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9,6 Constrained Extrema

These problems are also called variational problems with constraints or
variational problems with side conditions or isoperimetrical problems.

There are certain variational problems in which we have to find sta-

lionary values of a functional of the form

T2
Mn(z), ya(2), -+ ya(z)] = / F(z,y1,92,* Yns Y15 Yo - Yh) do

1
Where (he arguments of [ are subject to some addmonal condltions or

‘onstraints such as

(i) G’(:g, Y1, Yn) = constant.

or (if) Gz, 91, Yn, V) -+ y;;) = constant.

or (i) f;z G(z,y1," "+ Yn, Y5>+ Yh) dT = constant.

Isoperimetrical problems are special cases of these problems.
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a and minima problems in ¢g).

9.6.1 Constrained maxim

culus
Let u = f(z1,T2, " %n) with side conditions
¢;‘($1, T2, mn) =0v 1= 1a 2; T 710y (m <n)

In Lagrange's method of multipliers, we consider an auxiliary function

f(z1, T2, **Tn) T > Ai¢i(z1, z2, oo zp)
=1

and then try to find the extrema
alues of w we have to solve the

UJ(.’El, xr2, 'i'xn) ==

(where \; are constant multipliers)
of the function w. To find stationary v

system of equations

b 1,2,

along with the equations of the constraints, viz.
di(z1, x2, s ilsy=1, 2, -:-m, (m < n)

Both these equations involve m+n unknowns zy, 2, Tn, A1, A2yt 0y Ame

Constrained variational problems are similar to the above problems

in ordinary calculus.

-

9.7 The Euler-Lagrange Equation for Constraine
Extrema

The following theorem states the relevant result.

Theorem
The extremal curves y; = yi(z), t =1,2,- - n of the functional

iy S z2
I[yl(l'), yz(x)"-‘r“‘}- y"(m)] =‘/;l F(m’ V0 " Ve y'ls ylzy:i) dz

with constraints

'Gj(z, yi, *** Yn) = comstant, j=1, 2,---m




Lagrange equations corresponding to the functional

) ' ‘m ;
Hy,Y2: - ¥n] = / [F(mayl,yz,"',yn)-f-.i Ai(z)Gi(z)| dzx
)
- =1

T2
[ oG ey g
T

‘where Aj(z) are suitably chosen multipliers.

Il

- It is clear that the ,EUIeeragFang equation in this case will be

- d(aH)—O i=1,2 9.7.1
o & \ag) =% =L @7

The curves ¥; = yi(z), ¢ = 1,2,---, n be determined from equations(9.7.1)
and the equations of the constraints, viz.

G’j("l"a i, Y2, -+ 7yn):03 .7: 11 21 T, M

9.7.1 More general variational problem with constraints

In this case we have to find the extremal curves y = y(z) which extrem-
izes ‘ _ i ’
I[y] = / F(z, y, y')dz
I ‘

vith endpoint conditions y(z1) = y1, y(z2) = y2 subject to

T Ydz = constant

- z

We assume (as in the case without constra.i.nt) that Fa.le .G’ '}Il::;e cori:

linvous second order derivatives w.r.t. their afgu@ems:‘;‘mlonsiﬁ eﬁr’ °
upposed to have second order continuous derivative. Ve ¢

2‘Parameter family of curves represented by
y(z, €, €) = y(z) + am(z) + e272()

z) require
The engq point conditions on the curves y(z, @, €) and y( )

that . A
m(z;) = 0 = na(zi), t = Ly
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we have x

T ! !
Ia, ) = / CF(z, vt amtams ¥ am + en) g,
I :
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: €
Because of dependence of y on € and € ,

I9 ! ! ! ;
J(a, @) = / G(z, yt+am+en, ¥ +am %62%) G COnstay
iy

As we vary €, and ¢, the function I(e1, €2) takes different val
changes in ¢; and ¢, conspire to keep J(€1, €2) to the constapt
k. (This will not be possible in case of a single parameter),

Ues by
Valuye

We suppose that the stationary value of I(eq, ;) correspongs
€1 = ¢ = 0. Hence we must have g

oI

61 51:6220

_or

=0 362

€1=¢€2=0
and
J(El‘:O, 62:0) =k

This is equivalent to a problem in the calculus of constrained extrems
In which we have to extremize the function

I{c1, ¢2) subject to J(e1, &) = k.

Since the solutjon corresponds to €; = ¢, = 0. we must have
?

oI aJ '
G| oo (Laooy
1/ ley=¢,=0 862 862 €1=€;=0
and o
n . (J__k)lf]'-:(gzo = 0
The first equation is equivalent tq
9 ]“ | ' |
i F .
dc1 Jo, [ (@, y+ UM+ en, ¢ 4 €27 + € o)
+ AG(z, Y+ aetay + eop,. o | |
YAt o)) do) o, =)

/”2 or IF
“—p 4 OF . 0G o)
. [ay ay,nl + A (-3—5711 + 59777;)] dz =0
| | Yy
On Integrating the Second apq ¢

the l;ndpoint conditions 7?1(:!:1) _ he fourty, terms by parts, and using

p— —_—

G 4 s

Ay ° =
% " Iz 5}7)] m(z) dz = _0

/rz [BF d OF ( = MN(22), we obtain
)
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gimilarly we have

f“ [O_F_iaF G 4 oG
I By dzx ay’ T A (5; - .d_:v _a_y',')] 772(-’1'2) de = 0

QE__d_ oG
dy ubﬁ%O

in general, (because the functional Jis n
we can choose 7;(z) such that

f” oG d 0G
AL WY

which 1s always possible when

Q_(_;_i(ac 0
8y  dz 5@7’> *

Since

Ot an extremum fore; = e, = 0

This relation can be used to define ) . Using this value.of A in equation
(2), we obtain

/MKBF__d_aF)_i_,\(aG_dBG)] o
. dy dz Oy’ Oy dz 8y’ )| " 4T =
where 72(z) is arbitrary function which vanishes at the end-points. In-

voking the fundamental theorem of the calculus of variations, we have
the necessary condition

OF  d aF)J“\[ga_g__q_(gg)]:O
a_y“ﬂ(a_y? dy  dz \dy

or

on _ aon _
dy dz Oy’
Which is the Euler-Lagrange equation for
H =F 4+ AG

With the end-point conditions y(z1) = y1, y(z2) = y2. In actual calcu-
lations, ) is determined from the side condition

/Iz G(z, y, y')dz = k, a constant
s

1




