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7.5 Convolution 2"

it or the interval (-,
Definition fg-d('ﬁﬂ"d over th : ”« ( %, 4,
ctions 0 o g 5 defined as follows 9

If f(r)and g(z) are fun

ynoted )Yf
then their convolution, den

1 / f(m)g(x =)
I*9 F Tor )ew
We can show that g+ f = f*g

Now consider

| Y . — n)dny
[f»g = T _wf(”)g(J )

L o) i b 5=
B \/z_n:
- de’! =g f
= o=/ =)/ z')
/ .
In a similar manner we can prove the fo]lowmg properties of the copy,

lution.

Jx(g%h) = (f*g)*h

_and .

Sr(g+h) = frg+ fxh

- 7.5.1 Convolutmn theorem /

If F(A) and G(L) are Pouncr transforms of f(z) and 9(z), then
% {f,*g} FhG()

,or

,']:.T-I{F(k)(}(k).} = -f(a‘)*g(l')

Proof \#’ A e

FNFRG®) = \/— / f*(k)c(k) dk
1 \/27 / e"“P(k){ /m g(r)f“"} g
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where we have used the definition of the Fourier transform ol' g(z).
Changing the order of integration we have

' E + 00 + 00 ;
FYF(RGR)) = 732772—}'/ {/ e"““‘f"”F(k)dk} g9(z") dz’

>

Now by definition

._;L(x -z') F(k) dk f(I -7 )

\/27?
e find that
+ 00
FUPRGH) = o= [ fla =)o) da' = [xg
Hence — ; Vsl
FUF(k)G(K)} = f(z)*9(z)

which is equivalent to

F(K)G(K) = F{fg) ‘

76 Parseval’s Theorems

These theorems are named after the French mathematician Maroe An-
otoine des Chenes Parseval (1755-1836).; Note that -there dre-similar
theorems in the theory of Fourier series. These theorems are also re-

ferred to as Parseval’s identities.
The Parseval first and the second theorem may be stated as follows:

40

+oc e Be
/_x 1"(11')'?(75“-:/ f(z) f(z)dz or / |F(k)|2dk=/ | f(z)

-0

and

foc 0o o
F(k)G(k)dk = o j(u)_q(—u)du=/+ f(z)g(—z)dz

-
-0 -0

Pmof
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We prove the 8

i em
By convolution theor

xg(z)
f”{F(k)G(k)} = f(z)*9(z

or

+00
| _}_./ f(W) 9(z = u)q
L [ i IG5 S u

27 J-x

ides, we have
Putting £ = 0 on both sides, -

/+wF(k)G(k)dk=/+xf(u)9("“) dus j f(z)9(~z)q,

o
v t theo ;
which is Parseval’s second theorem. To derive the firs rem from

we take g(—1) = f(z)i.e.9(z) = f(-z).

Therefore

Flg(z)} = F{f(-z)} or G(k)= F(k)

Hence

F(k)f—-‘(_k—)-dk=/m f(z) f(z)dz or /

+occ

-oC

|F(F)? dk = / T
oo =00
which can equivalently be written as

IEI = |i711

% The Fourier Integral Theorem

If f(z)is a rea) function

f-+;cf(:r) dr js absolutel}v Eeflaed over (o, +00), and the integral

convergent, thep

e 1 o0 +oo
o) s e | . OSHE-2)f(e)

.
Proof 7f

Since the integra] [ .
form and the j, rer;exbﬁ? s absoll!tel}'

. COnVer e 1 - -
€Xist. Theref, gent, its Fourier trans

re
fe) = L f=
\/ﬁ;/_xe du.F(k) dk
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: ];\”..“l'i(‘,l‘ "rr"llb'f()]‘ln u“(‘!wl!-f_iw
act that j(:r) is
T2 ER |

! er 7.
Ghapton oo i oo
Gplitting the infintte integral in parts and using the f

l"‘ll‘ \\.“ "ll\"‘

(8 & U i f
flr) T [ / e MR (k) dk -+ / e~ F(k) dk]
/ & JO - 00
1 o0 e 0 bl ’ N l,l —
- C/»;/ . ‘fr‘(k),u;-i-/ bz (k') (—dK')s FE
“ 0 [ee)
] /('\' e /o-o k' / /
= e~ " (k) dk otk'7 P(—k") dk
van [ 0 (k) ke 0 (
(—k) = F(k)-

Since f(z) is real, by conjugati
Therefore we can write

f(x) = -\/—g_;/f L

—k

on property, we must have F

_‘k‘rF(k) i CLkIF(k)] dk

{

Now
1 + .

F(A.) — ___\/5___;/ eckz f(:n') dI'
—00

Therefore

V21 J-oo

H o0 A% oo ey g fos
o~ tkz F(k) = / e—;k(:::-—z f(:L") dz’
ate of both sides s £

and taking complex conjug

ko ) 1 +oo
e F(k) =
0 = =/
Adding the last two equations, we have

g o ] 400 , ) .
e k F(l.‘) + cl[..‘r:[, (k) - \/é_;/ f(z/) [etk(x—:z:")_’_ e—(.k(?-;—r’)] 'd.'L"

] (e8]
= \/Z;T-/-oo f(z') 2cos k(z — a') da’

Substituting in the equation for f(z), we obtain

ctk(:c—.r") f(:L") dz'

1 [ere) +00
J(z) = — /0 /_oo f(z') cosk(z — z') dx’ dk
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7.8 Fourie 1[0 o0), then we

interva ' an g,

s defined 01 T (1 (@)) 23 t,

If a function ;{ (f-::a“s form F,(k) or /4

its Fourier 81 ‘

its Fourn z/wf(x)su'sz_r dz (7.81

F,(k) = 7 Jo - )

is defined as
Similarly the Fourier cosine transform

2 [® 0s kz dz |
) k. Fi(k) = F. {!(I)} = \/;/0 f(x) cOS | (7.8.2,

; Bl
//f . N n b
" The inverse relations to (7.8.1) and (7.8.2) are given by
] P
V4 f;z_},l f(z) = FYE(K)} = @/(; F,(k)sinkzx dk (783
= o ] :
and - '
f(z) = F{Fe(k)} = @ /0 Fe(k)coskz dk (784

7.8.1 Justification for the Definitions

The above definitions follow directly from the definition of complex o
exponential Fourier transform. Let a real function f(z) be defined ove!

[0, oo). Its even extension f,(z) over the whole real line can be define
as

Ie(z)={f(“’)' for 0<z < o0
/(-z), for -0<z<0

Now the Fourier transform of Je(z) is given by

I = . B | a0
i i RTUTETR SN

'\7%'[/;00&’”,{(1) + /o etkrf(,r)] dt

—~00

1 +o0
‘\75:/(; [elkz b e-—th] f(:r) dzr

Fe(k) = \/?r:./om COSkz f(2) gy

I

]

ar
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gimilarly if we define the odd extension of f(z) over the whole real line

as
f( ), for 0L <>®

Jo(z) =

o() = —f(-z), for co<c<0

and perform similar calculations, we at the definition of the Fourier sine
transform given above.

7.9 Fourier Sine and Cosine Transforms of Deriva-

tives

nsforms of first order derivative,

To calculate Fourier sine and cosine tra
r — oo. Then

we assume that (i) f(z) is real and (ii) |f(z)] — 0 as

FAS(2)} = \/-/ f!(z) cos kz dz
& = [[COQL.’Ef’T)]O +k/ f(z) smkrdz]
= \/'XO—- \/'f(0)+k\/A/ f(z)sinkz dz
Therefore ,
r fc{f (I)} = -\/_f(O)Jr Us(k) (7.9.1)
Similarly - : ,

FA{f ()} = \/E/wa'(x) sin kz dx
= SRkl k[ f@) coske dz
\/:XO"\/‘XO_ \f/ f(z)cos kz dz

or —

/ Fs{f(x) = =k Fe(k) (7.9.2)
{'o calculate Fourier sine and cosine transforms of second order deriva-
tives. we assume further that (iii) [f'(z)] — 0, as £ — oo, then
. 5 [
FAS(2)} = "“/ S7(z) sin kz dzx
0

T
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Therefore ¢ f{f”(f)} ‘ kf(O) k F,(U)

Similarly

2 [ g krd

R = \/; JGEL
2 ! oo ’ ._ L_Id:
= \/;[f(r) cosk:::]0 +k/0 f'(z) sin ]

: ‘/gf'(ﬂ)+k‘/§/omj'(r) sin kr dr

= -‘/3—/’(9)+ kF {f(2))

] -‘/—_f(ﬂ)“f! 20)

o ——————————

{oce
=ﬁ/;’(0) - K*F.(k) z

Example 1
Calculate Fourier sine transform of the function flz)=e"
Solution 3

7.10  Illustrative Examples
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By definition

v' (2 3}
-’*"' 'un..;} : ‘/ / e Trony sine hrds
T Jo

sing the result sin A cos I = (1/2) [sin(A + 1)+ sin(A = D)l B

sinkr cosr = i[mn(k ¢ 1)z + sin(k —1)7)

Therefore

Fle™ cosz) = 5/ / ~* {sin(k + 1)z + sin(k = 1)z} 47

\ow we use the formula

ar
/o"’ sinbr dzr = 2(‘+ 7 {a sinbz —b cos bz}
a

and obtain
e

o B
/Oc sin(k+ 1)zdr = 1+(k+1)2 3
x {[- sin(k + 1)z — (k+1) cos(k + 1) z}]5
- 1
= 0- - (k+1
0- mrargz O (k4 )
B k+1
T k24 2k+2
Similarly
~c e—I'
/u e Tsin(k - 1)zdr = ]+(k—-l)2x
x {=sin(k = 1)z — (k- 1)cos(k = 1)}I5
1
= ()—A_2_2k+2(0—(k-l))
k=1

I = 2k + 2

Therefore

=7 - I At k=1
Fye Fcosz) = T [k” T 4 LT e }
| 249 9 k)

s g 2
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Fifin)
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]

il

il

Il
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» 3

[2[7 jir)sinks 42

Vr/ j / f(z)sin kz d
r)sin kz

V= //IIJ‘*'*““’“’\ ’

\/"/ Gin z .,mh.l'd-z‘i' \/’/ 0sin kx dr

i o S AI dI

-

_..I. /g/’[cos(k-i-l)l'—-cos(k-I)I]d:r
2\’ 7T Jo
% /O [~ cos(k + 1) z +Cos(k — 1) 7] dz
1 {_sin(k+ 1)z n sin(k — 1):1:”r
0

T k+1 k=1

] [_sin(k+l)7r sin(k - 1)=

1 I '

75‘? Fop 2= D sin(k% 1) 4 (k + 1) sink
1

ﬁ;k, T (k- L sinkx — (k 4 1) sin k]
l

JZ; i7 -7 (=2sin ka)v’
y2 ..'LL St

T ]2
Ghr
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(b) Fe{ze ™"} = \/z——il-——-——r‘i
r (a2 + k%)
where Fs and F. denote Fourier sine and cosine transforms.
Solution
We will use the results -
. ar 1
/0” sin br dr = — (asinbzr —b cos br) S l
a? 4 b? a7
P
and , ooz . 78
e cosbr dr = ———(acosbr + bsinbr) —_— "
a? + b? vy =
[ a7 //"

\/‘/ (e™“* sin kr)dz

— = [{ m(—(] sin kx — k cos /\I)}O

1 o0
/ e (a S”U{\-I?-i-/sCOsl..r)d:r
0o -

(a)

Fo{ze ")

/"

tErR
y o0

—_ :_%(0 - O) + ﬁ.&..——:‘j—/ c—ur SlI/l /;.T
9k 5
= = e~ 9% cos kz dx

i \/;_(12 + k2 /(; s

) F o~ 9% e

B \ a4+ k?a® +L,(—abl11AI—ACOSAI)U

oo

g IS —-azr ‘ ‘
+ Jga') -+ k? (1:+ l.'?'(—a CcOS bk + L‘Sln kI)JO

On simplification
k
ZHCES \/ a2+A ( a2+k2)

/j——';— 0+__k__
* \77(12'*'/42 a? + k2 .
\/5 o /,2_ ak
TR CI R W
F(a +k) \7(a2+k2)2

¥ ol
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(b)
\ow we will prove that

7 =K
e A a>0
Folze™™} = \/;(a2+k2)2

—-ar 2 w' ~azr k d
fc{l’e }': 7? 0 s Lo e

ts and using the results (1) and (2), we oby,;
2 aln

By definition

On integration by par

e}

-ar = ! + ’
0

B (’_
\/;‘_ /U TR (—acoskx + ksinkyr) dr

2 ¢

~(0-0)+ \/Z— 5 "

n ﬁ-a}.’ + k.? b e COSs k.’l‘ dT
Vzg /0 e " sin kur dr

ma? 4 2
v/:_ : a e=—ar «
T A% a4 k2 (- acoskz+ksink1:)}

e"ar
a?+l.’-’ 02+L2 ( aSinkm e kCOSkx)}Q.
0

/ (a?+k22(0+a)+\/______lg_____
(a2+k2)2(0 k

| = _g a"’_kz : 7?((12+k2)2

| T @ T
Exampje 4 i “)2

Delermi
s{T }
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Sulut.ion

From definition

’ o ~— :2— et
fc{I l} = \/;/ r?~Vcoskzx dr (1)
. 0

and
‘ - 2 [~ 2)
Fdd® ) = J;/ 22~V sinkz dr (2)
" 0

To calculate the integrals on R.H.S. of equations (1) and (2), we define

f(z)=2""e% 0<a<l

If this is analytic in a contour C, then by Cauchy’s theorem fc f(z)dz =

0. Yﬂ\

> X

Figure 7.3:

We choowe the contour (" as shown in the figure. Therefore

V4
/ f(z)z+/ ro-le~ " dr + f(z)dz
Cy ¢ C,

+_/ (ey)etem k¥ (edy) =0
M

(3)

In the limit ¢ — 0, R — oc we can prove that [ f(z)dz = 0 and
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(4) can be written &5

o
-1 _—kz
o0 2 . —izaf2 z~ e dz
/ g et A= /o

0
| s maginary ; ain
/ Separating the real and imaginary parts; W€ obt
oo
3 ;. o-1_—kz
a=1_. . S e P e dI
/0 y* T coskydy = cos 5

0

and

x .ixa L
/ v sinkydy=sin— [ z° le % dz
0 2 Jo

On making substitutions in (1) and (2)

o Y ' oo
Felzl.l] = :cos(ra/2)/ t2=devkt 4y
2 s 0

Putting kt = t', we get

Fefzo-1 a-
1255 /—% (_) ‘e_,.dt'

k
xO’

7 ka e”t dt/

]2
\/- TQ/?)P(O)’

Similarly we cap Prove (2)

ll

(Q.E.D.)
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|‘ th\\' ‘hl\(
:’: (S ’ ... S ! J

9, Show that
Fo{e"™") = \/—r(,,)f_'_“_gf_"_/_g_). _

3. Find the (COI“PI(“ or exponential) Fourier transform of
/( )—-(' =\r" cos i.l‘, (r\ B 0)

1. Find tglt‘ (complex or exponential) Fourier transforms ofe
and ¢~ sin 3. |

-Ar? cos T

Use the modulation property stated in scction 7.3 and obtain

'Hmt
lh(‘ results

f{n'—'\I? cos ‘i.r} \/_ [C\p (_(k + /3)2/4,\) + exp (-—(k _ 3)2/’.1,\)]

and

Fle\ sin 37} = §; -le [exp (= (k + 8)2/43) = exp (=(k = 9*/43)]

5. Find the (complex or exponential) Fourier transform of F(z) = cos Bz /(. +

).
6. Find the (complex or exponential) | Four:er transform of
coskoz, |z |< Nrw/ko

f(=) = { |z|> Nn/ko

7. Calculate the following:

(a) FAS"x)} (b) FLM@) (0 Fel s}

8. Show that

2 a
(a) Fle "} = \/;m, (a > 0)
7 k.
s @>0

(<) f{e-q‘alr} = \/fai' = 52’ (a>0)

(b) Fo{e™}




