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TABLE 7-1

Characteristic

of inertial frame Property of Lagrangian Conserved quantity
Time homogeneous Not explicit function of time Total energy

Space homogeneous Invariant to translation Linear momentum
Space isotropic Invariant to rotation Angular momentum

7.10 Canonical Equations of Motion—Hamiltonian
Dynamics

In the previous section, we found that if the potential energy of a system is veloc-

ity independent, then the linear momentum components in rectangular coordi-

nates are given by
L

b=
By analogy, we extend this result to the case in which the Lagrangian is expressed
in generalized coordinates and define the generalized momenta™* according to

(7.150)

= (7.151)

(Unfortunately, the customary notations for ordinary momentum and general-
ized momentum are the same, even though the two quantities may be quite dif-
ferent.) The Lagrange equations of motion are then expressed by

== (7.152)

Using the definition of the generalized momenta, Equation 7.128 for the
Hamiltonian may be written as

H=2pg- L (7.153)
7

The Lagrangian is considered to be a function of the generalized coordinates,
the generalized velocities, and possibly the time. The dependence of L on the
time may arise either if the constraints are time dependent or if the transforma-
tion equations connecting the rectangular and generalized coordinates explicitly
contain the time. (Recall that we do not consider time-dependent potentials.) We
may solve Equation 7.151 for the generalized velocities and express them as

4 = 4{qu> P> V) (7.154)

*The terms generalized coordinates, generalized wvelocities, and generalized momenta were introduced in
1867 by Sir William Thomson (later, Lord Kelvin) and P. G. Tait in their famous treatise Natural
Philosophy.
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Thus, in Equation 7.153, we may make a change of variables from the (g;, §;, t)
set to the (qj, p]., t) set* and express the Hamiltonian as

H(gy, o, ) = ;Pjéj = L{q> Go» D (7.155)

This equation is written in a manner that stresses the fact that the Hamiltonian is
always considered as a function of the (q,, p,, t) set, whereas the Lagrangian is a function

of the (g, Gy, 1) set.

H= H(qk’ Pk, t)’ L = L(qka Qka t) (7-156)
The total differential of H is therefore
oH oH oH
k 3qk apk Gt
According to Equation 7.155, we can also write
oL JdL oL
dH = 2| g, dpy + py dgy — — dg, — — ds | — — dt 7.158
- (qk Pr T Pu 0 o5 "~ 3, qk) y ( )

Using Equations 7.151 and 7.152 to substitute for 3L/dq, and dL/d¢, the second
and fourth terms in the parentheses in Equation 7.158 cancel, and there remains

] . oL
dH = 2 (4udpy — prdgy) — ] dt (7.159)

If we identify the coefficientst of dg;, dp, and dt between Equations 7.157 and
7.159, we find

=0 7.160
" o o | 7160
P ol Hamilton’s equations of motion
—p = —
O (7.161)
and
oL oH
- == 7.16
a ot (7.162)

Furthermore, using Equations 7.160 and 7.161 in Equation 7.157, the term in
the parentheses vanishes, and it follows that
aH _3H

= (7.163)

*This change of variables is similar to that frequently encountered in thermodynamics and falls in
the general class of the so-called Legendre transformations (used first by Euler and perhaps even by
Leibniz). A general discussion of Legendre transformations with emphasis on their importance in
mechanics is given by Lanczos (La49, Chapter 6).

+The assumptions implicitly contained in this procedure are examined in the following section.
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Equations 7.160 and 7.161 are Hamilton’s equations of motion.* Because of
their symmetric appearance, they are also known as the canonical equations of mo-
tion. The description of motion by these equations is termed Hamiltonian dynamics.

Equation 7.163 expresses the fact that if H does not explicitly contain the
time, then the Hamiltonian is a conserved quantity. We have seen previously
(Section 7.9) that the Hamiltonian equals the total energy T + U if the potential
energy is velocity independent and the transformation equations between x, ; and ¢
do not explicitly contain the time. Under these conditions, and if /3t = 0, then
H = E = constant.

There are 2s canonical equations and they replace the s Lagrange equations.
(Recall that s = 3n — m is the number of degrees of freedom of the system.) But
the canonical equations are first-order differential equations, whereas the Lagrange
equations are of second order.” To use the canonical equations in solving a problem,
we must first construct the Hamiltonian as a function of the generalized coordi-
nates and momenta. It may be possible in some instances to do this directly. In
more complicated cases, it may be necessary first to set up the Lagrangian and
then to calculate the generalized momenta according to Equation 7.151. The
equatons of motion are then given by the canonical equations.

EXAMPLE 7.11

Use the Hamiltonian method to find the equations of motion of a particle of
mass m constrained to move on the surface of a cylinder defined by

x® + y2 = R2 The particle is subject to a force directed toward the origin and
proportional to the distance of the particle from the origin: F = —kr.

Solution. The situation is illustrated in Figure 7-9. The potential corresponding
to the force Fis

1 1
U= ke =Sk + y? + 2%)
1
=G KR + 2% (7.164)

We can write the square of the velocity in cylindrical coordinates (see Equation
1.101) as

v = R?+ R%% + 32 (7.165)

But in this case, Ris a constant, so the kinetic energy is

I .
T =5 m(R%? + i) (7.166)

*This set of equations was first obtained by Lagrange in 1809, and Poisson also derived similar equa-
tions in the same year. But neither recognized the equations as a basic set of equations of motion;
this point was first realized by Cauchy in 1831. Hamilton first derived the equations in 1834 from a
fundamental variational principle and made them the basis for a far-reaching theory of dynamics.
Thus the designation “Hamilton’s” equations is fully deserved.

1This is not a special result; any set of s second-order equations can always be replaced by a set of 25

first-order equations.



