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where
‘ sl W e v -

Ro = residue of o™ Fla)ats=10

d ("“ SQ 1

T ds {S"(s +1)J

s=0

_ [ f(“‘ ¢ ] 3 TS 1

s+1 540 |m

and
Ry = residue of e F(s) at s = -1
Ll ' .
—_ (\"_i..ﬂ_'_ —_— (_‘_ — ()“t

EEIrE] R {

Hence

/ f(t)=R0+R1=f—l+e_t

6.12 “Application to Partlal Dlﬂ'erentlal Equa— |
tions - '

Let the partial differential equation involve the unknown variable‘u(:z, f).
Then we’ll take the Laplace transform of u(z, t) w.r.t. the variable L.

Luz, ) = UGz, ) |

ey ALY

For example

s sinwtr '
.L —at = o : 5 )
{e7% sin7z} T a
and ‘
L{sin(z + t)} = L{sinz cos? + cosz sin t}
= L{sinzcos t} + L{cos z sin t}
_ ssinz 4 oLosz
T 82 41 52 4+ 1
Similarly

(’)U o oo _’tau
"{5"} s / gy
3 * - st
"3;/0 1e u(z, i) dt
d 9
3. Lulz, 1)} = 3z Ulz,.s)
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i o) _ sL{u} - u(z, t)]t=o
L{—~} -
& = sU(z, 8) ~ u(z, 0)

-eative Tule.
where we have used the derivatl

6.12.1 Illustrative Examples

cations of the Laplace transg,,

: . : ea P]j . ,

; socia
formalism to the solution of B.V.Ps. as

equations.

Example 1 . ]y

Use Laplace transform method to solve the problem

_?_2_:_;.:;6_:_(: 0<z<a, 0<ti<o . ()
drz ot _
u(0,1)=1, u(l,t)=1, ¢ >0 . (2)
U(I. 0),"—‘ 1+ sin Tz, 0<z<1 * (3)
g : T ! -
Solution

It is a (one dimensional) heat problem describing conduction of heat
through a rod of unit length, whose end-points are maintained 2t zero
temperature, and whose initial temperature profile is prescribed.

We denote the Laplace transform of u(z, t) by U(z, s), i.e.
L{u(z, 1)} = Uz, s). From (1)

972 V(@ 8) = L{zu(z, 1)}

or

d? '
1759 = e, $) - u(z, 0)
= UGz, S)=1-sinrz

where we have used (3), Simplifying further, we have

92 :
5227(%, 4) sU(z, s) =
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which 15 a non-homogeneous linear second order clnm'rvnlml cquatiolh
« hose <olution is given by
l'(J‘, 5) = I',r '*" l,’l
where
U. = ¢,eVs + e oz
U.o= — ~
P Tui Dl s (1+sin7x)
_ -1 1 .
= Dz__s(‘l)—Dz_ssmﬂm =
-1 1
= e i sin mT
Di—s D?—-s 7
1 .
— sin 7T
s. =—wm%-—S
1 T :
== sSInmTT
s -+ S
o
Therefore
Uz, s) = Uc + (L5
_ /3= s 1
— e coe == sin T 4
Conditions (2) when translated in terms of the variable s become
: 1 1
v, s)==, U, s)=7 (5)
s S
From (4) and (3)
1 1
c1+c2+-—+0=—==>cl+c2=0 _ (6)
S s
and
ce + cz€ + -+ 0 = =
S s
which gj\'es A
c;e‘/; " Cge-‘/; = { | (7)

ftom(6)and (7) c1=¢C2= 0. Therefore

w2z

1
L"(I, S) = ; e
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{ the given problem is

n Phyy,

. ¢ O
Hence the required solution

s ’ )}
u(z, 1) = L l{Ul(I ’ L'l{ sin 7z }
= L—l {;} + w2 + s

73t

= | +sinrze \/
Example 2

Solve the problem by Laplace transform method

uu(l', t) = a2uzz(zi t)! (t > 0, > 0)

‘ u(z, 0) = w(z, 0)=0
] u(0, 1) = f(1), lim u(z, t)=0

Solution

we define

U(z, s) = /ooou(x, t)e™* dt

Taking the Laplace transform of both sides of (1) w.r.t ¢ and using t,
formulas :
L{m(z, 1)} = sU(z, s) - u(z, 0)

and
Huulz, 1} = 20z, 5 - y(z, g) - u(z, 0)
we have ‘
SzU(Z', S) - S‘U(.’l.', 0) &5 Ut(.'t, 0) = az%ﬁz
o 0z
or using the injtjal conditjons (2) =
SV, 5) = 28Uz, s)
dz2
or
82 2 }"’f {
oy _ 8 s
h , 3-’!‘2 ¥ (z’ 82- Fu(x’ 8) = 0 (/ ‘ ['&52
whose solutiop jg given by DR — O
(> - $pipoeo
Uz, ) = (qeseta ee12/a (4)
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where 1, c2 may depend on s, but are constant w.r.t. T From (3)

(3"

- U(0, s) =/Fig_) and l_i_{goU(IE, s)=0

C, x ) 7l b
— 0. Therefore

From (4) and (3’ noting that s > 0, we must have ¢; =

U(r s) — c2e’“/‘x

S —

This will satisfy (3’) if c; = F(s). Therefore

~ U(z, s) = F(s)e” /" Q,\@

Finally the solution is given by

u(z, t) = L YU(x, s)} = L™t {e—r;ﬂ—aF(s)}
= He-sjo) fleefe) (o 5%

where

H(t — a:/a)f(t - z/a) =

t<z/a

{f(t — z/a), t>z/a

Example 3 1 (J{Kf@n) O‘S‘:f ({ - 59

Solve the problem using the Laplace transform formalism

up(z, t) = ﬂ(m t) g (1)
u(s, 0) =iz, 0)=0 - (2)
u(0, 1) =0, zangg@x, t)=0 (3)
Solution \
We define o
Ulz, s) = fo u(z, t)e=*t dt (4)
Also ‘
L{uy(z, t)} = sU(z, s) — u(z, 0) (5)
and
L{uw(z, t)} = $*U(z, s) — su(z, 0) — wuz, 0) (6)

Taking Laplace transform of both sides of (1), we have

L{uct} = azL{uu(x, t)} — L{g}




ds In Mathematical Physi(.S

244 Problems W T &g

(5). (0) and (7). we have

. . : 1
or i{lilkmﬂ substitutions fron

db
Lz, =) su(;‘. 0) = wim 0 = & 7z U 8) g
Again using the initial conditions (2)
stU(z, §) = a?é’%U(r, s) — g
which on rearrangement becomes
le 9 - U 9 =g ()

Equation (8) is a linear nonhomogeneous second order DE. Therefore j;,
solution can be written as

NS = Ue + Uy (8)
For complimentarv function U, of (7), we consider the DE
d? . 52
EL(L s) — a—zU(:z:, s) =0

whose auxiliary equation is
2 2.2 o s)
m —s/a =} ==h m::t_
a

Therefore complementary functiop g given by

Ue = ere*®le | o e-ssfa

and the particular integral Up of (8) is given by (D i d/da:)

Jin 2 1
} = 4 1= - \\
= J_ - |
a%W e~ I
o= L 1 g td \.I\\
a?s (0 — = = - Z v
( ' S /afz) 33
Hence L U
v
U(z, s) = U
,) * T U o= genre + cpeSszfa g
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Next using the B.C. (3)

. 9
c; + ¢ — ;(]3 =0 s (9)

: A
Bcfor(‘ «\PI)lV”‘g the B.C. (4), we calculate U(z, 3) = 0-

/ SN[‘ —————

T J .-51‘/(1
Ux(g/, .') = '—(‘] _(2
a a

The B.C llmx-—-ooo U (l' -S) = 0 bIVCS c| = 0. -
Therefore from (9), we have ¢ = g/s°. Hence/

Uz, s) = e "/ = 9/

Taking inverse Laplace transform of both sides we get

—.s.ra

UG, 8) = LHeS—) - LG
u(z, t) = gL"{c—;/a} —*’g‘L"{;];;} (10)

/"'/ o

We know
L~Ye % F(s)} = H(t—Fk) f(t=k)
In (10), let F(s) _—_41/.53, and k = I,/f_‘ Then ' Rt } i
(1-%

S0 = NG = 5

Therefore 1
ft—k) = 5 (1 - :z:/a)2 .= (at - x)?/2a?
and : \e .
H(t — k) = gﬂ(t—z/a) L
Therefore

J =.L"{e;;5} = %(t - x/a)""H(t-—z/a)

iy c
Therefore on making substitutions (
_ 9 (01— 2V /a? Ht - i

oz, ) = 5 (@oa) fa HE—Ele) ~c
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Example 4 l ”aangrm melhOd.‘ \/
sing Laplace S
Solve the problem using

1. t >0
= Uy, 0<z<

Uz
u(0, 1) = 0. u(l, )=
u(z, 0)=sinzz, w(z, 0)=—sinxr

Solution
We define

Uz, s) = L{u(z, 1)} = /o e™ y(z, t) dt

Also

Lhm}:fUh,ﬂ—sﬂLO)—m&,Q)

Taking Laplace transform of both sjdes

L{uy} = L{Un}

or

2U - _ - d2
$°U(z, s) - su(z, 0) - uy(z, 0) = d—;(/(:«:, s)
Using the I.Cs. (3) and (4),

we have
2 : 2
Sl ) T+ singe — 9 Uz
: drz Y% s)
or
d?

Mogenegy se ; )
whose general solution cap b o €ond orde, differentia] equation,
U &
| (%“=%+%
For U., m? _ .2 :

-5 =
=
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And the particular integral is given by

; 1 _
Up = m{-—s sin 7z + sin T}
1 .
= D2—5(—S sin7z) + Dz__s(sm TZ)
. S SIN7TT 5 1 cin I
— - 1
(—72 — s?) (-7 — 52)
ssinwzx 1 ,
= - sin I
7‘-2 +52 77'2_*_52 “
_ (s—=1)sin7z
72 4+ 52

Therefore the solution is given by
/ _T er ., (s=1)sinTZ _
U(z, s) = c1e’™ +ce™ + — 1 52 (5)

) are equivalent to the conditions

\We note that the B.Cs. (3) and (4
‘tions to the solution (6),

U, s)=0, U(1, s) = 0. Applying these cond

we have
¢y + cz =0 and cie’ +ce”’ =0

On solving these equations we obtain. ¢; = 0, c2 = 0.

Therefore i )
ssinmTz sin 7T

Uz, sl == e :

x4 5 T4+ S

Taking the inverse Laplace transform of both sides, we get

— -1 = -1 S
u(z, 1) = L {U(z, s)} =sin7z L {___-__52+7r2}
sin 7z T
— L~ —

: T {52+7r2}
\
or finally
u(z, t) = sin mr cos ¥t — — sin 7z sin 7t
T

: 1
sin 7r{— = sin 7t + cos wt}

T
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Example 5

A bar of length £ is initially aeramre ;
is kept at the constant tempf e bar i
Assuming that the sur rface O ok
at any point z of the bar at any

temperature ug. Tha ,, L.
and the end z = isi : 24
s insulated, find the termp, .

t constant

Solution e
The problem consists of solving the heat eq

—%ut, 0<z<¢ t>0

Uzz =
subject to the boundary and initial conditions
u(€,t) = u, uz(ort) =0, u(:c,O) =1ug (20,5,,-

with0<z<¢ t>0.

Taking the L.T. of both sides of (1), w.r.t. ¢t and using the definitix

U(z,s) = /:o u(z, t)e~dt

we have
52

32U (7.8) = "[sU(:r s) - u(z, 0)]

Using the initial condition ip (2) we have
d*U(z,s)

dI - —U(r S) = """F \";

The solution of the non-homogeneous secqpg order linear DE (3) is
Ulz,8) =y, 4 U,
where
e aiediitEy T,

and i

> d

v ik k DE_)

= l‘LO) 1 dr
DT W
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.I&i = & ‘,‘ b 3 ‘ r‘r ‘ ' F SR
H b | 2

olic functions As

. i
l"I“‘):'"l’"“h\‘I‘I“‘F)‘iﬁh\/[:r‘!’”g (”

be
which can aley be written in terms of h’\lwrh

vow the B.Cs in {2) can also be written as

Ul.s) = 1’_1_ ﬂmwn—ﬂ (52
5 dr
From (41
dlU s s $
i1 (r.s) = i (fr, sinh JEI 4 ¢z cosh EI
ritten

1 he condition dU(0.s)/ds = 0 gives €3 = 0. Therefore (4) can be w

-
U(z,s) =0 rosh\/’fr-i-}-‘g (6)
k s

The B.C. U((,s) = uy /s applied to (6) gives
uy — ug

r(mh( ) Yo _ Yl _—m¢=
1OV & - ' = S cosh(£/3/Vk)

“ b\

Hence the solution (G) can be written as

T (uy — up)cosh \/s/kz
R s cosh(€y/s/k) S

Jform, we have

os \/s/kz } + ugL™! {l}

(r.l) = — up)l™’
X 1) (us e {srosh s/k{ S

— (uy — ug) + W0

where
t < L - I,"{y(s)}',' y(8) = s \/, s/kz
| .‘ s cosh( \/s-/—xl')

1 e o)

it SR 8t
o 27rl - L g(‘s)

Taking the inverse Laplace trans
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]s t <0 tq |

, right equab a simple pole at 5
The integral on ;:K “g“y Now g(s 5) has ﬁnd:
line Re § = '
right of the

satisfy
those values of § W ‘hich

cosh (\/}) [ (n+ )rrz, n=0,£149

2
7% rtk/E%
These give s = $n = -(n + 1/2) ‘
Now :
st t s =
= residue of e”'g(s) 2
o r ‘ cosh(\/s/k z)
- }i_%sg( s)et =i cosh(\/jl)
and
R, = residue of e*g(s) at s = sp

(s = sn)e*t cosh \/5/k @
s—5n s cosh \/:sﬁf‘ '
= entlim S5 Coshys/kz
cos \/s/k€ s—sn oo
2vs,k  cosh Vén ke
Esinh(\/:s_,,_lgf) Sn
The value /s.k = (n + 1/2)mik /¢ implies that mf =(n+1/2)m,

and

sinh \/s,/k€ = sinh 1 = e : Sl n =
0,1,2,:--, B2 ‘S"‘("+ L2)m,= o(-1)", n=

Therefore s, = —(n+ 1/2)27;'2lv/£2 and

I
=]

= exp [-(2n+ 1)27r2kt/4£’2]

R, = exp [*(272-{-])2”2-&} (2n+])7rgk/[.
442 a 2( Hi
= o |20 10y,
T “J 'Mk (2n+ T2
-1)n COS
exp r‘(21vz+l)"’:r'4?k¢' )(2n+1)2 ‘k 2

i et (@t

)ﬂ.u.(zn + 1) COS 2(

i
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where we have y
sed the results sinhir = tsinz and costzr = COST:

Therefore finally

u(z,t)

J

(u1 — ug) Z Ru(z,1) +

n=0

4 o 2 .2
=(ur _"0)2 exp [-—2(2n+1) ™ kt] 9

442

n=0
(=1)" (2n+ )7z
(2n + 1)2 S0 2% +

Ug

6.12.2 Exercises

1. Solve the problem defined by the equations

uy(z, t) = a’uz(z, 1) - g

u(z, 0) = u(t, 0) =0, u(z, t-)‘= 0, lim uc(z,?)=0
T =00 —

2. Solvethe PDEu.. = uy, 0 <z <1, t> 0,subject to the boundary
and initial conditions u(0, t) = 0, u(1, t) = 0, u(z, 0) = sinwz, and
(fu/dt)(z, 0) = —sinwz.
[Ans. u(z, t) =sin #z cos wt — (1/7) sin 7 1].

3. A semi-infinite uniform conducting rod is initially at zero tempera
ture. Al time ¢ > 0 a constant temperature up > 0 is applied and main-
tained at the nearby end of the rod. Formulate and solve the problem,

using Laplace transforms.
(Hint: kurr = uy, u(z,0)=0, u(0,t) and u(z,t) are finite as z — oo ).

(Ans: u(z,t) = L7 {-z—;ge" ’/"’} = ug erfc (2‘2_&)

4. Find a formal solution of the problem ku;z = u, 1> 0, 0<z<oc.

n0.1) = f(t), u(z,0)=0, u(z,t)—0asz—0o0
(Ans: U(z,s) = F(s)e” s/kz  y(z,t) = L~! {F(s)e“\/;/_'”} ).
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