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vector space

Definition:

A space consisting of vectors, together with the associative and commutative operation
of addition of vectors, and the associative and distributive operation of multiplication of

vectors by scalars.
Introduction

To define a vector space, first we need a few basic definitions. A set is a collection of
distinct objects called elements. The elements are usually real or complex numbers when
we use them in mathematics, but the elements of a set can also be a list of things. We
notate a set by encasing the elements within curly braces. Note that to be distinct, an

element cannot be repeated within the same set.

e {0,1,2 3,4,5,6, 7,8, 9}is the set of single-digit numbers that we use in
mathematics.

e {a,b,cd, ...y, z}isthe set of letters in the alphabet.

Let's now take a closer look at elements in vector spaces. First, it's important to note that a
space in mathematics is a set in which the list of elements are defined by a collection of

guidelines or axioms for how each element relates to another within the set.

A vector space is a space in which the elements are sets of numbers themselves. Each
element in a vector space is a list of objects that has a specific length, which we
call vectors. We usually refer to the elements of a vector space as n-tuples, with n as the

specific length of each of the elements in the set.

Each element of a vector space of length n can be represented as a matrix, which you may
recall is a collection of numbers within parentheses. Matrix representations require multiple
other lessons in matrix multiplication and addition, so we will use the parentheses notation

for this assignment



Here's an example: In the 4-dimensional vector space of the real numbers, notated as R,
one element is (0, 1, 2, 3). This vector has four parts and is a single element within the

vector space R*.

Now let's take a closer look at fields. We refer to any vector space as a vector space
defined over a given field F. A field is a space of individual numbers, usually real or
complex numbers. A field is a set F of numbers with the property thatifa,b €F,thena+b, a

- b, ab and a/b are also in F (assuming, of course, that b 6= 0 in the expression a/b).

The specific axioms to define a field are similar to those of a vector space, so for the

purposes of this assignment, we'll define a field as a vector space.

Technically speaking in term of math’s

A vector space is a set V' on which two operations + and - are defined, called vector

addition and scalar multiplication.

. A vector space consists of a set of V (elements of V are called vectors), a field F (elements of

F are scalars) and the two operations

Elements of V are mostly called vectors and the elements of F are mostly scalars. There are
different types of vectors. To qualify the vector space V, the addition and multiplication operation
must stick to the number of requirements called axioms. The axioms generalize the properties

of vectors introduced in the field F.
If it is over the real numbers R is called a real vector space R"

If it is over the complex numbers, C is called the complex vector space C".

In the assignment | will discuss above examples in detail.

Euclidean vectors are an example of a vector space


https://en.wikipedia.org/wiki/Euclidean_vector

Difference between Vector and Vector Space

A vector is a part of a vector space whereas vector space is a group of objects which is multiplied by

scalars and combined by the vector space axioms.

Where both the operations must satisfy the following condition

PROPERTIES: -

Vector addition

Vector addition is an operation that takes two vectors u, v € V, and it produces the third vector u +

VeV

Conditions for Vector Addition

¢ The operation + (vector addition) must satisfy the following conditions:

e Closure:
If u and v are any vectors in V, then the sum u+v belongsto V.

e Commutative law:

Forall vectorsuandvinV, u+v=v+u

e Associative law:

For all vectorsu, v,winV, u+(v+w)=(u+v)+w



e Additive identity:
The set V contains an additive identity element, denoted by 0, such that for any

vectorvinV, 0+v=v and v+0=v

e Additive inverses:
For each vector v in V, the equations v+x=0 and x+v=0 havea

solution x in V, called an additive inverse of v, and denoted by - v.

SACLAR MULTIPLICATION

Scalar Multiplication is an operation that takes a scalar ¢ € F and a vector v € V and it

produces a new vector uve V.

Condition for Scalar Multiplication

< The operation - (scalar multiplication) is defined between real numbers (or

scalars) and vectors, and must satisfy the following conditions:

e Closure:
If v in any vector in V, and c is any real number, then the
product c-v belongsto V.

Distributive law:

For all real numbers c and all vectorsu,vinV, c¢-(u+v)=c-u+c-v

Distributive law:

For all real numbers ¢, d and all vectorsvinV, (c+d)-v=c-v+d-v



Associative law:

For all real numbers c¢,d and all vectorsvinV, c¢-(d-v)=(cd)- v

Unitary law:

For all vectorsvinV, 1-v=v

RESULTS DRAWN FROM PROPERTIES OF VECTOR SPACE

Here are some basic properties/results that are derived from the axioms are

e The addition operation of a finite list of vectors v, v,, . . ., vk can be calculated in any

order, then the solution of the addition process will be the same.

e Ifx+y=0, then the value should be y = —x.

e The negation of 0 is 0. This means that the value of -0 = 0.

e The negation or the negative value of the negation of a vector is the vector itself:
=(-v) =w.

e Ifx+y=x,ifandonlyify=0. Therefore, 0 is the only vector that behaves like 0.

e The product of any vector with zero times gives the zero vector. 0 x y = 0 for every

vector iny.
e For every real number c, any scalar times of the zero vector is the zero vector. cO0 =0

e If the value cx= 0, then either ¢ = 0 or x = 0. The product of a scalar and a vector is

equal to when either scalar is 0 or a vector is O.



e The scalar value -1 times a vector is the negation of the vector: (-1)x = -x. We

define subtraction in terms of addition by defining x — y as an abbreviation for x +
(=y)-
X=—y=x+(-y)
All the normal properties of subtraction follow:
e x+y=zthenthevaluex=z-y.

e Cc(X-y)=cx-cy.

e (c—d)x=cx—dx

Subspaces

Definition:
Let V be a vector space, and let W be a subset of V. If W is a vector space

with respect to the operations in V, then W is called a subspace of V.

Theorem:

Let V be a vector space, with operations + and -, and let W be a subset of V.

Then W is a subspace of V if and only if the following conditions hold.

W is nonempty:

The zero vector belongs to W.

Closure under (+) addition:
If uand v are any vectors in W, then u+v isinW.



Closure under (-) dot:

If v is any vector in W, and c is any real number, then c-v isinW.

LET V BE THE SET n BY ONE ROW AND n COLUMN MATRICE OF REAL
NUMBER

R" is the set of all n-tuple of real numbers

V=(x1,X2,X3 * Xp) veR"
w=(y1,¥2,¥3 " ¥n) weR"
U=(21,25,23 ~ Zy) ucR"

" ={((e1,x2,%3 - xp):X; €R
Addition: -
(xX1,%2,%3 %) *(¥1,¥2,¥3 " ¥n) =(X1+¥1,X2+Y2,X3+¥3 X tYn)
Multiplication: -

C(xl y X 2,X3 xn) :(Cxl,CXZ,Cx:; an)

PROPERTIES: -
UNDER ADDITION

Closure:

v+w belongstoV.



(xX1,%2,%3 %) *(¥1,¥2,¥3 = ¥n) =(X1+¥1,X2+Y2,X3+ Y3 = XpntYn)
PROPERTY HOLDS
Commutative law:
V+ W= W+ YV
(xX1,%2,%3 %) *(¥1,¥2,¥3 = ¥n) =(X1+¥1,X2+Y2,X3+ Y3 = XpntYn)
=(V1+x,Y2X 2+, Y3+ X3 Yy + Xp)

=(V1,¥2,¥3 = Yn) T (x1,X2,Xx3 -+ xy)

PROPERTY HOLDS
Associative law:
ut(v+w)=(u+v)+w
(21,272,235 - 2Zx)+ [(x1,X 2, %3 -+ x;,) +(y1 Yo Y3 "'J’n)]:

(21,252,253 - Zy) + (X1, X2,X3 - X)]*(V1,Y 2,Y3 ** Yn)

PROPERTY HOLDS

Distributive law:
a (v+w) =av+aw
af(xy, x5, %3 - %) +()’1 Y 20 Y3 “‘yn)] )=(ax; +yy,ax, +y,,ax3 +

Y3 "'axn+yn)
= (ax;,ax,,ax; - ax,) +(ay,,ay,,ayz - ay,)
=a(xy,x2,x3 - x,) Ya(y1,¥2,¥Y3 ** ¥n)

PROPERTY HOLDS

Additive identity:

O+v=v and v+0=v



(xo,x3 -+ x,) +(0,0,0--0)=(xy +0,x,+0,x3+0 ---x, + 0)

PROPERTY HOLDS

Additive inverses:

v+-v=0 and -v+v=0

(xX1,%32,%3 - xp) + (—X1, =X 2, —X3 -+ — X,)=0
=(—x1,—X2,—X3
=0

PROPERTY HOLDS

UNDER MULTIPLICATION

Closure:
c-Vv belongstoV.

C(xl y X 2,X3 xn) :(Cxl,CXZ,Cx:; an)

PROPERTY HOLDS

Distributive law:

= Xp) + (g, x2,%3

For all real numbers c and all vectorsv,winV, c-(v+w)=c-v+cCc W

C. [(xl X 2,X3 '"xn) +(y1 Y 2:Y3 yn)]:

C.(xq1,%5,x3 - x,)+C. (¥1,Y 2,¥Y3 " ¥n)

PROPERTY HOLDS

Distributive law:



For all real numbers v,w and all vectorsvinV, (vtw)-c=v-c+w-¢C
[(xl » X 2,X3 “'xn) +()'1 ,)’2,)’3 yn)]C:

C.(xy,x5,x3 - x)+(¥1,¥2,¥3 " Yn).C

PROPERTY HOLDS

Associative law:
vV-(w-c)=(v,w)-cC

(x1,x2,x3 = x2). [(¥1,Y2,¥3 = Yn)Cl=(X1 Y1, X 2V 2, X3¥3 " Xy Y0n).C

PROPERTY HOLDS

Unitary law:
For all vectorsvinV,1-v=v

1(x1,x2,%3 " Xp) = (X1,X2,X3 ** Xy)

PROPERTY HOLDS

As all the properties are hold so it is a vector space and it is commonly known as

real vector space R”



Vector Space of Column Vectors

The vector space C"

Vectors

The vector space C" is the set of all column/row vectors of size n with entries from the set of

complex numbers,

(A column vector of size n is an ordered list of n numbers, which is written in order
vertically, starting at the top and proceeding to the bottom. At times, we will refer to a

column vector as simply a vector)

U=(21,25,23 ~ Zy) ugCn

Uv=(W1, Wy, W3 W) ve C"

C" ={((z1,25,23 - 2,):x; €C

Addition: -

(21,23,23 ~ 2,) +(Wy, W3, W3 Wy) =(21 +Wy,Z5 + W3, 23 +W3 2, + W)
Multiplication: -

C(z1,2z,,23 -+ z,) =(Czq,Cz,Cz;3 - Cz,)

VECTOR SPACE PROPERTIES OF COLUMN VECTORS

Suppose that C" is the set of column vectors of size n with addition and scalar multiplication
Then

. Additive Closure, Column Vectors



If u,veCnthenu+v eCn

. Scalar Closure, Column Vectors

IfaeCandueCnhnthenaueCn

. Commutativity, Column Vectors

If u, v € Cn, then u+v=v+ u

. Additive Associativity, Column Vectors

If u, v, w € C" then u+(v+w) =(u+v) +w

. Zero Vector, Column Vectors

There is a vector, 0, called the zero vector, such that u+0=u for all u € Cn

. Additive Inverses, Column Vectors

If u € C", then there exists a vector —u € C" so that u+(-u) =0

. Scalar Multiplication Associativity, Column Vectors

If a, Be C and u C" then a(Bu) =(af)u

. Distributivity across Vector Addition, Column Vectors

If aeCaeC and u, v € C", then a(u+v) =au+av

. Distributivity across Scalar Addition, Column Vectors



If a, BeC and u € C" then (a+p) u=au+pu

One, Column Vectors

If u € C"then 1u=u

As all the above properties are hold by C" just as by the R" the only difference
Is of real and complex numbers and that of row and column notation

commonly used, so it is an also a vector space.

MATRICES

The set of all m-by-n matrices with real entries, denoted by R™" |is a vector space.
Let

v= [x11 x12] _ [}’11 J’12] :[211 Z12]
X21 X220 Y21 Y22l Zy1 Zp)

Addition: -

X11 x12]+ Y11 y12] _ [*¥11 T Yn x12+y12]

X21 X221 Y21 Y22 X1+ Y21 X2+ Y22

Multiplication: -

_ [x11 x12] _ [an C'9\512]
X21 X22 CX21 CX22)



I will check out just some properties as | know by definition that it is a vector space.

Closure under addition

[ U ool B I Sl

PROPERTY HOLDS

Additive identity:

X11 X121,[0 O]_[X11 X12
P g PO |

X21  X22 X21  X22

PROPERTY HOLDS

Additive inverses:

[xu x12]+[—x11 —x12]= g g]

X21 X221 L|—=X21 —X22

PROPERTY HOLDS

Distributive law under addition:

(a+b) v=av+bv

(a+h) [x11 x12] :[(a +b)xy; (a+b) x12]
X21 X22 (a + b) X21 (Cl + b) X292
_[ax11 + bx11 axq, + bX12]
- axyq + bel ax,, + beZ



_[*11 xu] [xn x12]
X21 X22 X21 X222

PROPERTY HOLDS

Closure under multiplication:

_ [x11 x12] _ [an Cx12]
TV xer X2l T lexyp exppl
PROPERTY HOLDS
Unitary law:
X11 X121 _[X¥11 X12
1X[x21 sz] _[x21 xzz]

PROPERTY HOLDS

AS THE SET OF m-by-n MATRICES FORM A VECTOR SPACE WE CAN REFER
SOMETIMESTHE ELEMENTS AS “VECTORS”

THE END
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