LINEAR COMBINATION

General Point Of View:

In linear algebra we say linear combinations in terms of vectors. But, in general we can say that
linear combinations of anything can be done

(Scalar) (somethingl) + (scalar) (something2) + (scalar) (something3)

This something can be anything like x or y or z etc (3x + 2y is a linear combination of x and y
with scalars 3 and 2 respectively) or matrices or something more complicated like polynomial.
In general, a linear combination is a particular way of combining things (variables, vectors, etc)
using scalar multiplication and addition.

Linear Combination is obtained by the multiplying matrices by scalars, and adding them
together. So simply in this method we use multiplication and addition. One thing important is
that the dimension of the matrices should be same for linear combination if we applying linear
combination on more than one matrix. The_concept of linear combination is very important in
Linear Algebra.

If A be a square matrix of same size and x be a vector (nx1) column vector as:
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then their Liner Combination will be:
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If we defined in the form of Vector:

Suppose we have a field (for example real number) we denoted it by C and vector space V. If
vectors vi, V2, ...vain R" and scalars ci, ¢z ... ¢n then Linear Combination of those vectors with
those scalars is given by:

B =civi+ Ccava ... enVin.

The concept of linear combination is central to linear algebra.

1) Most of this article deals with linear combinations in the context of a vector space.
2) Animportant application of linear combinations is to wave functions in quantum mechanics.
3) Itis also used when we have to find the combination of atoms and molecules.

1) Here we take example of linear combination for one matrix.
Let suppose we have a matrix A and vector x, given as:

i i] and x:[g]
3 0

Then their Linear Combination will be
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This is the Linear Combination of matrix A and vector x.
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2) Now we take the example of Linear Combination for Vector and scalars.

Consider we have two vector vi1 = (3, 3, 1) and v. = (1, 3, 2) and scalars a1 = 2, a2 = 3 then their
Linear Combination will be

b=aivi+az v

b=2(3,3,1)+3(L 3,2


https://en.wikipedia.org/wiki/Vector_space
https://en.wikipedia.org/wiki/Wave_function
https://en.wikipedia.org/wiki/Quantum_mechanics

b=(6,6,2)+ (3,9, 6)
b=(9, 15, 8)

This is Linear Combination of the vectors and scalars.

Three people denoted by P1, P2, P3 intend to buy some rolls, buns, cakes and bread. Each of
them needs these commodities in differing amounts and can buy them in two shops S1, S2. Which
shop is the best for every person P1, P2, P3 to pay as little as possible? The individual prices
and desired quantities of the commodities are given in the following tables.

Demand quantity of Foodstuff

Roll | Bun | Cake | Bread
P1]|6 5 3 1
P, |3 6 2 2
P3| 3 4 3 1

Price in shop S1and S,

S1 S

Roll 150 |1.00

Bun |2.00 |2.50

Cake |5.00 |4.50

Bread | 16.00 | 17.00

Now we make matrices of above tables

150 1.00
6 5 3 1
2.00 250
P=[2 6 2 2|and Q=
500 4.50
3 431
16.00 17.00

Now we find the Linear Combination of the above. Multiply the each column of Q with P as a
Linear Combination.

6 5 3 1 9 10| |15] |16 50
150/ 2 [+2.00/ 6 |+5.00{ 2 |+16| 2 |=| 3 |+|12|+|10|+|32|=| 57
3 4 3 1 4.5 8 15| |16 43.5



6 5 3 1 6| |125| |135] |17 49
1.00| 2 [+2.50{6 |+4.50| 2 |+17{2|=|2|+| 15 |+| 9 |+|34|=| 60

3 4 3 1 3 10 135 17 435
50 49

PQ=| 57 60
435 435

Result:

P1spend 50 and 49 in Sy and Sz respectively.
P2 spend 57 and 60 in S1 and S respectively.
P3spend 43.5 in both S; and S respectively.

Now we have a given question to solve in which we have to take a
matrix order of (6 x 6) and a vector of order (6 x 1) and find the
possible combination of matrix.

Let we have matrix A = and vector x =
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Now the possible combination of matrix will be given by linear Combination we now know that
by linear combination we find the combination of matrix and vector( We already explain this in
above discussion that why we use this method to find the combination of given matrix).

In this we multiply the each element of vector x to the column of matrix A.

Let Ax show the linear combination of A and x, then according to definition of the linear
combination,
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By adding them together we obtain

[51]
78
63
33
35
7

This is the Linear Combination of the matrix A and vector x. And by above method we obtain the
combination for the given matrix A.



P EXAMPLE 8 Matrix Products as Linear Combinations

The matrix product

—1 2 2 1
1 2 31| -1|=|-9
2 1 =2 3 -3
can be written as the following linear combination of column vectors:
—1 3 2 1
21 1| —=1|2|+3|-3|=]|-9

2 1 —2 -3




B EXAMPLE 9 Columns of a Product AB as Linear Combinatlons

We showed in Example  that
al Y ey e
AH:[E;I}]'}_[ 3 ]=[E-¢ % l*]
17082 '

[ fodlows Troms Formila (6) and Theores 1.3.1 that the jth columa vector of AB cin be
expressed as a linear combination of the column vectors of A in which the coefficients
in the hiear combimation are the enteies from the jth columa of B, The computations

are as follows:
AR
=4| [+0]|+2
§ :+ E-+ 0
(7] [1] '1'+1'4'
40 (2| e |0

wansion  Partiioning provides yet anodher way to view matrs multiplication. Specifically, sup-
ik that an i % P iatex A i partitioned inno 18 r column vectos ¢, €, ..., & (each
of size i« 1) and an r % n matrix B is partitioned ito (s F fow veclos f, ks, ... E
(each of size | % u). Each term in the sum

Gn+ah+ -+ G



Column-Row Expansion

Partitioning provides yet another way to view matrix multiplication. Specifically. sup-
pose that an s X r matrix A is partitioned in1o its r column vectoss ¢, €2, ..., ¢ (each
of size m x 1) and an r x n matrix B is partitioned into its r row vectors . r2, ..., rf,
(each of size | x n). Each term in the sum

an +en -+ Gr

s size m % n so the sum itself 5 anm x o matrix. We leave it as an exercise for you 1o
verify that the entry in row / and column J of the sum is given by the expression on the
right side of Formula (5), from which it follows that

AB=¢n +an+ -+, (1

We call (11) the colwmmn-row expansion of AB.

P EXAMPLE 10 Column-Row Expansion
Find the column-row expansion of the product

[ 3T 2.0 4
il 2
AB=la —1] [—3 s l] (12

Solution The column vectors of A and the row vectors of B are, respectively,

¢.=[:]. cg=[_i-: n=[2 0 4, n=[-3 s 1]




