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Trigonometric Substitutions

Trigonometric substitutions can be effective in transforming integrals involving Va? — x?,

Va? + x?,and Vx? — a? into integrals we can evaluate directly.
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Three Basic Substitutions

The most common substitutions are x = atan 6, x = asinf, and x = a sec . They come
from the reference right triangles in Figure 8.2.

Withx = atané,
a* +xF =ad® + dtan’ 0 = a*(1 + tan® @) = a*sec’ .
Withx = asin6,
a* — x* = ad® — a*sin®0 = d*(1 — sin®0) = a®cos? 0.
Withx = asec#,
¥ —a®=d*sec’0 — a® = a*(sec’0 — 1) = a’tan’ 6.
X . X > V x2 - a2
0 0
a Vv az — )C2 a
0 X = atan x=asinf x=asecb
g Va? + x* = alsec§]  Va® - x* = alcos 6 Vx? — a® = altan 6|
0= tan‘lg . FIGURE 8.2 Reference triangles for the three basic substitutions
0 a identifying the sides labeled x and a for each substitution.
= We want any substitution we use in an integration to be reversible so that we can change
2 back to the original variable afterward. For example, if x = a tan 6, we want to be able to
set® = tan~! (x/a) after the integration takes place. If x = a sin #, we want to be able to set
0 6 = sin"! (x/a) when we’re done, and similarly for x = a sec 6.
m| 0=sinE As we know from Section 7.7, the functions in these substitutions have inverses only
2 for selected values of 6 (Figure 8.3). For reversibility,
. x =atanf requires 6 = tan ! <Z> with — % <f< g,
| 1 =
-1 0 1 a
x = asinf requires 6 = sin! (2) with — % =0 = %,
T
: T X
0=0< 5 if =1,
— ; — -1 (X .
0 x = asecf requires 6 = sec a with
T X
- <0= f - =-1
1 ) 0=m if 3
6 =sec! 3 o o o . - :
- To simplify calculations with the substitution x = a sec 6, we will restrict its use to inte-
K‘ 2 gralsin which x/a = 1.This will place 0 in [0, 7r/2) and make tan § = 0. We will then have
I + Va2 —a?=Vattan20 = |atan 0| = atan 6, free of absolute values, provideda > 0.
-1 01 a

EXAMPLE 1  Using the Substitution x = atan 6
FIGURE 8.3 The arctangent, arcsine, and

; Evaluate
arcsecant of x/a, graphed as functions of

x/a.

dx
/ \V 4 +x2'
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Solution

4+ x°

e

2

X Then

FIGURE 8.4 Reference triangle for
x = 2tan 6 (Example 1):

tan g =

N[ =

4 + x*

sec = 5

We set

ar a
-3 <6<7,

4+ x? =4+ 4tan’0 = 4(1 + tan’9) = 4sec? 6.

x = 2tané, dx = 2 sec’0de,

/ dx _ / 2 sec’ 0 db _ sec? 0 db Vsec? 0 = |sec )|
V4 + ¥? \/4 sec? 0 |sec 6]
sech > 0for —— <9<
= [ secOdb 2 2

=1In|sech + tanf| + C

From Fig. 8.4
+ C

Taking C" = C — In2
NIV N

NS}
o=

Notice how we expressed In |sec 6 + tan 6| in terms of x: We drew a reference triangle for
the original substitution x = 2 tan 6 (Figure 8.4) and read the ratios from the triangle. m

Solution

Then

e

3 X
V9 — x?
FIGURE 8.5 Reference triangle for
x = 3sin 0 (Example 2):

m9:§

Evaluate

EXAMPLE 2  Using the Substitution x = asin @

x2 dx
V9 — x2

We set

x = 3siné, dx = 3cos6db, —%<0<%

9 —x2 =9 —9sin>0 = 9(1 — sin>6) = 9 cos’ .

x> dx _ 9sin® 6 -3 cos 0 df

V9 — 2 |3 cos 6
_ 9/sin20d0 cosﬁ>()f0rfg<0<g
:9/1—cos20d0

2

_9(, sin26
-9 (o-2) 1 c
=%(0—51n0c0s0)+c sin 26 = 2sin 0 cos 6
_ % (sin”; _g 93— x2> +C Fig. 8.5
=%sin_1§—§\/9—x2+C. [ |
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53/ 1\25:2 —a
2
FIGURE 8.6 Ifx = (Z/S)Sec 6,

0 <60 < m/2,thend = sec”! (5x/2), and
we can read the values of the other
trigonometric functions of 6 from this right
triangle (Example 3).
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EXAMPLE 3  Using the Substitution x = asec
Evaluate
/ dx 2
T X>5.
V25x2 — 4
Solution We first rewrite the radical as

V2532 — 4 =

to put the radicand in the form x* — a?. We then substitute

x=;sec0, dx=zse00tan0d0, 0<g<T
5 5 2
2
2_ (2 4 o, _ 4
x (5) = 2550 55

_ 4 214, 2
—25(sec 0 1)—25tan 0

2
2 (2 2 _2
X ( ) 5 |tan 0| 5 tan 6.

tan 6 > 0 for

5 0<0<m)2
With these substitutions, we have
/ dx B / dx _ (2/5) sec 6 tan 6 d6
V252 — 4 5V — (4/25) 5-(2/5)tan®

= 1/ sec 0df = %ln|secf) + tanf| + C

5
/95,2 _
= %ln 52x+25);4‘ + C. Fig. 8.6 [ |

A trigonometric substitution can sometimes help us to evaluate an integral containing
an integer power of a quadratic binomial, as in the next example.

EXAMPLE 4

Find the volume of the solid generated by revolving about the x-axis the region bounded
by the curve y = 4/(x2 + 4), the x-axis, and the linesx = Oand x = 2.

Finding the Volume of a Solid of Revolution

Solution We sketch the region (Figure 8.7) and use the disk method:

2 2 > dx 4
V= A 7[R(x)])* dx = 1677[ m R =237

To evaluate the integral, we set

-1 X
53

x>+ 4 =4tan’0 + 4 = 4(tan’ 0 + 1) = 4sec’0

x = 2tan6, dx = 2sec’ 0 do, 0 = tan
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FIGURE 8.8 Reference triangle for
x = 2tan 6 (Example 4).

—a

e
N

-b

2 2
FIGURE 8.9 The ellipse  + > = 1 in
a b

Example 5.

(@) (b)

FIGURE 8.7 The region (a) and solid (b) in Example 4.

(Figure 8.8). With these substitutions,

2 dx
v=16r| &
7% o2 + 47

=16 77/42st06{0 0 = 0 whenx = 0;
-7 0 (4sec?9)? 0 = m/4 whenx = 2
/4 2 /4
:16,”-/ 2sece4d0:,n./ 2C0520d0
0 16 sec” 6 0
/4 . /4
:77/ (1+00520)d0:77[0+sn1220:| 2cos’f = 1 + cos26
0 0
= m|T+ 11~ 404 -
4 2 S

EXAMPLE 5  Finding the Area of an Ellipse
Find the area enclosed by the ellipse

2 2
Y
b

=1

QN‘R

Solution Because the ellipse is symmetric with respect to both axes, the total area 4 is
four times the area in the first quadrant (Figure 8.9). Solving the equation of the ellipse for
y =0, we get

2
V8 _aew
b2 a® a®>
or
b
Y=y a’ — x* 0=x=a
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The area of the ellipse is

g\/a2 — x?dx

A=4

x = asin6,dx = acos6do,

a
0
b /2
4a/ acosB-acosOdo 6 = 0 whenx = 0;

0 0 = m/2 whenx = a

/2
4ab / cos® 6 do
0

/2
_ 4ab/ 1 + cos 260 d6
0 2

. /2
_ sin 20
= 2ab {0 + — L

= 2ab[g +0 - 0} = qrab.

Ifa = b = r we get that the area of a circle with radius r is 7r>. [



Exercise

EXERCISES 8.5
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Basic Trigonometric Substitutions

Evaluate the integrals in Exercises 1-28.

1 / dy 5 3dy
") Vot 2 RV
2 2
3. / e 4. / dr
24 +x 0o 8+ 2x
s 2 g ] 12V2 2 dx
0o V9 — 2 0 V1 — 4x?
7. /vzs —tdt 8. /\/1 — 9% dt
dx 7 5 dx 3
9./7, x>= 10. —, x>z
Vax? — 49 2 V252 =9 3
Vy? — 49 Vy? =25
11. fdy, y>7 12. Tdy, y>35
dx 2 dx
13./7, x>1 14, — 0, x>1
XVxr -1 xs\/ﬁ
15 x> dx 16 / dx
\Vx% + 4 XV + 1
17 _ 8dw 18 /7‘9_“}2dw
' wrV4 — w? ' w?
19 /\/5/2 4x2 dx 20 /1 dx
oo (1= xR “Jo (4 -2
dx x2 dx
21./(x2_1)3/2, x>1 22 s x> 1

(1 _ x2)3/2 (1 _ x2)1/2
23. g dx 24. 0 dx
X X
8 dx 6 dt
25. — 26. —
/(4x2 + 1) /(9t2 + 1)
2 _2\5)2
v dv (1 —7r9
27. (1= o2 28. / 8 dr

In Exercises 29-36, use an appropriate substitution and then a trigono-
metric substitution to evaluate the integrals.

2 In4 e'dt 30 /ln(4/3) e’dt
“Jo Ver + 9 " e (14 )2
“ e Vit 4V “Ji V1 + (Iny)?

dx dx
33. —_— 34.
/x\/ﬁ /1 +x?
35, [ xdx 36, / _odx
Vit -1 V1 — x2

Initial Value Problems

Solve the initial value problems in Exercises 3740 for y as a function
of x.

d
37.xd—i= 2—4, x=2 y2)=0
38 x2—9d—y=1 x>3, p(5 =h3
) dx ’ 4

d
39. (x2 + 4)d—§ =3, y(2) =0

d
40. (x2 + 1)2$y =Vx2+1, y0)=1

Exercise

Exercise
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Applications

41. Find the area of the region in the first quadrant that is enclosed by
the coordinate axes and the curve y = V9 — x?/3.

42. Find the volume of the solid generated by revolving about the x-
axis the region in the first quadrant enclosed by the coordinate
axes, the curve y = 2/(1 + x?), and the line x = 1.

The Substitution z = tan (x/2)

The substitution

X
z = tan 1
5 (1)
reduces the problem of integrating a rational expression in sin x and
cos x to a problem of integrating a rational function of z. This in turn
can be integrated by partial fractions.
From the accompanying figure

P(cos x, sin x)

& X
2
A —
1 0 cosx
we can read the relation
tan ¥ = sin x
2 1+ cosx’

To see the effect of the substitution, we calculate

cosx = 2 cos’ (i) -1 =% -1
2 sec” (x/2)

_ 2 2
=—=—— 1= -—1
1 + tan” (x/2) 1 +z
1 — z?
cosx = N 2
* 1+ 22 2)
and
sinx = 2sin>cos> = ZMwos2 (l)
27772 cos (x/2) 2
X 1 2 tan (x/2)
= 2tan> - 3 = 3
2 sec (x/2) 1 + tan” (x/2)
. 2z
= . 3
sinx 1152 (3)

Finally, x = 2tan"! z, so

(4)

Examples
a L oo [1+2 24
’ 1 + cosx 2 1+ 22
=/dz=z+C
=tan(%)+c
1 1+ 22 2dz
b. [ —————dx=
/2+smxx /2+22+2221+22
=/ dz =/ dz
Z4+z+1 (z + (1/2))* + 3/4
:/L
W+ a?

71 -1 (U
= Etan (a) + C

2 2241
=—"—tan ' ==——— + C
V3 V3
1 + 2tan (x/2
2 (/)+

= Wtan \/?:

Use the substitutions in Equations (1)—(4) to evaluate the integrals in
Exercises 43-50. Integrals like these arise in calculating the average
angular velocity of the output shaft of a universal joint when the input
and output shafts are not aligned.

dx dx
43. 1 — sinx 44. / 1 + sinx + cosx

/2 dx
4. A 1 + sinx
47 2 e 48 2mf3 cos 0 df
“Jo 2+ cosb " Japp sin@cosf + sinf

49./. dt 50./ cos t dt
sint — cost 1 — cost

Use the substitution z = tan (6/2) to evaluate the integrals in Exercises

51 and 52.
52. /cschO

51. / sec 6 db
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