

VT = K. + Jÿ:(Ra + Rs)

*a + Rs. /—-VTinJVKc
Vr

VKcVr~d

nd

Ra + Rs
Kc

The resulting torque-speed relationship is

<n„.
1

VKc\J7~i
Ra + Rs

Kc (8-23)

Notice that for an unsaturated series motor, the speed of the motor varies as the
reciprocal of the square root of the torque. That is quite an unusual relationship!
This ideal torque-speed characteristic is plotted inFigure 8-21.

One disadvantage of series motors can be seen immediately from this equa¬
tion. When the torque on this motor goes to zero, its speed goes to infinity. In
practice, the torque can never go entirely to zero because of the mechanical, core,
and stray losses that must be overcome. However, if no other load is connected to

the motor, it can turn fast enough to seriously damage itself.Never completely un¬
load a series motor, and never connect one to a load by a belt or other mechanism
that could break. If that were to happen and the motor were to become unloaded
while running, the results could be serious.

The nonlinear analysis of a series dc motor with magnetic saturation effects,
but ignoring armature reaction, is illustrated in Example 8-5.
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FIGURE 8-21
The torque-speed characteristic of a series dc motor.

Example 8-5. Figure 8-20 shows a 250-V series dc motor with compensating
windings, and a total series resistance RA + Rs of 0.08 ft. The series field consists of 25
turns per pole, with the magnetization curve shown in Figure 8-22.

(a) Find the speed and induced torque of this motor for when its armature current

is 50 A.
(b) Calculate and plot the torque-speed characteristic for this motor.

Solution
(a) To analyze the behavior of a series motor with saturation, pick points along the

operating curve and find the torque and speed for each point. Notice that the
magnetization curve is given in units of magnetomotive force (ampere-turns)
versus EA for a speed of 1200 r/min, so calculated EA values must be compared
to the equivalent values at 1200 r/min to determine tire actual motor speed.

For IA — 50 A,

EA ~ VT ~ Ia(Ra + Rs) - 250 V - (50AX0.08 ft) = 246 V

Since IA = 1F— 50 A, the magnetomotive force is

*3* = AT = (25 turns)(50 A) - 1250A -turns

From the magnetization curve at 3 — 1250 A 4 turns, Em — 80 V. To get the
correct speed of tire motor, remember that, from Equation (8-13),

246 V— ,7 120 r/min = 3690 r/min
ol) V

To find the induced torque supplied by the motor at that speed, recall that
ÿconv ~~ EaIa TcE-W Therefore,
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(246 V)(50 A)
(3690 r/min)(1 min/60 s)(2ir rad/r)

= 31.8 N • m

(b) To calculate the complete torque-speed characteristic, we must repeat the steps
in a for many values of armature current. A MATLAB M-file that calculates the
torque-speed characteristics of the series dc motor is shown below. Note that the
magnetization curve used by this program works in terms of field magnetomo¬
tive force instead of effective field current.

S; M-file: series_ts_curve .m
% M-file create a plot of the torque-speed curve of the
% the series dc motor with armature reaction in
% Example 8-5.

% Get the magnetization curve. This file contains the
three variables mm£_values, ea_values, and n_0 .

load f ig8_22 .mat

1000 2000 3000 4000 5000 6000 7000 8000 9000 10,000

Field magnetomotive force St, A ÿ turns

FIGURE 8-22
The magnetization curve of the motor in Example 8-5. This curve was taken at speed /i„, = 1200 r/min.
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% First, initialize the values needed in this program.

v_t =250; % Terminal voltage (V)

r_a =0.08; % Armature + field resistance (ohms)

i_a =10:10:300; % Armature (line) currents (A)
n_s =25; % Number of series turns on field

% Calculate the MMF for each load

f = n_s * i_a;

% Calculate the internal generated voltage e_a .
e_a = v_t - i_a * r_a;

% Calculate the resulting internal generated voltage at

% 1200 r/min by interpolating the motor's magnetization

% curve .
e_a0 = interpl (mmf_values ,ea_values ,f , ' spline ' ) ;

% Calculate the motor's speed from Equation (8-13) .
n = ( e_a ./ e_a0 ) * n_0;

% Calculate the induced torque corresponding to each
% speed from Equations (7-55) and (7-56).

t_ind = e_a .* i_a ./ (n * 2 * pi / 60);

% Plot the torque-speed curve
plot ( t_ind,n, 1 Color 1 , 1 k 1 , ' LineWidth',2.0);

hold on;

xlabel ( 1 \bf \ tau_{ ind} (N-m) 1 ) ,-
ylabel ( 1 \bf \itn_{ml \rm\bf (r/min) 1 ) ;

title (' \bf Series DC Motor Torque-Speed Characteristic');

axis ( [ 0 700 0 5000] ) ;

grid on;

hold off;

The resulting motor torque-speed characteristic is shown inFigure 8-23. Notice the

severe overspeeding at very small torques.

Speed Control of Series DC Motors

Unlike with the shunt dc motor, there is only one efficient way to change the
speed of a series dc motor. That method is to change the terminal voltage of the
motor. If the terminal voltage is increased, the first term inEquation (8-23) is in¬
creased, resulting in a higher speedfor any given torque.

The speed of series dc motors can also be controlled by the insertion of
a series resistor into the motor circuit, but this technique is very wasteful of
power and is used only for intermittent periods during the start-up of some
motors.

Until the last 40 years or so, there was no convenient way to change VT> so
the only method of speed control available was the wasteful series resistance
method. That has all changed today with the introduction of solid-state control
circuits,
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FIGURE 8-23
The torque-speed characteristic of the series dc motor in Example 8-5.

8.7 THE COMPOUNDED DC MOTOR

A compounded dc motor is a motor with botha shunt anda seriesfield. Such a mo¬
tor is shown in Figure 8-24. The dots that appear on the two field coils have the
same meaning as the dots on a transformer: Currentflowing into a dot produces a
positive magnetomotiveforce. If current flows into the dots on both field coils, the
resulting magnetomotive forces combine to produce a larger total magnetomotive
force. This situation is known as cumulative compounding. Ifcurrent flows into the
dot on one field coil and out of the dot on the other field coil, the resulting magne¬
tomotive forces subtract. In Figure 8-24 the round dots correspond to cumulative
compounding of the motor, and the squares correspond to differential compounding.

The Kirchhoff's voltage law equation for a compounded dc motor is

VT= Ea + Ia(Ra + Rs)

The currents in the compounded motor are related by

(8-24)

(4 ~~ h (8-25)

II (8-26)

The net magnetomotive force and the effective shunt field current in the com¬
pounded motor are given by

<377 — <27 _|_ CJu _ (jZ
ÿnet ~ ~ °ÿSE ÿAR (8-27)(

and

lp- nf 'a nf (8-28)
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FIGURE 8-24
The equivalent circuit of compounded dc motors: (a) long-shunt connection; (b) short-shunt
connection.

where the positive sign in the equations is associated with a cumulatively com¬

pounded motor and the negative sign is associated with a differentially com¬
pounded motor.

The Torque-Speed Characteristic of a
Cumulatively Compounded DC Motor

Inthe cumulatively compounded dc motor, there is a component of flux which is
constant and another component which is proportional to its armature current (and
thus to its load). Therefore, the cumulatively compounded motor has a higher
starting torque than a shunt motor (whose flux is constant), but a lower starting
torque than a series motor (whose entire flux is proportional to armature current).

In a sense, the cumulatively compounded dc motor combines the best fea¬
tures of both the shunt and the series motors. Like a series motor, it has extra

torque for starting; like a shunt motor, it does not overspeed at no load.
At light loads, the series field has a very small effect, so the motor behaves

approximately as a shunt dc motor. As the load gets very large, the series flux



I:!.LI:!.I.... 1 1'(1 1.... r I I-\L;::' 

r/min
Cumulatively
compounded

Series

Shun!

Shunt

Cumulatively
compounded

ind
(b)

FIGURE 8-25
(a)The torque-speed characteristic of a cumulatively compounded dc motor compared to series and
shunl motors with the same full-load rating. (h)The torque-speed characteristic of a cumulatively
compounded dc motor compared to a shunt motor with the same no-load speed.

becomes quite important and the torque-speed curve begins to look like a series
motor's characteristic. A comparison of the torque-speed characteristics of each
of these types of machines is shown inFigure 8-25.

To determine the characteristic curve of a cumulatively compounded dc mo¬
tor by nonlinear analysis, the approach is similar to that for the shunt and series
motors seen before. Such an analysis will be illustrated in a later example.

The Torque-Speed Characteristic of a
Differentially Compounded DC Motor

In a differentially compounded dc motor, the shunt magnetomotiveforce and se¬
ries magnetomotiveforce subtractfrom each other. This means that as the load on
the motor increases, IA increases and the flux in the motor decreases. But as the
flux decreases, the speed of the motor increases. This speed increase causes an¬
other increase in load, which further increases IA, further decreasing the flux, and
increasing the speed again. The result is that a differentially compounded motor is
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FIGURE 8-26
The torque-speed characteristic of a

Tind differentially compounded dc motor.

unstable and tends to run away. This instability is much worse than that of a shunt
motor with armature reaction. It is so bad that a differentially compounded motor
is unsuitable for any application.

To make matters worse, it is impossible to start such a motor. At starting con¬
ditions the armature current and the series field current are very high. Since the se¬
ries flux subtracts from the shunt flux, the series field can actually reverse the mag¬
netic polarity of the machine's poles. The motor will typically remain still or turn

slowly in the wrong direction while burning up, because of the excessive armature

current. When this type of motor is to be started, its series field must be short-
circuited, so that it behaves as an ordinary shunt motor during the starting period.

Because of the stability problems of the differentially compounded dc motor,

it is almost never intentionally used. However, a differentially compounded motor
can result if the direction of power flow reverses in a cumulatively compounded
generator. For that reason, if cumulatively compounded dc generators are used to

supply power to a system, they will have a reverse-power trip circuit to disconnect
them from the line if tire power flow reverses. No motor-generator set in which
power is expected to flow in both directions can use a differentially compounded
motor, and therefore it cannot use a cumulatively compounded generator.

A typical terminal characteristic for a differentially compounded dc motor
is shown in Figure 8-26.

The Nonlinear Analysis of
Compounded DC Motors

The determination of the torque and speed of a compounded dc motor is illus¬
trated in Example 8-6.

Example 8-6. A 100-hp, 250-V compounded dc motor with compensating wind¬
ings has an internal resistance, including the series winding, of 0.04 A. There are 1000
turns per pole on the shunt field and 3 turns per pole on the series winding. The machine is
shown in Figure 8-27, and its magnetization curve is shown in Figure 8-9. At no load, the
field resistor has been adjusted to make the motor run at 1200r/min.The core, mechanical,
and stray losses may be neglected.
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FIGURE 8-27
The compounded dc motor in Example 8-6.

(a) What is the shunt field current in this machine at no load?
(b) If the motor is cumulatively compounded, find its speed when/A = 200 A.
(c) If the motor is differentially compounded, find its speed when lA - 200 A.

Solution
(a) At no load, the armature current is zero, so the internal generated voltage of the

motor must equal Vr, which means that it must be 250 V. From the magnetiza¬
tion curve, a field current of 5 A will produce a voltage EA of 250 V at 1200
r/min. Therefore, the shunt field current must be 5 A.

(b) When an armature current of 200 A flows in ihe motor, the machine's internal
generated voltage is

Ea = VT - Ia(Ra + Rs)

= 250 V - (200 A)(0.04 O) = 242 V

The effective field current of this cumulatively compounded motor is

ÿc ÿAR
iP = if+-ÿia (8-28)

= 5 A + 200 A = 5.6 A

From the magnelization curve, EM = 262 V at speed na = 1200 r/min. There¬
fore, the motor's speed will be

nm ~p na
£/10
242 V— ÿ 1200 r/min = 1108 r/min

(c) If the machine is differentially compounded, the effective field current is (

«8"28>
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From the magnetization curve, EAn = 236 V at speed »0 = 1200 r/min. There¬
fore, the motor's speed will be

_ eanm ~
E- *0ÿAO

242 V
=

226 v ÿ00 r/min = 1230 r/min

Notice rhat the speed of the cumulatively compounded motor decreases with load, while
the speed of the differentially compounded motor increases with load.

Speed Control in the Cumulatively
Compounded DC Motor

The techniques available for the control of speed in a cumulatively compounded
dc motor are the same as those available for a shunt motor:

( 1- Change the field resistance RF.
2. Change the armature voltage VA.
3. Change the armature resistance RA.

The arguments describing the effects of changing Rr or VA are very
arguments given earlier for the shunt motor.

Theoretically, the differentially compounded dc motor could
in a similar manner. Since the differentially compounded motor is
used, that fact hardly matters.

8.8 DC MOTOR STARTERS

In order for a dc motor to function properly on the job, it must have some special
control and protection equipment associated with it. The purposes of this equip¬
ment are

1. To protect the motor against damage due to short circuits in the equipment
2. To protect the motor against damage from long-term overloads
3. To protect the motor against damage from excessive starting currents

4. To provide a convenient manner in which to control the operating speed of
the motor

The first three functions will be discussed in this section, and the fourth function
will be considered in Section 8.9.

(
DC Motor Problems on Starting

Inorder for a dc motor to function properly, it must be protected from physical
damage during the starting period.At starting conditions, the motor is not turning,
and so EA = 0 V. Since the internal resistance of a normal dc motor is very low

similar to the

be controlled
almost never
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FIGURE 8-28
A shunt motor with a starting resistor in series with its armature. Contacts 1A, 2A, and 3A short-
circuit portions of the starting resistor when they close.

compared to its size (3 to 6 percent per unit for medium-size motors), a very high
current flows.

Consider, for example, the 50-hp, 250-V motor inExample 8-1. This motor
has an armature resistance RA of 0.06 fi, and a full-load current less than 200 A,
but the current on starting is

IA = Yt-Aa

250 V - 0 V
= 4167 A0.06 a

This current is over 20 times tire motor's rated full-load current. It is possible for
a motor to be severely damaged by such currents, even if they last for only a
moment.

A solution to the problem of excess current during starting is to insert a
starting resistor in series with the armature to limit the current flow until EA can
build up to do the limiting.This resistor must not be in the circuit permanently, be¬
cause it would result in excessive losses and would cause the motor's
torque-speed characteristic to drop off excessively with an increase in load.

Therefore, a resistor must be inserted into tire armature circuit to limit cur¬
rent flow at starting, and itmust be removed again as the speed of the motor builds
up. Inmodern practice, a starting resistor is made up of a series of pieces, each of
which is removed from the motor circuit in succession as the motor speeds up, in
order to limit the current in the motor to a safe value while never reducing it to too

low a value for rapid acceleration.
Figure 8-28 shows a shunt motor with an extra starting resistor that can be

cut out of the circuit in segments by the closing of the 1A, 2A, and 3A contacts'
Two actions are necessary in order to make a working motor starter. The first is to

pick the size and number of resistor segments necessary in order to limit the
starting current to its desired bounds. The second is to design a control circuit that
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FIGURE 8-29
A manual dc motoi' starter.

shuts the resistor bypass contacts at the proper time to remove those parts of the
resistor from the circuit.

Some older dc motor starters used a continuous starting resistor which was
gradually cut out of the circuit by a person moving its handle (Figure 8-29). This
type of starter had problems, as it largely depended on the person starting the mo¬
tor not to move its handle too quickly or too slowly. If the resistance were cut out
too quickly (before the motor could speed up enough), the resulting current flow
would be too large. On the other hand, if the resistance were cut out too slowly, the
starting resistor could bum up. Since they depended on a person for their correct op¬
eration, these motor starters were subject to the problem of humanerror. They have
almost entirely been displaced innew installations by automatic starter circuits.

Example 8-7 illustrates the selection of the size and number of resistor seg¬
ments needed by an automatic starter circuit. The question of the timing required
to cut the resistor segments out of the armature circuit will be examined later.

Example 8-7. Figure 8-28 shows a 100-hp,250-V, 350-A shunt dc motor with an
armature resistance of 0.05 XI. We wish to design a starter circuit for this motor which will
limit the maximum starting current to twice its rated value and which will switch out sec¬
tions of resistance as the armature current falls to its rated value.

(a) How many stages of starting resistance will be required to limit the current to
the range specified?

(b) What must the value of each segment of the resistor be? At what voltage should
each stage of the starting resistance be cut out?

Solution
(a) The starting resistor must be selected so that the current flow equals twice the

rated current of the motor when it is first connected to the line. As the motor

starts to speed up, an internal generated voltage EA will be produced in the
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motor. Since this voltage opposes the terminal voltage of the motor, the increas¬
ing internal generated voltage decreases the current flow in the motor. When the
current flowing in the motor falls to rated current, a section of the starting resis¬
tor must be taken out to increase the starting current back up to 200 percent of
rated current. As the motor continues to speed up, EA continues to rise and the
armature current continues to fall. When the current flowing in the motor falls
to rated current again, another section of the starting resistor must be taken out.

This process repeats until the starting resistance to be removed ar a given stage
is less dran the resistance of the motor's armature circuit. At that point, the mo¬
tor's armature resistance will limit the current to a safe value all by itself.

How many steps are required to accomplish the current limiting?To find out,
define f?lol as the original resistance in the starting circuit. So Rm is the sum of
the resistance of each stage of the starting resistor together with the resistance of
the armature circuit of the motor:

Rm = R, + R2 + ÿ • - + Ra (8-29)

Now define Rmlas the total resistance left in the starting circuit after stages 1 to.

ihave been shorted out. The resistance left in the circuit after removing stages*
1 through iis

- K,-+i + ÿ - ÿ + Ra (8-30)

Note also that the initial starting resistance must be

VT
*u» =

'max

In the first stage of the starter circuit, resistance f?, must be switched out of
the circuit when the current IA falls to

/ =Vr-£" = ;A E> nun
7Xla(

After switching that part of the resistance out, the armature current must jump to

Since EA (= K(f>co) is directly proportional to the speed of the motor, which can¬
not change instantaneously, the quantity VT- EA must be constant at the instant
the resistance is switched out. Therefore,

ci Hy — Ea Anaxÿlol.!

or the resistance left in the circuit after the first stage is switched out is

/.
*.out = (8-31)

'max

By direct extension, the resistance left in the circuit after the nth stage is
switched out is

= (M'ÿ01 (8-32)
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The starting process is completed when Rm„ for stage n is less tlian or equal to

the internal armature resistance RA of the motor. At that point, RA can limit the
current to the desired value all by itself. At the boundary where /?,, = Rmjl

Ra = *,0U, = (tÿo, (8-33)

f4- = (H" (8-34)
yviot

Solving for n yields

!og (RA/Rtot)
log (S_:i5)

where nmust be rounded up to the next integer value, since it is not possible to

have a fractional number of starting stages. Ifn has a fractional part, then when
the final stage of starting resistance is removed, the armature current of the mo¬

tor will jump up to a value smaller than /nms.
Ln this particular problem, the ratio //max = 0.5, and /?„„ is

VT 250 V

so

log (Ra/Rioi) log (0.05 n/0.357 fi.)
log(WW log(350 A/700 A)

= 2.84

The number of stages required will be three.
(b) The armature circuit will contain the armature resistor RA and three starting re¬

sistors /?i, Wj, and R3. This arrangement is shown in Figure 8-28.
At first, Ea = 0 V and IA = 700 A, so

1a =
Ra + R\ + r2 + R%

= 700 A

Therefore, the total resistance must be

Ra+R,+R2 + R3= = 0.357 ft (8-36)

This total resistance will be placed in the circuit until the current falls to 350 A.
This occurs when

EA = VT - lARm = 250 V - (350 A)(0.357 ft) = 125 V

When £,( = 125V, lA has fallen to 350 A and it is time to cut out the first starting
resistor /?(. When it is cut out, the current should jump back to 700 A. Therefore,

R, + £, + £,= A = La . = 0.1786 ft (8-37)71 2 3 A,,,, 200 A
VT ~ ea = 250 V - 125 V

700 A

This total resistance will be in the circuit until 1A again falls to 350 A. This
curs when EA reaches

EA = VT - IARtm = 250 V - (350 A)(0. 1786 ft) = 187.5 V
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When EA = 187.5 V, IA has fallen to 350 A and it is time to cut out the second
starting resistor Rz. When it is cut out, die current should jump back to 700 A.
Therefore,

RA + R3 = "TJ =
250 V7ooa7'5 V

= °'0893n (8~38)

This total resistance will be in the circuit until IA again falls to 350A. This
occurs when EA reaches

= Vr- IAR,Qt = 250 V - (350 A)(0.0893 A) = 218.75 V

When Ea = 218.75 V, IA has fallen to 350 A and it is time to cut out the third
starting resistor R3. When it is cut out, only the internal resistance of the motor
is left. By now, though, RA alone can limit the motor's current to

=
Vt~ ea

=
250 V - 218.75 V

ra o.05 a
= 625 A (less than allowed maximum) |

From this point on, tire motor can speed up by itself.
From Equations (8-34) to (8-36), the required resistor values can be

calculated:

Ri = ~ Ra = 0-0893 Cl - 0.05 a = 0.0393 A

r7 = -Ri ~ ra = 0 1786a - 0.0393 El - 0.05 A = 0.0893 a
R\ = rm,\ ~ R2 - Ri - ra = 0.357 A - 0.1786 A - 0.0393 A - 0.05 A = 0.1786 A

And Ru R2, and RA are cut out when EA reaches 125, 187.5, and 218.75 V,
respectively.

DC Motor Starting Circuits

Once the starting resistances have been selected, how can (heir shorting contacts

be controlled to ensure that they shut at exactly the correct moment? Several dif¬
ferent schemes are used to accomplish this switching, and two of the most com¬
mon approaches will be examined in this section. Before that is done, though, it is
necessary to introduce some of the components used inmotor-starting circuits.

Figure 8-30 illustrates some of the devices commonly used in motor-
control circuits. The devices illustrated are fuses, push button switches, relays,
time delay relays, and overloads.

Figure 8-30a shows a symbol for a fuse. The fuses in a motor-control cir¬
cuit serve to protect the motor against the danger of short circuits. They are placed
in the power supply lines leading to motors. If a motor develops a short circuit, the
fuses in the line leading to it will bum out, opening the circuit before any damageÿ
has been done to the motor itself.

Figure 8-30b shows spring-type push button switches. There are two basic

types of such switches—normally open and normally shut. Normally open con¬

tacts are open when the button is resting and closed when the button has been
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FIGURE 8-30
(a) A fuse, (b) Normally open and normally closed push button switches, (c) A relay coil and
contacts, (d) A time delay relay and contacts, (e) An overload and its normally closed contacts.

pushed, while normally closed contacts are closed when tire button is resting and
open when the button has been pushed.

A relay is shown inFigure 8-30c. It consists of a main coil and a number of
contacts. The maincoil is symbolizedby a circle, and the contacts are shown as par¬
allel lines. The contacts are of two types—normally open and normally closed. A
normally open contact is one which is open when the relay is deenergized, and a
normally closedcontact is one which is closed when the relay is deenergized. When
electric power is applied to the relay (the relay is energized), its contacts change
state: The normally open contacts close, and the normally closed contacts open.

A time delay relay is shown in Figure 8-30d. It behaves exactly like an
ordinary relay except that when it is energized there is an adjustable time delay
before its contacts change state.

An overload is shown in Figure 8-30e. It consists of a heater coil and some
normally shut contacts. The current flowing to a motor passes through the heater
coils. If the load on a motor becomes too large, then the current flowing to the mo¬
tor will heat up the heater coils, which will cause the normally shut contacts of the
overload to open. These contacts can in turn activate some types of motor protec¬
tion circuitry.

One common motor-starting circuit using these components is shown in
Figure 8-31. In this circuit, a series of time delay relays shut contacts which re¬
move each section of the starting resistor at approximately the correct time after
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FIGURE8-31
A dc motor starting circuit rising time delay relays to cut out die starling resistor.

power is applied to the motor.When the start button is pushed in this circuit, the mo¬
tor's armature circuit is connected to its power supply, and the machine starts with all
resistance in the circuit. However, relay ITDenergizes at the same time as the motor
stairs, so after some delay the ITDcontacts will shut and remove part of the starting
resistance from the circuit. Simultaneously, relay 2TD is energized, so after another
time delay tire 2TD contacts will shut and remove the second part of tire timing reY

sistor. When the 2TD contacts shut, the 3TD relay is energized, so the process repeats
again, and finally the motor runs at full speed with no starling resistance present in its
circuit. If the time delays are picked properly, the starling resistors can be cut out at

just the right times to limit the motor's current to its design values.
J
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FIGURE 8-32
(a) A dc motor starting circuit using countervoltage-sensing relays to cut out the starring resistor.

Another type of motor starter is shown in Figure 8-32. Here, a series of re¬
lays sense the value of EA in the motor and cut out the starting resistance as EA
•ises to preset levels. This type of starter is better than the previous one, since if
the motor is loaded heavily and starts more slowly than normal, its armature re¬
sistance is still cut out when its current falls to the proper value.

Notice that both starter circuits have a relay in the field circuit labeledFL.
This is a field loss relay. If the field current is lost for any reason, the field loss
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FIGURE 8-32 (concluded) (
(b) The armature current in a dc motor during starting.

relay is deenergized, which turns off power to the M relay. When the M relay
deenergizes, its normally open contacts open and disconnect the motor from the
power supply. This relay prevents the motor from running away if its field current
is lost.

Notice also that there is an overload in each motor-starter circuit. If the
power drawn from the motor becomes excessive, these overloads will heat up and
open the OL normally shut contacts, thus turning off the Mrelay. When the M
relay deenergizes, its normally open contacts open and disconnect the motor from
the power supply, so the motor is protected against damage from prolonged
excessive loads.

8.9 THE WARD-LEONARD SYSTEMAND
SOLID-STATE SPEED CONTROLLERS

The speed of a separately excited, shunt, or compounded dc motor can be varied in
one of three ways: by changing the field resistance, changing the armature voltage,
or changing the armature resistance. Of these methods, perhaps the most useful is
armature voltage control, since it permits wide speed variations without affecting
the motor's maximum torque.

A number of motor-control systems have been developed over the years to
take advantage of the high torques and variable speeds available from the arma¬
ture voltage control of dc motors. Inthe days before solid-state electronic compo¬
nents became available, it was difficult to produce a varying dc voltage. Infactÿ
the normal way to vary the armature voltage of a dc motor was to provide itwith
its own separate dc generator.

An armature voltage control system of this sort is shown in Figure 8-33.
This figure shows an ac motor serving as a prime mover for a dc generator, which
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FIGURE 8-33
(a) A Ward-Leonard system for dc motor speed control, (b) The circuit for producing field current in
tire dc generator and dc motor.

in turn is used to supply a dc voltage to a dc motor. Such a system of machines is
called a Ward-Leonard system, and it is extremely versatile.

In such a motor-control system, the armature voltage of the motor can be
controlled by varying the field current of the dc generator. This armature voltage
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FIGURE 8-34
The operating range of a Ward-Leonard motor-control system. The motor can operate as a motor in
either the forward (quadrant 1) or reverse (quadrant 3) direction and it can also regenerate in
quadrants 2 and 4.

allows the motor's speed to be smoothly varied between a very small value and
the base speed. The speed of the motor can be adjusted above the base speed by
reducing the motor's field current. With such a flexible arrangement, total motor

speed control is possible.
Furthermore, if the field current of the generator is reversed, then the polar¬

ity of the generator's armature voltage will be reversed, too. This will reverse the
motor's direction of rotation. Therefore, it is possible to get a very wide range of
speed variations in either direction of rotation out of a Ward-Leonard dc motor-
control system.

Another advantage of the Ward-Leonard system is that it can "regenerate,"
or return the machine's energy of motion to the supply lines. If a heavy toad is first
raised and then lowered by the dc motor of a Ward-Leonard system, when the load
is falling, the dc motor acts as a generator, supplying power back to the power sys¬
tem. In this fashion, much of the energy required to lift the load in the first place
can be recovered, reducing the machine's overall operating costs.

The possible modes of operation of the dc machine are shown in the
torque-speed diagram in Figure 8-34. When this motor is rotating in its normal
direction and supplying a torque in the direction of rotation, it is operating in the
first quadrant of this figure. If the generator's field current is reversed, that will re¬
verse the terminal voltage of the generator, in turn reversing the motor's armature
voltage. When the armature voltage reverses with the motor field current remain-,

ing unchanged, both the torque and the speed of the motor are reversed, and the
machine is operating as a motor in the third quadrant of the diagram. If the torque
or the speed alone of the motor reverses while the other quantity does not, then the
machine serves as a generator, returning power to the dc power system. Because
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FIGURE8-35
(a) A two-quadrant solid-state dc motor controller, Since current cannot flow out of the positive
terminals of the armature, this motor cannot act as a generator, returning power to the system.
(b) The possible operating quadrants of this motor controller.

a Ward-Leonard system permits rotation and regeneration in either direction, it is
caLled afour-quadrant control system.

The disadvantages of a Ward-Leonard system should be obvious. One is that
the user is forced to buy three full machines of essentially equal ratings, which is
quite expensive. Another is that three machines will be much less efficient than
one. Because of its expense and relatively low efficiency, the Ward-Leonard sys-
em has been replaced in new applications by thyristor-based controller circuits.

A simple dc armature voltage controller circuit is shown in Figure 8-35.
The average voltage applied to the armature of the motor, and therefore the aver¬
age speed of the motor, depends on the fraction of the time the supply voltage is
applied, to the armature. This in turn depends on the relative phase at which the
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FIGURE 8-36
(a) A four-quadrant solid-state do motor controller, (b) The possible operating quadrants of this
motor controller.

thyristors in the rectifier circuit are triggered. This particular circuit is only capa¬
ble of supplying an armature voltage with one polarity, so the motor can only be
reversedby switching the polarity of its field connection. Notice that it is not pos¬
sible for an armature current to flow out the positive terminal of this motor, since
current cannot flow backward through a thyristor. Therefore, this motor cannot re¬

generate, and any energy supplied to the motor cannot be recovered. This type oÿ
control circuit is a two-quadrant controller, as shown inFigure 8-35b.

A more advanced circuit capable of supplying an armature voltage with ei¬
ther polarity is shown in Figure 8-36. This armature voltage control circuit can
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CHU»Ott

FIGURE 8-37
(a) A typical solid-state shunt dc motor drive. (Courtesy ofMagneTek, Inc.) (b) A close-up view of
the low-power electronics circuit board, showing the adjustments for current limits, acceleration rate,

deceleration rate, minimum speed, and maximum speed. (Courtesy ofMagneTek, Inc.)

permit a current flow out of the positive terminals of the generator, so a motor

with this type of controller can regenerate. If the polarity of the motor field circuit
can be switched as well, then the solid-state circuit is a full four-quadrant con¬
troller like the Ward-Leonard system.

A two-quadrant or a full four-quadrant controller built with thyristors is
cheaper than the two extra complete machines needed for the Ward-Leonard sys¬
tem, so solid-state speed-control systems have largely displaced Ward-Leonard
systems In new applications.

A typical two-quadrant shunt dc motor drive with armature voltage speed
control is shown in Figure 8-37, and a simplified block diagram of the drive is
shown in Figure 8-38. This drive has a constant field voltage supplied by a three-

phase full-wave rectifier, and a variable armature terminal voltage supplied by six
thyristors arranged as a three-phase full-wave rectifier. The voltage supplied to the
armature of the motor is controlled by adjusting the firing angle of the thyristors in
the bridge. Since this motor controller has a fixed field voltage and a variable ar¬
mature voltage, it is only able to control the speed of the motor at speeds less than
or equal to the base speed (see "Changing the Armature Voltage" in Section 8.4).
The controller circuit is identical with that shown inFigure 8-35, except that all of
the control electronics and feedback circuits are shown.
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The major sections of this dc motor drive include:

1. A protection circuit section to protect the motor from excessive armature cur¬
rents, low terminal voltage, and loss of field current.

2. A start/stop circuit to connect and disconnect the motor from the line.
3. A high-power electronics section to convert three-phase ac power to dc power

for the motor's armature and field circuits.
4. A low-power electronics section to provide firing pulses to the thyristors

which supply the armature voltage to the motor. This section contains several
major subsections, which will be described below.

Protection Circuit Section

The protection circuit section combines several different devices which together
,ÿ ensure the safe operation of lire motor. Some typical safety devices included in

this type of drive are

1. Current-limitingfuses, to disconnect the motor quickly and safely from the
power line in the event of a short circuit within the motor. Current-limiting
fuses can interrupt currents of up to several hundred thousand amperes.

2. An instantaneous static trip,which shuts down the motor if the armature cur¬
rent exceeds 300 percent of its rated value. If the armature current exceeds
the maximum allowed value, the trip circuit activates the fault relay, which
deenergizes the run relay, opening the main contactors and disconnecting tire
motor from the line.

3. An inverse-time overload trip, which guards against sustained overcurrent

conditions not great enough to trigger the instantaneous static trip but large
enough to damage the motor if allowed to continue indefinitely. The term in¬
verse time implies that the higher the overcurrent flowing in the motor, the
faster the overload acts (Figure 8-39). For example, an inverse-time trip
might take a full minute to trip if the current flow were 150 percent of the
rated current of the motor, but take 10seconds to trip if the current flow were
200 percent of the rated current of the motor.

4. An undervoltage trip, which shuts down the motor if the line voltage supply¬
ing the motor drops by more than 20 percent.

5. A field loss trip, which shuts down the motor if the field circuit is lost.

6. An overtemperature trip,which shuts down the motor if it is in danger of
overheating.

( Start/Stop Circuit Section

The start/stop circuit section contains the controls needed to start and stop the mo¬
tor by opening or closing the main contacts connecting the motor to the line. The
motor is started by pushing the run button, and it is stopped either by pushing the
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stop button or by energizing tire fault relay. Ineither case, the run relay is deener-
gized, and the main contacts connecting the motor to the line are opened.

High-Power Electronics Section

The high-power electronics section contains a three-phase full-wave diode recti¬
fier to provide a constant voltage to tire field circuit of the motor and a three-phase
full-wave thyristor rectifier to provide a variable voltage to the armature circuit of
the motor.

10 20 30 40 50 60
ÿ Trip time, s

FIGURE 8-39
An inverse-time trip characteristic.

Low-Power Electronics Section

The low-power electronics section provides firing pulses to the thyristors, which
supply the armature voltage to the motor. By adjusting the firing time of the
thyristors, the low-power electronics section adjusts the motor's average armature

voltage. The low-power electronics section contains the following subsystems:

1. iSpeed regulation circuit. This circuit measures the speed of the motor with a
tachometer, compares that speed with the desired speed (a reference voltage
level), and increases or decreases the armature voltage as necessary to keep the
speed constant at the desired value. For example, suppose that the load on the
shaft of the motor is increased. If the load is increased, then the motor will
slow down. The decrease in speed will reduce the voltage generated by the
tachometer, which is fed into the speed regulation circuit Because the voltage
level corresponding to the speed of the motor has fallen below the reference
voltage, the speed regulator circuit will advance the firing time of the thyristors,
producing a higher armature voltage. The higher armature voltage will tend to

increase the speed of the motor back to the desired level (see Figure 8 -40).
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FIGURE S-40
(a) The speed regulator circuit produces an output voltage which is proportional to the difference
between the desired speed of the motor (set by Vref) and the actual speed of the motor (measured by
V,.cb). This output voltage is applied to the fixing circuit in such a way that the larger the output
voltage becomes, the earlier the thyrislors in the drive turn on and the higher the average terminal
voltage becomes, (b) The effect of increasing load on a shunt dc motor with a speed regulator. The
load in the motor is increased. If no regulator were present, the motor would slow down and operate

at point 2. When the speed regulator is present, it detects the decrease in speed and boosts the
armature voltage of the motor to compensate. This raises the whole torque-speed characteristic
curve of the motor, resulting in operation at point 2'.

With proper design, a circuit of this type can provide speed regulations of
0.1 percent between no-load and full-load conditions.

The desired operating speed of the motor is controlled by changing the ref¬
erence voltage level. The reference voltage level can be adjusted with a small
potentiometer, as shown inFigure 8-40.
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2. Current-limiting circuit. This circuit measures the steady-state current flow¬
ing to the motor, compares that current with the desired maximum current
(set by a reference voltage level), and decreases the armature voltage as nec¬
essary to keep the current from exceeding the desired maximum value. The
desired maximum current can be adjusted over a wide range, say from 0 to

200 percent or more of the motor's rated current. This current limit should
typically be set at greater than rated current, so that the motor can accelerate
under full-load conditions.

3. Acceleration/deceleration circuit. This circuit limits the acceleration and de¬
celeration of tire motor to a safe value. Whenever a dramatic speed change is
commanded, this circuit intervenes to ensure that tire transition from the orig¬
inal speed to the new speed is smooth and does not cause an excessive arma¬

ture current transient in the motor.

The acceleration/deceleration circuit completely eliminates the need for a
starting resistor, since starting the motor is just another kind of large speed
change, and the acceleration/deceleration circuit acts to cause a smooth increase
in speed over time. This gradual smooth increase in speed limits the current flow¬
ing in the machine's armature to a safe value.

8.10 DC MOTOR EFFICIENCY
CALCULATIONS

To calculate the efficiency of a dc motor, the following losses must be determined:

1. Copper losses
2. Brush drop losses
3. Mechanical losses
4. Core losses

5. Stray losses

The copper losses in the motor are the I2R losses in the armature and field
circuits of the motor. These losses can be found from a knowledge of the currents

in the machine and the two resistances. To determine the resistance of the arma¬
ture circuit in a machine, block its rotor so that it cannot turn and apply a small dc
voltage to the armature terminals. Adjust that voltage until the current flowing in
the armature is equal to the rated armature current of the machine. The ratio of the
applied voltage to the resulting armature current flow is RA. The reason that the
current should be about equal to full-load value when this test is done is that RA
varies with temperature, and at the full-load value of the current, the armature
windings will be near their normal operating temperature.

The resulting resistance will not be entirely accurate, because

1. The cooling that normally occurs when the motor is spinning will not be
present.
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2. Since there is an ac voltage in the rotor conductors during normal operation,
they suffer from some amount of skin effect, which further raises armature

resistance.

IEEE Standard 113 (Reference 5) deals with test procedures for dc machines. It
gives a more accurate procedure for determining RA, which can be used if needed.

The field resistance is determined by supplying the full-rated field voltage
to the field circuit and measuring the resulting field current. The field resistance

Rf is just the ratio of the field voltage to the field current.
Brush drop losses are often approximately lumped together with copper

losses. If they are treated separately, they can be determined from a plot of contact

potential versus current for the particular type of brush being used. The brush drop
losses arejust the product of the brushvoltage drop VBD and the armature current IA.

The core and mechanical losses are usually determined together. If a motor
is allowed to turn freely at no load and at rated speed, then there is no output power
from the machine. Since the motor is at no load, IA is very small and the armature

copper losses are negligible. Therefore, if the field copper losses are subtracted
from the input power of the motor, the remaining input power must consist of the
mechanical and core losses of the machine at that speed. These losses are called the
no-loadrotational losses of the motor.As long as the motor's speed remains nearly
the same as it was when the losses were measured, the no-load rotational losses are

a good estimate of mechanical and core losses under load in the machine.
Example 8-8 illustrates the determination of a motor's efficiency.

Example 8-8. A 50-hp, 250-V, 1200 r/min shunt dc motor has a rated armature

current of 170 A and a rated field current of 5 A. When its rotor is blocked, an armature

voltage of 10.2 V (exclusive of brushes) produces 170A of current flow, and a field volt¬
age of 250 V produces a field current flow of 5 A. The brush voltage drop is assumed to be
2 V. At no load with the terminal voltage equal to 240 V, the armature current is equal to

13.2A, the field current is 4.8 A. and the motor's speed is 1150 r/min.

(a) How much power is output from this motor at ratedconditions?
(b) What is the motor's efficiency?

Solution
The armature resistance of this machine is approximately

and the field resistance is

250 V
Kr —-

(
Rf = = 50 ft
' 5 A

Therefore, at full load tire armature I2R losses are

PA = (170 A)2(0.06 ft) = 1734W

and the field circuit PR losses are
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PF = (5 A)2(50 fl) = 1250 W

The brush losses at full load are given by

/Uh = = (2 V)(170 A) = 340 W

The rotational losses at full load are essentially equivalent to the rotational losses at no
load, since the no-load and full-load speeds of the motor do not differ too greatly. These
losses may be ascertained by determining the input power to the armature circuit at no load
and assuming that the armature copper and brush drop losses are negligible, meaning that
the no-load armature input power is equal to the rotational losses:

Pm = Pcore + P™oh = (240 VX13.2 A) = 3168 W

(a) The input power of this motor at the rated load is given by

Pin = VTJL = (250 V)(175 A) = 43,750 W

Its output power is given by

D = P — P — P — P — P — P1 OHI 1 in * brush * cu * core 1 mech 1 stray

= 43,750 W - 340 W - 1734W - 1250 W - 3168 W - (0.01)(43,750 W)

= 36,820 W

where the stray losses are taken to be 1 percent of the input power.
(b) The efficiency of this motor at full load is

p = ÿ x 100%
•'out

= Hfsow x 100% = 842%

8.11 INTRODUCTIONTO DC GENERATORS

DC generators are dc machines used as generators. As previously noted, there is
no real difference between a generator and a motor except for the direction of
power flow. There are five major types of dc generators, classified according to

die manner in which their field flux is produced:

1. Separately excitedgenerator. In a separately excited generator, the field flux
is derived from a separate power source independent of the generator itself.

2. Shunt generator. In a shunt generator, the field flux is derived by connecting
the field circuit direcdy across the terminals of the generator.

3. Series generator. In a series generator, the field flux is produced by connect¬
ing the field circuit inseries with the armature of the generator.

4. Cumulatively compounded generator. In a cumulatively compounded gener¬
ator, both a shunt and a series field are present, and their effects are additive.

5. Differentially compoundedgenerator. In a differentially compounded genera¬
tor, both a shunt and a series field are present, but their effects are subtractive. ÿ

These various types of dc generators differ in their terminal (voltage-current)
duiiaclerisiics, and iliei'i'foiv in the applications lo which (hey arc sailed,



. 

DC MOTORS AND GENERATORS 527

FIGURE 8-41
The firsL practical dc generator. This
is an exact duplicate of the "long-
legged Mary Ann." Thomas Edison's
first commercial dc generator, which
was built in 1879. It was rated at 5 kW,
100 V, and 1200 r/min. (Courtesy of
General Electric Company.)

DC generators are compared by tbeir voltages, power ratings, efficiencies,
and voltage regulations. Voltage regulation (VR) is defined by the equation

VR =
V"' Vn x 100% (8-39)

where Vn, is the no-load terminal voltage of the generator and Vn is the full-load ter¬

minal voltage of the generator. Itis a rough measure of the shape of the generator's
voltage-current characteristic—a positive voltage regulation means a drooping
characteristic, and a negative voltage regulation means a rising characteristic.

All generators are driven by a source of mechanicalpower, which is usually
called the prime mover of the generator. A prime mover for a dc generator may be
a steam turbine, a diesel engine, or even an electric motor. Since the speed of the
prime mover affects the output voltage of a generator, and since prime movers can
vary widely in their speed characteristics, it is customary to compare die voltage
reguJadon and output characteristics of different generators, assuming constant-

speedprime movers. Throughout this chapter, a generator's speed will be assumed
to be constant unless a specific statement is made to the contrary.

Dc generators are quite rare in modern power systems. Even dc power sys¬
tems such as those in automobiles now use ac generators plus rectifiers to produce
dc power. However, they have had a limited renaissance in the last few years as
power sources for standalone cellular telephone towers.

The equivalent circuit of a dc generator is shown in Figure 8-42, and a sim¬
plified version of the equivalent circuit is shown in Figure 8-43. They look simi¬
lar to the equivalent circuits of a dc motor, except that the direction ofcurrent flow

,1,1. .. , ÿ , . I
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Fi

FIGURE 8—42
The equivalent circuit of a dc generator.

pi

FIGURE 8-43
A simplified equivalent circuil of a dc generator, with Ry combining the resistances of the field coils
and the variable control resistor.

8.12 THE SEPARATELY
EXCITED GENERATOR

A separately excited dc generator is a generator whose field current is supplied by
a separate external dc voltage source. The equivalent circuit of such a machine is
shown inFigure 8—44. In this circuit, the voltage VT represents the actual voltage
measured at the terminals of the generator, and the current IL represents the cur¬
rent flowing in the lines connected to the terminals. The internal generated volt¬
age is EA, and the armature current is IA. It is clear that the armature current is
equal to the line current in a separately excited generator:

Ia = h (8-40)

The Terminal Characteristic of a Separately
ExcitedDC Generator (
The terminal characteristic of a device is a plot of the output quantities of the de¬
vice versus each other. For a dc generator, the output quantities are its terminal volt¬
age and line current. The terminal characteristic of a separately excited generator is
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FIGURE 8-44
A separately excited dc generator.

thus a plot of VT versus IL for a constant speed o>. By Kirchhoff's voltage law, the
terminal voltage is

Since the internal generated voltage is independent of IA, the terminal characteris¬
tic of the separately excited generator is a straight line, as shown in Figure 8ÿ15a.

What happens in a generator of this sort when the load is increased? When
the load supplied by the generator is increased, 1L (and therefore /„) increases.
As the armature current increases, the IARA drop increases, so the terminal volt¬
age of the generator falls.

This terminal characteristic is not always entirely accurate. In generators
without compensating windings, an increase in IA causes an increase in armature

reaction, and armature reaction causes flux weakening. This flux weakening
causes a decrease in EA = K4)icjm which further decreases tine terminal voltage of
the generator. The resulting terminal characteristic is shown in Figure 8ÿ5b. In
all future plots, the generators will be assumed to have compensating windings
unless stated otherwise. However, it is important to realize that armature reaction
can modify the characteristics if compensating windings are not present.

Control of Terminal Voltage

The terminal voltage of a separately excited dc generator can be controlled by
changing the internal generated voltage EA of (he machine. By Kirchhoff's volt¬
age law VT = Ea — 1aRa,so if EA increases, Vr will increase, and if EA decreases,

VT will decrease. Since the internal generated voltage Ea is given by the equation
Ea - K(pci)m, there are two possible ways to control the voltage of this generator:

vT = ea - iara (8-41)

1. Change the speed of rotation. If increases, then Ea = increases, so

VT = £aT - JaRa increases as well.
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FIGURE 8-45
The termjniil characteristic of a
separately excited dc generator (a) with
and (b) without compensating
windings.

2. Change the field current. IfRF is decreased, then the field current increases
{lF = Vp/Rpi). Therefore, the flux 4> in the machine increases. As the flux
rises, Ea = Kf)Ta>m must rise too, so VT = EAt - IARA increases.

Inmany applications, the speed range of the prime mover is quite limited,
so the terminal voltage is most commonly controlled by changing the field cur¬
rent. A separately excited generator driving a resistive load is shown in Figure
8-46a. Figure 8-46b shows the effect of a decrease in field resistance on the ter¬

minal voltage of the generator when it is operating under a load.

Nonlinear Analysis of a Separately Excited
DC Generator

Because the internal generated voltage of a generator is a nonlinear function of its
magnetomotive force, it is not possible to calculate simply the value of EA to be
expected from a given field current. The magnetization curve of the generator
must be used to accurately calculate its output voltage for a given input voltage.

Inaddition, if a machine has armature reaction, its flux will be reduced with
each increase in load, causing EA to decrease. The only way to accurately deter¬
mine the output voltage in a machine with armature reaction is to use graphical/
analysis. '

The total magnetomotive force in a separately excited generator is the field
circuit magnetomotive force less the magnetomotive force due to armature reac¬
tion (AR):
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FIGURE 8-46
(a) A separately excited dc generator with a resistive load, (b) The effect of a decrease in field
resistance on the output voltage of the generator.

= Nf1f - SkAR (8ÿ2)

As with dc motors, it is customary to define an equivalentfield, current that would
produce the same output voltage as the combination of all the magnetomotive
forces in the machine. The resulting voltage EA0 can then be determined by locat¬
ing that equivalent field current on the magnetization curve. The equivalent field
current of a separately excited dc generator is given by

If = IF ~ (8-43)

Also, the difference between the speed of the magnetization curve and the
real speed of the generator must be taken into account using Equation (8-13):

I4" = — (8-13)
Eao n0

The following example illustrates the analysis of a separately excited dc
generator.
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FIGURE8-47
The separately excited dc generator in Example 8-9.

Example 8-9. A separately excited dc generator is rated at 172kW, 430 V, 400 A,
and 1800 r/min. It is shown in Figure 8-47, and its magnetization curve is shown in
Figure 8-48. This machine has the following characteristics:

Ra = 0.05 a
rf = 20n

/?adj = o to 300 n

w = 430 V

Nf = 1000 turns per pole

(a) If the variable resistor in this generator's field circuit is adjusted to 63 ft and
the generator's prime mover is driving it at 1600 r/min, what is this generator's
no-load terminal voltage?

(b) What would its voltage be if a 360-A toad were connected to its terminals? As¬
sume that the generator has compensating windings.

(c) What would its voltage be if a 360-A load were connected to its terminals but
the generator does not have compensating windings? Assume that its armature

reaction at this load is 450 A • turns.
(d) What adjustment could be made to the generator to restore its terminal voltage

to the value found in part a?
How much field current would be needed to restore the terminal voltage to its
no-load value? (Assume that the machine has compensating windings.) What is
the required value for the resistor /?sdj to accomplish this?

(e)

Solution
(a) If the generator's total field circuit resistance is

Rf + R.ÿ = 83 ft

then the field current in the machine is

VF _ 430 V
Ir Rf 83 ft = 5.2 A

From the machine's magnetization curve, this much current would produce a-
voltage Eao = 430 V at a speed of 1800 r/min. Since this generator is actually
turning at nm = 1600 r/min, its internal generated voltage EA will be

E40
(8-13)



DC MOTORS AND GENERATORS 533

500

450

430
410
400

>

300

u

200

100

0.0 2.0 3.0 4.0 5.0 7.0 9.0 0.0
4.75 5.2 6.15

Field current, A

Note: When the field current is zero. EA is about 3 V.

FIGURE 8-48
The magnetization curve for the generator in Example 8-9.

(

4, -ST""430 V = 382 VA 1800 r/min

Since Vr — EA at no-load conditions, the output voltage of the generator is VT =
382 V.

(b) If a 360-A load were connected to this generator's terminals, the terminal volt¬
age of the generator would be

VT = Ea - 1aRa = 382 V - (360A)(0.05 fl) = 364 V

(c) If a 360-A load were connected to this generator's terminals and the generator
had 450 A • turns of armature reaction, the effective field current would be

/; = 1F - = 5.2 A - 'tums
= 4.75 A

' f Nf 1000 turns
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Prom the magnetization curve, EM = 410 V, so the interna] generated voltage at
] 600 r/min would be

E. n
= f (8-13)

AO

ea = lann ÿ,mn 410 V = 364 VA 1800 r/rrun

Therefore, the terminal voltage of the generator would be

VT = Ea - 1aRa = 364 V - (360 A)(0.05 ft) = 346 V

It is lower than before due to tire armature reaction.
(d) The voltage at the terminals of the generator has fallen, so to restore it to its

original value, the voltage of the generator must be increased. This requires an
increase in EA, which implies that /?a()j must be decreased to increase the field
current of the generator.

(e) For the terminal voltage to go back up to 382 V, the required value of EA is

Ea = VT + 1ARA = 382 V + (360 A)(0.05 ft) = 400 V

To get a voltage EA of 400 V at n„, - 1600 r/min, the equivalent voltage at

1800 r/min would be

Ea ni„tA = — (8-13)eao no
r 1800 r/min

1600 r/min 400 V" 450 V

From the magnetization curve, this voltage would require a field current of IF —

6.15 A. The field circuit resistance would have to be

VF
Ef + R*6i = 7;

20ft + *adj=|ÿ = 69.9ft

Radj = 49.9 ft = 50 ft

Notice that, for the same field current and load current, the generator with
armature reaction had a lower output voltage than the generator without armature

reaction. The armature reaction in this generator is exaggerated to illustrate its
effects—it is a good deal smaller inwell-designed modern machines.

8.13 THE SHUNT DC GENERATOR

A shunt dc generator is a dc generator that supplies its own field current by hav¬
ing its field connected directly across the terminals of the machine. The equiva¬
lent circuit of a shunt dc generator is shown in Figure 8—49. In this circuit, the .

armature current of the machine supplies both the field circuit and the load at-{
tached to the machine:

IA = IF + IL (8-44)
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Vt =Ea-IaRa FIGURE 8-49
The equivalent circuit of a shunt dc
generator.

The Kirchhoff's voltage law equation for the armature circuit of this machine is

(8—45)= Ea - IaRa

This type of generator has a distinct advantage over the separately excited
dc generator in that no external power supply is required for the field circuit. But
that leaves an important question unanswered: If the generator supplies its own
field current, how does it get the initial field flux to start when it is first turned on?

Voltage Buildup in a Shunt Generator

Assume that the generator inFigure 8ÿ-9 has no load connected to it and that the
prime mover starts to turn the shaft of the generator. How does an initial voltage
appear at the terminals of the machine?

The voltage buildup ina dc generator depends on the presence of a residual

flux in the poles of the generator. When a generator first starts to turn, an internal
voltage will be generated, which is given by

EA VlPKSU>,„

This voltage appears at the terminals of the generator (it may only be a volt or two).
But when that voltage appears at the terminals, it causes a current to flow in the
generator's field coil (JF = VT1/RF). This field current produces a magnetomotive
force in the poles, which increases the flux in them. The increase Id flux causes an
increase in EA = K<j)1com> which increases the terminal voltage VT. When VT rises,
IFincreases further, increasing the flux <j> more, which increases EA, etc.

This voltage buildup behavior is shown inFigure 8-50. Notice that it is the
effect of magnetic saturation in the pole faces which eventually limits the termi¬
nal voltage of the generator.
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FIGURE 8-50
Vollage buildup on stalling in a shunt dc generator.

Figure 8-50 shows the voltage buildup as though it occurred in discrete
steps. These steps are drawn in to make obvious the positive feedback between the
generator's internal voltage and its field current. In a real generator, the voltage
does not build up in discrete steps: Instead,both EA and IFincrease simultaneously
until steady-state conditions are reached.

What if a shunt generator is started and no voltage builds up? What could be
wrong? There are several possible causes for the voltage to fail to build up during
starling. Among them are

1. There may be no residual magneticflux in the generator to start the process
going. If the residual flux 4>ÿ = 0, theaÿ = 0, and the voltage never builds
up. If this problem occurs, disconnect the field from the armature circuit and
connect it directly to an external dc source, such as a battery. The current flow
from this external dc source will leave a residual flux in the poles, which will
then allow normal starting. This procedure is known as "flashing the field"

2. The direction of rotation of the generator may have been reversed, or the con¬
nections of the field may have been reversed. Ineither case, the residual flux
produces an internal generated voltage EA. The voltage EA produces a field
current which produces a flux opposing the residual flux, instead of adding to

it. Under these circumstances, the flux actually decreases below <j>r„ and no,

voltage can ever build up. '
If this problemoccurs, it can be fixed by reversing the direction of rotation,

by reversing the field connections, or by flashing the field with the opposite
magnetic polarity.
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Ea (and Vr), V

FIGURE 8-51
The effect of shunt field resistance on no-load terminal voltage in a dc generator. IfRF> R-> (the

critical resistance), (hen the generator's voltage will never build up.

3. Thefield resistance may be adjusted to a value greater than the critical re¬
sistance. To understand this problem, refer to Figure 8-51. Normally, the
shunt generator will build up to the point where the magnetization curve in¬
tersects the field resistance line. If the field resistance has the value shown at

R2 in the figure, its line is nearly parallel to the magnetization curve. At that
point, the voltage of the generator can fluctuate very widely with only tiny
changes in RF or IA. This value of the resistance is called the critical resis¬
tance. If RF exceeds tine critical resistance (as at R2 in the figure), then the
steady-state operating voltage is essentially at the residual level, and it never
builds up. The solution to this problem is to reduce RF.

Since the voltage of the magnetization curve varies as a function of shaft
speed, the critical resistance also varies with speed. In general, the lower the
shaft speed, the lower the critical resistance.

The Terminal Characteristic of a
Shunt DC Generator

The terminal characteristic of a shunt dc generator differs horn that of a separately
excited dc generator, because the amount of field current in the machine depends
on its terminal voltage. To understand the terminal characteristic of a shunt gen¬
erator, start with the machine unloaded and add loads, observing what happens.

As the load on the generator is increased, IL increases and so IA = IP + IL
ialso increases. An increase in IA increases the armature resistance voltage drop
IaRa, causing VT = EA - IA T RA to decrease. This is precisely the same behavior
observed in a separately excited generator. However, when Vr decreases, the
field current in the machine decreases with it. This causes the flux in the ma-



538 ELECTRIC MACHINERY FUNDAMENTALS

Field weakening
effect

FIGURE 8-52
The terminal characteristic of a shunt dc generator.

r
chine to decrease, decreasing EA. Decreasing EA causes a further decrease in the
terminal voltage VT = EAl - IARA. The resulting terminal characteristic is
shown in Figure 8-52. Notice that the voltage drop-off is steeper than just the

IaRa drop in a separately excited generator. In other words, the voltage regula¬
tion of this generator is worse than the voltage regulation of the same piece of
equipment connected separately excited.

Voltage Control for a Shunt DC Generator

As with the separately excited generator, there are two ways to control the voltage
of a shunt generator:

1. Change the shaft speed co„, of the generator.

2. Change the field resistor of the generator, thus changing the field current.

Changing the field resistor is the principal method used to control terminal
voltage inreal shunt generators. If the field resistor RF is decreased, then the field
current lv = VTIRFl increases. When IF increases, the machine's flux (f> increases,
causing the internal generated voltage EA to increase. The increase in EA causes
the terminal voltage of the generator to increase as well.

The Analysis of Shunt DC Generators

The analysis of a shunt dc generator is somewhat more complicated than the
analysis of a separately excited generator, because the field current in the machint
depends directly on the machine's own output voltage. First the analysis of shunt
generators is studied for machines with no armature reaction, and afterward the
effects of armature reaction are included.

L
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FIGURE 8-S3
Graphical analysis of a shunt dc generator with compensating windings.

Figure 8-53 shows a magnetization curve for a shunt dc generator drawn at

the actual operating speed of the machine. The field resistance RF, which is just
equal to VT/IF, is shown by a straight line laid over the magnetization curve. At no
load, VT = Ea and the generator operates at the voltage where the magnetization
curve intersects the field resistance line.

The key to understanding the graphical analysis of shunt generators is to re¬
member Kirchhoff's voltage law (KVL):

The difference between the internal generated voltage and the terminal voltage is
just the IARA drop in the machine. The line of all possible values of EA is the mag¬
netization curve, and the line of all possible terminal voltages is the resistor line
(.lF = Vr/RF). Therefore, to find the terminal voltage for a given load, just deter¬
mine the IaRa drop and locate the place on the graph where that drop fits exactly
between the EA line and the VT line. There are at most two places on the curve
where the IARA drop will fit exactly. If there are two possible positions, the one
nearer the no-load voltage will represent a normal operating point.

A detailed plot showing several different points on a shunt generator's char¬
acteristic is shown inFigure 8-54. Note the dashed line inFigure 8-54b. This line
is the terminal characteristic when the load is being reduced. The reason that it
does not coincide with the line of increasing load is the hysteresis in the stator
poles of the generator.

Yr (8-45)

or Ea ~ VT = IaRa (8-46)
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FIGURE 8-54
Graphical derivation of the terminal characteristic of a shunt dc generator.

If armature reaction is present in a shunt generator, this process becomes a
little more complicated. The armature reaction produces a demagnetizing magne¬
tomotive force in the generator at the same time that the IARA drop occurs in the
machine.

To analyze a generator with armature reaction present, assume that its ar¬
mature current is known. Then the resistive voltage drop IARA is known, and the
demagnetizing magnetomotive force of the armature current is known. The termi¬
nal voltage of this generator must be large enough to supply the generator's flux

after the demagnetizing effects of armature reaction have been subtracted. To
meet this requirement both the armature reaction magnetomotive force and the
IaRa drop must fit between the EA line and the VT line. To determine the output
voltage for a given magnetomotive force, simply locate the place under the mag¬
netization curve where the hiangle formed by the armature reaction and IARA ef¬
fects exactlyfits between the line of possible VT values and the line of possible EA
values (see Figure 8-55).

8.14 THE SERIES DC GENERATOR

A series dc generator is a generator whose field is connected in series with its ar¬
mature. Since the armature has a much higher current than a shunt field, the series
field in a generator of this sort will have only a very few turns of wire, and the
wire used will be much thicker than the wire in a shunt field. Because magneto¬
motive force is given by the equation 3F = NI, exactly tire same magnetomotive-
force can beproducedfrom a few turns with highcurrent as can be producedfront
many turns with low current. Since the full-load current flows through it, a series
field is designed to have the lowest possible resistance. The equivalent circuit of
a series dc generator is shown in Figure 8-56. Here, the armature current, field
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FIGURE S-55
Graphical analysis of a shunt dc generator with armature reaction.
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-6- FIGURE 8-56
The equivalent circuit of a series dc

generator.

current, and line current all have the same value. The Kircliftoff's voltage law
equation for this machine is

VT = EA k(RA + Rs) (8—47)

The Terminal Characteristic of a Series Generator

The magnetization curve of a series dc generator looks very much like the magne¬
tization curve of any other generator. At no load, however, there is no field current,
so VT is reduced to a small level given by the residual flux in the machine. As the
load increases, the field current rises, so EA rises rapidly. The IA(RA + Rs) drop goes
up too, but at first the increase inEA goes up more rapidly than the IA(RA + Rs) drop
rises, so Vy increases. After a while, the machine approaches saturation, and EA
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FIGURE 8-57
Derivation of the terminal characteristic for a series dc generator.

1ARA drop

FIGURE8-58
A series generator terminal characteristic with large armature reaction effects, suitable for electric
welders.

becomes almost constant.At that point, the resistive drop is the predominant effect,
and VT starts to fall.

This type of characteristic is shown in Figure 8-57. It is obvious that this
machine would make a bad constant-voltage source. In fact, its voltage regulation
is a large negative number.

Series generators are used only ina few specialized applications, where the
steep voltage characteristic of the device can be exploited. One such application
is arc welding. Series generators used in arc welding are deliberately designed to
have a large armature reaction, which gives them a terminal characteristic like the
one shown in Figure 8-58. Notice that when the welding electrodes make contact-
with each other before welding commences, a very large current flows. As the op'.
erator separates the welding electrodes, there is a very steep rise in the generator's
voltage while the current remains high. This voltage ensures that a welding arc is
maintained through the air between the electrodes.
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FIGURE 8-59
The equivalent circuit of a cumulatively compounded dc generator with a long-shunt connection.

A cumulatively compounded dc generator is a dc generator with both series and
shunt fields, connected so that the magnetomotive forces from the two fields are
additive. Figure 8-59 shows the equivalent circuit of a cumulatively compounded
dc generator in the "long-shunt" connection. The dots that appear on the two field
coils have the same meaning as the dots on a transformer: Currentflowing into a
dot produces a positive magnetomotive force. Notice that the armature current

flows into the dotted end of the series field coil and that the shunt current IFflows
into the dotted end of the shunt field coil. Therefore, the total magnetomotive
force on this machine is given by

where 9?r is the shunt field magnetomotive force, 9*SE is the series field magneto¬
motive force, and Sÿr is the armature reaction magnetomotive force. The equivalent
effective shunt field current for this machine is given by

8.15 THE CUMULATIVELY COMPOUNDED
DC GENERATOR

ÿnet — SV + S'SE ÿAR (8—48)

Nplf = NfIf + Nse1a -

(8-49)

The other voltage and current relationships for this generator are

h=h+ h (8-50)

Vt = Ea~ Ia(Ra + Rs) (8-51)
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FIGURE 8-60
The equivalent circuit of a cumulatively compounded dc generator with a short-shunt connection.

vrIF = f (8-52)
-d (

There is another way to hook up a cumulatively compounded generator. It
is the "short-shunt" connection, where the series field is outside the shunt field
circuit and has current IL flowing through it instead of IA. A short-shunt cumula¬
tively compounded dc generator is shown inFigure 8-60.

The Terminal Characteristic of a Cumulatively
Compounded DC Generator

To understand the terminal characteristic of a cumulatively compounded dc gen¬
erator, it is necessary to understand the competing effects that occur within the
machine.

Suppose that the load on the generator is increased. Then as the load in¬
creases, die load current IL increases. Since IA = 1F + ILT, the armature current IA
increases too. At this point two effects occur in the generator:

1. As IA increases, the IA(RA + Rs) voltage drop increases as well. This tends to

cause a decrease in the terminal voltage VT= EA-1A T (RA + Rs).

2. As IA increases, the series field magnetomotive force 3ÿSE = NSEIA increases
too. This increases the total magnetomotive force Wt0, = NFIF + NSEIA1
which increases the flux in the generator. The increased flux inthe generator
increases EA, which in turn tends to make VT = EA t -IA(RA + Rs) rise.

These two effects oppose each other, with one tending to increase VT and
the other tending to decrease VT. Which effect predominates ina given machine?
It all depends on just how many series turns were placed on the poles of the nw
chine. The question can be answered by taking several individual cases: *

1. Few series turns (7VSE small). If there are only a few series turns, the resistive
voltage drop effect wins hands down. The voltage falls off just as in a shunt



DC MOTORS AND GENERATORS S45

Overcompounded

Flat compounded

Undetcompounded

Shunt

FIGURE 8-61
Terminal characteristics of cumulatively compounded dc generators.

generator, but not quite as steeply (Figure 8-61). This type of construction,
where the full-load terminal voltage is less than the no-load terminal voltage,
is called undercompounded.

2. More series turns (N5E larger). Ifthere are a few more series turns of wire on
the poles, then at first the flux-strengthening effect wins, and the terminal
voltage rises with the load. However, as the load continues to increase, mag¬
netic saturation sets in, and the resistive drop becomes stronger than the flux
increase effect. In such a machine, the terminal voltage first rises and then
falls as the loadincreases. If Vr at no load is equal to VT at full load, the gen¬
erator is calledflat-compounded.

3. Even more series turns are added (AfSE large). If even more series turns are
added to the generator, the flux-strengthening effect predominates for a
longer time before the resistive drop takes over. The result is a char acteristic
with the full-load terminal voltage actually higher than the no-load terminal
voltage. If VT at a full loadexceeds Vr at no load, the generator is called over-
compounded.

All these possibilities are illustrated in Figure 8-61.
It is also possible to realize all these voltage characteristics in a single gen¬

erator if a diverter resistor is used. Figure 8-62 shows a cumulatively com¬
pounded dc generator with a relatively large number of series turns NSE. A diverter
resistor is connected around the series field. If the resistor f?div is adjusted to a
large value, most of the armature current flows through the series field coil, and
the generator is overcompounded. On the other hand, if the resistor Rdw is adjusted
to a small value, most of the curr ent flows around die series field through /?div, and
the generator is undercompounded. It can be smoothly adjusted with the resistor
to have any desired amount of compounding.
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FIGURE 8-62
A cumulatively compounded dc generator with a series diverter resistor.

Voltage Control of Cumulatively Compounded
DC Generators

The techniques available for controlling the terminal voltage of a cumulatively
compounded dc generator are exactly the same as the techniques for controlling
the voltage of a shunt dc generator:

1. Change the speed of rotation. An increase in w causes EA = K(po),„t to in¬
crease, increasing the terminal voltage Vr = EA T - IA(RA + Rs).

2. Change the field current. A decrease in Rr causes IF= VT/RFi to increase,
which increases the total magnetomotive force in the generator. As 8F(ot
increases, the flux in the machine increases, and EA = K<pÿcDin increases.
Finally, an increase in EA raises Vr.

Analysis of Cumulatively Compounded
DC Generators

Equations (8-53) and (8-54) are the key to describing the terminal characteristics
of a cumulatively compounded dc generator. The equivalent shunt field current /eq
due to the effects of the series field and armature reaction is given by

NseJ — —'— J —'eq J] 'A
JAR
N,

Therefore, the total effective shunt field current in the machine is

i;=if +l<eq

(8-53)

(8-54)1

This equivalent current/ÿ represents a horizontal distance to the left or the
right of the field resistance line (RF = Vr/Rr) along the axes of the magnetization
curve,
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Magnetization curve (EA versus IF)Ea and Ri
Ea, loaded

Ea and VT, no load

VT> loaded

FIGURE 8-63
Graphical analysis of a cumulatively compounded dc generator.

The resistive drop in the generator is given by IA(RA + Rs), which is a length
along the vertical axis on the magnetization curve. Both the equivalent current Ieq
and the resistive voltage drop IA(RA + Rs) depend on the strength of the armature
current IA. Therefore, they form the two sides of a triangle whose magnitude is a
function of IA. To find the output voltage for a given load, determine the size of the
triangle and find the one point where it exactly fits between the field current line
and the magnetization curve.

This idea is illustrated in Figure 8-63. The terminal voltage at no-load con¬
ditions will be the point at which the resistor line and the magnetization curve in¬
tersect, as before. As load is added to the generator, the series field magnetomotive
force increases, increasing the equivalent shunt field current 7eq and the resistive
voltage drop IA(RA + Rs) in the machine. To find the new output voltage in this
generator, slide the leftmost edge of the resulting triangle along the shunt field cur¬
rent Line until the upper tip of the triangle touches the magnetization curve. The up¬
per tip of the triangle then represents the internal generated voltage in the machine,
while the lower line represents the terminal voltage of the machine.

Figure 8-64 shows this process repeated several times to construct a com¬
plete terminal characteristic for the generator.

( 8.16 THE DIFFERENTIALLY COMPOUNDED
DC GENERATOR

A differentially compounded dc generator is a generator with both shunt and se¬
ries fields, but this time their magnetomotive forces subtract, from each other.
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EA and Vr

c<) IA {Ra + Rs)

FIGURE 8-64
Graphical derivation of the terminal characteristic of a cumulatively compounded dc generator.

-AAA-VW-
h\

-0+

IA-IL+If
Vtvr '"-4

Vt =Ea-Ia(Ra + Rs)

&m = NFIF-NSEIA-<?AIt

FIGURE S-65
The equivalent circuit of a differentially compounded dc generator with a long-shunt connection.

The equivalent circuit of a differentially compounded dc generator is shown in
Figure 8-65. Notice that the armature current is now flowing out of a dotted coil
end, while the shunt field current is flowing into a dotted coil end. In this ma¬
chine, the net magnetomotive force is

®net ÿSE ÿAR
(

ÿriet NFIf A!SeIa ÿAR.

(8-55)

(8-56)
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and the equivalent shunt field current due to the series field and armature reaction
is given by

Nqc
r = ee j
«i nf a °AR

Nr

The total effective shunt field current in this machine is

If = If "f Ifj

or
'"I

It = If ~
Use ,

Nf a
9,AR

NF

(8-57)

(8-58a)

(8-58b)

Like the cumulatively compounded generator, tire differentially com¬
pounded generator can be connected ineither long-shunt or short-shunt fashion.

The Terminal Characteristic of a Differentially
Compounded DC Generator

In the differentially compounded dc generator, the same two effects occur that
were present in the cumulatively compounded dc generator. This time, though, the
effects both act in the same direction. They are

1. As IA increases, the 1A(RA + Rs) voltage drop increases as well. This increase
tends to cause the terminal voltage to decrease Vr — EA - lAT (RA -1- Rs).

2. As IA increases, the series field magnetomotive force 2fiSE = NSEIA increases
too. This increase in series field magnetomotive force reduces the net mag¬
netomotive force on the generator (2Ftot = NFIF- which in turn re¬
duces the net flux in the generator. A decrease in flux decreases EA, which in
turn decreases Vr.

Since both these effects tend to decrease VT, the voltage drops drastically as
the load is increased on the generator. A typical terminal characteristic for a dif¬
ferentially compounded dc generator is shown in Figure 8-66.

Voltage Control of Differentially Compounded
DC Generators

Even though the voltage drop characteristics of a differentially compounded dc
generator are quite bad, it is still possible to adjust the terminal voltage at any
given load setting. The techniques available for adjusting terminal voltage are ex¬
actly the same as those for shunt and cumulatively compounded dc generators:

1. Change the speed of rotation cum.
2. Change the field current 1F.
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Shunt

Differentially
compounded

FIGURE 8-66
The terminal characteristic of a differentially compounded dc generator.

Ea and V-

Tn)

IR drop
loaded
loaded

FIGURE 8-67
Graphical analysis of a differentially compounded dc generaror.

Graphical Analysis of a Differentially
Compounded DC Generator

The voltage characteristic of a differentially compounded dc generator is graphi¬
cally determined inprecisely the same manner as that used for the cumulatively
compounded dc generator. To find the tenninal characteristic of the machine, re¬
fer to Figure 8-67.
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Shunt

Differentially
compounded

(
FIGURE 8-68
Graphical derivation of the terminal characteristic of a differentially compounded dc generator.

The portion of the effective shunt field current due to the actual shunt field
is always equal to VTIRF, since that much current is present in the shunt field. The
remainder of the effective field current is given by 7cq and is the sum of the series
field and armature reaction effects. This equivalent current /e<) represents a nega¬
tive horizontal distance along the axes of the magnetization curve, since both the
series field and the armature reaction are subtractive.

The resistive drop inthe generator is given by lA(RA + Rs), which is a length
along the vertical axis on the magnetization curve. To find the output voltage for
a given load, determine the size of the triangle formed by the resistive voltage
drop and /e£)) and find the one point where it exactly fits between the field current
line and the magnetization curve.

Figure 8-68 shows this process repeated several times to construct a com¬
plete terminal characteristic for the generator.

8.17 SUMMARY

There are several types of dc motors, differing in the manner in which their
field fluxes are derived. These types of motors are separately excited, shunt,
permanent-magnet, series, and compounded. The manner in which the flux is de¬
rived affects the way it varies with the load, which in turn affects the motor's
overall torque-speed characteristic.

A shunt or separately excited dc motor has a torque-speed characteristic
/ whose speed drops linearly with increasing torque. Its speed can be controlled by

ÿ changing its field current, its armature voltage, or its armature resistance.
A permanent-magnet dc motor is the same basic machine except that its flux

is derived from permanent magnets. Its speed can be controlled by any of the
above methods except varying the field current.
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A series motor has the highest starting torque of any dc motor but tends to
overspeed at no load. It is used for very high-torque applications where speed reg¬
ulation is not important, such as a car starter.

A cumulatively compounded dc motor is a compromise between the series
and the shunt motor, having some of the best characteristics of each. On the other
hand, a differentially compounded dc motor is a complete disaster. It is unstable
and tends to overspeed as load is added to it.

DC generators are dc machines used as generators. There are several differ¬
ent types of dc generators, differing in the manner in which their field fluxes are

derived. These methods affect the output characteristics of the different types of
generators. The common dc generator types are separately excited, shunt, series,
cumulatively compounded, and differentially compounded.

The shunt and compounded dc generators depend on the nonlinearity of
their magnetization curves for stable output voltages. If the magnetization curve
of a dc machine were a sffaight line, then the magnetization curve and the termi¬
nal voltage line of the generator would never intersect. There would thus be no
stable no-load voltage for tire generator. Since nonlinear effects are at the heart of
the generator's operation, the output voltages of dc generators can only be deter¬
mined graphically or numerically by using a computer.

Today, dc generators have been replaced in many applications by ac power
sources and solid-state electronic components. This is true even in the automobile,
which is one of the most common users of dc power.

QUESTIONS

8-1.
8-2.
8-3.

8-4.

8-5.

8-6.
8-7.
8-8.
8-9.

8-10.
8-11.

8-12.

8-13.
8-14.

1

What is the speed regulation of a dc motor?

How can the speed of a shunt dc motor be controlled? Explain in detail.
What is tire practical difference between a separately excited and a shunt dc mo¬
tor?
What effect does armature reaction have on the torque-speed characteristic of a
shunt dc motor? Can the effects of armature reaction be serious? What can be done
to remedy this problem?
What are the desirable characteristics of the permanent magnets in PMDC
machines?
What are the principal characteristics of a series dc motor? What are its uses?
What are the characteristics of a cumulatively compounded dc motor?

What are the problems associated with a differentially compounded dc motor?

What happens in a shunt dc motor if its field circuit opens while it is running?
Why is a starting resistor used indc motor circuits?
How can a dc starting resistor be cut out of a motor's armature circuit at just the
right time during starting?

What is the Ward-Leonard motor control system? What are its advantages andÿ
disadvantages?
What is regeneration?
What are the advantages and disadvantages of solid-state motor drives compared to

the Ward-Leonard system?



DC MOTORS AND GENERATORS 553

8-15. What is the purpose of a field loss relay?
8-16. What types ofprotective features are includedin typical solid-state dc motor drives?

How do they work?

8-17. How can the direction of rotation of a separately excited dc motor be reversed?
8-18. How can the direction of rotation of a shunt dc motor be reversed?
8-19. How can the direction of rotation of a series dc motor be reversed?

8-20. Name and describe the features of tire five types of generators covered in this chapter.
8-21. How does the voltage buildup occur in a shunt dc generator during starting?
8-22. What could cause voltage buildup on starting to fail to occur? How can this problem

be remedied?
8-23. How does armature reaction affect the output voltage in a separately excited dc

generator?
8-24. What causes the extraordinarily fast voltage drop with increasing load in a differen¬

tially compounded dc generator?

PROBLEMS

Problems 8-1 to 8-12 refer to the following dc motor:

Praicd = 30 hp = 110 A

Vr = 240 V NF = 2700 turns per pole

"rated = 1800 r/min NSE = 14 turns per pole

Ra — 0.19 II RF= 75 O

Rs = 0.02 H Ra(lj = 100 to 400 fl
Rotational losses = 3550 W at full load.

Magnetization curve is as shown in Figure P8-1.

InProblems 8-1through 8-7, assume that the motor can be connected in shunt. The
equivalent circuit of the shunt motor is shown in Figure P8-2.

8-1. If the resistor /?adj is adjusted to 175 fl what is the rotational speed of the motor at

no-load conditions?
Assuming no armature reaction, what is the speed of the motor at full load? What is
the speed regulation of the motor?
If the motor is operating at full load andif its variable resistance Radj is increased to

250 fl, what is the new speed of the motor? Compare the full-load speed of the mo¬
tor with RacJj = 175 fl to the full-load speed with = 250 fl. (Assume no arma¬
ture reaction, as in the previous problem.)
Assume that the motor is operating at full load and that the variable resistor Radi is
again 175 fl Tf the armature reaction is 2000 A • turns at full load, what is the speed
of the motor? How does it compare to the result for Problem 8-2?
If 7?aclj can be adjusted from 100 to 400 fl, what are the maximum and minimum
no-load speeds possible with this motor?
What is the starting current of this machine if it is started by connecting it directly
to the power supply VT? How does this starting current compare to the full-load cur¬
rent of the motor?

8-2.

8-3.

8-4.

( 8-5.

8-6.
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FIGUREP8-1
The magnetization curve for the dc motor in Problems 8-1 to 8-12. This curve was made at a
constant speed of 1800 r/min.

1.9 2

8-7. Plot the torque-speed, characteristic of this motor assuming no armature reaction,
and again assuming a fitil-load armature reaction of 1200A • turns. (Assume that the
armature reaction increases linearly with increases in armature current.)

For Problems 8-8 and 8-9, the shunt dc motor is reconnected separately excited, as shown
inFigure P8-3. Ithas a fixed field voltage VF of 240 V and an armature voltage VA that can /

be varied from 120 to 240 V.

8-8. What is the no-load speed of this separately excited motor when ,Radj = 175 fl and
(a) VA = 120 V, (b) VA = 180 V, (c) VA = 240 V?

8-9. For the separately excited motor of Problem 8-8:
(a) What is the maximum no-load speed attainable by varying both VA and i?adj?
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0.19X1

Vt= 240 V

FIGUREP8-2
The equivalent circuit of the shunt motor in Problems 8-1 to 8—7.

b

VF = 240 V

Wv
0.19 XI

I II VA = 120 to 240 V

FIGURE P8-3
The equivalent circuit of the separately excited motor inProblems 8—8 and 8-9.

(b) What is the minimum no-load speed attainable by varying both VA and
(c) What is the motor's efficiency at rated conditions? [Note: Assume that (1) the

brush voltage drop is 2 V; (2) the core loss is to be determined at an armature

voltage equal to the armature voltage under full load; and (3) stray load losses
are 1percent of full load.]

For Problems 8-10 to 8-11, the motor is connected cumulatively compounded as shown in
Figure P8-4

8-10. If the motor is connected cumulatively compounded with /?adj = 175 fl:
(a) What is its no-load speed of the motor?
(b) What is its full-load speed of the motor?
(c) What is its speed regulation?
(d) Calculate and plot the torque-speed characteristic for this motor. (Negiect ar¬

mature effects in this problem.)
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VT = 240 V

•= Cumulatively compounded
a =Differentially compounded

FIGURE P8-4
The equivalent circuit of the compounded motor inProblems 8—10 to 8-12.

(
8-11. The motor is connected cumulatively compounded and is operating at full load.

What will the new speed of the motor be if /?adj is increasedto 250 fl?How does the
new speed compare to the full-load speed calculated in Problem 8-10?

For Problem 8-12, the motor is now connected differentially compounded as shown in
Figure P8—4.

8-12. The motor is now connected differentially compounded.
(a) If = 175 fl, what is the no-load speed of the motor?
(b) What is the motor's speed when the armature current reaches 20 A? 40 A? 60 A?
(c) Calculate and plot the torque-speed characteristic curve of this motor.

8-13. A 15-hp, 120-V series dc motor has an armature resistance of 0.1fland a series field
resistance of 0.08 fl.At full load, the current input is 115 A, and the rated speed is
1050 r/min. Its magnetization curve is shown in Figure P8-5. The core losses are
420 W, and the mechanical losses are 460 W at full load.Assume that the mechanical
losses vary as the cube of the speed of the motor and that the core losses are constant.
(a) What is the efficiency of the motor at full load?
(b) What are the speed and efficiency of the motor if it is operating at an armature

current of 70 A?
(c) Plot the torque-speed characteristic for this motor.

8-14. A 20-lip, 240-V, 76-A, 900 r/min series motor has a field winding of 33 turns per
pole. Its armature resistance is 0.09 fl, and its field resistance is 0.06 fl. The mag¬
netization curve expressed in terms of magnetomotive force versus EA at 900 r/roin
is given by the following table:

ErV 95 150 188 212 229 243

!?,A • turns 500 1000 1500 2000 2500 3000

Armature reaction is negligible in this machine.
(a) Compute the motor's torque, speed, and output power at 33, 67, 100, and 133

percent of full-load armature current. (Neglect rotational losses.)
(b) Plot the terminal characteristic of this machine.



DC MOTORS AND GENERATORS 557

Series field current, A

FIGURE PS-S
The magnetization curve for the series motor in Problem 8-13. This curve was taken at a constant
speed of 1200 r/min.

8-15. A 300-hp, 440-V, 560-A, 863 r/min shunt dc motor has been tested, and the follow¬
ing data were taken:

Blocked-rotor test:

V/( = 14.9 V exclusive of brushes VF — 440 V

IA = 500 A IF = 7.52 A

No-load operation:

VA = 440 V including brushes IF — 7.50 A

IA- 23.1 A n = 863 r/min
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FIGUREP8-6
The magnetization curve for the dc motor in Problems 8-16 to 8-19. This curve was made at a
constant speed of 3000 r/min.

What is this motor's efficiency at the rated conditions? [Note: Assume that (1) the
brush voltage drop is 2 V; (2) the core loss is to he determined at an armature volt¬
age equal to the armature voltage under full load; and (3) stray load losses are 1per¬
cent of full load.]

Problems 8-16 to 8-19 refer to a 240-V, 100-A dc motor which has both shunt and series
windings. Its characteristics are

Ra = 0.14 O Nf — 1500 turns

Rs = 0.05 fl Nse - 15 turns

Rf = 200 £1 n,„ = 3000 r/min

/?adj = 0 to 300 fl, currently set to 120il
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This motor has compensating windings and interpoles. The magnetization curve for this
motor at 3000 r/min is shown inFigure P8-6.

8-16. The motor described above is connected in shunt.
(a) What is the no-load speed of this motor when = 120fl?
(b) What is its full-load speed?
(c) What is its speed regulation?
(d) Plot the torque-speed characteristic for this motor.
(e) Under no-load conditions, what range of possible speeds can be achieved by

adjusting fladj?
8-17. This machine is now connected as a cumulatively compounded dc motor with

R*t = 120a
(a) What is the no-load speed of this motor?
(b) What is its full-load speed?
(c) What is its speed regulation?
(d) Plot the torque-speed characteristic for this motor.

8-18. The motor is reconnected differentially compounded with R.dij = 120 IX Derive the
shape of its torque-speed characteristic.

8-19. A series motor is now constructed from this machine by leaving the shunt field out

entirely. Derive the torque-speed characteristic of the resulting motor.

8-20. An automatic starter circuit is to be designed for a shunt motor rated at 20 hp,
240 V, and 75 A. The armature resistance of the motor is 0.12 O, and the shunt field re¬

sistance is40 H.The motor is to start with no morethan 250 percent of its rated armature

current, and as soon as the current falls to ratedvalue, a starting resistor stage is to be cut

out. How many stages of starting resistance are needed, andhow big should each one be?

8-21. A 10-hp, 120-V, 1000 r/min shunt dc motor has a full-load armature current of
70 A when operating at rated conditions. The armature resistance of the motor is RA
= 0.12 H, and the field resistance Rr is 40 fl.The adjustable resistance in the field
circuit /?adj may be varied over the range from 0 to 200 fl and is currently set to 100
flArmature reaction may be ignoredin this machine. The magnetization curve for
this motor, taken at a speed of 1000 r/min, is given in the following table:

EaW 5 78 95 112 118 126

A, A 0.00 0.80 1.00 1.28 1.44 2.88

(a) What is the speed of this motor when it is running at the rated conditions spec¬
ified above?

(b) The output power from the motor is 10 hp at rated conditions. What is the out¬

put torque of the motor?
(cj What axe the copper losses and rotational losses inthe motor at full load (ignore

stray losses)?
(d) What is the efficiency of the motor at full load?
(e) If the motor is now unloaded with no changes in terminal voltage or /?adi, what

is the no-load speed of the motor?
(/) Suppose that the motor is running at the no-load conditions described in part (e).

What would happen to the motor if its field circuit were to open? Ignoring ar¬
mature reaction, what would the final steady-state speed of the motor be under
those conditions?

/#) What range of no-load speeds is possible in this motor, given the range of field
resistance adjustments available with /?adj?
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FIGURE P8-7
The magnetization curve for Problems 8-22 to 8-28. This curve was taken at a speed of 1 800 r/min.

8-22. The magnetization curve for a separately excited dc generator is shown in Figure
P8-7. The generator is rated at 6 kW, 120 V, 50 A, and 1800 r/min and is shown in
Figure P8-8. Its field circuit is rated at 5A. The following data are known about the
machine: /

ra = o.i8 n
Ra(lj = 0 to 40 Cl

VF = 120V

Rf = 20 A

Nr = 1000 turns per pole
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120 V

FIGUREP8-8
The separately excited dc generator inProblems 8-22 to 8-24.

'a Ra k

FIGURE P8-9
The shunt dc generator in Problems 8-25 and 8-26.

Answer the following questions about this generator, assuming no armature reaction.
(a) If this generator is operating at no load, what is the range of voltage adjustments

that can be achieved by changing #a(lj?
(b) If the field rheostat is allowed to vary from 0 to 30 fl and the generator's speed

is allowed to vary from 1500 to 2000 r/min, what are the maximum and mini¬
mum no-load voltages in the generator?

8-23. If the armature current of the generator in Problem 8-22 is 50 A, the speed of the
generator is 1700 r/min, and the terminal voltage is 106 V, how much field current

must be flowing in the generator?
8-24. Assuming that the generator inProblem 8-22 has an armature reaction at full load

equivalent to 400 A • turns of magnetomotive force, what will the terminal voltage
of the generator be when IF = 5 A, nm = 1700 r/min, and IA = 50A?

8-25. The machine in Problem 8-22 is reconnected as a shunt generator and is shown in
Figure P8-9. The shunt field resistor is adjusted to 10 O, and the generator's
speed is 1800 r/min.
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FIGURE P8-10
The compounded dc generator in Problems 8-27 and 8-28.

r
(a) What is the no-load tenninal voltage of the generator?
(b) Assuming no armature reaction, what is the terminal voltage of the generator

with an armature current of 20 A? 40 A?
(c) Assuming an armature reaction equal to 300 A • turns at full load, what is the

terminal vollage of the generator with an armature current of 20 A? 40 A?
(d) Calculate and plot the terminal characteristics of this generator with and with¬

out armature reaction.
8-26. If the machine in Problem 8-25 is running at 1800 r/min with a field resistance

/?adj = 10 fl and an armature current of 25 A, what will the resulting terminal volt¬
age be? If the field resistor decreases to 5 fl while the armature current remains
25 A, what will the new terminal voltage be? (Assume no armature reaction.)

8-27. A 120-V, 50-A, cumulatively compounded dc generator has the following
characteristics:

The machine has the magnetization curve shown inFigure P8-7. Its equivalent cir¬
cuit is shown inFigure P8-10. Answer the following questions about this machine,
assuming no armature reaction.
(a) If the generator is operating at no load, what is its terminal voltage?
(b) If the generator has an armature current of 20A, what is its terminal voltage?
(c) If the generator has an armature current of 40 A, what is its terminal voltage?
(d) Calculate and plot the terminal characteristic of this machine.

8-28. If the machine described in Problem 8-27 is reconnected as a differentially com¬
poundeddc generator, what will its terminal characteristic look like? Derive it in the
same fashion as in Problem 8-27. i

8-29. A cumulatively compounded dc generator is operating properly as a flat-compounded
dc generator. The machine is then shut down, and its shunt field connections are
reversed.

RA + Rs = 0.21 fl

Rf= 20 fl
7?adj = 0 to 30 fl, set to 10 fl

Nf — 1000 turns

yVSE = 25 turns

nm~ 1800 r/min

L
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( FIGURE P8-11
The motor-generator set in Problem 8-30.

(a) If this generator is turned in the same direction as before, will an output voltage
be built up at its terminals? Why or why not?

(b) Will the voltage build up for rotation in the opposite direction? Why or why
not?

(c) For the direction of rotation inwhich a voltage builds up, will the generator be
cumulatively or differentially compounded?

8-30. A three-phase synchronous machine is mechanically connected to a shunt dc machine,
forming amotor-generator set, as shown inFigureP8-11.The dc machine is connected
to a dc power system supplying a constant 240 V, and the ac machine is connected to a
480-V, 60-Hz infinite bns.

The dc machine has four poles and is rated at 50 kW and 240 V. Ithas a per-unit
armature resistance of 0.03. The ac machine has four poles and is Y-connected. It is
rated at 50 kVA,480 V, and 0.8 PF, and its saturated synchronous reactance is 3.0 12
per phase.

All losses except the dc machine's armature resistance may be neglected in this
problem. Assume that the magnetization curves of both machines are linear.
(a) Initially, the ac machine is supplying 50 lcVA at 0.8 PF lagging to the ac power

system.

1. How much power is being supplied to the dc motor from the dc power
system?

2. How large is the internal generated voltage EA of the dc machine?
3. How large is the internal generated voltage of the ac machine?

(b) The field current in the ac machine is now decreased by 5 percent. What effect
does this change have on the real power supplied by the motor-generator set?
On the reactive power supplied by the motor-generator set? Calculate the real
and reactive power supplied or consumed by the ac machine under these condi¬
tions. Sketch the ac machine's phasor diagram before and after the change in
field current.
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(c) Starting from the conditions in part (b), the field current in the dc machine is
now decreased by 1 percent. What effect does this change have on the real
power supplied by the motor—generator set? On the reactive power supplied by
the motor-generator set? Calculate the real and reactive power supplied or con¬

sumed by the ac machine under these conditions. Sketch the ac machine's pha-
sor diagram before and after the change inthe dc machine's field current.

(d) Fromthe preceding results, answer the following questions:
1. How can the real power flow through an ac-dc motor-generator set be

controlled?
2. How can the reactive power supplied or consumed by the ac machine be

controlled without affecting the real power flow?
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CHAPTER

9
SINGLE-PHASE AND

SPECIAL-PURPOSE
MOTORS

f

LEARNING OBJECTIVES

• Understandwhy a universal motor is called "universal."
• Understandhow it ispossible to develop unidirectional torque from a pulsing

magnetic field in a single-phase induction motor.

• Understand how to start single-phase induction motors.

• Understand the characteristics of the different single-phase induction motor
classes: split-phase, capacitor-type, and shaded pole.

• Be able to calculate induced torque in a single-phase induction motor.

• Understand the basic operation of reluctance and hysteresis motors.

* Understand the operation of a stepper motor.

• Understand the operation of a brushless dc motor.

Chapters 3 through 6 were devoted to the operation of the two major classes of ac
machines (synchronous and induction) on three-phase power systems. Motors and
generators of these types are by far the most common ones in larger commercial
and industrial settings. However, most homes and small businesses do not have
three-phase power available. For such locations, all motors must run from single-
phase power sources. This chapter deals with the theory and operation of two

major types of single-phase motors: the universal motor and the single-phase
induction motor. The universalmotor, which is a straightforward extension of the
reries dc motor, is described in Section 9.1.

The single-phase induction motor is described in Sections 9.2 to 9.5. The
major problem associated with the design of single-phase inductionmotors is that,
unlike three-phase power sources, a single-phase source does not produce a

565
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FIGURE 9-1
- o- Equivalent circuit of a universal motor.

rotating magnetic field. Instead, the magnetic field produced by a single-phase
source remains stationary inposition andpulses with time. Since there is no net
rotating magnetic field, conventional induction motors cannot function, and
special designs are necessary.

In addition, there are a number of special-purpose motors which have not
been previously covered. These include reluctance motors, hysteresis motors,
stepper motors, and brushless dc motors. They are included in Section 9.6. (

9.1 THE UNIVERSALMOTOR

Perhaps the simplest approach to the design of a motor that will operate on a
single-phase ac power source is to take a dc machine and runit from an ac supply.
Recall from Chapter 7 that the induced torque of a dc motor is given by

Tind = K<PIA (7ÿ9)

If the polarity of the voltage applied to a shunt or series dc motor is reversed, both
the direction of the field flux and. the direction of the armature current reverse, and
the resulting induced torque continues in the same direction as before. Therefore,
it should be possible to achieve a pulsating but unidirectional torque from a dc
motor connected to an ac power supply.

Such a design is practical only for the series dc motor (see Figure 9-1),
since tire armature current and the field current in the machine must reverse at ex¬
actly the same time. For shunt dc motors, the very high field inductance tends to
delay the reversal of the field current and thus to unacceptably reduce the average
induced torque of the motor.

Inorder for a series dc motor to function effectively on ac, its field poles and sta-

tor frame must be completely laminated. If they were not completely laminated, their
core losses would be enormous. When the poles and stator are laminated, this motor
is often called a universalmotor, since it can run from either an ac or a dc source.

When the motor is running from an ac source, the commutation will be
much poorer than it would be with a dc source. The extra sparking at the brushes
is caused by transformer action inducing voltages in the coils undergoing com¬
mutation. These sparks significantly shorten brush life and can be a source of
radio-frequency interference in certain environments.

A typical torque-speed characteristic of a universal motor is shown in
Figure 9-2. It differs from the torque-speed characteristic of the same machine
operating from a dc voltage source for two reasons:
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Series DC motor

Universal motor
(AC supply)

FIGURE 9-2
Comparison of the torque-speed
characteristic of a universal motor
when operating from ac and dc

t jmi power supplies.

1. The armature and field windings have quite a large reactance at 50 or 60 Hz.
A significant part of the input voltage is dropped across these reactances, and
therefore EA is smaller for a given input voltage during ac operation than it is
during dc operation. Since EA = Kcf>a)m, the motor is slower for a given
armature current and induced torque on alternating current than it would be
on direct current.

2. In addition, the peak voltage of an ac system is V2 times its rms value, so
magnetic saturation could occur near the peak current in the machine. This
saturation could significantly lower the rms flux of the motor for a given cur¬
rent level, tending to reduce the machine's induced torque. Recall that a de¬
crease in flux increases the speed of a dc machine, so this effect may partially
offset the speed decrease caused by the first effect.

Applications of Universal Motors

The universal motor has the sharply drooping torque-speed characteristic of a dc
series motor, so it is not suitable for constant-speed applications. However, it is
compact and gives more torque per ampere than any other single-phase motor. It
is therefore used where light weight and high torque are important.

Typical applications for this motor are vacuum cleaners, drills, similar
portable tools, and kitchen appliances.

Speed Control of Universal Motors

As with dc series motors, the best way to control the speed of a universal motor is
to vary its rms input voltage. The higher the rms input voltage, the greater the re¬
sulting speed of the motor. Typical torque-speed characteristics of a universal
motor as a function of voltage are shown inFigure 9-3.

Inpractice, the average voltage applied to such a motor is varied with a solid-
state speed control circuit.Two such speed control circuits are shown in Figure 9-\.
The variable resistors shown in these figures are the speed adjustment knobs of the
motors (e.g., such a resistor would be the trigger of a variable-speed drill).
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ind

FIGURE 9-3
The effect of changing terminal voltage on Lhe torque-speed characteristic of a universal motor.
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v(t)

is a free¬
wheeling diode
to control inductive
kick effects.
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-o-
(b)

FIGURE 9-4
Sample universal motor speed-control circuits, (a) Half-wave; (b) full-wave.
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Rotor

Stator

FIGURE 9-5
Construction of a single-phase induction
motor. The rotor is the same as in a three-
phase induction motor, but the stator has
only a single distributed phase.

9.2 INTRODUCTIONTO SINGLE-PHASE
INDUCTIONMOTORS

Another common single-phase motor is the single-phase version of the induction
motor. An induction motor with a squirrel-cage rotor and a single-phase stator is
shown in Figure 9-5.

Single-phase induction motors suffer from a severe handicap. Since there is
only one phase on the stator winding, the magnetic field in a single-phase induc¬
tion motor does not rotate. Instead, itpulses, getting first larger and then smaller,
but always remaining in the same direction. Because there is no rotating stator
magnetic field, a single-phase induction motor has no starting torque.

This fact is easy to see from an examination of the motor when its rotor is
stationary. The stator flux of the machine first increases and then decreases, but it
always points in the same direction. Since the stator magnetic field does not ro¬
tate, there is no relative motion between the stator field and the bars of the rotor.
Therefore, there is no induced voltage due to relative motion in tbe rotor, no rotor

current flow due to relative motion, and no induced torque. Actually, a voltage is
induced in the rotor bars by transformer action (dtp/dt), and since the bars are
short-circuited, current flows in the rotor. However, this magnetic field is lined up
with the stator magnetic field, and it produces no net torque on tine rotor,

= kBRBs sin y

= kBRBs sin 180° = 0

At stall conditions, the motor looks like a transformer with a short-circuited sec¬
ondary winding (see Figure 9-6).

Tind ~~ x Bs- (3-58)
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FIGURE 9-6
The single-phase induction motor at

starting conditions. The stator winding
induces opposing voltages and currents into
the rotor circuit, resulting in a rotor

magnetic field linedup with the stator

magnetic field. Thd = 0.

The fact that single-phase induction motors have no intrinsic starting torque
was a serious impediment to early development of the induction motor. When in¬
duction motors were first being developed in the late 1880s and early 1890s, the
first available ac power systems were 133-Hz, single-phase. With the materials
and techniques then available, it was impossible to build a motor that worked
well. The induction motor did not become an off-the-shelf working product until
three-phase, 25-Hz power systems were developed in the mid-1890s.

However, once the rotor begins to turn, an induced torque will be produced
in it. There are two basic theories which explain why a torque is produced in the
rotor once it is turning. One is called the double-revolving-field theory of single-
phase induction motors, and the other is called the cross-field theory of single-phase
induction motors. Each of these approaches will be described below.

The Double-Revolving-FieldTheory of
Single-Phase Induction Motors

The double-revolving-field theory of single-phase induction motors basically
states that a stationary pulsating magnetic field can be resolved into two rotating
magnetic fields, each of equal magnitude but rotating in opposite directions. The
induction motor responds to each magnetic field separately, and the net torque in
the machine will be the sum of the torques due to each of the two magnetic fields.

Figure 9-7 shows how a stationary pulsating magnetic field can be resolved
into two equal and oppositely rotating magnetic fields. The flux density of the sta

tionary magnetic field is given by
A

Bs(r) = (Bmax cos wt)j

A clockwise-rotating magnetic field can be expressed as

(9-1)
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FIGURE 9-7
The resolution of a single pulsating magnetic field into two magnetic fields of equal magnitude by
rotation in opposite directions. Notice that at all times the vector sum of die two magnetic fields lies
in the vertical plane.

BCwM = (2 £max cos «>*)» - 5max Sin tdfjj (9-2)

and a counterclockwise-rotating magnetic field can be expressed as

BCCwW = S.nax C0S "*)* + (2 sin w/)j (9~3)

Notice that the sum of the clockwise and counterclockwise magnetic fields is
equal to the stationary pulsating magnetic field Bÿ:

BsM = Bcw(f) + Bccw(/) (9—4)

The torque-speed characteristic of a three-phase induction motor in re¬
sponse to its single rotating magnetic field is shown in Figure 9-8a. A single-
phase induction motor responds to each of the two magnetic fields present within
it, so the net induced torque in the motor is the difference between the two

torque-speed curves. This net torque is shown in Figure 9-8b. Notice that there is
no net torque at zero speed, so this motor has no starting torque.

The torque-speed characteristic shown inFigure 9-8b is not quite an accu¬
rate description of the torque in a single-phase motor. It was formed by the
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FIGURE 9-8
(a) The torque-speed characteristic of a three-phase induction motor, (b) The torque-speed
characteristic curves of the two equal and oppositely rotating stalor magnetic fields.

superposition of two three-phase characteristics and ignored the fact that both
magnetic fields are present simultaneously in the single-phase motor.

If power is applied to a three-phase motor while it is forced to turn back¬
ward, its rotor currents will be very high (see Figure 9-9a). However, the rotor
frequency is also very high, making the rotor's reactance much larger than its
resistance. Since the rotor's reactance is so very high, the rotor current lags the
rotor voltage by aLmost 90°, producing a magnetic field that is nearly 180° from
the stator magnetic field (see Figure 9-10). The induced torque in the motor is
proportional to the sine of the angle between the two fields, and the sine of an
angle near 180° is a very small number. The motor's torque would be very small,
except that the extremely high rotor currents partially offset the effect of the mag¬
netic field angles (see Figure 9-9b).

On the other hand, in a single-phase motor, both the forward and the reverse
magnetic fields are present and both are produced by the same current. The forward

I
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FIGURE 9-9
The torque-speed characteristic of a
three-phase induction motor is
proportional to both the strength of tire
rotor magnetic field and the sine of the
angle between the fields. When the

rotor is turned backward, l« and ls are

very high, but the angle between the

fields is very large, and that angle
limits the torque of the motor.

and reverse magnetic fields in the motor each contribute a component to the totaL
voltage in the stator and, in a sense, are in series with each other. Because both
magnetic fields are present, the forward-rotating magnetic field (which has a high
effective rotor resistance R2/s) will limit the stator current flow in tire motor (which
produces both die forward and reverse fields). Since die current supplying the re¬
verse stator magnetic field is limited to a small value and since the reverse rotor

magnetic field is at a very large angle with respect to the reverse stator magnetic
field, the torque due to the reverse magnetic fields is very small near synchronous
speed. A more accurate torque-speed characteristic for the single-phase induction
motor is shown inFigure 9-11.

In addition to the average net torque shown in Figure 9-11, there are torque
pulsations at twice the stator frequency. These torque pulsations are caused when
the forward and reverse magnetic fields cross each other twice each cycle. Al¬
though these torque pulsations produce no average torque, they do increase vibra¬
tion, and they make single-phase induction motors noisier than three-phase motors
of the same size. There is no way to eliminate these pulsations, since instantaneous
power always comes in pulses in a single-phase circuit. A motor designer must al¬
low for this inherent vibration in the mechanical design of single-phase motors.
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FIGURE9-10
When the rotor of the motor is forced to turn backward, the angle y between Br, and Bs approaches
180°.

Forward
curve

sync

Reverse
curve

FIGURE 9-11
The torque-speed characteristic of a single-phase induction motor, talcing into account the current
limitation on the backward-rotating magnetic field caused by the presence of the forward-rotating
magnetic field.
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The Cross-Field Theory of
Single-Phase InductionMotors

The cross-field theory of single-phase induction motors looks at the induction mo¬
tor from a totally different point of view. This theory is concerned with the volt¬
ages and currents that the stationary stator magnetic field can induce in the bars of
the rotor when the rotor is moving.

Consider a single-phase induction motor with a rotor which has been
brought up to speed by some external method. Such a motor is shown in
Figure 9-12a. Voltages are induced in the bars of this rotor, with the peak voltage
occurring in the wordings passing directly under the stator windings. These rotor

voltages produce a current flow in the rotor, but because of the rotor's high reac¬
tance, the current lags the voltage by almost 90°. Since the rotor is rotating at

nearly synchronous speed, that 90° time lag in current produces an almost 90°
angular shift between the plane of peak rotor voltage and the plane of peak cur¬
rent. The resulting rotor magnetic field is shown in Figure 9-12b.

The rotor magnetic field is somewhat smaller than the stator magnetic field,
because of the losses in the rotor, but they differ by nearly 90° in both space and

FIGURE 9-12
(a) The development of induced torque in a single-phase induction motor, as explained by the cross-
field theory. If the stator field is pulsing, it will induce voltages in the rotor bars, as shown by the marks
inside die rotor. However, the rotor current is delayed by near ly 90° behind the rotor voltage, and if the
rotor is turning, die rotor cuirent will peak at an angle different from drat of die rotor voltage.
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FIGURE 9-12 (concluded)
(b) This delayed rotor current produces a rotor magnetic field at an angle different from the angle of
the stalor magnetic field.

at

540'360'190'

Bk lags Bjby about 80'
(a)

FIGURE 9-13
(a) The magnitudes of the magnetic fields as a function of time.

time. If these two magnetic fields are added at different times, one sees that the
total magnetic field in the motor is rotating in a counterclockwise direction (see

Figure 9-13). With a rotating magnetic field present in the motor, the induction
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FIGURE 9-13 (concluded)
(b) The vector sum of the rotor and stator magnetic fields at various limes, showing a net magnetic
field which rotates in a counterclockwise direction.

motor will develop a net torque in the direction of motion, and that torque will
keep the rotor turning.

If the motor's rotor had originally been turned in a clockwise direction, the
resulting torque would be clockwise and would again keep the rotor turning.
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9.3 STARTING SINGLE-PHASE
INDUCTIONMOTORS

As previously explained, a single-phase induction motor has no intrinsic starting
torque. There are three techniques commonly used to start these motors, and
single-phase induction motors are classified according to the methods used to pro¬
duce their starling torque. These starting techniques differ in cost and in the
amount of starting torque produced, and an engineer normally uses the least ex¬
pensive technique that meets the torque requirements in any given application.
The three major starting techniques are

1. Split-phase windings
2. Capacitor-type windings

3. Shaded stator poles

All three starting techniques are methods of making one of the two revolv- (
ing magnetic fields in the motor stronger than the other and so giving the motor
an initial nudge in one direction or the other.

Split-Phase Windings

A split-phase motor is a single-phase induction motor with two stator windings, a
main stator winding (M) and an auxiliary starting winding (A) (see Figure 9-14).
These two windings are set 90 electrical degrees apart along the stator of the
motor, and the auxiliary winding is designed to be switched out of the circuit at
some set speed by a centrifugal switch. The auxiliary winding is designed to have

Centrifugal
switch

Auxiliary winding
-VW

jXA At
(a)

(b)

FIGURE 9-14
(a) A split-phase induction motor, (b) The currents in the motor at starting conditions.
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a higher resistance/reactance ratio than the main winding, so that the current in the
auxiliary winding leads the current in the main winding. This higher R/X ratio is
usually accomplished by using smaller wire for the auxiliary winding. Smaller
wire is permissible in the auxiliary winding because it is used only for starting and
therefore does not have to take full current continuously.

To understand the function of the auxiliary winding, refer to Figure 9-15.
Since the current in the auxiliary winding leads the current in the main winding,

Auxiliary

Main winding

(a)

Line
voltage

N -J ''"'v

/ \ la

___
T / ÿ

/ / Ax/ // x X \ / // Vs N
L_j/ / i_\ Ni \i_|_i v \/ Y\ I i v \i
// \ \ \ / / /

ÿ / \— \ —% /
\ /

(b)

Timl
Main plus jr Centrifugal switch

300%
starting winding

200% / N\\
\ \

100%
\ \
\\
\\

Main
"sync

winding
alone

(c)

FIGURE 9—IS
(a) Relationship of main and auxiliary magnetic fields, (b) IA peaks before lM,producing a net

counterclockwise rotation of the magnetic fields, (c) The resulting torque-speed characteristic.
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FIGURE 9-16
Cutaway view of a split-phase motor, showing the main and auxiliary windings and the centrifugal
switch. (Courtesy of Westinghouse Electric Corporation.)

the magnetic field BA peaks before the main magnetic field Bw. Since peaks
first and then Bw, there is a net counterclockwise rotation in the magnetic field. In
other words, the auxiliary winding makes one of the oppositely rotating stator

magnetic fields larger than the other one and provides a net starting torque for the
motor. A typical torque-speed characteristic is shown inFigure 9-15c.

A cutaway diagram of a split-phase motor is shown in Figure 9-16. It is
easy to see the main and auxiliary windings (the auxiliary windings are the
smaller-diameter wires) and the centrifugal switch that cuts the auxiliary windings
out of the circuit when the motor approaches operating speed.

Split-phase motors have a moderate starting torque with a fairly low start¬
ingcurrent. They are used for applications which do not require very high starting
torques, such as fans, blowers, and centrifugal pumps. They are available for sizes
in tire fractional-horsepower range and are quite inexpensive.

In a split-phase induction motor, the current in the auxiliary windings
always peaks before the current in the main winding, and therefore the magnetic
field from the auxiliary winding always peaks before the magnetic field from the
main winding. The direction of rotation of the motor is determinedby whether the
space angle of the magnetic field from the auxiliary winding is 90° ahead or
90° behind the angle of the main winding. Since that angle can be changed from
90° ahead to 90° behindjust by switching the connections on the auxiliary wind¬
ing, the direction of rotation of the motor can be reversed by switching the con¬
nections of the auxiliary winding while leaving the main winding's connections
unchanged. j
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FIGURE 9-17
(a) A capacitor-start induction motor, (b) Current angles at starting in this motor.

Capacitor-Start Motors

For some applications, the starting torque supplied by a split-phase motor is insuf¬
ficient to start the load on a motor's shaft. In those cases, capacitor-start motors
may be used (Figure 9-17). In a capacitor-start motor, a capacitor is placed in se¬
ries with the auxiliary winding of the motor. By proper selection of capacitor size,
the magnetomotive force of the starting current in the auxiliary winding can be ad¬
justed to be equal to the magnetomotive force of the current in the main winding,
and the phase angle of the current inthe auxiliary winding can be made to lead the
current in the main winding by 90°. Since the two windings are physically sepa¬
rated by 90°, a 90° phase difference incurrent will yield a single uniform rotating
stator magnetic field, and the motor will behavejust as though it were starting from
a three-phase power source. In this case, the starting torque of the motor can be
more than 300 percent of its rated value (see Figure 9-18).

Capacitor-start motors are more expensive than split-phase motors, and they
are used in applications where a high starting torque is absolutely required. Typi¬
cal applications for such motors are compressors, pumps, air conditioners, and
other pieces of equipment that must stait under a load (See Figure 9-19).
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FIGURE 9-18
Torque-speed characteristic of a capacitor-start induction motor. r
Permanent Split-Capacitor and Capacitor-Start,
Capacitor-Run Motors

The starting capacitor does such a good job of improving the torque-speed char¬
acteristic of an induction motor that an auxiliary winding with a smaller capacitor
is sometimes left permanently in the motor circuit. If the capacitor's value is cho¬
sen correctly, such a motor will have a perfectly uniform rotating magnetic field
at some specific load, and it will behave just like a three-phase induction motor at

that point. Such a design is called apermanent split-capacitor or capacitor-start-
and-run motor (Figure 9-20). Permanent split-capacitor motors are simpler than
capacitor-start motors, since the starting switch is not needed. At normal loads,
they are more efficient and have a higher power factor and a smoother torque than
ordinary single-phase induction motors.

However, permanent split-capacitor motors have a lower starting torque than
capacitor-start motors, since the capacitor must be sized to balance the currents in
the main and auxiliary windings at normal-load conditions. Since the starting cur¬
rent is much greater than the normal-load current, a capacitor that balances the
phases under normal loads leaves them very unbalanced under starting conditions.

If both the largest possible starting torque and the best running conditions
are needed, two capacitors can be used with the auxiliary winding. Motors with
two capacitors are called capacitor-start, capacitor-run, or two-value capacitor
motors (Figure 9-21). The larger capacitor is present in the circuit only during
starting, when it ensures that the currents in the main and auxiliary windings are
roughly balanced, yielding very high starting torques. When the motor gets up to

speed, the centrifugal switch opens, and the permanent capacitor is left by itself in (
the auxiliary winding circuit. The permanent capacitor isjust large enough to bal¬
ance the currents at normal motor loads, so the motor again operates efficiently
with a high torque and power factor. The permanent capacitor in such a motor is
typically about 10 to 20 percent of the size of the starting capacitor.
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FIGURE 9-19
(a) A capacitor-start induction motor. (Courtesy of Emerson Electric Company.) (b) Exploded view
of a capacitor-Start induction motor. (Courtesy ofWesringhouse Electric Corporation.)

The direction of rotation of any capacitor-type motor may be reversed by
switching the connections of its auxiliary windings.
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FIGURE 9-20
(a) A permanenl splil-eapacilor induction motor, (b) Torque-speed characteristic of this motor.

Shaded-Pole Motors

A shaded-pole induction motor is an induction motor with only a main winding.
Instead of having an auxiliary winding, it has salient poles, and one portion of
each pole is surrounded by a short-circuited coil called a shading coil (see Figure
9-22a). A time-varying flux is induced in the poles by the main winding. When
the pole flux varies, it induces a voltage and a current in the shading coil which
opposes the original change influx. This opposition retards the flux changes un¬
der the shaded portions of the coils and therefore produces a slight imbalance be¬
tween the two oppositely rotating stator magnetic fields. The net rotation is in the ,

direction from the unshaded to the shaded portion of the pole face. The
torque-speed characteristic of a shaded-pole motor is shown inFigure 9-22b.

Shaded poles produce less starting torque than any other type of induction
motor starting system. They are much less efficient and have a much higher slip
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FIGURE 9-21
(a) A capacitor-start, capacitor-run induction motor, (b) Torque-speed characteristic of this motor.

than other types of single-phase induction motors. Such poles are used only in
very small motors (Van hp and less) with very low starting torque requirements.
Where it is possible to use them, shaded-pole motors are the cheapest design
available.

Because shaded-pole motors rely on a shading coil for their starting torque,
there is no easy way to reverse the direction of rotation of such a motor. To
achieve reversal, it is necessary to install two shading coils on each pole face and
to selectively short one or the other of them. See Figures 9-23 and 9-24.

Comparison of Single-Phase Induction Motors

Single-phase induction motors may be ranked from best to worst in terms of their
starting and running characteristics:

1. Capacitor-start, capacitor-run motor

2. Capacitor-start motor
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FIGURE 9-22
(a) A basic shaded-pole induction motor, (b) The resulting torque-speed characteristic.

Self-aligning
sleeve bearing

HFR
lubricant

1 Phase, shaded pole
special purpose 42 frame motor

Felt feeder wick Shading coil

"V" skew
rotor

FIGURE9-23
Cutaway view of a shaded-pole induction molor. (Courtesy of Westinghouse Electric Corporation.)
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FIGURE9-24
Close-up views of the construction of a four-pole shaded-pole induction motor. (Courtesy of
Wesiitighouse Electric Corporation.)

3.

4.

5.

Permanent split-capacitor motor

Split-phase motor

Shaded-pole motor



588 ELECTRICMACHINERY FUNDAMENTALS

Naturally, the best motor is also the most expensive, and the worst motor is the
least expensive. Also, not all these starting techniques are available in all motor
size ranges. It is up to the design engineer to select the cheapest available motor

for any given application that will do the job.

9.4 SPEED CONTROL OF SINGLE-PHASE
INDUCTIONMOTORS

In general, the speed of single-phase induction motors may be controlled in the
same manner as the speed of polyphase induction motors. For squirrel-cage rotor
motors, the following techniques are available:

1. Vary the stator frequency.
2. Change the number of poles.
3. Change the applied terminal voltage Vr. (

Inpractical designs involving fairly high-slip motors, the usual approach to

speed control is to vary the terminal voltage of the motor. The voltage applied to
a motor may be varied in one of three ways:

1. An autotransformer may be used to continually adjust the line voltage. This
is the most expensive method of voltage speed control and is used only when
very smooth speed control is needed.

2. A solid-state controller circuit may be used to reduce the rms voltage applied
to the motor by ac phase control. Solid-state control circuits are considerably
cheaper than autotransformers and so are becomingmore and more common.

3. A resistor may be inserted in series with the motor's stator circuit. This is the
cheapest method of voltage control, but it has the disadvantage that consider¬
able power is lost in the resistor, reducing the overall power conversion
efficiency.

Another technique is also used with very high-slip motors such as shaded-
pole motors. Instead of using a separate autotransformer to vary the voltage
applied to the stator of the motor, the stator winding itselfcm be used as an auto¬

transformer. Figure 9-25 shows a schematic representation of a main stator
winding, with a number of taps along its length. Since the stator winding is
wrapped about an iron core, it behaves as an autotransformer.

When the full line voltage V is applied across the entire main winding, then
the induction motor operates normally. Suppose instead that the full line voltage is
applied to tap 2, the center tap of the winding. Then an identical voltage will be in- ,
duced in the upper half of the winding by transformer action, and the total winding
voltage will be twice the applied line voltage. The total voltage applied to the wind¬
ing has effectively been doubled.
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applied Ferromagnetic core

FIGURE 9-25
The use of a stator winding as an
autotransformer. If voltage V is applied to the
winding at the center tap. the total winding
voltage will be 2V.

300% -
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100% -

FIGURE 9-26
The torque-speed characteristic of a shaded-pole induction motor as the terminal voltage is changed.
Increases in VT may be accomplished either by actually raising the voltage across the whole winding
or by switching to a lower tap on tire stator windiog.

Therefore, the smaller the fraction of the total coil that the line voltage is
applied across, the greater the total voltage will be across the whole winding, and
the higher the speed of the motor will be for a given load (see Figure 9-26).

This is the standard approach used to control the speed of single-phase mo¬

tors in many fan and blower applications. Such speed control has the advantage
that it is quite inexpensive, since the only components necessary are laps on the
main motor winding and an ordinary multiposition switch. It also has the advan¬
tage that the autotransformer effect does not consume power tire way series resis¬
tors would.
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9.5 THE CIRCUIT MODEL OFA
SINGLE-PHASE INDUCTIONMOTOR

As previously described, an understanding of the induced torque in a single-phase
induction motor can be achieved through either the double-revolving-field theory
or the cross-field theory of single-phase motors. Either approach can lead to an
equivalent circuit of the motor, and the torque-speed characteristic can be derived
through either method.

This section is restricted to an examination of an equivalent circuit based on
the double-revolving-field theory—in fact, to only a special case of that theory.
We will develop an equivalent circuit of the main winding of a single-phase in¬
duction motor when it is operating alone. The technique of symmetrical compo¬
nents is necessary to analyze a single-phase motor with both main and auxiliary
windings present, and since symmetrical components are beyond the scope of this
book, that case will not be discussed. For a more detailed analysis of single-phase
motors, see Reference 4. ,

The best way to begin the analysis of a single-phase induction motor is to (

consider the motor when it is stalled. At that time, the motor appears to be just a
single-phase transformer with its secondary circuit shorted out, and so its equiva¬
lent circuit is that of a transformer. This equivalent circuit is shown in Figure
9-27a. In this figure, 7?, and are the resistance and reactance of the stator wind¬
ing, XM is the magnetizing reactance, and R2 and X2 are the referred values of the
rotor's resistance and reactance.The core losses of the machine are not shown and
will be lumped together with the mechanical and stray losses as a part of the mo¬
tor's rotational losses.

Now recall that the pulsating air-gap flux in the motor at stall conditions can
be resolved into two equal and opposite magnetic fields within the motor. Since
these fields are of equal size, each one contributes an equal share to the resistive
and reactive voltage drops in the rotor circuit. It is possible to Split the rotor

equivalent circuit into two sections, each one corresponding to the effects of one
of the magnetic fields. The motor equivalent circuit with the effects of the forward
and reverse magnetic fields separated is shown inFigure 9-27b.

Now suppose that the motor's rotor begins to turn with the help of an auxil¬
iary winding and that the winding is switched out again after the motor comes up
to speed. As shown inChapter 8, the effective rotor resistance of an induction mo¬
tor depends on the amount of relative motion between the rotor and the stator

magnetic fields. However, there are two magnetic fields in this motor, and the
amount of relative motion differs for each of them.

For the forward magnetic field, the per-unit difference between the rotor
speed and the speed of the magnetic field is the slip s, where slip is defined in the
same manner as it was for three-phase induction motors. The rotor resistance in
the part of the circuit associated with the forward magnetic field is thus 0.5Rfs. :

The forward magnetic field rotates at speed nsync and the reverse magnetic
field rotates at speed -nsy„c. Therefore, the total per-unit difference in speed (on a
base of nsync) between the forward and reverse magnetic fields is 2. Since the rotor
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Forward

Reverse

FIGURE 9-27
(a) The equivalent circuit of a single-phase induction motor at standstill. Only its main windings are

energized, (b) The equivalent circuit with the effects of the forward and reverse magnetic fields
separated.

is turning at a speed s slower than the forward magnetic field, the total per-unit
difference in speed between the rotor and the reverse magnetic field is 2 — s.
Therefore, the effective rotor resistance in the part of the circuit associated with the
reverse magnetic field is 0.5/?2/(2 — s).

The final induction motor equivalent circuit is shown in Figure 9-28.

Circuit Analysis with the Single-Phase Induction
Motor Equivalent Circuit

The single-phase induction motor equivalent cjrcuit in Figure 9-28 is similar to

the three-phase equivalent circuit, except that there are both forward and back¬
ward components of power and torque present. The same general power and
torque relationships that applied for three-phase motors aiso apply for either the
forward or the backwardcomponents of the single-phase motor, and the net power
and torque in the machine is the difference between the forward and reverse
components.

The power-flow diagram of an inductton motor is repeated in Figure 9-29
for easy reference.
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FIGURE 9-28
The equivalent circuit of a single-phase induction motor running at speed with only its main
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P, = VI cos, 8
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FIGURE 9-29
The power-flow diagram of a single-phase induction motor.

To make the calculation of the input current flow into the motor simpler, it
is customary to define impedances ZF and ZB, where ZF is a single impedance
equivalent to all the forward magnetic field impedance elements and ZB is a sin¬
gle impedance equivalent to all the backward magnetic field impedance elements
(see Figure 9-30). These impedances are given by

(R2/s + ]X2){jXÿ
ZF = Rf + jXF (R2/s + jX2) + jXM

(9-5)
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FIGURE9-30
A series combination of Rp and jXF is the

' jX Thevenin equivalent of the forward-field
impedance elements, and therefore RF
must consume the same power from a

given current as RJs would,

~ R/i +
\R2/{2 - s) +jX2](jXM)

[R2/(2 - s) + jX2] +jXM
(9-6)

Interras of ZF andZfl, die current flowing in the induction motor's stator winding is

I, =
Rx + jX{ + 0.5 ZF + 0.5 ZB

(9-7)

The per-phase air-gap power of a three-phase induction motor is the power
consumed in the rotor circuit resistance 0.5R2/s. Similarly, the forward air-gap
power of a single-phase induction motor is the power consumed by 0.5R2/s, and
the reverse air-gap power of the motor is the power consumed by 0.5R2/(2 — s).
Therefore, the air-gap power of the motor could be calculated by determining the
power in the forward resistor 0.5R2/s, determining the power in the reverse resis¬
tor 0.5R2/(2 — s), and subtracting one from the other.

The most difficult part of this calculation is the determination of the sepa¬
rate currents flowing in the two resistors. Fortunately, a simplification of this
calculation is possible. Notice that the only resistor within the circuit elements
composing tire equivalent impedance ZF is the resistor R2/s. Since ZF is equivalent
to that circuit, any power consumed by ZF must also be consumed by the or iginal
circuit, and since R2/s is the only resistor in the original circuit, its power con¬
sumption must equal that of impedance ZF. Therefore, the air-gap power for the
forward magnetic field can be expressed as
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W = (0-5 Rr) (9-8)

Similarly, the air-gap power for the reverse magnetic field can be expressed as

Pag.b = /?(0-5 Rb) (9-9)

The advantage of these two equations is that only the one current Ix needs to be
calculated to determine both powers.

The total air-gap power ina single-phase induction motor is thus

ÿag = ÿag,f ~ Pkg,b (9-10)

The induced torque in a three-phase induction motor can be found from the
equation

h„d = (9-11)
.sync

where PAC is the net air-gap power given by Equation (9-10).
The rotor copper losses can be found as the sum of the rotor copper losses f (

due to the forward field and the rotor copper losses due to the reverse field.

•Ircl = Rrcl,r + Prcub (9-12) i

The rotor copper losses in a three-phase induction motor were equal to the per-
unit relative motion between the rotor and the stator field (the slip) times the
air-gap power of the machine. Similarly, the forward rotor copper losses of a

single-phase induction motor are given by

Ircl.f = s/ag,f (9-13)

and the reverse rotor copper losses of the motor are given by

1rcl,b = aPags (9-14)
|

Since these two power losses in the rotor are at different frequencies, the total ro¬
tor power loss is just their sum.

The power converted from electrical to mechanical form in a single-phase
induction motor is given by the same equation as Pcom for three-phase induction
motors. This equation is

f(-oi]v htich'L, (9—15)

Since u>,„ = (1 — s)wsyiic, this equation can be reexpressed as

-ÿcony hnd(l .S-) (9—16)

FromEquation (9-11), PAG = T]ndcusync, so Pcmv can also be expressed as

PC0IW = (1 - s) PAG (9-17)

As in the three-phase inductionmotor, the shaft output power is not equal to 1

Pconv, since the rotational losses must still be subtracted. In the single-phase in¬
duction motor model used here, the core losses, mechanical losses, and stray
losses must be subtracted from Pconv in order to get Pou£.



• 

SINGLE-PHASE AND SPECIAL-PURPOSE MOTORS 595

Example9-1. A K-hp, 110-V, 60-Hz, six-pole, split-phase induction motor has the
following impedances:

/?, = 1.52ft X,= 2.10 ft XM=58.2ft
it2 = 3.13ft X2=I.56ft

The core losses of this motor are 35 W, and the friction, windage, and stray losses are 16 W.
The motor is operating at the rated voltage and frequency with its starting winding open, and
the motor's slip is 5 percent. Find the following quantities in the motor at these conditions:

(a) Speed in revolutions per minute
(b) Stator current in amperes
(c) Stator power factor
(d) Fin
(e) PAG
(f) Fconv
(S) Tnd
W Fou,
ftJ ' load

(j) Efficiency

Solution
The forward and reverse impedances of this motor at a slip of 5 percent are

(.Rj/s + JX2)UXM)
(R"A "h jX2) +

(3.13 ft/0.05 +j1.56 ft)(y58.2 ft)

ZF - Rr+jXF Io tp Jt~ iv \ j- ;v f9-5)

(3.13 ft/0.05 + y 1.56 ft) + y'58.2 ft

(62.6ZJ .43° ft)(y'58.2 ft)
"

(62.6 ft + j 1,56 ft) + y'58.2 ft

= 39.9Z50.5°ft = 25.4 + y'30.7 ft

y - u iv-
ÿ(2 ~ ÿs) +

,QXn-KB+ JXB - ÿ/(2
_

f) +ÿ + (9-0)

(3.13 ft/1.95 +y'l .56 ft)(y'58.2 ft)
(3.13 ft/1.95 + yl.56 ft) +y'58.2 ft

(2.24Z44.20 ft)(y'58.2 ft)
(1.61 ft +71.56 ft) + y'58.2 ft

= 2.18Z45.90 ft = 1.51 +y'1.56 ft

These values will be used to determine the motor current, power, and torque.

(a) The synchronous speed of this motor is

120\f„ 120(60 Hz) , .

"svdc
= —

d = —2-i-= '200 r/min
sy°c P 6 pole

Since the motor is operating at 5 percent slip, its mechanical speed is

nm ~ (1 ~~ S*)nsync
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nm = (1 — 0.05)(1200 r/min) = 1 140 r/min

(b) The stator current in this motor is
__

V_
T| ~ R] +jX, + 0.5 ZF + 0.5 ZB

(9_7)

__110Z0° V_
1.52 XI +>2.10X1 + 0.5(25.4 XI + >30.7 XI) + 0.5(1.51X1 + >1.56X1)

=
1 10Z0° V

=
110Z0° V _ Ao a

14.98X1+>18.23 XI 23.6Z50.6" XI ->u.o a

(c) The stator power factor of this motor is

PF = cos (-50.6°) = 0.635 lagging

(dj The input power to Otis motor is

Pm = VI cos 6
= (110 V)(4.66 A)(0.635) = 325 W

(e) The forward-wave air-gap power is

P\g.f = Xf(0.5 Rf) (9-8)

= (4.66 A)2( 12.7 XI) = 275.8 W

and the reverse-wave air-gap power is

Pag.b = / |(0.5 Rb) (9-9)

= (4.66 A)2(0.755 V) = 16.4W

Therefore, the total air-gap power of this motor is

Pag = Pag.f ~ Pag,a (9-10)

= 275.8 W - 16.4 W = 259.4 W

(f) The power converted from electrical to mechanical form is

Pconv = (1 - r) PAC (9-17)

= (1 - 0.05)(259.4 W) = 246 W

(g) The induced torque in the motor is given by

_ ÿAG
Tind

259.4 W
(1200 r/min)(l min/60 s)(2t7" rad/r)

(h) The output power is given by

Pou\ Xÿconv Pm — Pconv Pcofc PmccU Pi
= 246 W- 35 W- 16 W = 195 W

(i) The load torque of the motor is given by

'load

(9-11)
I

= 2.06 N • m
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(1140r/min)(l min/60 s)(2ir rad/r)

(j) Finally, the efficiency of the motor at these conditions is

r, =~x 100% = ÿ7ÿ x 100% = 60%
On W

9.6 OTHER TYPES OF MOTORS

Two other types of motors—reluctance motors and hysteresis motors—are used in
certain special-purpose applications, These motors differ in rotor construction
from the ones previously described, but use the same stator design. Like induction
motors, they can be built with either single- or three-phase stators. A third type of
special-purpose motor is the stepper motor. A stepper motor requires a polyphase
stator, but it does not require a three-phase power supply. The final special-
purpose motor discussed is the brushless dc motor, which, as the name suggests,
runs on a dc power supply.

Reluctance Motors

A reluctance motor is a motor which depends on reluctance torque for its opera¬
tion. Reluctance torque is the torque induced in an iron object (such as a pin) in
the presence of an external magnetic field, which causes the object to line up with
the external magnetic field. This torque occurs because the external field induces
an internal magnetic field in the iron of the object, and a torque appears between
the two fields, twisting the object around to line up with the external field. In or¬
der for a reluctance torque to be produced inan object, it must be elongated along
axes at angles corresponding to the angles between adjacent poles of the external
magnetic field.

A simple schematic of a two-pole reluctance motor is shown inFigure 9-31.
Itcanbe shown that the torque applied to the rotor of this motor is proportional to
sin 25, where 5 is the electrical angle between the rotor and the stator magnetic
fields. Therefore, the reluctance torque of a motor is maximum when the angle be¬
tween the rotor and the stator magnetic fields is 45°.

A simple reluctance motor of the sort shown in Figure 9-31 is a synchro¬
nous motor, since the rotor will be locked into the stator magnetic fields as long
as the puliout torque of the motor is not exceeded. Like a normal synchronous mo¬
tor, it has no starting torque and will not start by itself.

A self-starting reluctance motor that will operate at synchronous speed
until its maximum reluctance torque is exceeded can be built by modifying the
rotor of an induction motor as shown inFigure 9-32. Inthis figure, the rotor has
salient poles for steady-state operation as a reluctance motor and also has cage or
amortisseur windings for starting. The stator of such a motor may be of either
single- or three-phase construction. The torque—speed characteristic of this
motor, which is sometimes called a synchronous induction motor, is shown in
Figure 9-33.
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FIGURE 9-31
The basic concept of a reluctance motor.

FIGURE 9-32
The rotor design of a "synchronous induction" or self-starting
reluctance motor.

An interesting variation on the idea of the reluctance motor is the Syn-
crospeed motor, which is manufactured in the United States by MagneTek, Inc.
The rotor of this motor is shown inFigure 9-34. It uses "flux guides" to increase
the coupling between adjacent pole faces and therefore to increase the maximum-
reluctance torque of the motor. With these flux guides, the maximum-reluctance
torque is increased to about 150 percent of the rated torque, as compared to just
over 100 percent of the rated torque for a conventional reluctance motor.

Hysteresis Motors

Another special-purpose motor employs the phenomenon of hysteresis to produce ÿ

a mechanical torque. The rotor of a hysteresis motor is a smooth cylinder of mag¬
netic material with no teeth, protrusions, or windings. The stator of the motor can
be either single- or three-phase; but if it is single-phase, a permanent capacitor
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FIGURE 9-33
The torque-speed characteristic of a

single-phase self-starting reluctance
motor.

(a) (b)

FIGURE 9-34
(a) The aluminum casting of a Synchrospeed motor rotor, (b) A rotor lamination from the motor.

Notice the flux guides connecting the adjacent poles. These guides increase the reluctance torque of
the motor. (Courtesy of MagneTek, Inc.)

should be used with an auxiliary winding to provide as smooth a magnetic field as
possible, since this greatly reduces the losses of the motor.

Figure 9-35 shows the basic operation of a hysteresis motor. When a three-
phase (or single-phase with auxiliary winding) current is applied to the stator of
the motor, a rotating magnetic field appears within the machine. This rotating
magnetic field magnetizes the metal of the rotor and induces poles within it.

When the motor is operating below synchronous speed, there are two

sources of torque within it. Most of the torque is produced by hysteresis. When the
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Roiol

FIGURE9-35
The construction of a hysteresis motor.The main component of torque in this motor is proportional
to the angle between the rotor and stator magnetic fields.

magnetic field of the stator sweeps around the surface of the rotor, the rotor flux
cannot follow it exactly, because the metal of the rotor has a large hysteresis loss.
The greater the intrinsic hysteresis loss of the rotor material, the greater the angle
by which tire rotor magnetic field lags the stator magnetic field. Since the rotor

and stator magnetic fields are at different angles, a finite torque will be produced I

in the motor. In addition, the stator magnetic field will produce eddy currents in
the rotor, and these eddy currents produce a magnetic field of their own, further )
increasing the torque on the rotor. The greater the relative motion between the ro¬
tor and the stator magnetic field, the greater the eddy currents and eddy-current
torques.

When the motor reaches synchronous speed, the stator flux ceases to sweep
across the rotor,and the rotor acts like a permanent magnet. The induced torque in j
the motor is then proportional to the angle between the rotor and the stator mag¬
netic field, up to a maximum angle set by the hysteresis in the rotor.

The torque-speed characteristic of a hysteresis motor is shown in Figure
9-36. Since the amount of hysteresis within a particular rotor is a function of only
the stator flux density and the material from which it is made, the hysteresis
torque of the motor is approximately constant for any speed from zero to nsync. The
eddy-current torque is roughly proportional to the slip of the motor. These two

facts taken together account for the shape of (he hysteresis motor's torque-speed
characteristic. j
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FIGURE 9-37
A small hysteresis motor with a shaded-poie stator, suitable for running an electric clock. Note the
shaded stator poles. (Stephen J. Chapman)

Since the torque of a hysteresis motor at any subsynchronous speed is
greater than its maximum synchronous torque, a hysteresis motor can accelerate
any load that it can carry during normal operation.

A very small hysteresis motor can be built with shaded-pole statoT con¬
struction to create a tiny self-starting low-power synchronous motor. Such a mo¬
tor is shown in Figure 9-37. It is commonly used as the driving mechanism in
elecHic clocks. An electric clock is therefore synchronized to the line frequency of
the power system, and the resulting clock is just as accurate (or as inaccurate) as
the frequency of the power system to which it is tied.



6U.l ELECTRIC MACHiNERY F UN DAM ENTALS 

Stepper Motors

A stepper motor is a special type of synchronous motor which is designed to ro¬
tate a specific number of degrees for every electric pulse received by its control
unit. Typical steps are 7.50 or 15° per pulse. These motors are used inmany con¬
trol systems, since the position of a shaft or other piece of machinery can be con¬
trolled precisely with them.

A simple stepper motor and its associated control unit are shown in Figure
9-38. To understand the operation of the stepper motor, examine Figure 9-39.
This figure shows a two-pole, three-phase stator with a permanent-magnet rotor.
If a dc voltage is applied to phase a of the stator and no voltage is applied to
phases b and c, then a torque will be induced in the rotor which causes it to line up
witii the stator magnetic field Bs, as shown inFigure 9-39b.

Now assume that phase a is turned off and that a negative dc voltage is ap¬
plied to phase c. The new stator magnetic field is rotated 60° with respect to the
previous magnetic field, and the rotor of the motor follows it around. By continu¬
ing this pattern, it is possible to construct a table showing the rotor position as (
function of the voltage applied to the stator of the motor. If the voltage produced
by the control unit changes with each input pulse in the order shown inTable 9-1,
then the stepper motor will advance by 60° with each input pulse.

It is easy to build a stepper motor with finer step size by increasing the
number of poles on the motor. From Equation (3-31) the number of mechanical
degrees corresponding to a given number of electrical degrees is

2 " (9-18)

±
2p (9-20)

I

p ve \y~io)

Since each step in Table 9-1 corresponds to 60 electrical degrees, the number of
mechanical degrees moved per step decreases with increasing numbers of poles.
For example, if the stepper motor has eight poles, then the mechanical angle of the
motor's shaft will change by 15°per step. I

The speed of a stepper motor can be related to the number of pulses into its I
control unit per unit time by using Equation (9-18). Equation (9-18) gives the '
mechanical angle of a stepper motor as a function of the electrical angle. If both
sides of this equation are differentiated with respect to time, then we have a rela¬
tionship between the electrical and mechanical rotational speeds of the motor: I

w,n = J0)e (9-19a)

or nm = jne (9-19b)

Since there are six input pulses per electrical revolution, the relationship between
the speed of the motor in revolutions per minute and the number of pulses per
minute becomes

where npulsl.s is the number of pulses per minute.
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Pulse
Phase voltages, V

number vb vc

1 ÿDC 0 0

2 0 0 u1

3 0 ÿDC 0

4 - VDC 0 0

5 0 0 VDC
6 0 usP1 0

(C)

iiGURE 9-38
(a) A simple tliree-phase stepper motor and its associated control unit. The inputs to the control
unit consist of a dc power source and a control signal consisting of a train of pulses, (b) A sketch
of the output voltage from the control unit as a series of control pulses are input, (c) A table showing
the output voltage from the control unit as a function of pulse number.
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an

(c)

FIGURE 9-39
Operation of a Stepper motor, (a) A voltage V is applied to phase a of the Stator, causing a current to
flow in phase a and producing a stator magnetic field By. The interaction of B„ and By produces a
counterclockwise torque on the rotor, (b) When the rotor lines up with the stator magnetic field, the
net torque falls to zero, (c) A voltage -Vis applied to phase c of the stator, causing a current to flow
in phase c and producing a stator magnetic field By. The interaction of B# and Bsproduces a
counterclockwise torque on the rotor, causing the rotor to line up with the new position of the
magnetic field.

There are two basic types of stepper motors, differing only in rotor con¬
struction: permanent-magnet type and reluctance type. The permanent-magnet
type of stepper motor has a permanent-magnet rotor, while the reluctance-type
stepper motor has a ferromagnetic rotor which is not a permanent magnet. (The
rotor of the reluctance motor described previously in this section is the reluctance
type.) In general, the permanent-magnet stepper motor can produce more torque
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TABLE 9-1

Rotor position as a function of voltage in a two-pole stepper motor

Phase voltages

Input pulse number a b c Rotor position

1 V 0 0 0°

2 0 0 -V 60°

3 0 V 0 120°

4 -V 0 0 180°

5 0 0 V 240°

6 0 -V 0 300°

than the reluctance type, since the permanent-magnet stepper motor has torque
from both the permanent rotor magnetic field and reluctance effects.

Reluctance-type stepper motors are often built with a four-phase stator

winding instead of the three-phase stator winding described previously. A four-
phase stator winding reduces the steps between pulses from 60 electrical degrees
to 45 electrical degrees. As mentioned earlier, the torque in a reluctance motor

varies as sin 25, so the reluctance torque between steps will be maximum for an
angle of 45°. Therefore, a given reluctance-type stepper motor can produce more
torque with a four-phase stator winding than with a three-phase stator winding.

Equation (9-20) can be generalized to apply to ail stepper motors, regard¬
less of the number of phases on their stator windings. In general, if a stator has
Nphases, it takes 2N pulses per electrical revolution in that motor. Therefore,
the relationship between the speed of the motor in revolutions per minute and the
number of pulses per minute becomes

11m
~

jyp "pulses (9—21)

Stepper motors are very useful in control and positioning systems because
the computer doing the controlling can know both the exact speed andposition of
the stepper motor without needing feedback information from the shaft of the mo¬

tor. For example, if a control system sends 1200 pulses per minute to the two-pole
stepper motor shown inFigure 9-38, then tire speed of the motor will be exactly

"m — 3p "pulses (9—20)

=
3(2 poles)0200 PUlS6S/min)

= 200 r/min

Furthermore, if the initialposition of the shaft is known, then the computer can de¬
termine the exact angle of the rotor shaft at any future time by simply counting the
total number of pulses which it has sent to the control unit of the stepper motor.
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Example 9-2. A Lhree-phase permanent-magnec stepper motor required for one
particular application must becapable of controlling the positionof a shaft in steps of 7.5°,
and it must be capable of running at speeds of up to 300 r/min.

(a) How many poles must this motor have?
(b) At what rate must control pulses be received in the motor's control unit if it is to

be driven at 300 r/min?

Solution
(a) In a three-phase stepper motor, each pulse advances the rotor's position by

60 electrical degrees. This advance must correspond to 7.5 mechanical degrees.
Solving Equation (9-18) for P yields

Conventional dc motors have traditionally been used in applications where dc
power sources are available, such as on aircraft and automobiles. However, small
dc motors of these types have a number of disadvantages. The principal disad¬
vantage is excessive sparking and brush wear. Small, fast dc motors are too small
to use compensating windings and interpoles, so armature reaction and Ldi/dt ef¬
fects tend to produce sparking on their commutator brushes. Inaddition, the high
rotational speed of these motors causes increased brush wear and requires regular
maintenance every few thousand hours. If the motors must work in a low-pressure
environment (such as at high altitudes in an aircraft), brush wear can be so bad
that the brushes require replacement after less than an hour of operation!

In some applications, the regular maintenance required by the brushes of
these dc motors may be unacceptable. Consider for example a dc motor in an ar¬
tificial heart—regular maintenance would require opening the patient's chest. In
other applications, the sparks at the brushes may create an explosion danger, or

unacceptable RF noise. For all of these cases, there is a need for a small, fast dc
motor that is highly reliable and has low noise and long life.

Suchmotors have been developed inthe last25 years by combining a small mo¬
tor much like a permanent magnetic stepper motor with a rotor position sensor and a

solid-state electronic switching circuit. These motors are called brushless dc motors

because they run from a dc poweT source but do not have commutators and brushes.
A sketch of a small brushless dc motor is shown inFigure 9-40, and a photograph of
a typical brushless dc motor is shown inFigure 9-41. The rotor is similar to that of a

permanent magnet stepper motor,except that it is nonsalient.The stator can have three
or more phases (there are four phases inthe example shown inFigure9-40).

(b) Solving Equation (9-21) for yields

Upuisci

= (3 pbases)(l6 poles)(300 r/min)

= 240 pulses/s

Brushless DC Motors
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FIGURE9-40
(a) A simple brushless dc motor and its associated control unit. The inputs to the control unit consist
of a dc power source and a signal proportional to the current rotor position, (b) The voltages applied
to the stator coils.
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(a)

( f

(b)

FIGURE 9-41
(a) Typical brushless dc motors, (b) Exploded view showing the permanent magnet rotor and a three-
phase (6-poJe) stator. {Courtesy of Carson Technologies, Inc.)

The basic components of a brushless dc motor are

1. A permanent magnet rotor

2. A stator with a three-, four-, or more phase winding
3. A rotor position sensor

4. An electronic circuit to control the phases of the rotor winding

A brushless dc motor functions by energizing one stator coil at a time with
a constant dc voltage. When a coil is turned on, it produces a stator magnetic field

Bs> and a torque is produced on the rotor given by

rind = X

which tends to align the rotor with the stator magnetic field. At tire time shown in
Figure 9-40a, the stator magnetic field Bs points to the left while the permanent ,
magnet rotor magnetic field points up, producing a counterclockwise torque on j
the rotor. As a result the rotor will turn to the left.
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If coil a remained energized all of the time, the rotor would turn until the
two magnetic fields were aligned, and then it would stop, just like a stepper mo¬
tor. The key to the operation of a brushless dc motor is that it includes a position
sensor,so that the control circuit will know when the rotor is almost aligned with
the stator magnetic field. At that time coil a will he turned off and coil b will be
turned on, causing the rotor to again experience a counterclockwise torque, and to

continue rotating. This process continues indefinitely with the coils turned on in
the order a, b, c, d, —a, —b, — c, —d, etc., so that the motor turns continuously.

The electronics of the control circuit can be used to control both the speed
and direction of the motor. The net effect of this design is a motor that runs from a
dc power source, with full control over both the speed and the direction of rotation.

Brushless dc motors are available only in small sizes, up to 20 W or so, but
they have many advantages in the size range over which they are available. Some
of the major advantages include:

1. Relatively high efficiency

2. Long life and high reliability
3. Little or no maintenance

4. Very little RF noise compared to a dc motor with brushes

5. Very high speeds are possible (greater than 50,000 r/min)

The principal disadvantage is that a brushless dc motor is more expensive than a

comparable brush dc motor.

9.7 SUMMARY

The ac motors described inprevious chapters required three-phase power to func¬
tion. Since most residences and small businesses have only single-phase power
sources, these motors cannot be used. A series of motors capable of running from
a single-phase power source was described in this chapter.

The first motor described was the universal motor.A universal motor is a se¬
ries dc motor adapted to run from an ac supply, and its torque-speed characteris¬
tic is similar to that of a series dc motor. The universal motor has a very high
torque, but its speed regulation is very poor.

Single-phase induction motors have no intrinsic starting torque, but once
they are brought up to speed, their torque-speed characteristics are almost as good
as those of three-phase motors of comparable size. Starting is accomplished by the
addition of an auxiliary winding with a current whose phase angle differs from
that of the main winding or by shading portions of the stator poles.

The starting torque of a single-phase induction motor depends on the phase
angle between the current in the primary winding and the current in the auxiliary
winding, with maximum torque occurring when that angle reaches 90°. Since the
split-phase construction provides only a small phase difference between the main
and auxiliary windings, its starting torque is modest. Capacitor-start motors have
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auxiliary windings with an approximately 90° phase shift, so they have large start¬

ing torques. Permanent split-capacitor motors, which have smaller capacitors,
have starting torques intermediate between those of the split-phase motor and the
capacitor-start motor. Shaded-pole motors have a very small effective phase shift
and therefore a small starting torque.

Reluctance motors and hysteresis motors are special-purpose ac motors
which can operate at synchronous speed without the rotor field windings required
by synchronous motors and which can accelerate up to synchronous speed by
themselves. These motors can have either single- or three-phase stators.

Stepper motors are motors used to advance the position of a shaft or other
mechanicai device by a fixed amount each time a control pulse is received. They
are used extensively incontrol systems for positioning objects.

Brushless dc motors are similar to stepper motors with permanent magnet
rotors, except that they include a position sensor. The position sensor is used to

switch the energized stator coil whenever the rotor is almost aligned with it, keep¬
ing the rotor rotating a speed set by the control electronics. Brushless dc motorsf'
are more expensive than ordinary dc motors, but require low maintenance and
have high reliability, long life, and low RF noise. They are available only insmall
sizes (20 W and under).

QUESTIONS
9-1. What changes are necessary ina series dc motor to adapt it for operation from an ac

power source?
9-2. Why is the torque-speed characteristic of a universal motor on an ac source differ¬

ent from the torque-speed characteristic of the same motor on a dc source? 1

9-3. Why is a single-phase induction motor unable to start itself without special auxiliary
windings?

9-4. How is induced torque developed ina single-phase induction motor (a) according to |
the double revolving-field theory and (b) according to the cross-field theory? i

9-5. How does an auxiliary winding provide a starting torque for single-phase induction
motors?

9-6. How is the current phase shift accomplished in the auxiliary winding of a split-
phase induction motor?

9-7. How is the current phase shift accomplished in the auxiliary winding of a capacitor-
start induction motor?

9-8. How does the starting torque of a permanent split-capacitor motor compare to that
of a capacitor-start motor of the same size?

9-9. How can the direction of rotation of a split-phase or capacitor-start induction motor
be reversed?

9-10. How is starting torque produced in a shaded-pole motor?
9-11. How does a reluctance motor start? |
9-12. How can a reluctance motor run at synchronous speed?
9-13. What mechanisms produce the starting torque in a hysteresis motor?
9-14. What mechanism produces the synchronous torque in a hysteresis motor?
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9-15. Explain the operation of a stepper motor.

9-16. What is the difference between a permanent-magnet type of stepper motor and a

reluctance-type stepper motor?
9-17. What is the optimal spacing between phases for a reluctance-type stepper motor?

Why?
9-18. What are the advantages and disadvantages of brushless dc motors compared to or¬

dinary brush dc motors?

PROBLEMS

9-1. A 120-V, %-hp. 60-Hz, four-pole, split-phase induction motor has the following
impedances:

R, = 2.00 £2 X, = 2.56 £2 XM = 60.5 £2

R2 = 2.80 £2 X2 = 2.56 £2

At a slip of 0.05, tire motor's rotational losses are 51 W. The rotational losses may
be assumed constant over the normal operating range of the motor. If the slip is 0.05,
find the following quantities for this motor:

(a) Input power
(b) Air-gap power
(C) Pconv
(d) PM
(e)
U) Tlo*J
(g) Overall motor efficiency
(h) Sialor power factor

9-2. Repeat Problem 9-1for a rotor slip of 0.025.

9-3. Suppose that the motor in Problem 9-1 is started and the auxiliary winding fails
open while the rotor is accelerating through 400 r/min. How much induced torque
will the motor be able to produce on its main winding alone? Assuming that the ro¬
tational losses are still 51 W, will this motor continue accelerating or will it slow
down again? Prove your answer.

9-4. Use MATLAB to calculate and plot the torque-speed characteristic of the motor in
Problem 9-1, ignoring the starting winding.

9-5. A 220-V, 1.5-hp, 50-Hz, six-pole, capacitor-start induction motor has the followiag
main-winding impedances:

/?, = 1.30 £2 X, = 2.01£2 XM = 105 £2

R7 =1.73 £2 X7 = 2.01 £2

At a slip of 0.05, the motor's rotational losses are 29 1 W. The rotational losses may be
assumed constant over the normal operating range of the motor. Find the following
quantities for this motor at 5 percent slip:
(a) Stator current
(b) Stator power factor
(c) Input power
(d) PAG

(&) Pconv
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(f) P0M
(S) Tnd
(hf ''"load
(i) Efficiency

9-6. Find the induced torque in the motor in Problem 9-5 if it is operating at 5 percent
slip and its terminal voltage is (a) 190V, (b) 208 V, (c) 230 V.

9-7. What type of motor would you select to perform each of the following jobs? Why?
(a) Vacuum cleaner
(b) Refrigerator
(c) Air conditioner compressor
(d) Air conditioner fan
(e) Variable-speed sewing machine
(f) Clock
(g) Electric drill

9-8. For a particular application, a three-phase stepper motor mustbe capable of stepping
in 10° increments. How many poles must it have?

9-9. How many pulses per second must be supplied to the control unit of the motor in
Problem9-8 to achieve a rotational speed of 600 r/min?

9-10. Construct a table showing step size versus number of poles for three-phase and four-
phase stepper motors.
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APPENDIX

A
THREE-PHASE

CIRCUITS

Almost all electric power generation and most of the power transmission in the
world today is in the form of three-phase ac circuits. A three-phase ac power

system consists of three-phase generators, transmission lines, and loads. Ac
power systems have a great advantage over dc systems in that their voltage levels
can be changed with transformers to reduce transmission losses, as described in
Chapter 2. Three-phase ac power systems have two major advantages over single-
phase ac power systems: (1) it is possible to get more power per kilogramof metal
from a three-phase machine and (2) the power delivered to a three-phase load is
constant at all times, instead of pulsing as it does in single-phase systems. Three-
phase systems also make the use of induction motors easier by allowing them to

start without special auxiliary starting windings.

A.l GENERATION OF THREE-PHASE
VOLTAGES AND CURRENTS

A three-phase generator consists of three single-phase generators, with voltages
equal in magnitude but differing in phase angle from the others by 120°. Each of
these three generators could be connected to one of three identical loads by a pair
of wires, and the resulting power system would be as shown in FigureA-lc. Such
a system consists of three single-phase circuits that happen to differ in phase an-

'e by 120°. The current flowing to each load can be found from the equation

(A-l)
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vA0) ( "V,
vA(l) = V2 V sin col V

i'b(D

vrU) s\j

vB(i) = r/2 Esin (cot - 120°) V

VB = V Z -120° V

vc (r) = V sin (oil- 240°) V

Vc = V Z -240° V

(a)

4t<0

'a(')

'c(f)

vc(/)

Cb)

%) z Z =ZZd 1
v-y 1

fB«) 0/) z z =zze

z = zz<?

(c)

FIGUREA-l
(a) A three-phase generator, consisting of three single-phase sources equal in magnitude and 120°
apart in phase, (b) The voltages in each phase of the generator, (c) The three phases of the generator

connected to three identical loads.
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(tl)

FIGUREA-l (concluded)
(d) Phasor diagram showing the voltages in each phase.

( A

FIGUREA-2
The three circuits connected together with a common neutral.

Therefore, the currents flowing in the three phases are

VZ0°
i* =YZe=ÿ-° (A-2)

h= Vÿz™° = IA~120°- 6 (A-3)

VZ-2400
h= zIq = 240° - 9 (A—4)

It is possible to connect the negative ends of these three single-phase gener-
irs and loads together, so that they share a common return line (called the neu-

..al). The resulting system is shown inFigureA-2; note that now onlyfour wires
are required to supply power from the three generators to the three loads.

How much current is flowing in the single neutral wire shown in Figure
A-2? The return current will be the sum of the currents flowing to each individ¬
ual load in the power system. This current is given by
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I,v=IL/\ ÿ

= IL-
Is +Ic (A—5)

ÿ8 + I/L-Q- 120° +IA-6- 240°
=Icos (— 6) +jl sin (— 8)

+ 7 cos {— 6 — 120°) +jl sin (—8 — 120°)

+Icos (-8 - 240°) + jl sin (-0 - 240°)

=I[cos (— 8) + cos (— 8 — 120°) + cos (— 8— 240°)]

+jl [sin (~6) + sin (-8- 120°) + sin(-0- 240°)]

Recall the elementary trigonometric identities:

cos (a — /3) = cos a cos f3 + sin a sin /3 (A—6)

sin (a: — jS) = sin a cos j3 — cos a sin /3 (A—7)

Applying these trigonometric identities yields

lN ~ 7[cos (— 0) + cos (— 8) cos 120° + sin ( — 8) sin 120° + cos (— 8) cos 240° (
+ sin (— 8) sin 240°]

+j/[sin (-8) + sin (— 8) cos 120° — cos (—8) sin 120°
+ sin (— 8) cos 240° — cos (— 0) sin 240°]

I„=/ cos (—6) — ÿ cos ( t

Ia/

+Jl

OA

V3+ —- sin (-8)

V3

1
cos (-

V3
sin (—8)

sin (—8) — j sin (-8)--cos (—8) - ~ sin (— 8)
V3

cos (—6)

As long as the three loads are equal, the return current in the neutral is
zero!A three-phase power system inwhich the three generators have voltages that
are exactly equal in magnitude and 120° different inphase, and inwhich all three
loads me identical, is called a balanced three-phase system. Insuch a system, the
neutral is actually unnecessary, and we could get by with only three wires instead
of the original six.

PHASE SEQUENCE. The phase sequence of a three-phase power system is the
order inwhich the voltages in the individual phases peak. The three-phase power
system illustrated in FigureA-l is said to have phase sequence abc,since the volt¬
ages in the three phases peak in the order a, b, c (see FigureA-lb). The phasor di¬
agram of a power system with an abc phase sequence is shown inFigure A-3a.

It is also possible to connect the three phases of a power system so that the
voltages in the phases peak in the order a,c, b. This type of power system is said
to have phase sequence acb. The phasor diagram of a power system with an acb
phase sequence is shown inFigureA-3b. ,

The result derived above is equally valid for both abc and acb phas_
sequences. Ineither case, if the power system is balanced, the current flowing in
the neutral will be 0.
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(a) (b)

FIGUREA-3
(a) The phase voltages in a power system with an abc phase sequence, (b) The phase voltages in a
poweT system with an acb phase sequence.

(
A.2 VOLTAGES AND CURRENTS
INA THREE-PHASE CIRCUIT

A connection of the sort shown in FigureA-2 is called a wye (Y) connection be¬
cause it looks like the letter Y. Another possible connection is the delta (A) con¬
nection, in which the three generators are connected head to tail. The A connec¬
tion is possible because the sum of the three voltages Vg + V5 + Vc = 0,so titat

no short-circuit currents will flow when the three sources are connected head to

tail.
Each generator and each load in a three-phase power system may be either

Y- or A-connected. Any number of Y- and A-connected generators and loads may
be mixed on a power system.

FigureAÿ4 shows three-phase generators connected inY and inA. The volt¬
ages and currents in a given phase are calledphase quantities, and the voltages be¬
tween lines and currents in the lines connected to the generators are called line
quantities. The relationship between the line quantities and phase quantities for a
given generator or load depends on the type of connection used for that generator
or load. These relationships will now be explored for each of the Y and A
connections.

Voltages and Currents in the Wye (Y) Connection

A Y-connected three-phase generator with an abc phase sequence connected to a

resistive load is shown in Figure A-5. The phase voltages in this generator are
given by

' van = vÿzo°

Vta = 1ÿ-120° (A-8)

VCI! - VÿZ.— 240°
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I„ I

vab

(a)

FIGUREAÿl

(a) Y connection, (b) A connection.

FIGUREA-5
Y-connected generator with a resistive load.

(b)

Resistive

Since the load connected to this generator is assumed to be resistive, the
current in each phase of the generator will be at the same angle as the voltage.
Therefore, the current in each phase will be given by ,

\ =v°°lb =Vf-120°
Ic = 7ÿ-240°

(A-9)

Y» = vÿ0°
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Vc„

Von

Vs„

V„c FIGUREA-6
Line-to-line and phase ()ine-to-neutral)

voltages for the Y connection in Figure A-5.

FromFigure A-5, it is obvious that the current in any line is the same as the
current in the corresponding phase. Therefore, for a Y connection,

h= h Y connection (A-IO)

The relationship between line voltage and phase voltage is a bit more complex. By
Kirchhoff's voltage law, the line-to-line voltage Va,; is given by

vnA - V, - V,
= VÿZ.0° - VÿY-1200

=n-(4 v<t) =|v* +jÿv*

= V3V,(ÿ +4
= V3ÿY30°

Therefore, the relationship between the magnitudes of the line-to-line voltage and
the line-to-neutral (phase) voltage in a Y-connected generator or load is

Vu. = V3VY Y connection. (A-ll)

In addition, the line voltages are shifted 30° with respect to the phase voltages.
A phasor diagram of the line and phase voltages for the Y connection in Figure
A-5 is shown in FigureA-6.

Note that for Y connections with the abc phase sequence such as the one in
Figure A-5, the voltage of a line leads the corresponding phase voltage by 30°.
For Y connections with the acb phase sequence, the voltage of a line lags the cor¬
responding phase voltage by 30°, as you will be asked to demonstrate in a prob¬
lem at the end of the appendix.
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Resistive

FIGUREA-7
A-connected generator with a resistive load.

Although the relationships between line and phase voltages and currents for
the Y connection were derived for the assumption of a unity power factor, they are

in fact valid for any power factor. The assumption of unity-power-factor loads
simply made the mathematics slightly easier in this development.

Voltages and Currents in the Delta (A) Connection

A A-connected three-phase generator connected to a resistive load is shown in
Figure A-7. The phase voltages in this generator are given by

VnA = V0Z.O°
V4c = V.-120"
Vc„ = FÿZ—240°

(A-12)

Because the load is resistive, the phase currents are given by

\b ~ A0°

lhr = I,,, A — 120°xbc (A—13)

14 Z -240°

In the case of the A connection, it is obvious that the line-to-line voltage between
any two lines will be the same as the voltage in the corresponding phase. In a

A connection,

V,LL VA A connection (A-14)

The relationship between line current and phase current is more complex. It can
be found by applying Kirchhoff's current law at a node of the A, Applying Kirch-
hoff's current law to node A yields the equation

I„ =Iab lr
= /,AZ0° - — 240°

1 . V3 \ _ 3 . v -
2 1<l> +J 2 ÿ J 2

ÿ
2 ÿ

,V3
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b

°\
ÿ /

b be b

FIGUREA-8
Line and phase currents for the A connection
in Figure A-7.

Tabic A-l

Summary of relationships inY and A connections

Y connection A connection

Voltage magnitudes = V5 Pÿ II
ÿv-

Current magnitudes h= b h = V3 14,

abc phase sequence leads V„ by 30° I„ lags Iak by 30°

acb phase sequence V„j lags V„ by 30° K leads I„4 by 30°

= V3h V3
2

.1

= V3IdA-30°
Therefore, the relationship between the magnitudes of the line and phase currents
in a A-connected generator or load is

IL = \/3If A connection (A-15)

and the line currents are shifted 30° relative to the corresponding phase currents.

Note that for A connections with the abc phase sequence such as the one
hown inFigureA-7, the current of a line lags the corresponding phase current by

j0° (see FigureA-8). For A connections with the acb phase sequence, the current
of a line leads the corresponding phase current by 30°.

The voltage and current relationships for Y- and A-connected sources and
loads are summarized in Table A-l .
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FIGUREA-9
A balanced Y-connected load.

A.3 POWER RELATIONSHIPS IN
THREE-PHASE CIRCUITS

Figure A-9 shows a balanced Y-connected load whose phase impedance is
Z4 = ZL 6°. If the three-phase voltages applied to this load are given by

vmif) = V2V sin cut

vi>nW = \P-V sin(cui - 120°) (A-16)

= VÿYsin(cut - 240°)

then the three-phase currents flowing in the load are given by

ia(t) — \f21sin(w? - B)

ib(t) = V2/sin(orf - 120° - B) (A-17)

ic(t) = \/2/sinOr - 240° - 8)

where 1= VIZ. How much power is being supplied to this load from the source?
The instantaneous power supplied to one phase of the load is given by the

equation

Therefore, the instantaneous power supplied to each of the three phases is

Po<J) = = 2V7 sin(col) sin(wt - 6)

PbO) = vb„(t)ib(t) = 2V/sin(V - 120°) sinOi - 120° - B) (A-19)

Pc(t) = vcn(t)ic(t) = 2V7 sin(wf — 240°) sin(w/ — 240° — B)

A trigonometric identity states that

Applying this identity to Equations (A-19) yields new expressions for the power
in each phase of the load:

pit) = v(f)i(0 (A—18)

(A-20)
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FIGUREA-10
Instantaneous power in phases a, b, and c, plus the total power supplied to the load.

pjf) = V7[cos 6 — cos(2cat - 0)]

pb(t) = V7[cos 8 — cos(2cot — 240° — 9)] (A-21)

pc(t) = W[cos 8 - cos(2cot - 480° - 0)]

The total power supplied to the entire three-phase load is the sum of the
power supplied to each of the individual phases. The power supplied by each
phase consists of a constant component plus a pulsing component. However, the
pulsing components in the three phases cancel each other out since they are 120°
out ofphase with each other, and the final power supplied by the three-phase
power system is constant. This power is given by the equation:

AoiM = PaM + PbC) +PcO) = 3V/ cos 8 (A-22)

The instantaneous power in phases a, b> and c are shown as a function of time
in Figure A-10. Note that the total power supplied to a balanced three-phase load
is constant at all limes. The fact that a constant power is supplied by a three-phase
power system is one of its major advantages compared to single-phase sources.

Three-Phase Power Equations Involving
Phase Quantities
The single-phase power Equations (1-60) to (1-66) apply to each phase of a Y- or
A-connected three-phase load, so the real, reactive, and apparent powers supplied
to a balanced three-phase load are given by
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P = IVt I(l> cos

Q - 3V« hsin

S= 3V,/*

P = 3/|2cos 0

Q = 3/1Z sin 0

S=31lZ

(A-23)

(A—24)

(A-25)

(A-26)

(A-27)

(A—28)

The angle 6 is again the angle between the voltage and the current in any
phase of the load (it is the same in all phases), and the power factor of the load is (
the cosine of the impedance angle 6. The power-triangle relationships apply as well.

Three-Phase Power Equations Involving
Line Quantities
It is also possible to derive expressions for the power in a balanced three-phase
loadin terms of line quantities. This derivation must be done separately for Y- and
A-connected loads, since the relationships between the line and phase quantities
are different for each type of connection.

For a Y-connected load, the power consumed by a load is given by

P = 3VÿI4, cos (A-23)

For this type of load, IL = J$ and VLL = \Z2V$, so the power consumed by the
load can also be expressed as

p = 3(v§)''cose
P - \Z3Vu_ 1L cos (A-29)

For a A-connected load, the power consumed by a load is given by

P = 3Vÿcos (A-23)

For this type of load, 1L — \/3 and VLL = V so the power consumed by the
load can also be expressed in terms of line quantities as (

= V3VuIl cos (A-29)
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This is exactly the same equation that was derived for a Y-connected load, so
Equation (A-29) gives the power of a balanced three-phase load in terms of line
quantities regardless of the connection of the load. The reactive and apparent
powers of the load in terms of line quantities are

Q = VÿyuAsin 0 (A-30)

S=V3VLL1L (A-31)

It is important to realize that the cos 6 and sin 9 terms inEquations (A-29)
and (A-30) are the cosine and sine of the angle between the.phase voltage and the
phase current, not the angle between the line-to-line voltage and the line current.
Remember that there is a 30° phase shift between the line-to-line and phase volt¬
age for aY connection, andbetween the line andphase current for a A connection,
so it is important not to take the cosine of the angle between the line-to-ljne volt¬
age and line current.

A.4 ANALYSIS OF BALANCED
THREE-PHASE SYSTEMS

If a three-phase power system is balanced, it is possible to determine the voltages,
currents, and powers at various points in the circuit with a per-phase equivalent
circuit This idea is illustratedinFigureA-l1.FigureA-l 1a shows a Y-connected
generator supplying power to a Y-connected load through a three-phase trans¬

mission line.
In such a balanced system, a neutral wire may be inserted with no effect on

the system, since no current flows in that wire. This system with the extra wire in¬
serted is shown inFigureA-l lb.Also, notice that each of the three phases is iden¬
tical except for a 120° shift in phase angle. Therefore, it is possible to analyze a
circuit consisting of one phase and the neutral, and the results of that analysis will
be valid for the other two phases as well if the 120° phase shift is included. Such
a per-phase circuit is shown in FigureA-l lc.

There is one problem associated with this approach, however. It requires
that a neutral line be available (at least conceptually) to provide a return path for
current flow from the loads to the generator. This is fine for Y-connected sources
and loads, but no neutral can be connected to A-connected sources and loads.

How can A-connected sources and loads be included in a power system to

be analyzed? The standard approach is to transform the impedances by the Y—A
transform of elementary circuit theory. For the special case of balanced loads, the
Y-A transformation states that a A-connected load consisting of three equal im¬
pedances, each of value Z, is totally equivalent to a Y-connected load consisting
of three impedances, each of value Z/3 (see Figure A-l2). This equivalence
means that the voltages, currents, and powers supplied to the two loads cannot be
distinguished inany fashion by anything external to the loaditself.

L
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y )V0"

Transmission line

A/W—rv"ÿvÿ-

ÿ\/\/V-rvÿv-v.

(a)

Transmission line

Nentral

(6)

Transmission line

-VW—rv"v"vÿ-

ya»

(C)

FIGUREA-1I
(a) A Y-connected generator and load, (b) System with neutral inserted, (c) The per-phase equivalent
circuit.
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1 1 l - 1

i i i i

FIGUREA-12
Y-A transformation. A Y-connected impedance of Z/3 A is totally equivalent to a A-connected
impedance of Z A to any circuit connected to the load's terminals.

0.06 A j0.J2A

0.06 A y'0.12 A

Vr„ = 120Z-240' 208 V

Vb„ = 1202-120°(

0.06 A j0. 12 A
-fyW-

V4 = -ÿ = = 120 V

FIGUREA-l3
The three-phase circuit of ExampleA-l.

If A-connected sources or loads include voltage sources, then the magni¬
tudes of the voltage sources must be scaled according to Equation (A-l1), and the
effect of the 30° phase shift must be included as well.

Example A-l. A 208-V three-phase power system is shown in Figure A-I3. It
consists of an ideal 208-V Y-connected three-phase generator connected through a three-
phase transmission line to a Y-connected load. The transmission line has an impedance of
0.06 +_/ 0.12 Hper phase, and the load has an impedance of 12 +j9 A per phase. For this
simple power system, find

(a) The magnitude of the line current IL
(b) The magnitude of the load's line and phase voltages VLL and V$L
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0.06 n jO. 12 fl

-AA/V—

o, V4 = 120 Z 0° V,<fL 12 +j9 CI

FIGUREA-14
Per-phase circuit inExampleA-l .

(c) The real, reactive, and apparent powers consumed by the load
(d) The power factor of the load
(e) The real, reactive, and apparent powers consumed by the transmission line
(f) The real, reactive, and apparent powers supplied by the generator
(g) The generator's power factor

Solution
Since both the generator and the load on this power system are Y-connected, it is very sim¬
ple to construct a per-phase equivalent circuit. This circuit is shown inFigureA-14.

(a) The line current flowing in the per-phase equivalent circuit is given by

V
11in/, ÿline ~b ÿload
_120 Z0° V_
(0.06 +70.12 fl) + (12 +j9Cl) 1

120 Z0° 120 Z0°
12.06 +./9.12 15.12z37.1°

= 7.94Z—37.1° A

The magnitude of the line current is thus 7.94 A.
(b) The phase voltage on the load is the voltage across one phase of the load. This

voltage is the product of the phase impedance and the phase current of the load:

ÿ
'i>L

= (7.94Z—37.1° A)( 12 +J9 CI)

= (7.94Z—37.1° A)(15Z36.9° CI)

= 119.IZ—0.2° V

Therefore, the magnitude of the load's phase voltage is

Vw = 119.1V

and the magnitude of the load's line voltage is

Vll = V3V = 206.3 V

(c) The real power consumed by the load is

ÿload = 3Vÿ cos d

= 3(119.1 V)(7.94 A) cos 36.9°

= 2270 W
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The reactive power consumed by the load is

Qioad = 3Vy,j,sin 8

= 3(119.1 V)(7.94 A) sin 36.9°
= 1702 var

The apparent power consumed by the load is

ÿload = 3ÿ//ÿ
= 3(119.1 V)(7.94 A)

= 2839 VA

(d) The load power factor is

PFload = cos 8 = cos 36.9° = 0.8 lagging

(e) The current inthe transmission line is 7.94/.—37.1A, and tire impedance of the
line is 0.06 +j0.12 fl or 0.134Z63.4° fl per phase. Therefore, the real, reac¬
tive, and apparent powers consumed in the line are

Plin£ = 3/ÿ-Zcosd (A-26)

= 3(7.94 A)- (0.134 fI) cos 63.4°

= 11.3 W

Qiine ~ 37$Z sin 0 (A-27)

= 3(7.94 A)2 (0.134 fl) sin 63.4°
= 22.7 var

5,ine = 3I$Z (A-28)

= 3(7.94 A)2 (0.134 fl)

= 25.3 VA

(f) The real and reactive powers supplied by the generator are the sum of the pow¬
ers consumed by the line and the load:

P = P ÿ- P1gen 1 line 1 1 load

= 11.3 W + 2270 W = 2281W

l2gen filine " (2lc.nl

= 22.7 var + 1702 var = 1725 var

The apparent power of the generator is the square root of the sum of the squares
of the real and reactive powers:

V= VP82„+2e2„ = 2860VA

(g) Fromthe power triangle, the power-factor angle 8 is

a -yQ°°tn-f _i 1725VAR „1C
en PttB 2281 W

Therefore, the generator's power factor is

PFgcn = cos 37.1° = 0.798 lagging
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0.06 a j0.12 a

FIGUREA-15
Three-phase circuit in Example A-2.

Vj = 120 Z 0' CPv.

0.06 ft +./0.12 ft

-AAA/—
I1'*

Z't -4 +fl ft

FIGUREA-16
Per-phase circuit inExample A-2.

Example A-2. Repeat ExampleA-l for a A connected load, with everything else
unchanged.

Solution
This power system is shown inFigureA-15. Since the load on this power system is A con¬
nected, it must first be converted to an equivalent Y form. The phase impedance of the A-
connected load is 12 + j9 ft so the equivalent phase impedance of the corresponding Y
form is

Zv =y = 4+;3ft

The resulting per-phase equivalent circuit of this system ts shown inFigureA-16.

(a) The line current flowing in the per-phase equivalent circuit is given by

VT =
_-_•ÿ•line 17 1 nr

Mm = 120 Z -240° V

V(,n = 120 Z -120° V

120 Z 0° V

|vu= 208V

0.06 ft 70.12ft
-AAA/—
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120AO0 V
(0.06 +j 0.12 A) + (4 +j3 A)

=
120A0°

=
1202.0°

4.06 +j 3.12 5.122.37.5°

= 23.42.-37.5° A

The magnitude of the line current is thus 23.4 A.
(b) The phase voltage on the equivalent Y load is the voltage across one phase of

the load. This voltage is the product of the phase impedance and the phase cur¬
rent of the load:

= iÿz;,
= (23.4Z-37.5° A)(4 +j3 A)

= (23.4A—37.5° A)(5A36.9° A) = 117ÿ-0.6°V

The original load was A connected, so the phase voltage of the original load is

= V3 (117 V) = 203 V

and the magnitude of the load's line voltage is

Vu. = V = 203 V

(c) The real power consumed by the equivalent Y load (which is the same as the
power in the actual load) is

fiMd = cos B

= 3(117 V)(23.4 A) cos 36.9°
= 6571 W

The reactive power consumed by the load is

2i<mi = 3V, sin 6

= 3(117 V)(23.4 A) sin 36.9°

= 4928 var

The apparent power consumed by the load is

Sloatl = 3Vÿ
= 3(117 V)(23.4 A)

= 8213 VA

(d) The load power factor is

PF|oaJ = cos 9 = cos 36.9° = 0.8 lagging

(e) The current in the transmission is 23.42.-37.5° A, and the impedance of
the line is 0.06 +y'0.12 A or 0.1342.63.4° A per phase. Therefore, the real, re¬
active, and apparent powers consumed in the line are

Pline = 3/jZcos 0 (A-26)

= 3(23.4 A)2(0.134 A) cos 63.4°

= 98.6 W
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Qlmc = 3llZsind (A-27)

= 3(23.4 A)2(0. 134 A) sin 63.4°

= 197 var

Slhlc = 3I\Z (A-28)

= 3(23.4 A)2(0. J 34 fi)

= 220 VA

(J) The real and reactive powers supplied by the generator are the sums of the pow¬
ers consumed by the line and the load:

p = p , + p
L gen 1 !tnc 1 1 load

= 98.6 W + 6571 W = 6670 W

(2sjen (2lind 4 (2]oad

= 197 var H- 4928 VAR = 5125 var

The apparent power of the generator is the square root of the sum of Line squares
of the real and reactive powers:

s*«= + 2ÿ = 8411 VA

(g) From the power triangle, the power-factor angle 0 is

. -i 5125 var r05scn = tan 'ÿ= tan 'ÿÿ= 37.6

Therefore, the generator's power factor is

PF„,.n = cos 37.6° = 0.792 lagging

r

A.5 ONE-LINE DIAGRAMS

As we have seen in this chapter, a balanced three-phase power system has three
lines connecting each source with each load, one for each of the phases in the
power system. The three phases are all similar, with voltages and currents equal in
amplitude and shifted in phase from each other by 120°. Because the three phases
are all basically the same, it is customary to sketch power systems in a simple
form with a single line representing all three phases of the real power system.

These one-line diagrams provide a compact way to represent the interconnections
of a power system. One-line diagrams typically include all of the major compo¬
nents of a power system, such as generators, transformers, transmission lines, and
loads with the transmission lines represented by a single line. The voltages and
types of connections of each generator and load are usually shown on the diagram.
A simple power system is shown inFigureA-l7, together with the corresponding
one-line diagram.

A.6 USING THE POWER TRIANGLE

If the transmission hues in a power system can be assumed to have negligible, im¬
pedance, then an important simplification is possible in the calculation of three-phase
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Generator Load 1 Load2

Bus 1

Y connected

Load 1

/

d Load 2 Y connected

FIGURE A-17
(a) A simple power system with a Y-connected generator, a A-connected load, and a Y-connected
load, (b) The corresponding one-line diagram.

currents and powers. This simplification depends on the use of the real and reactive
powers of each load to determine the currents and power factors at various points in
the system.

For example, consider the simple power system shown in Figure A-17. If
the transmission line in that power system is assumed to be lossless, tire line volt¬
age at the generator will be the same as the line voltage at the loads. If the gener¬
ator voltage is specified, then we can find the current and power factor at any
point in this power system as follows:

1. Determine the line voltage at the generator and the loads. Since the transmis¬
sion line is assumed to be lossless, these two voltages will be identical.

2. Determine the real and reactive powers of each load on the power system.
We can use the known load voltage to perform this calculation.

3. Find the total real and reactive powers supplied to all loads "downstream"
from the point being examined.
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t

k\
Load

1

1
1

480 V
three-phase

Load
2

Delta connected

Z# = 10430°G

Wye connected

Z, = 54-36.87T1

FIGUREA-18
The system in ExampleA-3.

4. Determine the system power factor at that point, using the power-triangle
relationships.

5. Use Equation (A-29) to determine line currents, or Equation (A-23) to de- 'termine phase currents, at that point.

This approach is commonly employed by engineers estimating the currents
and power flows at various points on distribution systems within an industrial
plant. Within a single plant, the lengths of transmission lines will be quite short
and their impedances will be relatively small, and so only small errors will occur
if the impedances are neglected.An engineer can treat the line voltage as constant,
and use the power triangle method to quickly calculate the effect of adding a load
on the overall system current and power factor.

ExampleA-3. FigureA-18 shows a one-line diagram of a small 480-V industrial
distribution system. The power system supplies a constant line voltage of 480 V, and the
impedance of the distribution lines is negligible. Load 1 is a A-connected load with a phase
impedance of 104.30° fl, and load 2 is a Y-connected load with a phase impedance of
54.-36.87° n.

(a) Find the overall power factor of the distribution system.
(b) Find the total line current supplied to the distribution system.

Solution
The lines in this system are assumed impedanceless, so there will be no voltage drops
withiti the system. Since load 1is A connected, its phase voltage will be 480 V. Since load
2 is Y connected, its phase voltage will be 480/V3 = 277 V.

The phase current in load 1is

, 480 V _ „p ,
ion

Therefore, the real and reactive powers of load 1are

P, = 3VM1ÿ cos 6

= 3(480 V)(48 A) cos 30° = 59.9 kW
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2i = 31V.*, sin e
= 3(480 V)(48 A) sin 30° = 34.6 kvar

The phase current in load 2 is

277 V
zÿTq- = 55-4A

Therefore, the real and reactive powers of load 2 are

Pi = 3Vÿ/ÿ2 cos 8

= 3(277 V)(55.4 A) cos(— 36.87°) = 36.8 kW

Ql = s'n "= 3(277 V)(55.4 A) sin(-36.87°) = -27.6 kvar

(a) The total real and reactive powers supplied by the distribution system are

Plat = Pl + Pi
= 59.9 kW + 36.8 kW = 96.7 kW

Qm = Q, + Q2
= 34.6 kvar — 27.6 kvar = 7.00 kvar

From the power triangle, the effective impedance angle 6 is given by

Q
1 = tan i .

P

7.00 kvar ,, „„
= tan

9F7W
=4'14

The system power factor is thus

PF = cos 8 = cos(4.14°) = 0.997 lagging

(b) The total line current is given by

4—
V3V/. cos 8

96.7 kW
11 = —7=---= 1 17 A

V3(480 V)(0.997)

QUESTIONS

A-l. What types of connections are possible for three-phase generators and loads?
A-2. What is meant by the term "balanced" in a balanced three-phase system?

A-3. What is the relationship betweenphase and line voltages and currents for a wye (Y)
connection?

A-4. What is the relationship between phase and line voltages and currents for a delta (A)
connection?

A-5. What is phase sequence?
A-6. Write the equations for real, reactive, and apparent power in three-phase circuits, in

terms of both line and phase quantities.
A-7. What is a Y-A transform?
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PROBLEMS

A-l, Three impedances of 4 + /3 A are A connected and tied to a three-phase 208-V
power line. Find /ÿ , IL, P, Q,S, and the power factor of this load.

A-2. Figure PA-1 shows a three-phase power system with two loads. The A-connected
generator is producing a line voltage of 480 V, and the line impedance is 0.09 +
_/0.16 A. Load 1 is Y connected, with a phase impedance of 2.52-36.87° A and load
2 is A connected, wilh a phase impedance of 52.-20° A.

0.09 A jO. 16 A

V,.„ = 4S0Z-240" V

V,,,, = 480Z0° V

V,, =480Z-1200 V 0.09 A j'0.16 A

-A/v\-
0.09 A 70.16 A

Generator Load 1 Load 2

Zÿ, =2.5Z36.87°A

= 5Z-20°A

FIGURE PA-1
The system in Problem A-2.

(a) What is the line voltage of the two loads?
(b) What is the voltage drop on the transmission lines?
(c) Find the real and reactive powers supplied to each load.
(d) Find the real and reactive power losses in the transmission line.
(e) Find tire real power, reactive power, and power factor supplied by the generator.

A-3. Figure PA-2 shows a one-line diagram of a simple power system containing a sin¬
gle 480-V generator and three loads. Assume that the transmission lines in this
power system are lossless, and answer the following questions.
(a) Assume that Load 1 is Y connected. What are the phase voltage and currents in

that load?
(b) Assume that Load 2 is A connected. What are the phase voltage and currents in

that load?
(c) What real, reactive, and apparent power does the generator supply when the

switch is open?
(d) What is the total line current IL when the switch is open?
(e) What real, reactive, and apparent power does the generator supply when the

switch is closed?
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Bus 1

100 kW
0.9 PF lagging

80 kVA
0.8 PF laggin;

480 V
Y connected

80 kW
0.85 PF leading

Load 3

Load I

Load 2

FIGURE PA-2
The power system in Problem A-3.

(f) What is tire total line current IL when the switch is closed?
(g) How does the total line current IL compare to tire sum of the three individual

currents 7, + 7> + 7j? If they are not equal, why not?
A-4. Prove that the line voltage of a Y-connected generator with an act phase sequence

lags the corresponding phase voltage by 30°. Draw a phasor diagram showing the
phase and line voltages for this generator.

A-5. Find tire magnitudes and angles of each line and phase voltage and current on the
load shown in Figure PA-3.

V

FIGURE PA-3
The system in Problem A-5.

A-6. Figure PA-4 shows a one-line diagram of a small 480-V distribution system in an
industrial plant. An engineer working at the plant wishes to calculate tire current that
will be drawn from the power utility company with and without the capacitor bank
switched into the system. For the purposes of this calculation, the engineer will as¬
sume thai the lines in the system have zero impedance.
(a) If tire switch shown is open, find the real, reactive, and apparent powers in tire

system. Find the total current supplied to the distribution system by the utility.

W ) V = 120Z0'
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Delta connected

Z.=10Z30°n

Wye connected

Z„ = 5Z-90°n
Capacitor
bank

Load

Load

FIGUREPA-4
The system in Problem A-6.

(b) Repeat part (a) with the switch closed.
(c) What happened to the total current supplied by the power system when the

switch closed? Why?
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APPENDIX

B
COIL PITCH

AND
DISTRIBUTED

WINDINGS

f

As mentionedinChapter 3, the induced voltage in an ac machine is sinusoidal
only if the harmonic components of the air-gap flux density are suppressed.

This appendix describes two techniques used by machinery designers to suppress
harmonics inmachines.

B.l THE EFFECT OF COILPITCH
ONAC MACHINES

In the simple ac machine design of Section 3.4, the output voltages in the stator

coils were sinusoidal because the air-gap flux density distribution was sinusoidal.
If the air-gap flux density distribution had not been sinusoidal, then the output
voltages inthe stator would not have been sinusoidal either. They would have had
the same nonsinusoidal shape as the flux density distribution.

In general, the air-gap flux density distribution in an ac machine will not be
sinusoidal. Machine designers do their best to produce sinusoidal flux distributions,
but of course no design is ever perfect. The actual flux distribution will consist of
a fundamental sinusoidal component plus harmonics. These harmonic components
of flux will generate harmonic components in the stator's voltages and currents.

The harmonic components in the stator voltages and currents are undesir¬
able, so techniques have been developed to suppress the unwantedharmonic com¬
ponents inthe output voltages and currents of a machine. One important technique
to suppress the harmonics is the use offractional-pitch windings.
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pp- 90" mechanical

180° electrical

(
FIGURE B-i
The pole pilch of a four-pole machine is 90 mechanical or 180 eiecrrical degrees.

The Pitch of a Coil

The pole pitch is the angular distance between two adjacent poles on a machine.
The pole pitch of a machine in mechanical degrees is

where p„ is the pole pitch inmechanical degrees and P is the number of poles on
ihe machine. Regardless of the number of poles on the machine, a pole pitch is
always J 80 electrical degrees (see Figure B-l).

If the stator coil stretches across the same angle as the pole pitch, it is called
a full-pitch coil. If the stator coil stretches across an angle smaller than a pole
pitch, it is called afractional-pitch coil. The pitch of a fractional-pitch coil is of¬
ten expressed as a fraction indicating the portion of the pole pitch it spans. For ex¬
ample, a 5/6-pitch coil spans five-sixths of the distance between two adjacent
poles. Alternatively, the pitch of a fractional-pitch coil in electrical degrees is
given by Equations (B—2):

where 0m is the mechanical angle covered by the coil in degrees and pp is the ma¬
chine's pole pitch inmechanical degrees, or '

9
p = — x 180°

Pp
(B-2a)

p = ~f~ x 180° (B-2b)
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Air-gap flux density.

ÿ B B(0!) = cos (wt - a)

c-d

Rotor

Air gap

Stator

a-b

Rotor rotation is CCW. f ÿ-- Voltage is really into the page,

f g since B is negative here.

FIGURE B-2
A fractional-pitch winding of pitch p.The vector magnetic flux densities and velocities on the sides
of die coil. The velocities are from a frame of reference in which the magnetic field is stationary.

where 9,„ is the mechanical angle covered by the coil indegrees and P is the num¬
ber of poles in the machine. Most practical stator coils have a fractional pitch,
since a fractional-pitch winding provides some important benefits which will be
explained later. Windings employing fractional-pitch coils are known as chorded
windings.

The Induced Voltage of a Fractional-Pitch Coil

What effect does fractional pitch have on the output voltage of a coil? To find out,

examine the simple two-pole machine with a fractional-pitch winding shown in
( "igure B-2. The pole pitch of this machine is 180°, and the coil pitch is p. The

voltage induced in this coil by rotating the magnetic field can be found inexactly
the same manner as in the previous section, by determining the voltages on each
side of the coil. The total voltage will just be the sum of the voltages on the indi¬
vidual sides.
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As before, assume that the magnitude of the flux density vector B in the air-
gap between the rotor and the stator varies sinusoidally with mechanical angle,
while the direction of B is always radially outward. If a is the angle measured
from the direction of tire peak rotor flux density, then the magnitude of the flux
density vector B at a point around the rotor is given by

B = Bm cos a (B-3a)

Since the rotor is itself rotating within the stator at an angular velocity com, the
magnitude of the flux density vector B at any angle a around the stator is given
by

B = Bm cos (cut - a) (B-3b)

The equation for the induced voltage in a wire is

<?md = (v x B) • 1 (1-45)

where v = velocity of the wire relative to the magnetic field

B = magnetic flux density vector

1 = length of conductor in the magnetic field

This equation can only be used in a frame of reference where the magnetic field
appears to be stationary. If we "sit on the magnetic field" so that the field appears
to be stationary, the sides of the coil will appear to go by at an apparent velocity
vre|. and the equation can be applied. Figure B-2 shows the vector magnetic field
and velocities from the point of view of a stationary magnetic field and a moving
wire.

1. Segment ab. For segment ab of the fractional-pitch coil, a = 90° + p/2. As¬
suming that B is directed radially outward from the rotor, the angle between
v and B in segment ab is 90°, while the quantity v X B is in the direction of
1, so

fifco = (V X B) • 1

= vBl directed out of the page

~vBm cos "J~ (90° +|

= -vBMl cos - 90° - |j (B-4)

where the negative sign comes from the fact that B is really pointing inward
when it was assumed to point outward.

2. Segment be. The voltage on segment be is zero, since the vector quantity
v x B is perpendicular to 1, so

stJ=(vxB)'l = 0 (B-5)
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3. Segment cd. For segment cd, the angle a = 90° — pi2. Assuming that B is di¬
rected radially outward from the rotor, the angle between v and B insegment

cd is 90°, while the quantity v x B is in the direction of 1, so

edc = (v X B) •I
= vBl directed out of the page

eba = -vBm cosM ' aU-[90° — tj l|/

= ~vBMl cos [ (omt - 90° + 2 (B-6)

4. Segment da. The voltage on segment da is zero, since the vector quantity
v x B is perpendicular to 1, so

ÿ=(vxB).|= 0 (B-7) (

Therefore, the total voltage on the coil will be

ÿind — &ba edc

= -vBMl cos (ÿojmt - 90° _ f) + vBm1cos (w'"' ~~ 90° + ÿ
By trigonometric identities,

cos uomt - 90° _ 2) = cos _
cos 2 + S'n ÿco"'t ~ ÿ°') s*n 2

cos - 90° + 2) = cos ~ cos
2

~ ÿ ~
2

sin (&)mf - 90°) = —cos comt
Therefore, the total resulting voltage is

= vBm1 —cos (b>mt - 90°) cos|- sin (o>mt - 90°) sin ~

+ cos (u>n,t — 90°) cos ÿ ~~ sin(ajm/ - 90°) sin ÿ

= -2vBMl sin 2 sin (comt - 90°)

= 2vBMl sin 2 cos comt

Since 2vBMl is equal to c/xo, the final expression for the voltage in a single turn is

(B-8)eind = 4>u) sin ÿ cos e),„t
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This is the same value as the voltage in a full-pitch winding except for the
sin p/2 term. It is customary to define this term as the pitchfactor kp of the coil.
The pitch factor of a coil is given by

; • Pkp = sin ÿ (B-9)

In terms of the pitch factor, tire induced voltage on a single-turn coil is

ÿind = k,,(pcom cos comt (B-10)

The total voltage in an TV-turn fractional-pitch coil is thus

«ind = Nc kptpa>m cos (»mt (B—11)

and its peak voltage is

EmtlL = Nckp<j)o}m (B—12)

— IttNc kp(f)f (B— 13)

Therefore, the rms voltage of any phase of this three-phase stator is

EA=f%Nckpcf>f (B— 14)

= \Z2TTNckpcj>f (B-15)

Note that for a full-pitch coil, p = 180° and Equation (B-15) reduces to the
same result as before.

For machines with more than two poles, Equation (B-9) gives the pitch fac¬
tor if the coilpitchp is inelectrical degrees. If the coil pitch is given in mechani¬
cal degrees, then the pitch factor can be given by

, ÿ Wkp = sin — (B-16) !

Harmonic Problems and
Fractional-Pitch Windings

There is a very good reason for using fractional-pitch windings. Itconcerns the ef¬
fect of the nonsinusoidal flux density distribution inreal machines. This problem
can be understood by examining the machine shown in Figure B—3 . This figure
shows a salient-pole synchronous machine whose rotor is sweeping across the sta¬
tor surface. Because the reluctance of the magnetic field path is much lower di¬
rectly under the center of the rotor than it is toward the sides (smaller air gap), the
flux is strongly concentrated at that point and the flux density is very high there,
The resulting induced voltage in the winding is shown in Figure B-3.Notice thai
it is not sinusoidal—it contains many harmonicfrequency components.

Because the resulting voltage waveform is symmetric about the center of
the rotor flux, no even harmonics are present in the phase voltage. However, all
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®

(c)

FIGURE B-3
(a) A ferromagnetic rotor sweeping past a stator conductor, (b) The flux density distribution of the

magnetic field as a function of time at a point on the stator surface, (c) The resulting induced voltage
in the conductor. Note that the voltage is directly proportional to the magnetic flux density at any

given time.

'he odd harmonics (third, fifth, seventh, ninth, etc.) are present in the phase volt¬
age to some extent and need to be dealt with in the design of ac machines. Ingen¬
eral, the higher the number of a given harmonic frequency component, the lower
its magnitude in the phase output voltage; so beyond a certain point (above the
ninth harmonic or so) the effects of higher harmonics may be ignored.
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When the three phases are Y or A connected, some of the harmonics disap¬
pear from the output of the machine as a result of the three-phase connection. The
third-harmonic component is one of these. If the fundamental voltages in each of
the three phases are given by

ea(t) = Em sin cut V (B-17a)

eb(t) = Em sin (cut - 120°) V (B-17b)

eft) = Em sin (cut - 240°) V (B-17c)

then the third-harmonic components of voltage will be given by

ea3(t) = Em sin 3cuf V (B-18a)

ebi(t) = Em sin (3cut - 360°) V (B-18b)

ecft) = EMi sin (3cut- 720°) V (B-18c)

Notice that the third-harmonic components of voltage are all identical in each
phase. If the synchronous machine is Y-connected, then the third-harmonic
voltage between any two terminals will be zero (even though there may be a
large third-harmonic component of voltage in each phase). If the machine is
A-connected, then the three third-harmonic components all add and drive a third-
harmonic current around inside the A-winding of the machine. Since the third-
harmonic voltages are dropped across tire machine's internal impedances, there
is again no significant third-harmonic component of voltage at the terminals.

This result applies not only to third-harmonic components but also to any
multiple of a third-harmonic component (such as the ninth harmonic). Such spe¬
cial harmonic frequencies are called triplen harmonics and are automatically sup¬
pressed in three-phase machines.

The remaining harmonic frequencies are the fifth, seventh, eleventh, thir¬
teenth, etc. Since the strength of the harmonic components of voltage decreases
with increasing frequency, most of the actual distortion in the sinusoidal output of
a synchronous machine is caused by the fifth and seventh harmonic frequencies,
sometimes called the belt harmonics. If a way could be found to reduce these
components, then the machine's output voltage would be essentially a pure sinu¬
soid at the fundamental frequency (50 or 60 Hz).

How can some of the harmonic content of the winding's terminal voltage be
eliminated?

One way is to design the rotor itself to distribute the flux in an approxi¬
mately sinusoidal shape. Although this action will help reduce the harmonic con¬
tent of the output voltage, itmay not go far enough in that direction. An additional
step that is used is to design the machine with fractional-pitch windings.

The key to the effect of fractional-pitch windings on the voltage produced ir
a machine's stator is that the electrical angle of the nth harmonic is n times the elec¬
trical angle of the fundamental frequency component. Inother words, if a coil spans
150 electrical degrees at its fundamental frequency, it will span 300 electrical de¬
grees at its second-harmonic frequency, 450 electrical degrees at its third-harmonic
frequency, and so forth. Ifp represents the electrical angle spanned by the coil at its
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fundamental frequency and v is the number of the harmonic being examined, then
the coil will span vp electrical degrees at that harmonic frequency. Therefore, the
pitch factor of the coil at the harmonic frequency can be expressed as

i ÿ
vp

kp = siny (B—19)

The important considerationhere is that thepitchfactor ofa winding is differentfor
each harmonicfrequency. By a proper choice of coil pitch it is possible to almost
eliminate harmonic frequency components in the output of the machine. We can
now see how harmonics are suppressed by looking at a simple example problem.

Example B-l. A three-phase, two-pole stator has coils with a 5/6 pitch. What are
the pitch factors for the harmonics present in this machine's coils? Does this pitch help sup¬
press the harmonic content of the generated voltage?

Solution
The pole pitch in mechanical degrees of this machine is

A. =W = 180° (B-l)

Therefore, the mechanical pitch angle of these coils is five-sixths of 180°, or 150°
From Equation (B-2a), the resulting pitch in electrical degrees is

— x 180° =
Pr

150°
180°

x 180° = 150° (B-2a)

The mechanical pitch angle is equal to the electrical pitch angle only because this is a two-
pole machine. For any other number of poles, they would not be the same.

Therefore, the pitch factors for the fundamental and the higher odd harmonic fre¬
quencies (remember, the even harmonics are already gone) are

Fundamental:

Third harmonic:

Fifth harmonic:

Seventh harmonic:

Ninth harmonic:

150°
kp = sin "Y" = 0.966

, . 3(150°
kp = sin — —0.707 (This is a triplen harmonic not

present in the three-phase output.)

/(p = s,nÿP = 0.259

kp - sin 2£I|Q!1= 0 259

sin
9(150°)

= -0.707 (This is a triplen harmonic not

present in the three-phase output.)

The third- and ninth-harmonic components are suppressed only slightly by this coil
itch, but that is unimportant since they do not appear at the machine's terminals anyway.

Between the effects of triplen harmonics and the effects of the coil pitch, the third, fifth,
seventh, and ninth harmonics are suppressed relative to thefundamentalfrequency. There¬
fore, employing fractional-pitch windings will drastically reduce the harmonic content of
the machine's output voltage while causing only a small decrease in its fundamental
voltage.
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FIGUREB-4
The line voltage out of a three-phase generator with full-pitch and fractional-pitch windings.
Although the peak voltage of the fractional-pitch winding is slightly smaller than that of the full-
pitchwinding, its output voltage is much purer.

The terminal voltage of a synchronous machine is shown inFigure B-4 both
for full-pitch windings and for windings with a pitch p — 150°. Notice that the
fractional-pitch windings produce a large visible improvement inwaveform quality.

It should be noted that there are certain types of higher-frequency harmon¬
ics, called tooth or slot harmonics, which cannot be suppressed by varying the
pitch of stator coils. These slot harmonics will be discussed in conjunction with
distributed windings in Section B.2.

B.2 DISTRIBUTED WINDINGS
INAC MACHINES

Inthe previous section, the windings associated with each phase of an ac machine
were implicitly assumed to be concentrated in a single pair of slots on the stator
surface. In fact, the windings associated with each phase are almost always dis¬
tributed among several adjacent pairs of slots, because it is simply impossible to

put all the conductors into a single slot.
The construction of the stator windings in real ac machines is quite comply

cated. Normal ac machine stators consist of several coils ineach phase, distributea
in slots around the inner surface of the stator. In larger machines, each coil is a
preformed unit consisting of a number of turns, each turn insulated from the oth¬
ers and from the side of the stator itself (see Figure B-5). The voltage in any j

I
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Form-wound Stator Coil

Glass
protective tape

TurnsGround wall
insulation "

Strands

r
FIGURE B-5
A typical preformed stator coil. (Courtesy ofGeneral Electric Com/tony.)

(a) (b)

FIGURE B-6
(a) An ac machine stator with preformed stator coils. (Courtesy of Weslinghouse Electric Company.)
(b) A close-up view of the coil ends on a stator. Note that one side of the coil will be outermost in its
slot and the other side will be innermost in its slot. This shape permits a single standard coil form to

be used for every slot on the stator. (Courtesy ofGeneral Electric Company.)

single turn of wire is very small, and it is only by placing many of these turns in
series that reasonable voltages can be produced. The large number of turns is nor¬
mally physically divided among several coils, and the coils are placed in slots
equally spaced along the surface of the stator, as shown in Figure B-6.
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Phase belt or
phase group

FIGURE B-7
A simple double-layer full-pitch
distributed winding for a two-pole ac
machine.

The spacing in degrees between adjacent slots on a stator is called the slot
pitch y of the stator. The slot pitch can be expressed ineither mechanical or elec¬
trical degrees.

Except in very small machines, stator coils are normally formed into
double-layer windings, as shown in Figure B-7. Double-layer windings are

usually easier to manufacture (fewer slots for a given number of coils) and have
simpler end connections than single-layer windings. They are therefore much less
expensive to build.

Figure B-7 shows a distributed full-pitch winding for a two-pole machine.
In this winding, there are four coils associated with each phase. All the coil sides
of a given phase are placed inadjacent slots, and these sides are known as aphase
belt or phase group. Notice that there are six phase belts on this two-pole stator.
Ingeneral, there are 3P phase belts on a P-pole stator, P of them in each phase.

FigureB-8 shows a distributed winding using fractional-pitch coils. Notice
that this winding still has phase belts, but that the phases of coils within an indi¬
vidual slot may be mixed. The pitch of the coils is 5/6 or 150 electrical degrees.

The Breadth or Distribution Factor

Dividing the total required number of turns into separate coils permits more effi- ,
cient use of the inner surface of the stator, and it provides greater structural
strength, since the slots carved in the frame of the stator can be smaller. However,
the fact that the turns composing a given phase lie at different angles means that
their voltages will be somewhat smaller than would otherwise be expected.
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Phase belt

FIGUREB-8
A double-layer fractional-pitch ac
winding for a two-pole ac machine.

To illustrate this problem, examine the machine shown in Figure B-9.This
machine has a single-layer winding, with the stator winding of each phase (each
phase belt) distributed among three slots spaced 20° apart.

If the central coil of phase a initially has a voltage given by

= Ez -20° + Ez 0° + Ez 20°

= Ecos (-20°) + jE sin (-20°) + E+ E cos 20° +jEsin 20°

= E + 2E cos 20° = 2.879 E

This voltage in phase a is not quite what would have been expected if the
coils in a given phase had all been concentrated in the same slot. Then, the volt¬
age Ea would have been equal to 3E instead of 2.879F. The ratio of the actual volt¬
age in a phase of a distributed winding to its expected value in a concentrated
winding with the same number of turns is called the breadthfactor or distribution

factor of winding. The distribution factor is defined as

Ea2 = E Z 0° V

then the voltages in the other two coils in phase a will be

Eal = EZ -20° V

En3 = EZ 20° V

The total voltage in phase a is given by

Ea = Eal + Ea2 + Ea3

k,
actual

(B—20)'d expected with no distribution
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Phase belt

r

FIGURE B-9
A two-pole stator with a single-layer winding consisting of three coils per phase, each separated by 20°

The distribution factor for the machine in Figure B-9 is thus

. 2.879£ n Qrnkd =
3£

= °-960 (B-21)

The distribution factor is a convenient way to summarize the decrease in voltage
caused by the spatial distribution of the coils in a slalor winding.

It can be shown (see Reference 1) that, for a winding with nslots per phase
belt spaced /degrees apart, the distribution factor is given by

K, =
sin (ny/2)

d n sin(y/2) (B-22)

Notice that for the previous example with n = 3 and y= 20°, the distribution fac¬
tor becomes

d n sin (y/2)

which is the same result as before.

sin (ny/2) sin[(3)(20o>/2] _
kj = „ .ÿ = 0.960

,

3 sin(20°/2)
(B-22)
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The Generated Voltage Including
Distribution Effects

The rms voltage in a single coil of Nc turns and pitch factor kp was previously de¬
termined to be

Ea = V2-rrNck <f>f (B-15)

If a stator phase consists of icoils, each containing Nc turns, then a total of NP =

iNc turns will be present in the phase. The voltage present across the phase will
just be the voltage due to NP turns all in the same slot times the reduction caused
by the distribution factor, so the total phase voltage will become

Ea = V2TrNPkpkd<j)f (B-23)

The pitch factor and the distribution factor of a winding are sometimes combined
for ease of use into a single windingfactor kw. The winding factor of a stator is
given by

K = kPkd
Applying this definition to tire equation for the voltage in a phase yields

Ea = V2tTNPkw<!>f

(B-24)

(B—25)

r

Example B-2. A simple two-pole, three-phase, Y-connected synchronous machine
stator is used to make a generator. It has a double-layer coil construction, with four stator

coils per phase distributed as shown in Figure B-8. Each coil consists of 10 turns. The
windings have an electrical pitch of 150°, as shown. The rotor (and the magnetic field) is
rotating at 3000 r/min, and the flux per pole in this machine is 0.019 Wb.

(a) What is tire slot pitch of this stator in mechanical degrees? In electrical degrees?
(b) How many slots do the coils of this stator span?
(c) What is the magnitude of the phase voltage of one phase of this machine's

stator?
(d) What is the machine's terminal voltage?
(e) How much suppression does the fractional-pitch winding give for the fifth-

harmonic component of die voltage relative to the decrease in its fundamental
component?

Solution
(a) This stator has 6 phase belts with 2 slots per belt, so it has a total of 12 slots.

Since the entire stator spans 360°, the slot pitch of this stator is

36CT _
3qo

12

This is both its electrical and mechanical pitch, since this is a two-pole machine.
(b) Since there are 12 slots and 2 poles on this stator, there are 6 slots per pole. A

coil pitch of 150electrical degrees is 150°/180° = 5/6, so die coils must span 5
stator slots.
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r

(c) The frequency of this machine is

t __ nmP _ (3000 r/min)(2 poles) _ uf 12Q 12Q
50 Hz

From Equation (B-19), the pitch factor for the fundamental component of the
voltage is

'
ÿ vP . (1)(150°) „

kp = stn — = sin A-/-v-—1= 0.966 (B-19)

Although the windings in a given phasebelt are in three slots, the two outer slots
have only one coil each from the phase. Therefore, the winding essentially oc¬
cupies two complete slots. The winding distribution factor is

_ sin (ny/2) _ sin[(2)(30°)/2]

* n sin (y/2) 2 sin (30°/2) 0 966 ÿ

Therefore, the voltage in a single phase of this stator is

Ea = V2 7TNpkpkd(j)f
= V2 ir(40 turns)(0.966)(0.966)(0.0l9 Wb)(50 Hz)

- 157 V

(d) This machine's terminal voltage is

VT = V3Ea = V3(l57 V) = 272 V

(e) The pitch factor for the fifth-harmonic component is

k„ = sin& = Sin (5)ÿ5QO) = 0.259 (B-19)

Since the pitch factor of the fundamental component of the voltage was 0.966
and the pitch factor of the fifth-harmonic component of voltage is 0.259, the
fundamental component was decreased 3.4 percent, while the fifth-harmonic
component was decreased 74.1percent. Therefore, the fifth-harmonic compo¬
nent of the voltage is decreased 70.7 percent more than the fundamental com¬
ponent is.

Tooth or Slot Harmonics

Although distributed windings offer advantages over concentrated windings in
terms of stator strength, utilization, and ease of construction, the use of distributed
windings introduces an additional problem into the machine's design. The pres¬
ence of uniform slots around the inside of the stator causes regular variations in
reluctance and flux along the stator's surface. These regular variations produce
harmonic components of voltage called tooth or slot harmonics (see Figure
B-IO). Slot harmonics occur at frequencies set by the spacing between adjacent,
slots and are given by

_ 2MS
ÿslot P — I (B-26)
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B

ynÿionondndndnonononÿndn ss*_slots

FIGURE B-10
Flux density variations in the air gap due to the tooth or slot harmonics. The reluctance of each slot
is higher than the reluctance of the metal surface between the slots, so flux densities are lower
directly over the slots.

where vslot = number of the harmonic component

S = number of slots on stator

M= an integer
P = number of poles on machine

The value M= 1yields the lowest-frequency slot harmonics, which are also the
most troublesome ones.

Since these harmonic components are set by the spacing between adjacent
coil slots, variations incoilpitch and distribution cannot reduce these effects. Re¬
gardless of a coil's pitch, it must begin and end in a slot, and therefore the coil's
spacing is an integral multiple of the basic spacing causing slot harmonics in the
first place.

For example, consider a 72-slot, six-pole ac machine stator. Insuch a ma¬
chine, the two lowest and most troublesome stator harmonics are

2MS ,

"sioi = ~y ± 1 (B-26)
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= = 23,25

These harmonics are at 1380 and 1500 Hz in a 60-Hz machine.
Slot harmonics cause several problems in ac machines:

1. They induce harmonics in the generated voltage of ac generators.

2. The interaction of stator and rotor slot harmonics produces parasitic torques
in induction motors. These torques can seriously affect the shape of the mo¬
tor's torque-speed curve.

3. They introduce vibration and noise in the machine.

4. They increase core losses by introducing high-frequency components of volt¬
ages and currents into the teeth of the stator.

Slot harmonics are especially troublesome in induction motors, where they
can induce harmonics of the same frequency into the rotor field circuit, further re¬
inforcing their effects on the machine's torque.

Two common approaches are taken in reducing slot harmonics. They are

fractional-slot windings and skewed rotor conductors.
Fractional-slot windings involve using a fractional number of slots per rotor

pole. All previous examples of distributed windings have been integral-slot wind¬
ings; i.e., they have had 2, 3, 4, or some other integral number of slots per pole.
On the other hand, a fractional-slot stator might be constructed with 2/ slots per
pole.The offset between adjacent poles providedby fractional-slot windings helps
to reduce bothbelt and slot harmonics. This approach to reducing harmonics may
be used on any type of ac machine. Fractional-slot harmonics are explained in de¬
tail in References 1and 2.

The other, much more common, approach to reducing slot harmonics is
skewing the conductors on the rotor of the machine. This approach is primarily
used on induction motors. The conductors on an induction motor rotor are given a
slight twist, so that when one end of a conductor is under one stator slot, the other
end of the coil is under a neighboring slot. This rotor construction is shown inFig¬
ure B-l1. Since a single rotor conductor stretches from one coil slot to the next (a
distance corresponding to one full electrical cycle of the lowest slot harmonic fre¬
quency), the voltage components due to the slot harmonic variations influx cancel.

B.3 SUMMARY

Inreal machines, the stator coils are often of fractional pitch, meaning that they do
not reach completely from one magnetic pole to the next.Making the stator wind¬
ings fractional-pitch reduces the magnitude of the output voltage slightly, but at

the same time attenuates the harmonic components of voltage drastically, result¬
ing in a much smoother output voltage from the machine. A stator winding using
fractional-pitch coils is often called a chorded winding.

Certain higher-frequency harmonics, called tooth or slot harmonics, can¬
not be suppressed with fractional-pitch coils. These harmonics are especially
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FIGURE B-ll
An induction motor rotor exhibiting conductor skewing. The skew of the rotor conductors isjust
equal to the distance between one staror slot and the next one. (Courtesy ofMagneTek, Inc.)

troublesome in induction motors. They can be reduced by employing fractional-
slot windings or by skewing the rotor conductors of an induction motor.

Real ac machine stators do not simply have one coil for each phase. In or¬
der to get reasonable voltages out of a machine, several coils must be used, each
with a large number of turns. This fact requires that the windings be distributed
over some range on the stator surface. Distributing the slator windings in a phase
reduces the possible output voltage by the distribution factor kd, but it makes it
physically easier to put more windings on the machine.

QUESTIONS
B-l. Why are distributed windings used instead of concentrated windings in ac machine

stators?
B—2. (a) What is the disUibution factor of a stator winding? (b) What is the value of the

distribution factor in a concentrated stator winding?
B-3. What are chorded windings? Why are they used in an ac stator winding?
B-4. What is pitch? What is the pitch factor? How are they related to each other?
B-5. Why are third-harmonic components of voltage not found in three-phase ac machine

outputs?
B-6. What are triplen harmonics?
B-7. What are slot harmonics? How can they be reduced?
B-8. How can the magnetomotive force (and flux) distribution in an ac machine be made

more nearly sinusoidal ?

PROBLEMS

B-l. A two-slot three-phase stator armature is wound for two-pole operation. If
fractional-pitch windings are to be used, what is the best possible choice for wind¬
ing pitch if it is desired to eliminate the fifth-harmonic component of voltage?

B-2. Derive die relationship for the winding distribution factor kd inEquation (B-22).
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B-3. A three-phase four-pole synchronous machine has 96 stator slots. The slots contain
a double-layer winding (two coils per slot) with four turns per coil. The coil pitch is
19/24.
(a) Find the slot and coil pitch in electrical degrees.
(b) Find the pitch, distribution, and winding factors for this machine.
(c) How well will this winding suppress third, fifth, seventh, ninth, and eleventh

harmonics? Be sure to consider the effects of bothcoilpitchand winding distri¬
bution inyour answer.

Bÿl. A three-phase four-pole winding of the double-layer type is to be installed on a
48-slot stator. The pitch of the stator windings is 5/6, and there are 10 turns per coil
in the windings. All coils in each phase are connected in series, and the three phases
are connected in A. The flux per pole in the machine is 0.054 Wb, and the speed of
rotation of the magnetic field is 1800r/min.
(a) What is the pitch factor of this winding?
(b) What is the distribution factor of this winding?
(c) What is the frequency of the voltage produced in this winding?
(d) What are the resulting phase and terminal voltages of this stator? f

B-5. A three-phase, Y-connected, six-pole synchronous generator has six slots per pole
on its stator winding. The winding itself is a chorded (fractional-pitch) double-layer
winding with eight turns per coil. The distribution factor kd — 0.956, and the pitch
factor kp = 0.981. The flux in the generator is 0.02 Wb per pole, and the speed of ro¬
tation is 1200 r/min. What is the line voltage produced by this generator at these
conditions?

B-6. A three-phase, Y-connected, 50-Hz, Lwo-pole synchronous machine has a stator with
18 slots. Its coils form a double-layer chorded winding (two coils per slot), and each
coil has 60 turns. The pitch of the stator coils is 8/9.
(a) What rotor flux would be required to produce a terminal (line-to-line) voltage

of 6 kV?
(b) How effective are coils of this pitch at reducing the fifth-harmonic component

of voltage? The seventh-harmonic component of voltage?
B-7. What coil pitch could be used to completely eliminate the seventh-harmonic com¬

ponent of voltage in ac machine armature (stator)? What is the minimum number of
slots needed on an eight-pole winding to exactly achieve this pitch? What would this
pitch do to the fifth-harmonic component of voltage?

B-8. A 13.8-kV, Y-connected, 60-Hz, 12-pole, three-phase synchronous generator has
180 stator slots with a double-layer winding and eight turns per coil. The coil pitch
on the stator is 12 slots. The conductors from all phase belts (or groups) in a given
phase are connected in series.
(a) What flux per pole would be required to give a no-load terminal (line) voltage

of 13.8 kV?
(b) What is this machine's winding factor fclv?
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APPENDIX

c
SALIENT-POLE

THEORY OF
SYNCHRONOUS

MACHINES

The equivalent circuit for a synchronous generator derived in Chapter 4 is in
fact valid only for machines built with cylindrical rotors, and not for machines

built with salient-pole rotors. Likewise, the expression for the relationship be¬
tween the torque angle 8 and the power suppLied by the generator [Equation
(4-20)] is valid only for cylindrical rotors. In Chapter 4, we ignored any effects
due to the saliency of rotors and assumed that the simple cylindrical theory ap¬
plied. This assumption is in fact not too bad for steady-state work, but it is quite
poor for examining the transient behavior of generators and motors.

The problemwith the simple equivalent circuit of induction motors is that it
ignores the effect of the reluctance torque on the generator. To understand the idea
of reluctance torque, refer to Figure C-l.This figure shows a salient-pole rotor
with no windings inside a three-phase stator. If a stator magnetic field is produced
as shown inthe figure, itwill induce a magnetic field in the rotor. Since it is much
easier to produce a flux along the axis of the rotor than it is to produce a flux
across the axis, the flux induced in the rotor will line up with the axis of the rotor.

Since there is an angle between the stator magnetic field and the rotor magnetic
field, a torque will be induced in the rotor which will tend to line up the rotor with
the stator field. The magnitude of this torque is proportional to the sine of twice
the angle between the two magnetic fields (sin 28).

Since the cylindrical rotor theory of synchronous machines ignores the fact
that it is easier to establish a magnetic field insome directions than inothers (i.e.,
ignores the effect of reluctance torques), it is inaccurate when salient-pole rotors
are involved.
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co,sync

a

FIGUREC-l
A salient-pole rotor, illustratingthe idea of
reluctance torque. A magnetic field is induced inthe
rotor by the stator magnetic field, and a torque is
produced on the rotor that is proportional to the sine
of twice the angle between the two fields. (

C.1 DEVELOPMENT OFTHE EQUIVALENT
CIRCUIT OFA SALIENT-POLE
SYNCHRONOUS GENERATOR

As was the case for the cylindrical rotor theory, there are four elements in the
equivalent circuit of a synchronous generator:

1. The internal generated voltage of the generator

2. The armature reaction of the synchronous generator

3. The stator winding's self-inductance
4. The stator winding's resistance

The first, third, and fourth elements are unchanged in the salient-pole theory of
synchronous generators, but the armature-reaction effect must be modified to ex¬
plain the fact that it is easier to establish a flux in some directions than in others.

This modification of the armature-reaction effects is accomplished as ex¬
plained below. Figure C-2 shows a two-pole salient-pole rotor rotating counter¬
clockwise within a two-pole stator. The rotor flux of this rotor is called Bÿ, and it
points upward. By the equation for the induced voltage on a moving conductor in
the presence of a magnetic field,

the voltage in the conductors in the upper part of the stator will be positive out of (
the page, and the voltage in the conductors in the lower part of the stator will be
into the page. The plane of maximum induced voltage will lie directly under the
rotor pole at any given time.

eM = (v x B) • 1 (1—4-5)
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FIGURE C-2
The effects of armature reaction in a salient-pole synchronous generator, (a) The rotor magnetic field
induces a voltage in the stator which peaks in the wires directly under the pole faces, (b) If a lagging
load is connected to the generator, a stator current will flow that peaks at an angle behind Eÿ.
(c) This stator current iA produces a stator magnetomotive force in the machine.
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FIGURE C-2 (concluded)

(d) The stator magnetomotive force produces a stator flux Bs-. However, the direct-axis component of
magnetomotive force produces more flux per ampere-turn than the quadrature-axis component does,
since the reluctance of the direct-axis flux path is lower than the reluctance of the quadrature-axis
flux path, (e) The direct- and quadrature-axis stator fluxes produce armature reaction voltages in the
stator of the machine.

If a lagging load is now connected to the terminals of this generator, then a
current will flow whose peak is delayed behind the peak voltage. This current is
shown inFigure C-2b.

The stator current flow produces a magnetomotive force that lags 90° be¬
hind the plane of peak stator current, as shown in Figure C-2c. In the cylindrical
theory, this magnetomotive force then produces a stator magnetic field Bs that !
lines up with the stator magnetomotive force. However, it is actually easier to pro¬
duce a magnetic field in the direction of the rotor than it is to produce one in the
direction perpendicular to the rotor. Therefore, we will break down the stator

magnetomotive force into components parallel to and perpendicular to the rotor's ' j
axis. Each of these magnetomotive forces produces a magnetic field, but more 1

flux isproducedper ampere-turn along the axis than isproducedperpendicular (in
quadrature) to the axis. I

I
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FIGURE C-3
The phase voltage of the generator isjust the sum of its internal generated
voltage and its armature reaction voltages.

The resulting stator magnetic field is shown in Figure C-2d, compared to

the field predicted by the cylindrical rotor theory.
Now, each component of the stator magnetic field produces a voltage of its

own in the stator winding by armature reaction. These armature-reaction voltages
are shown in Figure C-2e.

The total voltage in the stator is thus

V, — ea + E„ + E„ (C-l)

where E,, is the direct-axis component of the armature-reaction voltage and E? is
the quadrature-axis component of armature reaction voltage (see Figure C-3). As
in the case of the cylindrical rotor theory, each aimature-reaction voltage is di¬
rectlyproportional to its stator current and delayed 900 behind the stator current.
Therefore, each armature-reaction voltage can be modeled by

Erf — jxj\i

E,, jXqÿ-q

and the total stator voltage becomes

(C-2)

(C-3)

v,= ea jXdÿ-d jXqÿq (C 4)

The armature resistance and self-reactance must now be included. Since the
armature self-reactance XA is independent of the rotor angie, it is normally added to

the direct and quadrature armature-reaction reactances to produce the direct syn¬
chronous reactance and the quadrature synchronous reactance of the generator:

xd ~ xd + %A

Xq = A, +

(C-5)

(C-6)
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FIGURE CÿI

The phasor diagram of a salient-pole synchronous generator.

E/

0

FIGURE C-S
Constructing the phasor diagram with no prior knowledge of S. E,flies at the same angle as EA, and

Efmay be determined exclusively from information at the terminals of the generator. Therefore, the

angle S may be found, and the current can be divided intod and q components.

The armature resistance voltage drop is just the armature resistance times the ar¬
mature current IA.

Therefore, the final expression for the phase voltage of a salient-pole syn¬
chronous motor is

= E, -jXJ[d - jXq\ - RAlA (C-7)

and the resulting phasor diagram is shown in Figure C-4.
Note that this phasor diagram requires that the armature current be resolved

into components in parallel with E,, and in quadrature with EA. However, the an¬
gle between EA and IA is 8 4- 0, which is not usually known before the diagram is
constructed. Normally, only the power-factor angle 0 is known in advance.

It is possible to construct the phasor diagram without advance knowledge of
the angle 8,as shown inFigure C-5.The solid lines in Figure C-5 are the same as
the lines shown in Figure C-4, while the dotted lines present the phasor diagram
as though the machine had a cylindrical rotor with synchronous reactance Xj.
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The angle 5of EA can be found by using informationknown at the terminals
of the generator. Notice that the phasor E/, which is given by

K = vÿ + raia + jxÿ (C-8)

is collinear with the internal generated voltage Eÿ. Since EA is determined by the
current at the terminals of the generator, the angle 8 can be determined with a
knowledge of the armature current. Once the angle 8 is known, the armature cur¬

rent can be broken down into direct and quadrature components, and the internal
generated voltage can be determined.

Example C-l. A 480-V, 60-Hz, A-connected, four-pole synchronous generator

has a direct-axis reactance of 0.1 Cl, and a quadrature-axis reactance of 0.075 Q. Its arma¬
ture resistance may be neglected. At full load, this generator supplies 1200 A at a power
factor of 0.8 lagging.

(a) Find the internal generated voltage EA of this generator at full load, assuming
that it has a cylindrical rotor of reactance Xd.

(b) Find the internal generated voltage EA of this generator at full load, assuming it
has a salient-pole rotor.

Solution
(a) Since this generator is A-connected, the armature current at full load is

' - 1200 A
= 693 AA V3

The power factor of the current is 0,8 lagging, so the impedance angle 9 of the
load is

6 = cos"1 0.8 = 36.87°

Therefore, the internal generated voltage is

Ea = v<(. +jxsh

= 480 Z 0° V +y(0.1 fl)(693 Z -36.87° A)

= 480 z 0° + 69.3 Z 53.13° = 524.5 Z 6. 1° V

Notice that the torque angle 8is 6.1°.
(b) Assume that the rotor is salient. To break down the current into direct- and

quadrature-axis components, it is necessary to know ihe direction of EA. This di¬
rection may be determined from Equation (C-8):

K = + RaIa + jXJA (C-8)

= 480Z 0° V + 0 V + 7(0.075 .Q)(693z-36.87° A)

= 480Z0° + 52Z 53.13° = 513Z4.65°V

The direction of EA is <5 = 4.65°. The magnitude of the direct-axis component of
current is thus

1d ~ hsin (0 +
= (693 A) sin (36.87 + 4.65) = 459 A
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and the magnitude of the quadrature-axis component of current is

lq = /, cos (0+5)

= (693 A) cos (36.87 + 4.65) = 5 19 A

Combining magnitudes and angles yields

L= 459 Z -85.35° A

I,= 519 Z 4.65° A

The resulting internal generated voltage is

E/l = ÿ4, + +jXjh +
= 480 Z 0° V + 0 V +j(0.1 U)(459 Z -85.35° A) +;(0.075 0)(519 Z 4.65° A)

= 524.3 Z 4.65° V

Notice that the magnitude o/EA is not much affected by the salient poles, but the
angle of EA is considerably different with salient poles than it is without salient
poles.

C.2 TORQUE AND POWER EQUATIONS OF
A SALIENT-POLE MACHINES

The power output of a synchronous generator with a cylindrical rotor as a function
of the torque angle was given in Chapter 4 as

P =
3V,Ea sin 8

(4—20)

This equation assumed that the armature resistance was negligible. Making the
same assumption, what is the output power of a salient-pole generator as a func¬
tion of torque angle? To find out, refer to Figure C-6. Tire power out of a syn¬
chronous generator is the sum of the power due to the direct-axis current and the
power due to the quadrature-axis current:

FIGURE C-6 j
Determining the power output of a salient-pole synchronous generator. Both I,,and I,contribute to 1
the output power, as shown. I

f \\ 1
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P = Pd + Pq (C-9)

= 3VÿId cos (90° - 8) + 3VJq cos 8

= 3VÿIj sin 8 + 3VÿIq cos 8

FromFigure C-6, the direct-axis current is given by

Ea - V, cos 8
Id =~-/- (C-10)

Ad

and tire quadrature-axis current is given by

V. sin 8
/, = (C-ID

Substituting Equations (C-10) and (C-U) into Equation (C-9) yields

_ ÿ cos 8\ /V* sin 8\ „
A—x —J sm A—x— cos

3K/A . „ . ( I 7
v
— sin 8 + 3Vj; (tt— tt sin Scos S

v \Aq Adj

Since sin 8 cos 8 = Ksin 28, this expression reduces to

P =
3ÿ
X

ÿ sin S 3V? X; ~ ÿ

XA
sin 28 (C-12)

The first term of this expressionis the same as the power ina cylindrical ro¬
tor machine, and the second term is the additional power due to the reluctance
torque in the machine.

Since the induced torque inthe generator is given by Tiad = Fconv/w„„ the in¬
duced torque inthe motor can be expressed as

'ind —— sin 8 + t—*-
(0,„Ad 2Mm

X
XX,

sin 28 (C—13)

The induced torque out of a salient-pole generator as a function of the
torque angle Sis plotted in Figure C-7.

PROBLEMS

C-l. A 2300-V, 1000-kVA, 0.8-PF-lagging, 60-Hz, four-pole, Y-connected synchronous
generator has a direct-axis reactance of 1.1 £2, a quadrature-axis reactance of 0.8 £2,
and an armature resistance of 0.15 £2. Friction, windage, and stray losses may be as¬
sumednegligible.The generator's open-circuit characteristic is given by FigureP4-1.
(a) How much field current is required to make VT equal to 2300 V when the gen¬

erator is running at no load?
(b) What is the internal generated voltage of this machine when it is operating at

rated conditions? How does this value of EA compare to that of Problem4-2b?

!
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Total torque

Cylindrical
\ torque

Electrical
angle 5,
degrees

Reluctance
torque

FIGURE C-7
Plot of torque versus torque angle for a salient-pole synchronous generator. Note the component of
torque due to rotor reluctance.

(c) What fraction of this generator's full-load power is due to the reluctance torque
of the rotor?

C-2. A 14-pole, Y-connected, three-phase, water-turbine-driven generator is rated at 120
MVA, 13.2 kV, 0.8 PF lagging, and 60 Hz. Its direct-axis reactance is 0.62 O. and its
quadrature-axis reactance is 0.40 Q. All rotational losses may be neglected.
(a) What internal generated voltage would be required for this generator to operate

at the rated conditions?
(b) What is the voltage regulation of this generator at the rated conditions?
(c) Sketch the power-versus-torque-angle cur ve for this generator. At what angle 5

is the power of the generator maximum?
(cl) How does the maximum power out of this generator compare to the maximum

power available if it were of cylindrical rotor construction?
C~3. Suppose that a salient-pole machine is to be used as a motor.

(a) Sketch the pliasor diagram of a salient-pole synchronous machine used as a
motor.

(b) Write the equations describing the voltages and currents in this motor.
(c) Prove that the torque angle Sbetween EA and V,p on this motor is given by

rA sin e
~q sin 6 + lAR

C-4. If the machine in Problem C-I is running as a motor at the rated conditions, what is
the maximum torque that can be drawn from its shaft without it slipping poles when
the field, current is zero?
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TABLES OF

CONSTANTS
AND

CONVERSION
FACTORS

Constants

Charge of the election e = — 1.6 X 10~19C

Permeability of free space ÿ = 4tt X L0~7 H/m

Permittivity of free space e0 = 8.854 X 10~12 F/m

Conversion factors

Length 1 meter (m) = 3.281 ft
= 39.37 in

Mass 1 kilogram (kg) = 0.0685 slug
= 2.205 lbmass (lbm)

Force 1newton (N) = 0.2248 Lb force (lb • f)
= 7.233 poundals
= 0.102 kg (force)

Torque 1newton-meter (N • m) = 0.738 pound-feet (lb • ft)

Energy 1joule (J) = 0.738 foot-pounds (ft • lb)
= 3.725 X 10"7 horsepower-hour (hp • h)

= 2.778 X 10~7 kilowatt-hour (kWh)

Power 1watt (W)

1 horsepower

= 1.341 X 10~3 hp
= 0.7376 ft -lbf/s
= 746 W

Magnetic flux 1 weber (Wb) = 108 maxwells (lines)

Magnetic flux density 1 tesla (T) = 1Wb/m2
= 10,000 gauss (G)
= 64.5 kilolines/in2

Magnetizing intensity 1ampere • turn/m = 0.0254 A ÿ turns/in
= 0.0126 oersted (Oe)
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A
Acceleration, 4, 6
Acceleration/deceleration

circuits, 524
Acceleration ramps, 378
ac circuits, power in, 46-52
ac current, 2, 26-28, 67
ac machines

distributed windings, 648-56
effects of coil pitch, 639—48
induced torque, 160-69,

178-81
induced voltage, 172-78
magnetomotive force and flux

distribution, 169-72
modeling with simple wire

loop, 153-60
overview, 152-53
power flows and losses, 182-86
winding insulation, 182, 183

Across-the-line starting, 357,
359-61

Air-gap flux density distribution,
639

Air-gap line, 209
Air-gap power, 321, 324, 333,

593-94
Air gaps, 14, 449
Alternators, 191, See also

Synchronous generators
Amortisseur windings, 293-97
Ampere's law, 8-9
Angular acceleration, 4, 7
Angular position, 3
Angular velocity, 3-4
Apparent impedance, 72-73. See

also Impedance
Appar ent power

autotransformers, 112-15
in ideal transformer, 72
open-delta transformer

connection, 127-29
in single-phase ac circuits,

49-50, 52
synchronous generators,

252-53, 255
in three-phase circuits, 625
transformer ratings, 138—39

Approximate transformer
models, 89

Arc welding generators, 542
Armature reaction

cylindrical rotOT synchronous
generators, 198, 199-201

dc machines, 433-36, 439
permanent-magnet dc motors,

492
salient-pole synchronous

generators, 660, 663-64
shunt dc motors, 471-72, 476

Armatures. See Rotors
Armature voltage controls

basic principles, 483-84
use with field resistance

controls, 485-86
Ward-Lenard system, 514-17,

519
Armature windings

coils and, 421-23
connection to commutator

segments, 423-24
copper losses, 455
defined, 192, 451
maximum acceptable current,

252-53, 260
Autotransformers

apparent power rating
advantage, 112-15

basic features, 109-11
internal impedance, 115-16
speed control with, 588
voltage and current

relationships, 111-12
Auxiliary winding, 578-80
Average flux per turn, 78

B
Base speed, 367, 368-69, 370
Belt harmonics, 646
Blocked-rotor condition, 317
Boldface type, 3
Breadth factor, 650-52
Breakdown torque, 336. See also

Pullout torque
Brush drop losses, 525
Brush drop voltage, 467

Brushes
basic features, 193-94,410,

420
effects of commutation

problems, 435, 438, 454
in real dc machines, 421,

452-54
voltage at, 418

Brushless dc motors, 606-9
Brushless exciters, 194-95, 196,

292
Brush losses, 456
Brash shifting, 439

c
Cage rotors

basic features, 308, 309-10
effects of design on induction

motor characteristics,
345-48

starting codes, 357, 358
Capability diagrams, 254-59
Capacitive loads, 51,52
Capacitors

synchronous motors as, 289,
290

voltage versus current in, 389,
390

Capacitor-start, capacitor-run
motors, 582-83

Capacitor-start motors, 581, 582,
583

Chamfered pole faces, 45 1
Chorded windings, 422, 641
Classification. See also Ratings

insulation, 182, 261, 454-55
rotor construction, 345-50

Clock motors, 600
Code letters, 357, 358
Coercive magnetizing intensity,

492, 494
Coercive magnetomotive force, 27
Coils. See also Windings

construction in dc machine
rotors. 421-23

harmonics and, 639, 644-48
pitch, 640-41 (See also

Fractional-pitch coils)
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Common current, 109
Common voltage, 109
Common windings, 109
Commutating poles, 439-42
Commutation

frog- leg windings, 432, 433
lap windings, 424-27
problem remedies, 439-44
problems in real dc machines,

433-38
in rotating wire loop, 4 1 0
rotor coils, 421-23
simple four-loop dc machine,

416-21
wave windings, 427-3 1
winding connection types,

423-24
Commutator construction, 452
Commutator pitch, 423, 427
Commutator segments, 4 10,

420-21
Compensating windings, 443-44
Complex power, 50-51
Compounded dc motors, 500-505
Condensers, synchronous motors

as, 289, 290
Conductors, 34-35, 421
Consequent-poles method, 363-64
Constant-horsepower

connections, 366
Constants, 669
Constant-torque connections, 366
Conversion factors, 669
Copper losses

ac machines, 184
dc machines, 455-56, 524
impact on transformer

efficiency, 102
induction motors, 321, 322,

324, 325-26, 594
in no-load test, 380
in real transformer behavior, 86

Core-form transformers, 67, 68
Core-loss current, 81. 83, 87
Core losses

ac machines, 184
basic principles, 26-28, 3 1

dc machines, 456, 525
induction motors, 322, 324
synchronous generators. 205.

206
Countervoltage-sensing relays,

513
Critical resistance, 537
Cross-field theory, 575-77
Cumulative compounding, 500

Cumulatively compounded dc
generators, 543—47

Cumulatively compounded dc
motors. 501-2

Current
in delta connections, 620-21
induction motor limits, 394
induction motor starting codes,

357-59
production of magnetic flux, 1 1
in single-phase ac circuits. 48
starting problems, 42-43
three-phase generation, 6 13-16
in wye (Y) connections, 617-20

Current inrush, 139-40
Current-limiting circuits, 524
Current-limiting fuses, 521
Current paths in rotor windings,

424-27
Current ratio, 83-86
Current transformers, 69, 141—42

D
Damper windings, 248, 293-97
dc current

behavior in ferromagnetic
materials, 21—24

early power systems based on,

66-67
starting problems, 42-43

dc generators

basic features, 527
cumulatively compounded,

543-47
differentially compounded,

547-51
equivalent circuits, 528
main types, 526
separately excited, 528-34
series, 540-42
shunt, 534-40
Ward-Lenard system, 516-17

dc machines
basic linear model, 36-37
commutation in simple four-

loop machine, 4 16-21
commutation problem

remedies, 439-44
commutation problems, 433-38
construction, 449-55
defined, 404
frog-leg windings, 432, 433
as generators. 4 1-42
induced torque, 40-4 1.447-48
internal generated voltage,

445-47

lap windings in, 424-28
magnetization curve, 468—69
modeling with simple wire

loop, 404-13
as motors, 39-4 1
power flows and losses, 455-57
rotor coils, 421-23
starting, 37-39, 42-43
wave windings in, 428-31, 432

dc motors
ac power supply for, 566
basic principles, 40, 465-66
brushless, 606-9
common applications, 465
compounded, 500-505
efficiency, 524—26
equivalent circuits, 467-68
permanent-magnet, 491-93
separately excited, 469, 470
series, 493-99, 500, 566
shunt motor nonlinear

analysis, 475-76
shunt motor open field

circuits, 490-91
shunt motor terminal

characteristics, 470-72
shunt type defined, 470
speed control, 479-90, 514—24
starting. 505-14

dc test, 382-83
Deceleration ramps, 378
Deep-bar rotors, 347—48
Delta-delta connections, 123
Delta-wye connections, 121-22
Delta connections, 620-21, 624
Demagnetization, 492
Derating, 135, 367
Design classes. See Classification
Developed mechanical power,

324
Developed torque, 325
Differentially compounded dc

generators. 547-5 1
Differentially compounded dc

motors, 502-3
Direct synchronous reactance,

663
Distributed windings, 648-56
Distribution factor, 650-52
Distribution transformers, 69
Diverter resistors. 545, 546
Domains ja ferromagnetic

materials, 27-28
Dot convention, 70-71, 83-84,

85. 500
Double-cage rotors, 348
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Double-layer windings, 650
Double-vevolving-field theory,

570-73, 590
Drooping frequency-power

characteristics, 229, 242-44
Duplex windings, 423
Dynamic stability limit, 245-46

E
Eccentric pole faces, 451
Eddy current losses

ac machines, 184
defined, 28
impact on transformer

efficiency, 102
induction motors, 321
inreal transformer behavior, 86
reducing, 31-32

Edison, Thomas, 66
Efficiency

ac machines, 184
dc motors, 524-26
induction motors, 354-57
relation to power factor in

synchronous motors, 288
transformers, 102-7

Electrical losses, 184, 455-56.
See also Copper losses

Electrical machines, 1-2
Electric clocks, 600
Electric power grid, generator

behavior in, 233-37
Energy conversion factors, 669
Energy losses

ac machines, 182-85
compensating for, 83
dc machines, 455-58, 524—26
in early power generating

systems, 66
in ferromagnetic cores, 26-28,

31

induction motors, 321-22,
324-26, 380

major types in real
transformers, 86, 102

reducing, 31-32, 354-55
single-phase induction motors,

592, 594
synchronous generators, 194,

205, 206, 253
synchronous motors, 288
transformer functions and, 67

Energy recovery, 391-92
English units, 2-3, 669
Equalizers, 425-27
Equivalent circuits

compounded dc motors, 501

cumulatively compounded dc
generator, 543

dc generators, 527, 528
dc motors, 467-68
differentially compounded dc

generators, 548
induction motors, 315-21,

380-87
real transformers, 86-94
salient-pole synchronous

generator, 660-66
separately excited dc

generators, 528, 529
series dc generator, 541

series dc motor, 495
shunt dc generators, 535
single-phase induction motors,

590-97
synchronous generators,

198-202, 203
synchronous motors, 272-73

Equivalent field currents, 476, 531
Excitation current

modeling for transformers, 87
as percentage of full load, 89
real single-phase transformers,

83, 84
Exciters, brushless, 194-95, 196,

292

F
Fan torque connections, 366
Fan torque patterns, 379
Faraday's law, 28-32, 77, 80, 367
Faults in synchronous generators,

246-50
Ferromagnetic materials

defined, 9
energy losses, 26-28
magnetic behavior, 21-24
permeability, 10, 13-14,

21-24, 25
Field current

compounded dc motor, 500
cumulatively compounded dc

generator, 543
dc machines, 468-69
differentially compounded dc

generators, 549
generator ratings, 253, 255
impact of change on

synchronous motors,

280-85
increasing in parallel

synchronous generators,

237, 238, 242
relation to field resistance, 216

relation to flux in synchronous
generators, 208-9

relation to internal generated
voltage, 198, 204

separately excited dc
generators, 528, 530

short-circuit ratio, 212
shunt dc motors, 476
sources in ac machines, 152,

194-95, 196
Field loss relays, 491, 513-14
Field loss trips, 521
Field resistance

dc motors, 525
effect on dc generator terminal

voltage, 537
speed control by changing,

480-83
Field windings. See also Stator

windings
copper losses, 455
defined, 192, 451
disconnecting for motor startup,

294, 296
maximum acceptable current,

253, 260
Flashing the field, 536
Flashover, 435
Flat-compounded generators, 545
Flux

average per turn, 78

behavior in ferromagnetic
materials, 21-24, 26-28

calculating, 10-11, 13-14,
16-17

conversion factors, 669
distribution in ac machines,

169-72
Faraday's law, 28-32
induction motor core, 367

leakage, 14, 79-80, 86-87
maximum in transformers,

139-40
relation to field intensity, 9-10
relation to magnetomotive

force, 12-13
series dc motor, 493, 495

Flux density of magnetic fields
inac machines, 163-64,

169-70
basic principles, 9-11

(

conversion factors, 669
inPMDC motor poles, 492,

494
Flux guides, 598
Flux linkage, 31, 77-78
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FJux per pole, 446, 447
Flux weakening, 435-36, 439,

442, 443

Force conversion factors, 669
Forward air-gap power, 593-94
Four-loop dc machines, 416-21
Four-phase stator windings, 605
Pour-quadrant control systems,

517, 518-19
Fractional-pitch coils

defined, 422, 640
describing, 640-41
wilh distributed windings,

650, 651
harmonics suppression using,

639, 644-48
induced voltage, 641ÿ14

Fractional-slot windings, 656
Frame (dc machine), 449
Frequency

reducing for motor startup,
291-92

relation to power in
synchronous generators.

230
speed control by changing,

367-70, 372-78
synchronous generator ratings,

251-52
transformer ratings. 134-35

Frequency adjustment. 373-74
Friction losses

ac machines, 184
dc machines, 456
induction motors, 321

Fringing effects, 14
Frog-leg windings, 432, 433
Full-load voltage regulation, 100
Full-pitch coils, 421, 640
Fuses, 510,511,521

Generator action, 35
Generators. See also specific

types ofgenerators

basic principles, 1-2, 8, 35
induction, 388-93
linear dc machines as, 41—42
power-flow diagrams, 185
three-phase, 6(3-16

voltage regulation, 186,215-16
( /Vard-Lenard system, 516-17

Ohost phase, 127
Governors

function on prime movers,
229-30

impact on ac generators

operating together, 238, 242
with infinite-bus systems,

236-37

H
Harmonic components of flux,

118-20, 639, 644-48,
654-56

Heat. See also Overheating
ac generator ratings and,

252-53
effects on machine insulation,

139, 182, 183,454
effects on transformer

insulation, 139
High-efficiency induction motor

nameplates, 393-94
High-power electronics section,

522
High-slip region, 332
High-starting-torque pattern. 377,

378
House diagrams, 234
Hysteresis, 26-27, 77. 78
Hysteresis loss

ac machines, 184
defined, 28
effect of magnetomotive force

excursions, 28, 29
impact on transformer

efficiency, 102
induction motors, 321
in real transformer behavior, 86

Hysteresis motors, 598-601

I
Ideal transformers

analyzing circuits containing, 73
basic features, 69-71

magnetization curve, 85
power in, 71-72
real single-phase transformers

as, 85-86
IEEE Standard 112, 355. 380
IEEE Standard 113,525
Impedance

outotransformers, 115-16
defined, 72
in ideal transformer, 72-73
ignoring in power triangle

approach, 632, 634
induction motor circuit model,

382, 384, 592-93
internal machine, 210
rotor circuit model, 3.18-19
Thevenin equivalent, 335

Impedance angle
induction motor circuit model,

384
in single-phase ac circuits, 48,

49, 50-52
Induced force on wires, 33-34
Induced torque

ac machines, 158, 159, 178-81
dc machines, 40—41, 447—48,

468
effects of changing field

resistance, 480-8 i,483
induction motors, 325. 329-36,

594
in rotating wire loop, 156-60,

411-13
salient-pole synchronous

generators, 667, 668
series dc motor, 493-95
shunt dc motors, 47 1
synchronous generators,

207-8, 244-45, 274
synchronous motors, 274-75,

277, 290, 294
Induced voltage

ac machines, 172-78
amorlisseur windings, 294
conductor moving in magnetic

Held, 34-35
dc machines, 445-47
Faraday's law. 28-32
fractional-pitch coils, 641-44
induction motors, 311—12,

317-20
in rotating wire loop, 153-56,

404-9
Inductance leakage, 86, 87
Induction generators, 388-93
Induction machines defined,

152, 307
Induction motors

basic principles. 311-15
construction, 309-10, 311
deriving torque-speed

characteristics, 328-43
design evolution, 353-57
equivalent circuit, 315-21,

380-87
as generators, 388-93
power and torque, 321-28
ratings, 393-94
single-phase (see Single-phase

induction motors)
slot harmonics in, 656
speed control, 363-70, 371
starting, 343-44, 357-62
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Induction motors—Cont.
variations in torque-speed

characteristics, 343-53
Inductive loads, 51
Inductors, 359
Infinite bus, 233-37. 23$

Input impedance, 382
Input windings. 66
Instantaneous power in single-

phase ac circuits, 47, 48
Instantaneous static trips, 521
Instrument transformers, 140-42
Insulation

ac machine windings, 182,
183,260

in autotransformers, 114-15
dc machine windings, 454-55
overheating's effects on, 139,

182, 183,454
Insulation system classes, 182,

26 1,454—55
Integral-slot windings, 656
Intensity of magnetic fields, 9-10
Internal angle, 199, 206
Internal generated voltage

dc machines, 445-47. 46S. 476
synchronous generators, 197-98

Interna] impedance in
autotransformers, 115-16

Internal machine impedance, 210
Interpoles, 439-ÿ12, 444, 452
Inverse-time overload trips, 521
Iron permeability, 10, 27

K
Kicchhoff's voltage law

compounded dc motor, 500
equivalent circuit of

synchronous generator,

200-201
equivalent circuit of

synchronous motor,

272-73, 289
linear dc machines, 37-38
separately excited and shunt

dc motors, 469, 471
separately excited dc

generators, 529
series dc generator, 54 1
series dc motor, 493
shunt dc generators, 535, 539
transformers, JO)

Knee of saturation curve, 21

Lagging power factor,
Laminations, 31

101

Lap windings, 424—28, 432
Ldi/dt voltages, 436-38
Leading loads, 288
Leading power factors, 298
Leakage flux, 14, 79-80, 86-87
Leakage inductance, 86, 87
Leakage reactance. 344-46
Length conversion factors, 669
Lenz's law, 29-30
Linear dc machines

basic model. 36-37
as generators, 41-42
as motors, 39—41
starting, 37-39, 42-43

Line frequency. See Frequency
Line quantities, 617, 624—25
Line voltage. See Voltage
Load changes

cumulatively compounded do
generators, 544—45

induction generators. 39 1
shunt dc generators, 537-38
synchronous generators in

parallel, 230-31
synchronous generators

operating alone, 214—16
synchronous motors, 277-80

Load imbalances, 118-19
Locked-rotor condition, 3 17
Locked-roror power factor, 384
Locked-rotor test, 382, 383—85
Long-legged Mary Ann, 527
Loop models. See Rotating wire

loop
Losses. See Energy losses
Low-power electronics section,

522-24
Low-sJip region, 332

M
Magnetic circuit principles,

11-14
Magnetic field intensity, 9-10
Magnetic fields

basic principles, 8-11
circuit model, 11-14
effects on curreDt-carrying

wires, 33-35, 36-37
Faraday's law, 28-32
induction motors, 330-31,

570-73, 575-77,590-91
rotationin ac machines, 160-69

Magnetic flux density, 9-11
Magnetic induction motor starter

circuits, 359-62
Magnetic neutral plane,433-34

Magnetic permeability. See
Permeability

Magnetization current, 81-83
Magnetization curves

basic features, 21, 22-23
dc machines, 468-69
idea) transformers, 85
induction machines, 316, 317,

389, 390
shunt dc generators, 539
synchronous generators, 198
typical ferromagnetic material,

492, 493
Magnetizing current, 389
Magnetizing intensity, 21-23, 669
Magnetomotive force

ac machines, 169-72
behavior in ferromagnetic

materials, 21
calculating, 11-12 (
coercive, 27
compounded dc motor, 500
cumulatively compounded dc

generator, 543
dc machines, 468, 475-76
differentially compounded dc

generators, 547-49
real single-phase transformers,

83-85
salient-pole synchronous

generators, 662
separately excited dc

generators, 530-31
Main transformers, 131
Mass conversion factors, 669
MATLAB programs

core flux, 16-17
linear dc machine speed, 46
magnetization curves, 469
rotating magnetic field, 168-69
series dc motor torque-speed

curve, 498-99
shunt dc motor speed control,

488-89
shunt dc motor torque-speed

curve, 478-79
synchronous generator terminal

characteristic, 223-24
synchronous motor V curve,

284-85
torque-speed characteristic of

induction motor, 342-43/
351-53

transformer magnetization
curve, 136-38

voltage regulation as function
ofload, 106-7



INDEX 675

Maximum power in synchronous
generators, 245

Maximum torque in
synchronous generators, 245

Measurement. See Units of
measure

Mechanical losses
ac machines, 184—85
dc machines, 456
dc motors, 525
synchronous generators, 205,

206
Mechanical power, 457
Method of consequent poles,

363-64
Metric units, 2-3, 669
Miscellaneous losses. See Stray

losses
Moderate-slip region, 332
Moment of inertia, 7
Motors. See also specific types

of motors

basic principles, 1-2, 8, 34
linear dc machines as, 39—4 1 ,

42
power-flow diagrams, 185
speed regulation, 186, 465

Multiple stator windings, 364-67
Multiplex windings, 424, 431-32
Mutual flux, 79, 80

N
Nameplates

induction motors, 393-94
synchronous motors, 298
transformer, 140, 141

NEMA design class A, 345, 346,
349

NEMA design class B, 346, 347,
348, 349

NEMA design class C, 346, 347,
348, 349

NEMA design class D, 346, 347,
350

NEMA design class F, 35 1
NEMA insulation classes, 182,

261,454-55
NEMA nominal efficiency, 355,

356
NEMA Standard MG1-J993. 455
Neutral connections

three-phase power systems,

615-16, 625
three-phase transformers, 119

Neutral-plane shift, 433-35
Newton's law, 6-7, 37
No-load frequency, 234-35

No-load rotational losses, 185,
525

No-load test, 380-82
Nonsalient-pole rotors. 169, 170,

192
Normally closed contacts, 511
Normally open contacts, 510-11
Notation, 3

o
Ohm's law, 11
Oncoming generators, 226
One-dimensional linear velocity,

3
One-line diagrams, 632. 633
Open-circuit characteristics

shunt dc motors, 490-91
synchronous generators, 198,

208-9
Open-circuit power factor, 91
Open-circuit test, 90-91. 92,

208-9
Open-delta connections, 126-29
Open-wye-open-delta

connections, 130-3)

Output windings, 66
Overcompounded generators, 545
Overexcited synchronous

motors, 282, 288-89
Overheating. See also Heat

ac machines, 182, 183
dc machines, 454-55
synchronous generators,

252-53, 260
transformers, 139

Overload protection
induction motors, 361
solid-state variable-frequency

drives, 378
symbols for, 5 1 1

Ovenemperature trips, 521

P
Parallel operation of ac generators

advantages, 224—26
with large power systems,

233-37

power characteristics, 229-33
procedures, 228-29
requirements, 226-28
for same-sized generators,

237—44

Permanent-magnet dc motors,

491-93
Permanent-magnet rotors, 608-9
Permanent magnets, 28

Permanent-magnet stepper
motors, 604-5

Permanent split-capacitor
motors, 582-83, 584

Permeability
basic principles, 10, 21
behavior in ferromagnetic

materials, 21-24, 25
variation with existing flux, 14

Permeance, 13
Per-phase air-gap power, 593
Per-phase equivalent circuit

synchronous generators, 202,
204

system analysis with, 625, 626
Per-unit system of measure,

94-99, 123-26
Phase belts, 650
Phase groups, 650
Phase quantities, 6)7, 623-24
Pbase sequence, 226-28, 616
Phase shifts, 120
Phasor diagrams

power flows in synchronous
machines, 297

salient-pole synchronous
generators, 664

synchronous generators, 202—4,
205

synchronous motors, 277, 278
transformers, 100-102
for two-phase sequences, 617

Phasors, representing in print, 3
Pilot exciters, 195, 1 96
Pitch, 423, 427
Pitch factor, 422, 644, 647
Plugging, 337
Polarity

in ideal transformer, 70-71
Lenz's law, 29-3 1
magnetomotive force, 12
real single-phase transformers,

83
Pole changing, 363-67
Pole faces, 449, 45 1
Pole pieces, 449
Pole pitch, 640
Pole shoes, 449
Position sensors, 606, 609
Potential transformers, 69, 141
Power

ac machine losses, 182-86
basic principles, 7-8
conversion factors, 669
in ideal transformer, 71-72
induction motor limits, 394
induction motors, 321-28, 369
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Power—Com

in linear dc machines, 39—42
locked-rotor test, 384
open-delta transformer

connection, 127-29
in per-unit system, 95
salient-pole synchronous

generators, 666-67
in single-phase ac circuits,

46-52
synchronous generators, 205-8,

229-33. 245, 254-55
three-phase circuits, 613,

622-25
Power factor

induction motor rotor, 331-32
locked-rotor test, 384
in model transformer, 91-92,

101-2
in single-phase ac circuits, 52

Power-factor angle, 91. 331-32
Power-factor correction, 285-89
Power-flow diagrams

ac machines, 185-86
dc machines, 456-57
induction motors, 321-22, 592

Power grid, generator behavior
in, 233-37

Power losses. See Energy losses
Power transformers, 67-69. See

also Transformers
Power triangle, 51-52, 632-35
Preformed rotor coils, 421, 422
Preformed stator coils, 648-49
Primary windings

defined, 66
flux leakage, 79
in ideal transformer, 69
in transformer construction, 67

Prime movers
for dc generators, 527
externa] types for motor startup,

292
for synchronous generators,

192, 205, 229-30, 236-37
Progressive windings, 423, 431
Protection circuits, 521
Pullout torque

induction molors, 330, 332,

336, 338-39
synchronous motors, 276-77

Pulse-width modulation,
372-73, 374, 375

Push-button switches, 510-11
Pushover torque, 388

Q
Quadrature synchronous

reactance, 663

R
Rare-earth magnets, 492
Ratings. See also Classification

induction molors, 393-94
synchronous generators, 251-60
synchronous molors, 298
transformers, 134-39

Reactance
induction motors, 316, 318,

344—46
locked-roior test, 385
modeling for transformers, 87,

98
rotor versus stator, 385
salient-pole synchronous

generators, 660. 663-64
synchronous generators, 201,

210-11. 250
Thevenin equivalent, 335
universal motors, 567

Reactive load, 39 1
Reactive power

expressing for synchronous
generaiors, 206, 255

in ideal transformer. 72
induction generator

requirements, 388, 389
open-delta transformer

connection. 129
with parallel operalion of ac

generators, 238, 242
relation to terminal voltage in

synchronous generators,
230-31, 242

in single-pbase ac circuits, 49,
50, 52

versus terminal voltage in
infinite bus. 233-34,
236-37

in three-phase circuits, 625
variation in synchronous

machines, 297
Real power

ideal transformer, 71-72
single-phase ac circuits,

48-49, 50, 52
synchronous generators,

205-6, 254
variation in synchronous

machines, 297
Referring, 73
Relative permeability, 10

Relays
field loss, 491. 513-14
symbols for, 5 1 1
time-delay, 361-62, 511-12

Reluctance, 12, 13
Reluctance motors, 597-98
Reluctance torque, 597, 659, 660
Reluctance-type stepper motors,

604, 605
Residual I'lux

defined, 27
in PMDC machines, 492
in shunt dc generators, 535, 536

Resistance
dc motor speed control based

on, 480-83, 484-86
dc test, 382-83
induction generators, 392-93
induction molors, 316, 318
locked-rotor test, 385
modeling for transformers, 87,

98
speed control by changing, 370,

371
synchronous generators, 201,

211-12
Thevenin equivalent, 335

Resistors
adding to control shunt dc

motor speed, 484-86
fordc motor starring, 506-10
diverier, 545, 546
for induction motor speed

control, 588
for induction motor starling,

359, 361
Retrogressive windings, 423, 43!
Reverse air-gap power, 593, 594
Reverse-power trips, 235
Reversing magnetic field

rotation, 167-68
Right-hand rule, 12, 161
Rotating magnetic fields, 160-69
Rotating wire loop

dc voltage from, 409-10
torque induced in, 156-60,

411-13
vollage induced in, 153-56,

404-9
Rotational tosses, 322, 380-82
Rotational motion principles, 3—8
Rotor coils, 421-23 ;
Rotor copper losses

induction motors, 321, 324,
325-26, 594

synchronous ac machines, 184
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Rotor frequency. 3 14

Rotor resistance
dc test, 382-83
effects on induction generators,

392-93
locked-rotor test, 385
speed control by changing, 370

Rotors
basic features in synchronous

generators, 192
construction in dc machines,

452
copper losses, 184, 321, 324,

325-26. 594
damper windings, 293-97
design developments, 355
effects of design on induction

motor characteristics,
345—48. 392-93

induction motor circuit model,
317-20

induction motor types, 309—10,
3U

NEMA standard designs, 346,
347, 349-50

salient-pole (See Salient-pole
rotors)

skewed conductors, 656, 657
Rotor slip. See Slip
Rolor windings. See Armature

windings-
Runaway. 491

S
Salient-pole rotors

cylindrical versus, 659
defined, 169, 192
equivalent circuir of machine,

660-66
illustrated, 170, 193
torque and power of machine,

666-67, 668
Stdient poles in dc machines,

452
Saturation curves, 21, 22-23, 28
Scalars, 3
Scotl-T connection, 131, 132
Secondary windings

defined, 66
flux leakage, 79-80
in ideal transformer, 69
in transformer construction, 67

Self-inductance, 201
Self-starting reluctance motors,

597, 598, 599

Separately excited dc generators,
528-34

Separately excited dc motors,

469, 470, 483
Scries current (aulotransformer),

109
Series dc generators, 540-42
Series dc motors, 493-99. 500,

566
Series voltage (aulotransformer),

109
Series windings

(aulotransformer). 109
Service factors, 260
Shaded-pole motors, 584-85,

586, 587
Shading coils, 584, 585, 587
Shell-form transformers, 67. 68
Short-circuit characteristics,

209-10
Short-circuit protection, 361
Short-circuit ratio, 212
Short circuits in synchronous

generators, 246-50
Short-circuit test, 91-92, 209-10
Shorling rings, 293, 310
"Short-shunt" conneclions, 544
Short-time operation limits,

synchronous generators, 260
Shunt dc generators. 534-40
Shunt dc motors

nonlinear analysis, 475-76
open field circuits, 490-91
speed control, 479-90
with starting resistor, 506
terminal characteristics, 470-72

Simplex windings, 423, 431
Single-phase ac circuits, 46-52
Single-phase induction motors

capacitor-start, 58), 582, 583
capacitor-start, capacitor-run,

582-83, 585
circuit model, 590-97
cross-field theory, 575-77
double-revolving-Oeld theory,

570-73, 590
permanent split-capacitor,

582-83, 584
shaded-pole, 5S4—85, 586, 587
speed control, 588-89
split-phase, 578-80
starting problems, 569-70
types compared, 585-88

Single-phase transformers, 116,
117

Singly excited machines, 316.
See also Induction motors

SI units, 2—3, 669
Skewed rotor conductors, 656,

657
Slip (induction motors)

basic principles, 3)3-14

relation to rotor resistance. 339
relation to voltage, 317-18, 320
variations on torque-speed

curve, 332
Slipping poles, 277
Slip rings, 193-94
Slip speed. 313
Slot harmonics, 648, 654-56
Slol pitch, 650
Soft-start induction motors, 350,

378
Solid-state controllers

dc motor speed control. 517-24
induction motor speed control,

370, 372-78, 379
for starting synchronous

motors, 292
Special-purpose motors

brusbless, 606-9
hysteresis motors, 598-601
reluctance motors, 597-98
stepper motors, 597, 602-6

Speed, representing, 4
Speed control

approaches for induction
motors, 363-70, 37 )

cumulatively compounded dc
motors, 505

dc motor advantages, 465
series dc motor, 499
shunt dc motors, 479-90
single-phase induction motors,

588-89
solid-state drives for, 370,

372-78, 379
synchronous motors, 276
universal motors, 567
Ward-Lenard system. 514-17,

519
Speed droop. 229, 242-44
Speed ratings, 251-52
Speed regulation, 186, 465
Speed regulation circuits,

522-23
Split-phase induction motors,

578-80
Spring-type switches, 510-11

Stabilized shunt motors, 491
Standard units, 2-3, 669
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Starting
current inrush in transformers,

139ÿ0

dc motors, 505-14
induction motors, 343-44,

357-62

linear dc machines, 37-39,
42-43

single-phase induction motors,

578-88
synchronous motors, 290-97

Starting resistors, 506-10
Start/stop circuits, 521-22
Static stability limit, 207, 246
Stator copper losses

induction motors, 321, 322, 324

synchronous ac machines, 184
Stator resistance, 382-83
Stators

copper losses, 184, 321, 322,
324

design developments, 355
induction motors, 308
peak voltage, 177
rotating magnetic field in,

160-69
Stator windings

as autotransformer, 588-89
defined, 192
distributed, 648-56
induction motors, 308, 321
reluctance-type stepper

motors, 605
speed control approaches,

363-67
typical construction, 648-50

Steady-state current during
faults, 249

Steady-state period, 248
Step-down autotransformers,

109, 110
Step-down transformers, 77
Stepper motors, 597, 602-6
Step-up autotransformers, 109,

U0
Step-up transformers, 77
Stray losses

ac machines, 185
dc machines, 456
synchronous generators, 205,

206
Substation transformers, 69
Subtransient current during faults,

248-49
Subtransient period, 248

Subtransient reactance during
faults, 250

Switches, 510-i 1
Synchronous capacitors, 289, 290
Synchronous generators

amortisseur windings, 296
behavior in single operation,

213-24
construction, 192-95
cylindrical versus salient-poie

rotors, 659
defined, 191
equivalent circuit

determination, 198-202
internal generated voltage,

197-98
model parameters, 208-13
parallel operation overview,

224-26
parallel operation power

characteristics, 229-33
parallel operation procedures,

228-29
parallel operation

requirements, 226-28
parallel operation with large

power systems, 233-37
parallel operation with others

of same size, 237—44
phasor diagrams, 202-4, 205
power and torque, 205-8

ratings, 25 1-60
rotation speed, 197
salient-pole equivalent circuit,

660-66
salient-pole torque and power

equations, 666-67
synchronous motors and,

297-98
transients, 244—50

Synchronous machines, 152, 192
Synchronous motors

basic principles, 271-75
effect of field current changes,

280-85
effect of load changes, 277-80
power-factor correction, 285-89
ratings, 298
starting, 290-97
stepper motors, 602-6
synchronous generators

versus, 297-98
torque-speed curves, 275-77

Synchronous motor V curve, 281
Synchronous reactance, 201,

210-11

Synchronous reluctance motors,

597
Synchronous speed, 363
Synchroscopes, 228-29

- Syncrospeed motor, 598, 599
System? International (SI), 2-3,

669

Tap changing under load
transformers, 109

Taps, 108-9, 131
TCUL transformers, 109
Teaser transformers, 131
Terminal characteristic

cumulatively compounded dc
generators, 544-45,
546-47, 548

differentially compounded dc
generators, 549, 550, 551

separately excited dc
generators, 528-29, 530

series dc generators, 541—42
series dc motors, 495-96
shunt dc generators, 537-38,

539-40
shunt dc motors, 470-72

Terminal voltage
control in induction

generators, 388, 389, 390
correcting variation in

synchronous generators,

216
cumulatively compounded dc

generators, 546
determining in synchronous

generators, 201, 204
differentially compounded dc

generators, 549
effects of load changes in

induction generators, 391
effects of load changes in

synchronous generators,
215, 230-31

reducing for induction motor

speed control, 367, 588
reducing for motor startup,

358-59
relation to reactive power in

synchronous generators,
231, 242

separately excited dc (
generators, 529-30

shunt dc generators, 538, 540
simple four-loop dc machine,

420
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wye- versus delta-connected
ac machines, 177

Tertiary windings, 66
Tesln. Nicola, 353
Test Procetlurefor Polyphase

Inilticlitm Motors and
(intrrttlors, 355

Thermal damage corves, 260, 261
Thevenin's theorem, 333-35
Third-harmonic voltages,

IIS 20, 646
Three light-bulb method, 227, 228
Three phase circuits

analyzing, 625-32
delta connection voltages and

currents, 620-21
power generation, 613-16
power relationships, 622-25
wye (Y) connection voltages

and currents, 6 1 7-20
Three-phase power systems

advantages, 613
analyzing, 625-32
diagramming. 632, 633
power triangle approach.

632-35
Three-phase T connection, 131,

133
Three-phase transformers

approaches to creating, 116, 117
per-unit measurement, 123-26
primary-secondary connection

types, 118-23
two-transformer connection

methods, 126-31, 132, 133
Thyristor-based controller

circuits, 517-19, 588
Time-delay relays, 361-62,

511-12
Tooth harmonics, 648. 654-56
Torque

from amortisseur windings,
294-96

basic principles, 5-6, 7
conversion factors, 669
deriving for induction motors,

329-39
induced in dc machines,

40-4 1 , 447—48, 468
induced in series dc motor,

493-05
induced ill shunt dc motors, 471
eduction motors. 311-13,

321-28, 594
linear dc machines, 40-41
produced in ac machines,

160-69, 178-81

reluctance, 597, 659, 660
reluctance-type stepper motors,

605
in rotating wire loop, 156-60,

411-13
salient-pole synchronous

generators, 666-67
synchronous generators,

207-8, 244—45, 274
synchronous motors, 274-77

Torque-speed characteristics
ac machines, 186
capacitor-start motor, 582
changing in induction motors,

310
compounded dc motors, 501-3
deriving for induction motors,

328-43
effect of resistance changes,

371,482-83, 485-86
effect of voltage controls in

shunt motors, 484
effects of varying stator

connections, 366
generator region of induction

machine, 388
hysteresis motors, 600, 601

of increased rotor resistance in
induction machines,
392-93

prime movers, 236-37
self-starting reluctance motors,

599
series dc motor, 496
sliaded-pole motor, 586
shunt dc motors, 470-72
single-phase induction motors,

571-73,574, 579
speed regulation as rough

measure, 465
synchronous motors, 275-77
universal motors, 566-67. 568
variations in induction motors,

343-53
for varying frequencies,

368-70, 375-78
Ward-Denard system, 516

Torque angle, 199, 206, 207, 208
Transformers

autotransformers, 109-16, 588
basic principles, 2, 8, 66-67
current inrush, 139—40
efficiency, 102-7
equivalent circuit

determination, 86-94
Faraday's law, 28-32
ideal devices, 69-77

induction motors as, 316-17
nameplates, 140, 141
per-unit measurement, 94-99,

123-26
ratings. 134—39
single-phase operation, 77-86
special-purpose, 140-42

taps, 108-9
three-phase connection types,

118-23, 126-31
three-phase overview, 116

types and construction, 67-69
voltage regulation, 99-102,

108-9
Transient current during faults,

249
Transient period, 248
Transient reactance during faults,

250
Transients, 244-50
Transmission losses, 66-67
Trip circuits, 521
Triplen harmonics, 646
Triplex windings, 424
Turns ratio

in ideal transformer, 69, 70, 320
induction motors, 317, 320
laps and, 108-9

Two-layer windings, 422
Two-pole stator, 173-76,363,

364
Two-pole synchronous motor.

271-72
Two-quadrant control systems,

517, 518
Two-value capacitor motors,

582-83

u
Unbalanced loads, 118-19
Undercompounded generators,

545
Underexciled synchronous

inotors, 282
Undervoltage protection, 361,

378, 521
Units of measure

acceleration, 6
angular velocity and angular

acceleration, 4

apparent power, 50
conversion factors, 669
flux density, 10
flux linkage, 3 1

force. 6
magnetic field, 9, 10
magnetic field intensity, 10
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Units of measure—Com. induced in fractional-pitch ac machines, 184-85
magnetomotive force, 11 coils, 641ÿ14 dc machines, 456
overview. 2-3 induced on conductor in induction motors, 321
permeability, 10 magnetic Field, 34-35, 36 Winding factor, 653
per-unit system, 94-99 induction motor limits. 394 Windings
power, 7 internal generated, 197—98. amortisseur, 293-97
reactive power, 49 445—47, 468. 476 compensating, 443—44
rent power, 31,48 Ohm's law. 1 1 connection to commutator

reluctance, 12 in per-unit system. 95 segments, 423-24
torque, 6 for power transmission, 67, copper losses, 455-56
work. 7 76-77 distributed. 648-56

Unit transformers, 68 produced in Induction motors, fractional-pilch, 422, 639ÿ48

Universal motors, 566-67, 568 311-12 insulation. 454-55
Unsaturated regions, 21 reducing for motor startup, main types in dc machines, 451
Unsaturated synchronous 358-59 rotor coils and, 421-23

reactance, 2 1 1 in rotating wire loop, 153-56, split-phase, 578-80

\j
404—9 of synchronous generators,

V in single-phase ac circuits, 48 192, 252-53, 260
Variable autotransformers. 1 15 speed control by changing, Windmills, 392
Variable-frequency drives 370, 371,372-78 Wire loop models. See Rotating

for induction motor speed synchronous generator ratings, wire loop
control, 367, 370, 372-78, 251-52 Work, basic principles, 7
379 Thevenin equivalent, 333—35 Wound rotors. 310, 311, 344,

for synchronous motor startup. three-pbase generation. 613-16 392-93
292 transformer functions, 2, 67 Wye (Y) connections, 617-20,

Vectors, 3 transformer ratings, 134-35 624
Velocity, 5 in wye (Y) connections. 617-20 Wyc-dclta connections
Voltage. See also Terminal Voltage ratio induction motor starters, 358,

voltage across transformer, 78-81 359
brush drop, 467 three-phase transformers, 118, three-phase transformers.
at brushes of simple dc 120, 122, 123 120-21

machine, 4 1 8 Voltage regulation Wye-wye (Y-Y) connections.
buildup in induction generator, dc generators, 527 118-20

389-91 generators, 186,215-16
buildup in shunt generators, transformers, 99-102, 108-9 Y

535-37 Voltage regulators, 109 Yokes, 452
changing to control shunt dc

wmotor speed. 483-84, 485
in delta connections, 620-21 Ward-Lenard system, 514—17, 519
Faraday's law. 28-32 Wave windings, 428-31, 432
induced in ac machines. 172-78 Windage losses

(
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