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1.'THEORY OF THE FINITE .
|3 —lo— 6

ELEMENT METHOD WITH
.ONEfDIMENSIONAL EXAMPLES , ,

4 L :
T SOLUTION OF-BOUNDARY VALUE PROBLEMS -

/A boundary va]ue prob]em is one wh1ch is governed by one or more’
d1fferent1a] or integral equations within a specified domain, and by

b°Undahy conditions on the per1phery of that domain/ The solution o
a set of functionals,

- may be obta1ned by extremising a funct1ona1, or

' over the who]e domam
CAS an example, structura] ana]ys1s prob1ems are. governed by the
f0110w1ng equat1ons o : : |
(1) Compatabi]ity, or strain-displacement relations '
(i1) ,'Stressfstrainﬁre]afions. X
(iii) Equi]ibrﬁum'eqUationst/
Tne sodution may ‘be obtajned,oy;minimising-the total potential
energy of the structure;”, : LT T
y speak1ng, in order to.solve a boundary -value problem, one of the

Genera]]
fo1loW1ng methods may. be used

@

/
/

~.a) [Exact or Closed-Form So]ution

m is to try to find an ..

The f1rst step in attempt1ng to solve any prob1e
exact solution. The;bas1c.methods for ach1ev1ng this are:

(1) Direct integration s
(11) Separation'of Variab]es ]

(111) Laplace transform —_—
(

iv) Infinite series, etc
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1f the problem is too difficult to be solved exactly, an acceptable
There are many usaful approximata

approximate solution may be found.
methods, which can be reviewed in Reference 1.1

approximate methods are summarised asfollows

. The general

_"‘.:—vv-—.

(i) The Finite Difference Method i« a4 2 e et ;fLII(/(J (afcn
‘ { k (pi & A /""’I{l ﬂ“ (€19~ /[f [ttt !
r‘ e & 0 "'he ":o‘!;]‘ ‘:; c Pre blemd Thet# facludl( “(inecr r‘fh/(m(ﬂ’ fini //(/',/, i
73 P em aih is to be discretised pointwise and the value of the ,‘,j
! i . field function at any point is to be determined in terms of its irdepe-)
values at some of the surrounding points. The basic finite difference (719V!~
“algorithms for the solution of differential equations can be
n used successfully for

reviewed in Reference 1.2. The method has bee

. 59]Uti°" of some engineering problems. The basic difficulties
encountered in using such a method are as follows
{;erat1vescheme5nmy be required) their numerical stability,

(O
‘ Lo depend1ng upon many parameter/a may require some
. exper1ence if convergence is to be achieved.
SRR T difficult to dea] w1th comp]ex boundary

A‘f~~; - conditions. . - ~
- (3. The. so]ut1on a]gor1thm depends upon the equation type;
. parabolic, elliptic, or hyperbolic, and it is difficult

AEx R A to genera]1se :i¢§ - PR RS
E Car] g , 2
a ol c°hff”‘é L§
(11) Tr1a1 Funct1on Methods /; U»w ? dulmcu(/nelhca jﬂ
M e

s of unknown parameters, for a 2-D

LE '(’ A sa'mtiorii is 'asjsumedfin:.- te,m
' T'll probIem// Tarad Stk by
T (X.y) = a) + 3 ".,'*?'33’- * “‘4"2 haghy F e

T ]
[ L L

\ .

To obta1n such unknown parameters.
1. Extrem1se a funct1ona1 over the whole doma1n. eg.
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The ‘solution. is that which satisfies.
X = ff'i;(“(-ég )2 e (= &l )23 dxdy ‘= extremum
Onmun R} SO ‘ ay i

e
(

Hence,

' ed

his h-Ritz m
r{); <Br9$5§3£$¢3€ %ﬂown as the ?ay1§19 /Zoﬂ»w’nﬂvff“xf
f/afét o picily fvuéa ozxﬂ@ 4 /lg Il w 4 477/0"(”
- M1n1m1se the we1ghted error obta1ned hy subst1tut1ng th
assum d t hi d ff t 1 uat1on WLl it CLJC
e equa 1on 1n”c e di eren ia eq ..‘ /»J? c{u{(¢(zpq&/f'
j¢r( alﬁ/ r”““;@# ‘
bQ@MC%JZ*‘b( %ﬂ/ CV/ i

7%1( an im% 4 ng

' fhis bkécéaur 1s known as the Wei hted R s1du']
Lt cgedl p Pl pr botieGrdnaT]
' The ba51c d1sadvantages ofﬂthe tr1a1 funct1on methods are as fo]10ws' ﬁfiuf;f‘
: ,J'.;
l 2 ", i

'-,(jjj);~Thefanife7E1ement?Métnodi |

Th1s method is based upon'tr1a1 funct1on methods once the1r d1ff1cu1t1es
have been overcome as follows S et e T -J}~"'7*U-:
'fj.iygﬁ fﬂfifﬁ”
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EXACT

FORM SOLUTIONS

METHODS OF SOLUTION |

OR CLOSED-

— Direct Integration
= Separetion of VYariables
— Fourier Transform

— Laplace Transform

— Infinite Series

ﬂ

APPROXIMATE SOLUTIONS II/

Other
Finite Difference Trial Functions y | il
— :
T | |
Weighted- | ?
<quwwwwuw~_ ﬂ Residual ‘.
/ L
IQ.\O.L»\.,.-\Q\ :
.\,:..,.\M..F i The Finite Element Method /

Laaa .

The Boundary Element zmﬁ:oaJ
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jualsd .IHE;VARIATIONAL;APPRoAbH Eff Vi
] A hich 15 i

Calculus of var1at1on is.a c]ass1ca1 mathmemat1ca1 subJect’
ma1n]y concerned w1th funct1ona1 extremisation prob1ems For such
Prob]ems, it is requ1red to flnd ‘the unknown function, or functions |
satisfying

Wh1ch extrem1se a funct1ona1 or a system of funct1ona15
some -given boundary cond1t1ons For the case of one _dimensional "
~ problems; the var1at1ona1 statement can genera11y be expressed Fr

B '. a@foﬂows c7(,<,<u s e %
‘ fX‘(Y) = F (x,y, y. oyt .)'dx‘='extremum. 3
_ _ x » |
In order to extrem1se the funct1ona1 X, 1ts first var1at10n shpnTQJ
Van1sh, i.e. cro e e '
| 6 x =-AQ;:”*
ThlS cond1t10n has an assoc1ated equ1va1ent d1fferent1a1 equation ca]led
“the Euler, or EuTer-Lagrange, equat1on, wh1ch can be expressed as’ .-;  :

fo]]ows.
P TR d aF ff*‘a?'““'ap ST
i o » ‘ ) _+ 2( )'_-»-""0
i : ay dX ay dx¢- ay ]
AT I“ 7370 Ray1e1gh presented a d1rect method for the so1ut1on of -

R in 1909, The Rayleigh-Ritz. method can also be used for the so1ut1on of |
jV' o A a d1fferent1a1 equat1on, prOV1ded that an equ1va1ent variat1ona1 LR g
statement can be found. More. details about calculus of var1at1on can _

be rev1ewed in fﬁb spec1allsed texts such as Reference 1.6.

o " P
.)?. - :

Z@\/l

Cons1der that it 1s requ1red to extrem1se the fo110w1ng funct1ona1

é}{:gix v .,';~ ]A ’ 2_f; 'N . :
R [g} (a?)--,”-YJ",’X AL

Stgps of the qu]e1gh R1tz So]ut1on
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“vjdwith_the:boundary_cqnditione'vf

ST .-‘y’:(O)A S
Aw( 3(z)z'z B
Note that the correspond1ng d1fferent1a1 equat1on can be deduced from the

Eu]er-Lagrange equat1on as fo]]owsv

-n

8 '*Y J.d* :

F (X. y,~ )- % y'2+ xy |

O.
><
QJ

y

5 'are coeff1c1ents to be determ1ned
' jf:are elements of a g1ven sequence of a 11near1y
-.fa:'1ndependent funct1on. (The bas15‘funct1on)

'ffttThe bas1s'funct1on can’ be a tr19°n°metr‘° series,’ Legendre po1ynom1nalsa

etc. The s1mp1est cho1ce 1s the algebra1c ser1es,

e ]‘f.f.-z' -
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o step 2

Verify that the aeswned aolutwn aatwf‘wa the gwen boundary
g CO'ldu‘;zOhs

The 91ven boundary conditlons (say condit'lons) are to be""} B G e
: subst1tuted 1nto the prevvous so]ution and 2 coeff1c1ents are'to‘bg
ehmmated to reduce the so]ution 1nto the form

R T ‘y. = j:]f..f‘ajl.‘_ sbj (>f). .

_where n =m=2" .

s
QL

w N

ST

,} . For the .g.i.veri eXamplé_-"-L .‘: 2 Ho

o~
=

.}’(X) = a-, + oczx + a3X2 + a4x + ',_“"

y(O) 0

QT

-

‘\:-_ i i
—F
o
e .1'1C>‘;
+
+
u?
+
Q
K-y
+

\,—\
|
v
—
=N
—
—
x
—
+
U]
n
N e e
~—
+
=1}
w
-
w
~—~
b3
~—
+
L]
:

-where. .

to obtazn - -

;:X (a]s! aé5 ?i'iif.h){ = f F ( ) dX ; 

domam

Scanned with CamScanner



For the given example

FI) = 3 ()24 ny

‘ y(x) = = a (xz-x) +‘§2 (x3-x) + eeee . ‘ f?_ ' !Q;;,.
dx < 4 (25-1)'.+~§2 (3x-1) + G | . “4’5

_ F(y)

P Uay(2x-1) + ap(3xP-1) + ... 2 . % \

tla (x =X ) + 32(x4-x2)»}+ o

) o

Ca 1(2x-1) +a (3x 1) ti Zax

f ](X -X ) +a (x -X ) 1 ;

e BT Y Cag(xeT) + ap(3ET) 4
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thecoeff1c1ents f he'.é,ﬁbye}_iéj;s'ltemibf-! equa:t:jg‘ns}j_.’can be expres_Sed
E ‘as:follows: - G O e

Scanned with CamScanner



22

N , 2
s () o

SERICHS PN

1
.f_(9x4

Lo

‘% 6x / 1) dx.

T SR TR S
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. Fm’man B ,
: Y Drob1ems
balance theorems, i) C0nt1nUUm mechanics there are forms of energy
Wh1ch provide variational statements directTY-

There
are ma
ny. energy theorens which can be used for structura1

ana1y51 S,
as shown by Reference 1.8. The basic energy theorenm
ay

R
j.

B
L

. ) .
. -~ emplo
z ' | p Yed in this text is the nind otal potentia ener
. 1ch states that '; n X ' s
; The emct soZutwn of a structur'al analysw prablem ig the
de, which makes

0"9.' from aZZ compatzble d-z,spZacement fiel
the totaZ potentzal energy of the 8tructurf/f;fifzggﬂ)
The tota1 potent1a1 energy‘of the structure can be eXPr65$99-4—’; ;o

as fo]1ows ~,'""3-

5 def1ned as fo]lows

B . .
2 - 5 - g T — v—— -
¢’ d ‘ - 5o e

yoiet ; e T e
b
ll

: S truc ture

and for a’ 11near e]ast1c mater1a]§f7 wien

fff (Vo])

N structure - S
s the otent1a1 energy of the externa] 10ads

=-w, where?w'{s the work done by the externa1 1oads.,-.n

fL R e f;;)i" Exam21e45.
££ N »;n;pfdef'fQ'i]]usthatéﬂﬁhe:hasic'cenéepts;va sﬁmpie‘étructural'phobfem- ;i
= .. will "be solved. S A A R T R T

e ———

—
T TN,

QR
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‘t’ ‘ : j y v
(" ‘ ' . "
{:)1 L Y e
! 5 bbb R g hnt L ‘\ - f
sy v Thrust
har Y L F— distributs,
| < o
p " ;,, < ) p
' '~-~“‘,f“"'“ [’V ’ig’
vyl 77777 'Er_“' 8
mass /_é/: 7, 2

Suppose that it is required to determine the deformation and
stress-strain distribution for a heavy bar which is hung vertically

from one end, and carries a heavy rigid mass at the other, The problem
can be modelled as a bar ab fixed at end 'a' and subjected to a

11near1y-d1str1buted thrust. L, -12:’:_623—,
A = .
iy = 7P

Px) = P+ (Pb - P )/ L /

Let :
A Cross-sect1ona1 area of the bar
E Young s modu1us of the mater1a1

(i) StreSseS‘andlstrdihs;rj.t T

‘The stress at any po1nt$x_can be def1ned as fo110ws

Thrust Force ' P(x) v////

e Cross-sect1ona1 area _ .‘.A' )

e
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Let the‘ di '
‘ ‘Sp]aceme -
at X "' AX: t nt at any P01nt of co- or'd'lnate x, be u, then ' ' ;

he d1sp'lacement is

w G cdu . R ‘ '
K /dL _(.Ax + h1gher order terms'_ o Lt ?

Hence th ' '

. .e engmee”"g Stra1n can be defined as foﬂows

En ) ) [ . N han

) 91neer1ng Stra‘" = lim Change of 'length)\/
' b - Ax+ OQ

0r1 ginal 1ength ‘ h

Hooke s 1aw

(ﬁj"i)_ .Energy or Var:i.a'tiorial Expression .

Stram energy '
[ Wéi: dxdydz /

g ,rffE( )2 dxdydz

e

,
4

'S,'ince u is ‘functj_on.' _of'_x ,qn]y, then :

Element of Volume |

\UN'v' KR

Element o f Volume
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. ! d | : ' r,‘ L
R fg(a,_) (ffdde) X | / | v

! that’ - RO e
. From the above figure 'it can be ShOWH o : ; " N

S dydz = ;g s

ie. U = g/ / AE ( )2dx
‘ v 0

D4

A : ; ' , . . Tows -
/ Ry The work done/tfgl the external fdrce can be expressed as Jfol

s 18 / : o i '

W= /pdu // f P ( ) dx .

: : e / Bar i
: e F1na17y, the: tota1 potent1a1 energy is g1ven by
* e ,/:

: . . . ..a..-—--.,-.—.. e e

/(1) Rayleigh-nits Solution

- Aqsmé -af salﬁtibn of fﬁe' __fO',ZZ.bm:ng_ forr;i -

U (X) § + azx - a3x2
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S Ltute the approximate solution into the variational expregorom .

()

: Tx. + ,a2

Cstepd o

| Gatremise the veriational functional. | .

e ;_p;;;: Fp ARy Pk = 00

L s

a4 + Faé ;%-:~-' (P ' Pb)  ..7‘(1)1

Scanned with CamScanner
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L

= é];’,j",-f',i—l'.é-i -
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" Hnear]y a1ong

ciouviv Mg eACD s

the bar 'length

A(x) * (“3§:’5" §) Aa '4 By

1.2.3 D1scret1sat1on Concepts " TR

_a) Po1ntw1se D1scret1sat1on

K Coﬂi‘mua(/ts MW/e/

: 8 "D',"'scfréh‘s'ed : M"Je "

" Let y(x) be & gene

- and it 'is{re

: gen';-r*a{fzfa-éadz?functfon. in the domsin (02 1) »

qu1red to ca1cu1ate

S f _.v(x) a
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Siet 89T

a theoretica11y
ptab1e approx1mat1on -

of points,
This concept

T A P "
o FOr exact graph1ca1 representat1on of ¥
jred. An acce

R 1nf1n1te number of po1nts is requ

.- to represent y(x) in terms of a f1n1te nuwber

- y]’ ‘y2’ _ ey e at X = X], Xzs ".(n;'
s known as; "Po1ntw1seuD1scret1sat1on '

e obtained from the discretf;ed:‘

An approx1mate cont1nuous mode] can b -
h passes through the

'. mOdET by f1tt1ng a cont1nuous curve wh1c
po1nts ' e .

Th1s can be ach1eved genera]]y by employ1ng Lagrangién_TnterP01at1°""' .

-,’Héﬁgé:theTintegratibnfmay3bé'apprqximated analyticall

y as follows

d be.PiéceWisefDisCrétiSatﬁonj_~

Us1ng po1ntw1se d1scret1sat1on, for the prev1ous examp1e, the function, : -

y(x) can be approx1mated to-a very high degree, but the resu]tmng
1ntegra1 express1on is not s1mp1e The second approach is to d1v1de

the whole domain 1nto a f1n1te number of subdoma1t/) The function y(x)
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—

approximated very a tely for ea;h ?
dema1 'y accurately

n.( An acceptab]e approximation is to use linear 1nterp013t1°/'7
as shown be]ow ‘ :

does not require to be.

T3 For. this caSe

C %2
fydo=. S Y dx + ; ¥/ CRE
Yy 1;x]..‘ _ x2 f'
whole -,1 1st.. . bdgmaln Ul e
‘domain subdomaln ﬁ 'Su T

“7.-,?0E thé;1 ubdomgih”ﬁi;?;J ;j-‘:'

e e y

—do

(1]
<
—

s ) x
: ~
n
‘<

-

><
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e g ff can be deduced that 5

(X ;e'.X{) (Yie1 ¥ yi) /2

R i+l | ﬁ_
| i . < ical iptegration.
- which»is.the‘we11-kn0wn‘Trapezoidal Rule ‘for numet1C ; : _

’ i.2.4 'Dfscretfsatiohnof RayTeigh-Ritz Method

be
Any boundany va]ue prob]em wh1ch has a variational statement can

| solved by means of the Rayleigh-Ritz method as described ear11er.
Genera11y, the Ray1e1gh R1tz procedure has two bas1c d1ff1cu1t1es.

3 é) ' Sat1sfact1on of genera] boundary cond1t1ons

b) The need to make the assumed so]ut1on valid for the ;;

: who]e doma1n , J;j:A_“ : T S ji

-The “D1scret1sat1on Concept" can. be emp]oyed in order to overcomef . , ';
_,___esuch d1ff1ru1t1es.~‘, e : b
.‘4 " '

' N B : . w—— T : . i

3;' Con§idef iheebaf e d1scu .ed before. The first step of the.
._.f,,-/._R'é},'?eigh'fﬂiiftz ol i8S E0 Assume ‘roximate: so'lut1on as fonows

SEASEICLRIY | g
U (x)E L LR
RO £
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phy51ca1 mean1ng to the coefficients
atm po1nts, Ups Upgy ues Un

’but it 1s d1ff1cu1t to a]]ocate a
4 A]ternat1ve1y ‘the va]ues of u

can be assumed as unknown parameters, 1 e.
. t . ,

S E . ' -

o m - : .

S L TN )

N (x), ;-. f' 2 » -.» M are simple a]gebra1c poiynom1nals
L wh1ch sat1sfy the fo1IOW1ng cond1t10n

(

/

N (X ) J*}Kronecher Delta)

SO

Pointwise Discretisation of the Bar Example

l-u RN u=4,

SR - " ~
‘ (;?:sf'.;4. R C?l"‘.n i  ( ® .

R TN S

Instéaq of assuming;tnat'f o

Ju(x) = Oy +.0pX - H X eeel.(a)
":fnn,fbllqwing ékpnéssibn‘wilfzbe,used'
. u(x)%, ui N](x) +. uz Nz(x) ts N3(x ) ceren(b)

App1y1ng Lagrange s Theorem, 1t can be shown that

S i
”1(x) (x XZ) (x/“3

g ,/,c;;, T T R '

,'./
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g o ) (t;%g) |
L ,("2"‘1')_(/"-2"‘3)

C(xx{) (x-xy)
o g»f’s'-h)(?ss-Xz).

)

Mte""atWeW, to. deduce (b) from (a) ‘the following procedure
Can be emp]oyed N : L T Y,

Cati)

L)

i)

:f><1155" -

sy
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: Henc.e, L

u'(x'v) =

~‘icen‘ '

u(x).

::and‘;:.

where

n

+ (—) ( 3”1 + 4u2/-'u3) * 2(—)2 (u - 2u2 + u3)

n

Y
oo
'..d..- &
Ty

aat

o

5(25 TR

u
x

Pomts Il 2, and 3 are ca'Hed nodes

N], N, and N3 are known as shape functwns.f
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L Step 1 .

L) =, E1S 0 by B <)
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— e

vf: subdoma1

L and pO}ntw1se d1scret1sat

"method as 111ustraﬁed be]ow

| <LTh1S process1np11e',

o , - il

It can be shown that‘

Up "= === (3 Pyt Pp)
(Pa + Pp)

Use a 3-Point descretiéed'Rayietgh?Ritz'nethdd to solve

exercise 1.1, Lt

' h) P1ecew1se D1scret1sat1on R

at he who]e doma1n is’ to be d1v1ded 1nto o

a number of subdomalns, wh1ch are known as f1n1te e]ements. Each
n shou]d obey the same phys1ca1 pr1nc1p]e,

, who]e doma1n, and can be treated as a. separate prob]em. The

'equat1ons for’ the wh “oma1n can be obta1ned by summing the

subdoma1n equat1ons
1on, 1s the well known f1n1te element

Scanned with CamScanner
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PR S ST IRTALY (-GUET R WOk (FE P
L Ky © 3 ;1{“ 1) ,
o, Lo 4 ' matrix. = o
' is the- element St1ff“ei;j IR (;1)
g s 7 P ,
steps of the So]utwn for th immé/m?rﬁém R

ol

;"F§ SFép'i"5Di$cneti§atidn‘bf.the Domain

= g . i , _ )
The doma:n can be d1v1ded 1nto two subdoma1ns and each subdomai

can be cons1dered af2-node e]ement as shown be]ow.
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The equ1va1ent noda] forces 'should satlsfy the . equ111br1um |

equat1ons Th'f.o ]cal so]ut1on is- to.assume that they are the

'f’av ) ge Yd1ueswQfﬂthé_fﬁrQStfdistribﬁtion for each ejement

flStep 2J[ﬁériVatfoﬁfof e]ementS‘equations j ,

SN

St R e B e yed
L-Q~The'equationé'fdrﬁthe‘zfﬂ0d€'PQF“EIeTS"txhéyg-peen-'? S

| ;ﬂas fo]]ows fff

s v

P i i |

5 | E“iff"¢:i}”ﬁ.' m, T
-17App1y1ng th15 to- thé:p"eV19qsfpﬁgpjgi,:J:- a

- ;deduced,,,,,ar

R N A ) .
B T L T — i
o i D0 o e WL o bk

. gor'Element T

S —————

) A

Moo
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obtain the

" Step 3 Assembly of subdomain equations to

equations for the whole domain

\

. :

/ ?

prunc1p]e.

The tota] force at ea.h node

displacement//

For the f1rst e]emen
4N

the equat1ons fbr Lh eTement can be e ressed

C¥f ;"FE/ =

It 1s useful to note, in the above element equations that
u > ) o % ’// . 1 th Ode
i 15 the total or actual displacement.at the 17 n
i s a partial loca1 forée, for‘the considered subdomain.

Hence. the 7aw of the assembf} is. based upon the'mechanica]

E local e]ement forces at thaf node.

Assembly can be-carrwed out by means of matrices, if the noda]

ector_1s the same for each e]ement

‘91nsert1ng a correct number of zeros,

as fo]]ows.'

REBASN

' “Pa'f"’b)ﬂ.

(PyR) /4

Py + ) /1
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| Th?' tw-o'“ matrix equations ‘can be added together as follows

T-eravrgnl

3 )
: . —~—~——— N

= (2ry - 2Py) /4

Teem alo

L i S—

¥ SRR AN S ¥

i 'A~,;"”QWhefeﬁ'flgf{;fe:thefstruéﬁureéeffffnessfmatfik,ﬁf[;5

1sthed1sp1acementvector‘,and I | , |
,;l b i = B s PARRNNN .,,..
F 1s the force vector ¢ méa;,fzy T RSN U 21

'{,“mﬁz“ M‘ ,oa/wf‘” Rl

~ e
I

| / - ';-stepfia,lf'gpp_:ythe =Béuﬁaa.i§yf’éahdif_t’ibn‘s;j;"- mr

/” R For th1s case, the boundany cond1t1on is” u-I = 0

,/ e i The f1rst equatlon and flrst cqumn of K are to be eLim1nated and a

reduced eystem of equatlons w111 be obta1ned as fol]ows
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SEatt. Adding the two equations,

-39 -

Ste .
PS5  Solve the resulting equations

2P, - 2Py )
P ()

: P4 3P
. l a b
u 4 u W . e —————
. ( ) .. (2).
3. AR 4 W

} o1 " =- ]'_ ( 3Pa + Py ) ; _3ﬂ7
| CAE .8 (7 (//{W91L |
O (atet P |4 Uz

R glara Al |

YaE:: - -and substituting into (2):

. A B ,
Uy =i=— (P, +PF)
s 3 -J-’AE'_ ‘a b

] S From e gy
Jf: ill;ii'Lz-aﬁ"- = -

B LA N

g L Ry 13 hopg e R

e asjthéTexact so]ution{@ SR

s ]”,-Exerc13e 1 5

'I”“'. ;gV_z-' u51ng the FEM so]ve the fo110w1ng prob1em.,

r‘
]

13
A

?Jand prove that the react1on at (1)
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2.  TWO-DIMENSIONAL

FIELD PROBLEMS

7/

\
- w\/ 2.1 INTRODUCTION

It is useful to review the previous concepts for problemS in a
multi-dimensional domain. A suitable example is he field problem

which represents a significant class of phys1ca1 F"“Ob]emS /////

Considering a three-dimehsiona] domain, with reference axes 0X, Oy and
0z, the following can be defined. g :
. -
; I
i .P; n
LYy
a) Directional Derivative
The directional derivativevof any scalar function F(x, ¥, Z) 15‘
Grad F or Napla F, whiéh can be expressed as follows
VF = F T4 i J + F k-
ax- - T ey YA

where 1, and k are the unit vectors along:-the x, y and z’

axes, respectively.
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3N

RS

e R SR
TR

T i
O 1o

b)  The Laplacian

The Laplacian of any function F is defined as

V.VF =V2F = %F , 3% +.32F-
’ : ox* . oy? oz?
(e v = ‘

V= 2w’

c) Steady-State Field Problems .

The steady-state field prob]ems can generally be described by means
of the following d1fferent1a1 equatlon BT B

.,4—"

2 7~— +ou,mz)
i Y4 ( ) 4/”///

The solution for such an equat1on is: that wh1ch extrem1ses the/)///

f0110w1ng var1at1ona1 statement 1

el s gpiei BEiiaE (20
X =% fff ( kx ( "‘) .+—_ky_' (-—— 't kz( ) ). dxdydz
. L :ax B .. B e ay . :. ;; 3; .

- 15 QF dxdydz

-Special Cases

i) Poisson's Diffe?eﬁ%{aT?Eaﬂdffb‘ifff7-?w;-

If ko =k, =k =.k;=,coﬁ§taht, then
VEsQk=0

which is known as Poisson's Di{fekentiéf'EquatiOn; .f ;
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2.3 AYLEIGH-RITZ SOLUTION
S

K

the above figure.

3

AN e e b
o "~"'-'_‘-\.‘_‘.‘.'. g

Consider a rectangular:cross-section as shown in

B Step 1
Assume a solution

A solution can be expressed in terms of unknown parameters and

e e

a]gebra1c poTynom1nals as fo]]ows_.n."mr

BN 2o ¢ oxtay b ad e e

The terms of two- d1mens1ona1 po]ynom1nals can be represented»:

by the fo]10w1ng Pascal's tr1ang1e
7\—"—'/
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Ste'E 2 ' : :
. ' . . 5 ’ “' ! . (‘
Verify that the assumed solution satisfies the given boundary

condi.tions.‘ ol
For this ca'x.‘se‘,' fhe boundg‘r_yAcond}t:‘iohsv lg,{e.
¢=0 . Aat. X = 0; x= ‘A, y.—. 'd','_]_y < B
An educated guess1stoassumethat, it
0 (1) = xeh) ) )+ ap e oay e

which satisfies the given Boundary condi:t',i'o_ns;

Step 3 R T

sgbst'itute the 'a.sswnecf éélﬁtio‘nimﬁo 'fhe vc:z‘r‘iatiohall statement

-.‘a-,z o B A
T s [ L ey

y 00

O\ wm
_C>'~._>

, 1
x & e——
SR g

Consider a one- term so?utwn, Q/N WY&

w = a X(x-A) y(.v B)

L a (2x-A) (y2-By)

W g (xP-Ax) (2-B)

_-.1 B
Xp = f

FRTINKY

af““V04W+WyH<nJWEﬁ@m4

R R

(2y-B)2 ) dxdy 256 2. % ( (2 Ax) (y - By) ‘dxdy
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It can be deduced that

=°
n
|
+
: l>
w |
1
N
o
D>
o |

Step 4 ‘ oo

Minimise the variational ‘stai:emeﬁt. L

906G B P .118 S

v ¥
L2
LEPy IR

B

B < o
kS

P

ks i

Pt

BN B

S

B

T 0
ke
.

?

f

;:

ot

Step 5 . - '

Solve tkeffesulting eqyat?on{s), -

il

L T

‘ ooy AMBE 4.2?[  4% (nijefi )?(t7'2_(2j7} ﬁg ;' | ‘1- 

]

i.e. g : , .
Ty - 5@ . : :
w (Xiy), = = x(x-A) y(y-B)

Shear Cohéfdﬁiﬂ:f '; - -'l S

8 - RN -2 Al "'ﬂv .
vawr o re= 200

y
-y /
: “ . '/

| f/ /

O-w .

oOS\x
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2.4  WEIGHTED-RESIDUAL SOLUTION

2.4.1 Common Steps

The following first three steps are the same for all of the
weighted-residual methods.

Step 1

Assume a solution. /
‘This is similar to Step 1 for the Ray1figh—Ritz.561utipn.
. N . R . A e e -/ v . | .
| = X +oay + ot axy o+ ay? o+
O (). = o, b GRmy R AT

Step2. . _

Vérzfy that the assumed soZutzon satzsfies the gzven boundary

cand&tzons.

From the -analysis emp]oyed/for the Ray1e1gh R1tz so]ut1gn, 1t
can be shown that :

0 Gay) = XGeR) (B Cal Tt ek iy 4

satisfies the given boundary conditions.

Substztute the a sumed soZutwn in the gwen dszerentzal equatzon,"'
to define the reszdhal functzan.'; '
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2.4.3 Integrated Least Squares

W (x,y) = AR(X,Y)
0a
1.
Hence, Aor, i / K.
Wos 2 (x? = Ax) + (y2 - By))

'Nl R(XaY)-{d%ayLéﬁﬁo

OS>

which leads to

It can be dedUéed'tbéﬁzg

o N PRI
Ty 3Ay}5AzB?+BBu:f;_‘ n' . S

/

/ ‘_1_g;‘ ;.', : ¥ iAf:i;: ;¥:’ .
2.4.4. MethdgA of Momen%§5_',j LT

“For this case -

(xy) =1 K Y X XYs Yo eiei

~term solution, W =1

%

{2 (- M) s -By) ¥26Yddy = 0

: ,’;;',!..
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ST @ W=

-]6'..

3 3 pI
2a_ ([ (= - A ) B+ BB YA)+2GAB = 0
2 3.2

2.4.5 Galerkin Method . 115"
For the case of Galerkin's method, ’

domain

-©-
n

, qbz = ,'X.?l __ R
.V¢ E , e etc
3 L SIS

B }.'
/

-
n

For the case of onesterm solution: -
(0 L) (v - B 20 X TRyt B 28 by = 0
‘ / I : | | - ‘ ' " .

/

'.Hence, it can be deduced thaf;

O™
O >

A2+82  ‘ I AP

which is/the same aﬁéwer,aé‘dbtafned,byuRayTéigh?thz method.
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FINITE ELEMENT SOLUTION w |

2.5
2.5.1 Formulation of Element Equations

/
Consider the same rectangular cross-seotion as the one solved by
trial function methods. The domain can be discretised in terms of

rectangular subdomains. A simple element, employed for such
discretisation, is the 4-node rectangular element. A useful
technique is to define. the element -in terms of 19521_2525 and

" a local number1ng system, as shown be]ow
=35 Y! ' : e A :.->.<'
4 .
b/
B '\‘

oo ~ : "‘;"/425 f” :

whole Domain
JEL R Lacal S_/sflm P

J Global Systen [ | T
o 't;%’f;:f"'ff;;'z?;aoliﬂffhf"'ﬁ" et

"'A,‘.;-,_ L

The equatvons of the 4 node e1ement can be der1ved by apply1ng any
one of the_ var1at1onal or we1ghted res1dua1 methods ~ When emp]oy1ng
.the discretised Ray]e1gh -Ritz method the f011OW1ng steps lead .to the _
eTement»eQUat1ons Some usefu] techn1ques w111 be exp1a1ned dur1ng

the derivation. [
-~ ) / :

Step 1 _
ASsume a'soiutzon'in”tehme Qf'qgéhl'pardmetefé:dhd éﬁape functzons.

In order to 111ustrate the der1vat10n of shape funct1ons, the fo]1ow1ng

trial solutvon can be assumed

w(x,y),'= d f#

wl11)) :‘M,

a X + a y +° o xy'tf

+u, »/1 +«»Z>N>WL,NH |

o
P

b TIN
£ ‘\,

/‘,/ ‘, . ‘:\\Y{', \'\\
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Using Tlocal

i)

iii)

iv)

Finally,. it

A--w(x,y)'

Cor

w'(x,y);‘-',’ -

At (x

hence

At (x

hence

At (x
hence

i.e.

At (x

hence

i.e.

system

:O,y

]
o
<

=.a, y

can _be

- ‘ _w
m1 +,(w2_:{,‘ 1)

1]
—
—
]

=19 -

and nodal values, the following can be deduced

0)

0)

D)

.E@?w(i%k%ﬁi@iiﬂ+9€*%W%Y%)

I=
£

o .l'<l o
£

un
R

Q

o

n

———

E

1

e e i =

- N .
~ -
S~

[}

I
e
e
-
s
Q
o
+
=

o R T
ST “(wi~_ Qz +-93A_;wu)/ B

deduégd;théf;iij:.:"

s
e
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In order to
- coordinates are defined'"

E:é ' n:l
a & A b

Hence, it can be deduced that
4

w (g n) = I.

where

V‘Nl(E sM) .

NG )

(& =&

E (E,.n)

'.5-_'(‘1” -8) LN

simplify the expressions, the following intrinsic’

The prev1ous express1on can be wr1tten 1n matr1x form as f011ows : #,N (f t
By 2

where

n

=
n

‘Step 2

:Bpundbry_candiiion‘vefificdtion; L

Th1s shou]d be postponed unt11 the equat1ons for.the who]e doma1n 'i:igf:,.z.

are assemb]ed

).+ 487 ”‘(f"’
"’l o et "U
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3 m g e e 4 ‘,_. .,,,. M_ .
paa i ' ‘.M'o:‘._'f‘j""’.”-’ @:‘ﬁ":‘ﬁ“ P Ay > I:"‘ :.,T_V,'_.A
# ; y i o AT ol 2 .“‘
i
\ '

o 11K

‘..
> vhe \remed ’ . ’ ,
che qegwned eolution in the 1'0)':af~1:077-’11 ptatement.

The variational statement can be expressed as follows

where

2 2
C(y e (22)7 ) dedy
' X ey

>
n

‘oo

o

b a
X =-217/7
00

) W rdxdy

Let us try to express every comp
in a matrix form. v

Using 'QJﬁf(x,y)

then'by partial differehtiation; if,pan bé'gho

Hence, it can be dequted that

[N

oN

2-

——

oxX

oN

To

!: ay . '.‘

N -

N N

2

N
-

—

3y

oﬁént’of the above two.terms

N
3N

CON
y

—t )

'.3)(”

I

R

AN /
e

_ -[J(V/O)

wn that,

fay,'_i:f-

CT [n N aN. . aN|
3x X oBXL L BX D
? NG AN AN AN |
3y sy 8y - .y oy |
- e o ae -
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hat

Defining the gradient vector g, such t

N ,/ .

' The integrand .of Xs.ca

= (B g»_) (B w)

( JF BY B ) dxdy

—
. o
o g

: . : ‘(- _ , ,
since w 1s 1ndependent o x and y, the above equat1on can be
rearranged as fo]1ows e R CE: C LR

ot N “x;ﬁ~€k
4B B dxdy )

l
G St
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It is useful, from the programming_pointéof~§iew,to'express 1/6 in
matrik form. S i el e . .

Since,
B - = ' : . T B
= 4X2 sz., ‘ ﬁ X2 _.lzxz' ‘B,-zx,u
where { :%/ .
1lzx2 s Ehe'unit matrix qf:order 2, or

// v

I = 1 ‘0,"’/‘ .
=Xz | )

Also, since 1/G is a/sca1ar quantity‘which can be multiplie

d by
any one of the integrand matrices, it can be deduced that -

1ogtp =8 (11
6 T G iy
- 8" DB
where
e £
b1 o1 G 4
=" & . -
Wy .
0 1
G
Hence,
b a '
sy Wb B0 B ddy)e
% -, 00 |
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For the second term,

ro

"

]

rno
o o
= -

E

(a2

=

o

>

(=W

<

]
1
Eﬂ'
——
o -
-
. o
=
o
.ox
o.
. <
N

Finally, w $a BhE \

Step 4
Minimise - X .
~ The minimisation.COndipian;ateg_-A”  ‘f., e R f(_zbin

Y P

Wy g, Eg oo g

Defining the notation .~ .. 9758 g
Ao BC X (2“ R

T T TR I TS AR

!
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the minimisation conditions can be expressed in a matrix form

as follows.

X 2op0 WA
w _ kLl‘/' ')_ .

where

0 =40 0'0 0}

£ inde':be'_ridgrit of &

"ng-thege theorefis to the ab ve%éxpfessiPU of x, it can be'f

or

" .where \ ; :
Cdxdy o

whicﬁ.is-the éTémént stiffﬁess matrix.n
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A5

i
Z

N ract
s

L7

LA
(AL 2t
b

-,

- 26 -

—(e) © 2 N dxdy

oS
(=R

wf:;p is the element nodal force vector.. = - . .

" AR B
The previous expression for the elemgfit’ st1ffness matrix is, more
or less, s1m11ar/to that employed for many other app11cat1ons.‘
A computer program is requ1red for/ the generatlon of the B and D

matrices and to _perform the doubl 1ntegrat1on.“-

/.
¥4

Explicit Form -

An explicit form;'foﬁ}hand éé\;ﬁi..'

E =
B' -

N AN oM.

1 2 - 3 L1
X - a{ XX
N N, N aNu__
N e
NI, NN’ §

ax oy
oN N
2 2

X  fay

{ .

aN N
-3 3
Co¥X 9y
oN aN .-
sl 1o

X, dy
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Hence,

oN
ox

oN
aX

I
@D |~
ow o
o w

oN
. OX

N
4

" —

ay | .
JL R

oN

L

ox

It can be deduced that: . -
BNj_

——

< lax

fig .

4

oo
oo

1

G .
Similarly, it can be shown that
b a a

ST
00

Fs

2 N; ékdy

Use of £ n

From- theldefinitionApﬁFé @hd\h< ;

\
\:

fo\
X/a, -

¥/b,

N
i

X

N

‘bh_.; ” '

N N

X . o

dxdy
N

ay-J :

NN

oy

oy

AN,
J_ ) dxdy

—da

S p—

oy .y

&

z

TR
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Also,

-
X
n
N
o
o
O —
O —

- ab

rectangular element is

. ’ “l . . » . : j.
2“?3 - o0=2B . -0-B -204B
R 20428 2048 s
=0~ -20L+B' , '20&.28. ' a—?B

-20+8  -a-B . a-2B ' éa+26

and the nodal force yéctor%is

5l ' . _-ab e o . N

+2.5.2 Steps-of the Solution for the Whole Domain
"Sfep'1.3
Discretisation of the_dbﬁ@in;

Consider a square cross-section divided into 4. similar square element, = =
as shown below: - [ ° T AT C =% ro

!
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.

; a=p/z

\

The discretised doma1n 15 known as the f1n1te e]eﬁent mesh and the

d1scret1sat1on process is called mesh. generat1on.~

FoWZatiqﬁ of eZ.emen?".eqz%ai;iofs'.‘: s
For any 4-node square e]ement,
[ \ R 3‘\

..]\ )

—

1t tén beiéhoWh'that
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a) for element 1

N K .
=(I),

b) for element Il
Xy

et;.

Note that the element nodal parameter vector s
local order of the element nodes. Hence, it can b

\

“Fuany

hould follow the
e shown that
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gt |

Aseembly Of the equations for the whole domain,

pfl\/w ”.}\0 f\[/ W-J ,L\
ﬂb{ JLL (, 01

A unique nodal vector ° fl Qoo U@W(""/ 4 C(Z{?UI (/d éc{ rte
. UY

. Q '=_{ W W2

(1? m ﬁzge
: { (Z/(ém '
g et B

should be used t‘or each e1ement The e1ement matr1x K(e) should {&‘“d

EXPanded to be 9 X 9 by 1nsert1ng the correct number 0 zeros Then, e

o g2 ﬁ,m‘w ?/ o vw/*@z”‘
whole 'doﬁiéin_ 5 =] Q(WA J -
£ ST T e
; whole domain AR e e
§ A tabulated form can oe u's'e‘d as shown in the foﬂowmg f19U"e For g
3 veail problems, the operatmns shou]d be carr1ed out by means of a ot LI
? digital computer b S '
The assembled equettohs- are RE » e
[, o 0l 2 0 ; 0= X 0—\ ‘-ﬂ
48 -1}-2 -2 -2 | o 0 0 "
o -1 4l0 -2 1, 0 0 0} |uws
T2 "o\"}f 8 2.

\ -1 —2 0 Wy

Loz 2l e 222 2f o) 5
66 | y ]
. 0 -2. -1 '0 -2 8 0- -2 1 &
. —_— ——+ _—— —-l_ —_—— — = 6
0 0 0"] '2 0 4 -'l. 0 w7
0 0 02 -2 -2 I 8 - o | ws
5 o oio e alo 4 4| ful
- / - AL
s At 2 (e
= . '.',\'Q B q
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Step 5
Solve the resulting ~Jr"educ.e‘d equai;ion(s)- :

w o 3.6a2 . 3

T

(s ,'zfm"dA')" e ) ]

For any é]e@enﬁ

ST 2 wdA /;

/

. /
/

ie. .
LSS 2 wdh
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AN HeFT  (ChE| Fe ot .

2.6 IEXA EK 0 o
OF QTEADY-STATE HEAT conpucrroy >
2.6.1 . -

or

X = %fo[k . 3 ﬁIz ' | '
Domain x_ ( ) s ky _(.3y.)' ) dXd'): o

Domaln = mu
] iéij Lo ,7‘.:V'_'<:);

N R B o ‘ '. . "'L_'oc"‘l:

R Systen

Using the steps of the d1scret1s1ed Ray]e1gh R1tz method on the
4-node rectangular element R R

.Steg R Pt TR e e

i .

Assume a solution in terms of nodal parameters and shape’ functions,
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lhede e {hef) | furef o ) l( *xw/@ YW’ZM

Toy) = TN (xy) + 7 &
L) T ) 4T ) T e

As for the previous case, it can pe shown shat

N, =(1-§)(1j-->é) =(1"‘E)(1-n)
Lo a-hy ICRISRES
ST = S
L o e
where | _
£ = x/a,-f - _.h  ?' yib. . -

Hence, for all field probTems theA4-ndde‘re¢tangqlar element
has the same shape funct1ons ' '

Step 2 '

Boundary cbﬁdition vérification:“

(Postponed) ' g

"Step 3

. Substitute the assumed solution in the ﬁariatibnal statement.

where
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N
n
1
oo
oo

QT dxdy

The integrand of y. -
neoer.x

T T } v
X A""'"" ay

1o
|
l

o
n

L wdfgm
0 Ry

From the previous:torsional problém,'if can be deduced -that:

g...% B 1

where

[—
]
——
—
—
—
—
R
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oN ABN N ;-BN

Hence,

and.
X

"
o
—
bs'.d '

1 ——\

oo
[ee]
Pas
c . .
e: . . A ® .
A
—

Similarly,
X - =-T

-2 -

and

Step 4

Extremise X

n

R RO
-
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' Using the previous theoreme s ...
‘"?mS, 'lt can b
. , e deduced that:.

t
B D B dxdy) b a
| ‘ ¥ QN dxdy = 0

O o
o w

where -

| >=<
—~
[}
o
]
S esoT
one
: w
ot
o
w
o
x
o
<

Q N dxdj ;

.._\

S R AT e S ST
ot TS ";‘"‘.'T;-“’."‘4'.:"‘,‘.1:‘_';4'_ o % b s /;
|T™
o~
M
f———
]
oo
oo

s

T

i,'qﬂ‘ v

For the specia]'case~of k, = ky-é k, it cén“bé‘pfovéd that .

bk
R
1}

gaies o-28 C -owB _me,fi'-
“a-28 0 20428 o <Zo¥B -a-B |
g w2 o or2B

._'a'."B,_' i Lo
oaep . B ioc2B 1 2B

P

)

PRI,
|
L)
(1]
s
u
o |=

TR

-

l

where

ey

= ab. .

2.6.2 Finite‘ETemEht“So1ut{oh'3:A5”

SR T o SRS R R N
™
non

The e]ement eQuat1ons prev1ous]y fonnulated are now. used"tbjffnd-{f'?zq""

" the. temperature d1str1but1on for: the g1ven doma1n Cons1der heat

;conduct1on in the doma1n shown be]ow 'yi y_;,}; S

Scanned with CamScanner



-~

Insyla ted

VIR NIV TYTY

Side «f

. s Side at

N '
’ A
TTT 7T T Ir T Ty oIy r s yrrrry.
Mo . .

For such a problem, the heat.generatedvieeunknbwn'dfvany node . ;
-where the temperatuke is specified. .. ;ﬁ o o | |

- Applying the standard steps‘of}the FEMi;Biuﬁjon;‘

j Discretisation .of thé“.'domdin.: SR S F e
{”- ' The doma1n is to be d1v1ded into a su1tab1e number of finite
The more e]ements emp]oyed "the more

elements connected by nodes.
accurate will be the temperature d1str1but1on ‘For the sake of hand’

calculations, -Tet us cons1der the fo110w1ng simple f1n1te
element mesh, which cons1sts of four rectangu]ar e]ements connected '

" with 9 nodes.

i 7' 8 \ JB
y ] I

"\- - h

£, Ak 3
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Step 2

Formulation of Equations for each finité.elément in the mesh.

From the results of 2.6.1, the

‘ matrix equation for a general |
4-node rectangular element with e '

is as follows

o) Itey 7 Loy

where S R A E '
| 5 1 =25 3.5
Key = % 25 - -3.5. 5 . 1
: . g
: 3.5 7 =By, v LA Lk e

Applying the aone mafrix formulation for.the givép.e]ements

in the mesh, the following can be deduced:

a) Element I

T2 ! ‘ = 02
_'.(.(e) - TS Qs
| T o L

b) Element II

‘Tz QZ

f

Ta 03
K ‘ "
-—(E) ‘Ts “w'l Qs

_TS_J R _QS_ I
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T

TAFY
v
o
o -

O L
—
.~
o
~3

o
€y
‘v".
[
N
LS

S
""
5

) Elenent v

',_j(é):,‘ |

TR A

bn wrie )
Pt 7R O

B %)

,%:' Step3

Assembly of the equations for theuwholedomam. 0

'Frbﬁ'the givenAtab1é,bﬁﬁéféduétfdné fﬁﬁ;ﬁﬁé_@bﬁie_qpmain_§re} :

Scanned with CamScanner



[l
w
<

[}

g ¢g-

§°2- .

G+

G'¢-

m1m1
G°E-

G €E-

§'e-

52~

S°€E-
G°€E-

g2

oL

1/ s+

NS,

S

NGz

Cgten

L

.Jm.m.w+m
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0 35 25 0 LTy
"7 ’2.5 l Ts
10 0 -2.5 -3,5 Ty ’

N
1
~N
(S,

. Unknown
N ASATTN,

Qe Cunknown

8,7, 3,76, 9 the reduced systehcan be' 1
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Solution of the Pes@lting eqHationB'

The résu]ting reduced équations are

Ll

07T, -77,. i gn
7T 4207 -77, = 355
-7 T'\ + 10 Tn =

150
which have the fo]]oWing §o1u£ion

Ta = Ts = T ='so°c'

Exercise 2.5 -

% mw«
,/jf,‘z/ g

Thg‘f‘n1te Element Method is a genera] numer1ca1 technlque wh1ch is
capab]e of solv1ngggﬁp"boundary vaTue prob]em L : '

’ To verify the above, 1t 15 requ1red to so]ve the f011ow1ng Steady state

heat conduction prob1em 1n "the two d1mens1ona1 wa11 shown below,A;:: t“:'.-’ ' 5

using the F1n1te Element Method

NSULAIED SURFACE gy
//////////_1;/1/ iy 2 4L 11'1 ‘q

'SL.JFZIF‘AC‘E - SUR.FAC.E.-'
AT ] LA
120 |-

T =100°C

D I//T//_f//////lT/f/lrf////

INSULATED SURFACE
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n .
s

Material 2'
_—

n

K, N
X ky

Governing Equations -

I
o
o
=
-l
o
(=
S~
=
S~
o
(gp]

For Stead .
.V"State, two_d-i . : )
mens 15 ,
tquation s = . ',Jonalf.heat conduction, the differential

) L
~ = K 2 v 9 N oT

_ S Y~ ) A N
where B A . | |

Kys ky ?”elthe;heét conduotiVitiesiinftné'xfand.y directions,

Q. p,is,thefheatvgéHErated pen.unﬁﬁ“vo1¢mg};;‘-

The equ1va1ent var1at1ona1 statement can be expressed as f011ows

n.

¥ ( ) ,; i ky.(i_T-_f Odedy

Domaln Bx.‘ NIRRT R
SioQrT dxdy .e'x‘fremum'.f;‘:.{-

Domam

. REQUIREMENTS, -

a) If the prob]em 1s to be so]ved by means of the 4 node rectangu1ar
- e]ement shown be]ow ARATIR b : Mo
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b | O ELEMENT LOCAL -
I | ol I  SYSTEM .

e

3
Rock b

X0

i)  Starting with

2
b7
[
47

BRICRINE ¢1_+ﬂ;a:k’-4lrjasy'-+-;2a;xy*'*z1i*;;¥u ;=*:'-:“

Prove that the field funct1on T( ,y) can be eXpressed in terms
of nodal va]ues and shape funct1ons as fo]]ows f~_:.,‘ ok

T(X,Y)»_?;:T Nl(xsy) + TZ Nz(x’y) '.Q.

+ T3 Na(X,Y) + TH Nh(xsy)

where ‘ L LA
C N = (xd) (y-b)/(ab) ¢
Ne . =pX (y.’-b)/(ab),

"N = Aj/(ab)

" Ny -;(x a) y/(ab)

i
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e € ressed
ons of the element can be expr

ii)  Show that the matrix equati
.~ as follows

Xe) Tte) = Ye)

where

Ty =dTy Ta T3 T )

-20+8

- -a-B
Loa-2B
o428 |

. a-2B

20428

-2048
‘-i'h—th .

20428 ea-B
204B
20428
i a-ZB'X

.

B = b]a ' : s

b) Us1ng the.mesh shown be]ow (or an_y other mesh) fmd the '
temperature dlstr1but10n on. the common surface between the two
materials of the wa]] ' ‘

7

L
“a =

e

s

o

ELEMENT

%

N

:.l:\ fﬂ‘

L : 9 :

ELEMENT -

1m

—

: 1'mf :
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3. ONE-DIMENSIONAL ELEMENTS
APPLICATION TO FRAMED STRUCTURES

3.1 LAGRANGIAN ELEMENTS
————— —RTENTS

310 Introductor Case Study
General Bap Element

i

The derivation of the 2-node bar element is discussed in Chapter }“
If the bar has 4 variable cross-sectional area, the accuracy of, Ahey
flnite element solution, for the same number of elements, <2 be

"MProved by using an element with more than two nodes. An 7 '
bar element is used for demonstrating Lagrangian one-dimensional
elements. The following standard algorithm is employed for the

derivation of element equations.

-10GE

fonce veel

Step 1
Define the nodal parameters for the element.
&__._——\

For an n-node element, with a local numbering system as shown below,

the following vectors are defined - .

®'® o | @
. . . AR L WL T
LﬂF L : gl

§ =1u u u}

Eal 1 2

where 'ui is the displacement value in the x-directinn. st
. th s it
the 1t node ' ,
.Eh

F. is the force value in the X-direction, at the 5

node,

Scanned with CamScanner



The actual loading system should be replaced by an equivalent
nodal system. The rules for such equivalence will be discussed
in Chapter 5.

Step 2

vepress the displacement at any point in terms of nodal displacements

and shape functions.

The displacement field function can be assumed in terms of the following
algebraic polynominal. :

or

where : i

|e
1"
-~
[}
(]
jo3
o

At x = X9 X = X5 weey X = Xs the following n conditions are
obtained.

U= o+ ax o+ ax’ o+ .. o+ oy
1 1 21 3™ '
u = o w ek e e et g Py MM
2 1 272 3o "

. n-1
Uy = Gk SOX X, F e 40
n 1 2 N 3 nxn

which can be represented in the following matrix form

Ca = 8
where

' ol
C = X j -] 0/ e 19 \{’
ij i ik
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J
i =1, 2, , N
J =2 s L
The above matrix equation has the following solution
ao= Ot
Hence,
ux) = [1ox afgt 8
| . -
Defining the shape functions N , N , ..., N such that
1
n
u(x = .
(x) iil ug N,
S R A
where
N = § a0 N
N { J N i }
it can be proved that L
3 P
n _ S Je
Ni(x) = I lei X
j=1 /
-1 . -
where Cj ; is the value at the Jth row and 1th
b

column for the inverse matrix c!

Step 3
Exp

ress the strain(s) at any point in terms of nodal displacements
and shape functions. '

N ——
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“ B
ég From strain-displacement relationships, it can be shown that the
»"':fil/, non-zero strain component is
du n dNi
€ = —_— = z U,i —
' X dx i=1 dx

which caﬁ be expressed in matrix form as follows

£ = B8
where’
e = U gl |
[ dN dN ' dN

B = i —-—1- —-2- AR _.' ? _'l

- dx . dx. dx
Step 4
Express the stress(es) at any point in terms Of nodaZ displqcements '

and shape functions

For a linear elastic material, it can be shown that
o, = E €y
where
E =. Young's modulus for the material.
Hence o, z.D g = D B ¢
where
o = 1lo}
o = [e] |
‘ i‘ii-‘ |
i
2 |

RLATTT

Ex?ress the total potential energy of the element in terms of'nodbl

7.

displacements.

% s

B
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5
/ X . v - W
\\'hgre
/ element,
/ of the
/ the total potential energy i
is th . :
X is the element strain eneé ay» 9
[' e by external 10d

W is the work done
it can be shovin that

for a linear elastic material,

rrr gbo dxdydz

element

U = ‘1

Hence,
U= 3 " (s BP0 B dxdydz) 8

element

¢ Lo s e n i at
The definition of the equivalent loading vector F implies th

W = gtF

—

Hence, .
i g b t tr
X= 2 6 ( J/J B D B dxdydz )§ - 5 F

element

Step 6 |
o A
R

arply the minimum total potential energy theorem ﬁay

© Hence, it can be shown that

(777 8" D B dxdydz) § -F - g

element

i.e. _K§=£

where

t D B dxdydz

element

which is the element stiffness matrix
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T
= - BENDINS fLEMEN
s. B ,
- FUNCTION
-~ HERMITIAN SHAPE |
3.2 HE | | |

s 66‘-
O“C".\ X
. ée
; y
o) beun-pending T2 ory is based upon \“1599x
ynouilli beam-bending e 3
The conventional Euler-Bernoul .
the following assumptions
| ,sith the beam
" ared with
i)  Lateral deflections are small comp ’
thickness.
. - . and linearly
ii) The beam material is homogeneous, isotropics
elastic.
111) Transverse shear is negligible.
iv) Plane cross-sections remain plane after loading.

SUCIEE B B me.? %
A q
1 ’. b | Mot waf 8 .
o Bin : ‘ -ﬂkA;r.~.éﬁf::
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Consider the beam shown in the above figure. At any point (x, y, z)
inside the beam where the x-axis is assumed to be the beam neutral-
axis, the displacement components can be assumed as fo1lows

/

1) The vertical displacement, along the y-axi%, approximates

to the vertical displacement of the neutral axis.
/

11)  The z-component is negligible.

111)  The x-component is a functiOﬁ/of y and the rotation angle.

Hence, it can be deduced that oo P ;
e <d,
/-‘r_'(. = 77 .
= 2 i
u = -y-— U(72:%/% |
bofodl ,
7 |
\) ( i ) "’
v = v(x) . g
w = 0 !
: 4
where U, v, and w are x, y and z displacement components, i
; il

re pective]y.

=

It is clegr that the field function of the beam-bending problem is

e e ——

the vertical d1sp]acement v.

Consider a cantilever as shown below L

| 3

< 20,/ .

]

1

]
i
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The boundary conditions are

\
’ AQCYO
dv _
v = 0 5 == = 0 : ! : \\OK,G
| 9 roblems where the

~ at the fixed end. This case represents @ C?ass o; ?ts first order
boundary conditions are on the field f”nct1?n a? discretisation
‘derivative. Since the basic advantage of p01ntW1$e onditions, the
s to obtain automatic satisfaction of the boungahy C he field
N0dal parameters. for sych a class should contain bOth t-e discretised
ffunction and'its first ordef'derivatiVe. If ;he doma1n-15 b
Piecewise.into 2-node elements, the nodal Paéameters w1108

{ v, e v}
2 2 /N @ @ -
where 1 and 2 are the Tocal v/: ' b ?
numbers of element ."/
/
nodes. g /

/ i P
The matrix equations for such an element can be obtained by means of
the discretised Rayleigh-Ritz methpé; However, it is useful to
employ a standard algorithm which 'is applicable to most structural

analysis prob]gms. ‘ Péi;l:@Z@f;_ﬁgééﬁ:_fffgéiifz"“f“"‘"‘"

b)  Steps of Element Stiffness Matrix Derivation

Step 1

Define the nodal parameters,

lDCCl/ 5jj,{'”\

There are two types of nodal parameters,

1) Nodal Displacements

These are defined by the following vector:
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s = { v © v 0 }

vectorial signs are employed as shown below

Note that
dv ;
dx ’

y |

. /* Vi AF .'.f/‘,l.vz‘
v L.

Pestive tﬁsﬂacemedt -

ii) Nodal Forces
These are defined by the nodal loading vector,

F o= {Q M Q M }

1 1 -2 2

Vectorial signs are also used as shown in the figure below

Step 2 ﬁL

Express the displacement at any point in terms bf nodal displacement

and shape functions.

p V2
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and N
n N
A o= T
J R=1 i~7R
R#J \ \
/ Example - Three-Node Element

//

!;‘v @ @ @
o E = -
4 >
4

g = 0 £ = 3 £E-=1

Using the Hermite's interpolation formula, for a 3-node element, the

shape functions can be expressed in terms of £ as follows

(1+68) (1-8)2 (1-28)7

g (€) =
h(€) = £ (1-8)7 (1-2)°

g () = 1688 (1-¢)°

h(6) = B (1-0)7 (1-2)
g () = (7-68) & (1-2)°
ho(e) = -& (1-¢8 (-2)

Step 3

Express the strains at~dny point in terms of nodal displacements.
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e R ]

The : '
Vectpr of felevant Strain components can be defined as follows

E1X1 = L
and
L d?
PARRER .
dx?
4
From v(g) = z
=1
Tt can be shown that
v(g) = Nt s

where N = {n N
- , N

dx

| X))
- ionships
From strain displacement relatl
‘ d2v
€ = .—aE = - y ———;
X oxX dx
€ = _3_\/_ = 0
Yy 3y
€ F LI
9z
'ny = ﬂj_ + ﬂ s ) gl N
% ox dx
Tz LR T,
ay 8z
_  ou
YZX =- O oWy 0
0z Ix

dv
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or,

where

Step 4

Express the strain components at the point in terms of nodal .

displacements.

i
il
[

—_L
i e =

B s 2 i

The relevant component is Oy i.e.

TSTEEET

T Loy ’ _ \
=D&
where | L
21)(1 - [E] 2
Hence,'
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,LV /

; &5
Step § ot in texrms Of nodal %ggi/’
Lem
a1 energy of t1¢ ° et
.Expz'eﬂs the total potential € -
displacements.
| t dxdydz
(i) v = 3 5 g9
element
- 3 srret Bt D B dxdydz
= 3 &t (g7 Bt D B dxdydz) 8
= 3 it 0B g
(i) oy eyl
‘ E
il _ = 3 st (g 8t D B dxdydz)s - & F
( . ,
Hi
Step 6

_\Using the given matrix theorems, it can be shown that
\\

( 171 Et D B dxdydz) $ - F = g
or |
Ye) 8 = F
where . ; ;
‘K(e) = ﬁt D B dxdydz
element
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o

5 MMERICAL INTEGRATION (/¢ Qm\,mw,}bﬂ aw‘ﬂ%tm %
u,(t"'q ’\un\éh(:;v/ ’7[,01\;/“ L. s

a numerical value for an integration can be estimated by employing a
quadrature formula, such that '

fb :
f(x) dx = W, f(x:)
. i1 ) 1 T JY
%8 / ; i=1 }, ol A/lo‘.,, S

where n is the number of quadrature points, X; and W, are the values of

and the weight coefficient at the ith point respective]y./

i SYAY

v D, ) o
) \ v oA Cansl 125405 C
a) Gaussian Quadrature ey (

C i er
Since the cost-of any finite element solution 1s influenced by the numb

of quadrature points, it is economical to employ the formu]a which leads to
'sufficiently accurate results with the smallest possible number of p?ints.
It has been shown that'qﬁi best one-dimensional formula is the Gaussian
quadrature. Any finite Tntegral expregsian can bé evaluated by means of the

Ry

Gaussian quadrature technique as follows:

a) Mod{fy the inteération limits,

,ﬂ( £.00 rf'.:. ;!,',- . . : 3
- rb b-a: 1 ,/ I‘
j f(X) dx = — f(u) %

. 2 ‘/’/"";"//,_, .

b) Evaluate the modified expression

1
f f(u) du =
1

=1

H Fug) + R

A

n oS
-—

hY

where
-~ b-a i
X, = — (i+1) + a, and
i 2 e
Uy Hiiare the abscissa and weight coefficient of the ith

quadrature point.

The derivation of the Gaussian quadrature can be reviewed in Reference 3.1,
where the following results have been obtained:

.
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(UL 2 R (| /

equation L (u) = © n/
. by:
. v
(ii) The weight coefficients are g/e

Va2 2y
Hy = 2/“ Ly (“i)] “-u'/)J

i€ expressed by:

(111) The remainder term

"]<(1<]

Hence, an exact estimation of the given integration will be obtained if
F(u) is a polynominal of 4 degree up to (2n-1) ‘

V) Modified Gaussian Quadrature -

ﬁfnf: Sj:;:;:"]:::::gt::z s defined within the ianrva] [-151J, most
description of intrinsic c:Zr:?ve e s o ’"t?rva] ki
the natura] infiragi fort mf“:tes of the n-hypercubic g?ements. However,
decided here tg otk e n-s?mp]ex elements is [051]. fHence, it has been
for all of the intringic ae (50’0 Interval, for this work, as a unique interval
“the origina] Guassian e coordinates. In order to achieve that,

N Auadrature has been adapted to suit the[0,1] interval as

it can be shown that
a; = (]-- us)/2
“n-ie T T - Ay

w = =
1 %hiﬂ %/2
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where

i = 1’ 2: ceey My and

3
"

n/2 if n is even,

(n+1)/2 if n is odd.

The parameters of the modified quadrature have been derived from
Gaussian parareters (Ref-3.1) and shown in Table 3.1.

i)  One-Point Formula

Feg)

1.0

=
]

0.5

Y
[}

as shown in the above figure.
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ii) Two-point Fornul2

o —
—h
—~
™
——
Q.
o
n

e = (3-y3 )76
Ez = (3 + \/3 ) /6

The exact answer will be obtained if f(£) is of degree up to 3.

1ii)  Three-Point Formula

F(f)
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2 6
W = 5/18 = W
1 3
W = 8/18
2
e = (5- V15 ) /10
g = 0,5

£ = (b + \/15 )y /10

The formula gives the exact answer if f(g)'is a polynominal of

degree up to the fifth.

gggrcise 3.2

a) Using Gaussian-quad?ature, prove that the stiffness matrix for

the 2-node beam element is

12 6L o N
6L 4L2 gL Ee2L?
Ke) -7
A A 12 -6L
6L 2L2 6L 4L2

) For the shown cantilever and using the finite element method,

ind v and 6 at the free end.
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4.

THO DIMENS 1Oy,

ELASTICTTY PROBL F1 41l 2%

PROBLEM DEFINITION

generally speaking, most en

. gineery
put by employing some acceptable agg Problems are three-dimensional,
pr

reduced to one- op s i OXimation they may be

B Cicity oron two-dimensiona Situations. A three-dimensional
"oblem may be g . : h

& PP“Oxnnate : . _

5/ or a plane-strain, two dimencs d into either a plane-stress,

' " €NS1onal problem as shown below.

A

a) Plane-Stress Problem

¢ A

For the case of a thin membrane under in-plane XOa?ing,’it ?an be

assumed that . 7>

z Xz  yz

L 7 ’.4 !_~l Ve AP f.“ 7',_
o/ - | AN )= j |
Hence, : : K{???> 4 Y.

= = 0 LA
Txz Tyz ;
€, $# 0
0.€, = 0
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The vectors of stress

follows

2 ( € L'-'y ny
elastic material can be expressed
r

and the strain energy for a 1inea
as follows

3 7sr ot e dxdydz

(==
n

o
st ofe dxdy B 7.,,;5(261/1 {’: -
I/)Qi’\) mdi“ W'—: _{4‘-%( - (e ( noY |
anctbsid 1¢ ?a ‘ | /./47’47‘1'

t an Q" 1 o @ e &V

b) Plane-Strain Problemf®

/4
t. 9% e (v&S vee oy (3 oLy |
fg””é vy treee ! ﬂﬂ;n\o a__ 1
s cal pwe ( . /
9n plang (T3 [ ebe .
; Uk /
Hae (o8 VT .

it et JEinyos |

/7(114&2fxfﬁ;71¢/6 Y Jie 4/;//// ‘ 21;7 AQQZ‘O Q£¥1

SFrai i pheth all _/M ﬁ&()ﬂ amjm ‘Z’ g e Lre ] 1
om Qg ot

For the case of a three-dimensional structure with the following
|

conditions,
. i) the x-y plane section is the same at any z, Uéé*“ ﬂ#”"‘ ?;
“ ii)  there is.no force component along the z-axis,

iii) the x-y plane loading is the same at any z,( “-=<«"" /

Scanned with CamScanner



formation is the same at
: it can be assumed that the state of de
i any, z, i.e.
lf fl)’?‘ 3
ke
1;{ |
il uo=u(x, )
;E = v(x, y) :
I W = constant | /
and 9 : )
(any property) = 0
az
Hence,
£ & i
z YXZ - sz = 0 :
02 # : g.e_ =0 (:2 = ’(/
and e
g =
L] fox o, Ty }
e =
=T R gy ) - ‘ |
U =% mra* e dxdyas

=} JIt gtgdxdy

where t = element thickness along z-axis.
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LEMENT

02

Step 1

Define the nodal parameters: _ @

v

The element has 4 corner nodes and 4 straight ]1ne sides. Rectangu]ar ’

and parallelogramic elenents are special cases. Using a‘lggglﬂggga] ij?Q?Qfﬂ

numbering system, the element can be defined as shown in the above d

figure. Neg]ect1ng the d1sp1acement component along the z-axis, the
nodal d1sp1acement vector can be def1ned as follows.

S ={u v u v u.ly u

and the nodal force vector is,

£ ) {FX1 F.Yl FXz ,F_Vz FXa Fya FXu Fyu}

which is eqUiva]ent to any real loading system.

[ i . .
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Step 2 ‘ > point in terms of n
Express the displacement compo'"e:te : V. n A%
displacements and 8hape paetpeL th hode as et Tﬁ;/{;
i no b
Define the nodal displacement vector at/f?f(¢} (0 gy 2;;/'0#);'n
' < dl ~ : r. . a
.ai _ Ui ;\/-{: V]- i / , d J o Co g ‘,\
i point (xs ¥) 13 to be expressed \

>
The displacement vector q at any

4 : '
T(xy) = I CH P (X’Y))

as follows,

where |
N,N,N,andN are the shape functions.

1

Hence, it can be shown that

and it is required to formulate the shape functions.

For the case of the 4-node quadrilateral element, it can be

assumed that

u(x = + o X + a + o X
(..y) 1 L J R/

Substituting these values at the four nodes, it can be shown that

u = a0 + aX + oy + a Xy
1 1 2 1 E y 171
u = a + 0oX + oy + a Xy
2 § 2 2 3" 2 ¥ 272
u = a + aX + a +  aX
3 1 2 3 3y3 b 3y3
= + aX + a + a X
u e s A R
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J
)
ot
- sl TS 3 d@“g“
ol :
1
o
.)’l xxyl ! u S
o 2
.V2 Xzyz 2 =
ua
a
.Ys xays 3
”
o L
Yy xu‘ylo__J 4] — -
tions in the
'

This matrix equation represents 4 simultaneous equa
4 unknowns a,, a,, a3 and a, which can be solved. BY substituting
back into the u(x,y) expression, the shape functions can be deduced.

The major difficulty is that the shape functions depend upon the
nodal co- ordinates and for every different subdomain the previous ,\
procedure of shape function derivation should be repeated.

e e e~

/’It is usefﬂ D\t/o\/fmp]oy a local system which is simple, unique and
.'"dePEHdent of the global system. Such a system is known as an
htrinsi SyStem_ nd its co- ordmates are the@@
us discuss the umque 1ntr1ns1c element in the £-n
system and then try to correlate the ¢-p system with the x-y system.

0
(r:e very good idea, is to transform the quadrﬂater'a] element into a_
quare of unit side length as shown bey v ,”ﬂ,p_,/;,r énpgf i

g
J &
!
/ ( o l) I'd '/"’ @
<£17)
= W r X *L o ?
(9 0) (Loj
Element in pr tesian flg’m'enf in Intrinsc
®-d  Plone . £~ Plane
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A rectangular element shape functions can be employed, where

Nooo= (-8 (-n) -
N
N = &n |
N, = (1-8)n
and.henée'
o .
u (&, n) = jf] uj Ni(ﬁ, n)
4
v (€, n) = 151 v, -Ni(E,fn)

The problem now reduces to one of obtaining the equations of

the transformation

x (&, n)
y (€, n)

X

Y

Another valid idea, is to assume that x and y are field functions
defined within the element domain in terms of their nodal values

and that they obey the same interpolation formula, i.e. 9 !
% i H

y/aa i i

x(8,n) = x N + x N + X N + x N ==y il

1 1 2 2 3 3 b L} ;

n) = N+ N+ oy + « gt b

y(&, .n)‘ y N y, N, y, N, y, N, £ \

Such a transformation is known asf Isoparametric Transformation’ : !
) [ con ;

ey ¢ cecJ oy comstaness T (Lof? D '
pon ol & used TP //Zzlﬁ fic el e £y
77(/ Q/@O%W( and w- %W{%' Sk

&(/ZMM T p ﬁjﬂ 4

i of Lo T
WZ&WMW 5 &7 (- g
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/
/

/Lmlly, the displacement vector q at any point (x, y) can be

jxpressed as follows b///////,

o
"
c
1]
=
s
o
=
N
o
(@] —
w
= o
o -
&
= o
|on

Step 3

Express the strain components at any point in terms of nodal

displacements and shape functions.

Defining _ :
§ = {u v u v U v oudkv o}
- 1 1 2 2 3 - 3 L b

it can be shown that

I
-
=
o
=
)
=
o
=
o
|

u(x.y) g 0N : )

o
=
o
=
o

From strain-displacement relations,

f oN oN oN oN
e = M _je 1 9 —2 0 — 0 — 0)
¢ ax 9X X oX X

o | aN aN
e =94 - (0 — 0 —* )
Yoy 3y dy

g N

o By  ox By © ax. Ay X
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/;’ it can be deduced that
/ e
/ '3‘;
/ £ = B §
/ X1 Xp oX 1
where 3’%;4
e =1{c¢ s i
= Ty ! gt |
I8
f\
} ¢ i1
= , o
— 0 —= 0 i
axX CoAX b
aN | N :
B = 0 Fo 0 o, b
o oy '
aN aN - aN 3N |
ay 9x oy X i

co-ordinates £, n it is useful to deduce the Cartesian derivatives

in terms of intrinsic derivatives. Consider the ith shape function,

and apply the chain rule of partial differentiation.

oE X 9E 9y . - 3 |
I o ! ‘
oN. | aN. IN.
__1.=_1£(.+___l§1
. an oX  an ay o

i
|
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f ‘]O,-
\\‘-‘ (
4 matrix form b
[ '\//
/ \1 / 1y
Sl ST — o
[ o,
% 0x
:i(u) '
E,n
| o
Y
‘where
[y
J (XX - | % 9
L) En y
x oy
_an.v an

\

which is known'és the Jacobian matrix.

Finally,

/[ on
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. ] .Y“-yl -(y 2“.Y 1)
J = T
-— A _ _
(X,. Xl) XX
N, | "
oN — / 9
i —71 ;
LA - Ay 1
A /
oN / BN1
_'a; L-.(x"-x ) xz"xx__ am
or explicitly,
aN r 9N. oN
P = l. - /1 - -y ) —_—
» : ‘f% y)) (v, 7v,)
oN. oN. ZBNi
= = l "(X - ) 1 + (X _xl) e
By A' i 4 1 - ag 2 an

o express the Cartesian derivatives

Unfortunately, it is not/easy t
of a shape function in terms of its intrinsic derivatives for the

general quadrilateral element. A numerical solution should be

employed.

Step 4

Express the stress components at any point in terms of nodal
displacements and shape functions.

Define g ={ o, Oy Txy}
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absence of initial and thermal strains (and stresses), &
e . " }
Lo oxpressed in terms of € for a 1inear elastic material

fo]lowS
}
]
: '/l' )
. Henceés A , ' y 0
g = D0 B 8

—

stress-Strain Matrix //K

From theory of elasticity

] | - + )
e, = = ( oy \)(0y 02)
E
€ = - (0o - \)(OZ + UX
Yy Ok y
e, = 1 (o, - v(ox+'oy) )
E
- 2(1+v T
Txy g Xy
. L 2(14v) T,
yz E y
_ o 2(1+v % ‘
Yoax ZX
ZX E
,\ [\'u"/ /\ \'\\ P
a) Plane Stress ""’Q 1 i
= = = 0
o, = Tyz T2x
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_ 1
€x' - E- (o - \)gy )
€, = l (o - vo )
Y E Yy X
/A - D _
/ Ex' 1
/’ = l
g € E -v
/ | Y] N
Hence
Ox 1
. = E
o] -
y _J v
From

Also,

Hence, it can be shown tbat

o= D ¢
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]UL\F
[ —— v ’.'.“Z Y
1 +H meL (vn Z /
g 0 97
o N ;'-T}j’,,{ﬂ
" (are  (T7°
T [
0 o Il
- 2 |
b) Plane Strain
2 T Vyz = Yzx = 0
=0 =l(0-\)(0+0)]
E Z X y' -
1.8. Oz = \)(ox + oy) B
\ Con! v
o \ G
g = E(ox—v(oy+oz)] \
= —]—(o-v{c+v(o+o)}]
EX y Xy
= -]—('(]-\)z)o-v(1+v)o )
E : y
_ /14y
_!/”—‘/ (1 -v) ox-vay ].
Similarly,
E=ﬁ((]-1§)o-v0)
or
= —_— — -
®x 1-v Y r—ox
= 1ty
E
4 Y 1-v g
T ~J L YJ
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HenCEs

g
X
F = L ( 1 F o v EX
‘ \ i i

Vf and it can be shown tpat

VAL Ixy ) T .
where ' 4 ' : ' ;
| |;Lﬁ

/
/

’ r;_' v v 0
D = E ' . ' :
— —_—
(1+v) (1-2v) v b= 0
0 0 1-2v
2
@ = .Y
SteE 5

Express the total potential energy of the element in.terms of nodal

displacements.
X = U - W
u = 3% JI/ gtg dxdydz
element
o= st F
From the previous steps
g2 g0
g = D B g
_'qt - ét Et P_t
- 8

(D is a symmetric matrix, i.e. D = gt)
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B
A
-
-~
-
| o
o
o
=]
o

) dxdydz

é
4y
|

\
N
|o»
~+
———
“'
&.
-
|
+
o

o R p e

E dXdydz ) S

I

A
i
o
:
(4
1
i -
n
YR
r{‘
donk
%
el
e
1

PN
R SR
‘JM&
ot

+
A A A v

t t .
3 8 (JIJ B'D B dxdydz ) s

e

e

e

KRG ol

step 6

ey Ehe bz t?taz -potential energy theorem. X = i oA, g
X =g - (/5B D B dxdydz ) & - F

38 .

or

K 6 " - :

—(e) - L .

where §~

= J/I B

element -

Kie)
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i.e. Y_ai L
13 d&dn
Cdh = ]
X o
S g ()] dedn
Esn
Hence,

11 '
- ¥ J| d&dn
K(e) = f St B D B Ll /V( ol om—f 017

I’L lw( (Lv{ ?*L’LT,Z“ Wﬁ“ﬁd} 7 f[ )VL)/ /ﬂ /n/'é

rcam aﬁf
The Doub]e Inte;?;t1on Problem 427
Z 4
(o | { a - v)
l
: |
| | !
23 __...__E;]._-._..-.._.--_?-.-—--- —-?J-——
7, |—o—th e
WA 7 727 A,
Z, Ly i e
(00) % 5, S (vo) e 8
1 1
/ f (g, n) dedn -
o0 foe b e T
1 I
= S { J f(&n) 38 } dn
0 0

Applying the modified Gaussian quadrature:

1 n
= f { r W f(g.,n)} dn
0 r=0 v r
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v ¢ 24
- //f//(/dﬂk‘)

_ \
RTIES OR CONVERGENCE CR;TERIA

4.4 SHAPE FUNCTION PROPE

: . : ditions in order that
. atisfy certain con i
The shape functions should $ ’ to an accurate solution.

the finite element solution may converge A g
_ T gp
a) Interpolation Condition f 7gl
' L
! 22
N ., n.) = 6.. (The Kronecker delta) !
i (Egom) o= gy ( )
. 7 A
Physical Interpretation | /
» ' O~ b (///
u (&, n) = ul N(Em) + u N (E n) t .. 5 ¢
At the Jth node, ; i : 0.
u (€°s n. = u. = 4 3 . A h . +
i ") i e ny) v Nz(;J’ nJ)
Herice N. ; -
SR B "
€ 3)
W3 //
bl g . 8 trct ety o)
) Rigid Translation Condition Ginfﬂzwh_ v
n
=1 V7 .
where n = number of element nodes | ' o
: ' | o At _,i‘(f a i ake ‘h/ g f 2
Physical Interpretation ' ‘ RN P Vo T 0
i {[.ﬁ:r £ l " y(k;u
0 / 9 [ AN

If the element is moved rigidly a distance c along the x-direction

;. = = u = C = U(E, n)
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=27 .
’ n
i, n = I e i n
ol i1 N o= e Tt
.:I,: oy i=] 1 // =/
/A b e
c, if "
y 1 Z
'i:]' N1 = ]

X : 1 R o !/ A= 47 f
, }Bﬁﬂﬂ.ﬁ9tat‘°" C°"ﬂl§19g A [ g /jm,{
f

n
a+ BX. '
.1'51 @ i Y5) N (&, n)
= Qf Bx + Yy .
. . | i .
physical Interpretation e A E

~ Assume that the element is rotated rigidly,

u(x, y) = a + OBX + Yy
: u(F,,-n) = L u'i N1 (Es n)
- =] X _
nv . L
= I (a+Bxtyy) N(E n)
i=1 .
= C
(\/‘,6 //E//_,,,,

Result —
Any 1So§arametric element satisfies the rigid rotation condition,
‘MM )

so long as

. N, = 1
i 1

ETH o -
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/ANGULAR_ELEMENTS

of employing quadrilatera) elements, each dril

. B replaced by + : s quadrilateral
L C . : Y two triangular elements. Triangular
ats are very lexible for dealing with complex domains.

g:ﬂggngriangu1ar Element

I . ®

(:) ,

For the case of a 3-node triangular element, the EEQEl”!EEEEIE,are

defined as fo)lows
§ = { u v u v_ou L

- FoF Fy
i s Fyy Fyi Fro Fy2 "xs 'ys }

It is required to derive three shape functions N1’ N2 and ng///
~ such that
u(x, y) = u N + U N + wu N3

v(X, y) = Vv N + u N +A v 'N.

It can be assumed that

u(x, y) = o + ax + @y
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Hence,
f-u 1 X Y
"1
U2 = 1 X2 y2
J ‘ua ] x3 y3

By solving the above equations for @ s and a and SUbSt?tUt7n9
back in the u(x, y) equation,- the shape functions -can be deduced.

Cirect Approach A

b

conditions for the shape

!,

By selecting the three independent

functions as. follows

1 2
XN + xN + XN = X
11 2 2 3 3
y1N1 ¥ y2N2 2 yaNa =Y
ie __
1 1 1 N 1
1
X X X f N = X
1 2 3 2
&
yl y2 y3 N3 y

three linear equations in N;’ Nz, N3 are obtained. //////’—d

Applying Cramer's rule

1 1 1 1 n
N1 = XXX / X 1% %
y Y, Y, AR AR
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Y f
LI 11 /
X X X v
X X / XooX, X
yl d .yS yl yz ya
1 1 1 1T 1 ]
X X X / X /; X
1 2 1 2 3
y, ¥, v oY, Y
Geometric interpretation | oy 11 ///

J $

{
From analytical geometry, the larea of the triangle abc

= habc = 3 1 1 1
X, X Xe
Ya Yp Ye
= 3 1 X3 ya
1 Xy Y
1 Xe Ve
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t are 8° fol 177
_of this elem
The shape function® ° J
s
RTNE
1 L (3[—1 1
N =~ 0
1 2 .
9 - L (3L1 i
N =, 1 2
2 2 '
9 L L (3L2 - ])
N = 7 1 2
3 9 2)
N B} 1 L (3L - 1) (3L2
y 2 2
9 L@ -1
NS = E Lz 3 2
_ 9 Lo(BL -1)
Ns 3 -2_ Lz 3! ( B
A TR VN C
7 2 3 f
/ g
N U T T | B ‘
8 2 3 1 3
Neooo= 2oL @0
©9 2 3 1 1
N = 27L L L
10 1 2 3
¢) Use of Intrinsic Coordinates (€, n) v

In order to overcome the difficulties which arise with area coordinates
the shape functions can be expressed in terms of intrinsic coordinates.

i)  The 3-Node Triangular Element

2 M
(o°) (L0)
Ao C/lemet 1 LAatriase Llet oy
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/
ol

§
/

() H,

¥

;jhgider the 3-node e
&

lement shown in the above figure. It can be |

|l
|
= + aftt+ on
u (E, n) a + abt o |
i
u = 0 I
1 1 |
= o0 + G :
uz. 1 2 Lfﬁ
u = o + 0O ‘
3 1 3 e
Hence, 1
’ o = u b
1 1 I
o = u - \u
2 2 1
a = u - u" i
3 3 1
and }
i

3 1 !
i ‘»l‘
|

=
—
st
-
3
-~
u"

u E(u2 - ul) + nu -u) KF;

; \
u1(1-E-n)+u2£ +u3n ' i

. O 3 . = + u ) il
Comparing this result with the formula, u Ll u + L2 u L3 \ il

" it can be deduced that

1-g-m =17 .

u

L = &

. The’best_course.now is to employ Argyris' theorem for the derivation
of shape functions, it is then possible to transform from the

Ll-Lz-L3 system to the £-n system.

The use of E-n coordinates will allow the employment of similar
expressions for the Jacobian matrix and Cartesian derivatives of shape

functions. This approach can be extended- to the 3-node element ?

as shown below.
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From isoparametric transformation

’ X n
x (1-.6-n) # x,g * 7

X = x4 E(x2 - xl) + n(X3 - Xl)

i.e.
1
Similarly ' )
_ . ‘ ) + y
RARE A y) o+ only, -y,
| EX
& | . : X
=J (2 J
N €,n | /
Qn ay t
where
x  ay
ok - 3
J(2Ly) =
€,N :
@y
an -an _J
. X =X y. -y
2 1 2 1
X - X y -y
3 1 3 1
[
1 X y
X - x' y -y 1 ]
— 2 1 2. 1 = 1 X y
l J I - : y -y 2 2
x3 1 3 1 'l X y
3 3
= 2A :
tawn & = area of the element A
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X
oN.
3y
- k . I ,’, ,."‘ 54 e /"/ .
. ', At S !r,{,’,' \-\ /;\(,..,"‘ c o” ;
Exercise 44 YV o Aot (Jaé o

Prove that .

il\_‘i =(_)]__ (x, - xk)
oy 2A J
where i, J, K

= (1, 2, 3) in any circular order.
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METRICAL E
A)(ISYM LASTICITY PROBLEMS /74«/7/":{"'-' e

j tﬂca1 Description 153
?ﬂe qz | %&}
| S i
| — i
| j,;:i
Lo ::“‘"
z

\ ~ ‘ i
"6 g , 4

Consider any SeCtiO“ in the y-z plane. The body generated by rotating
such a section, one complete revolution with respect to the z-axis
is known as an axisymmetric body. For such a body, witﬁ thé z-axis

as the axis of symmetry,'it is useful to use cylindrical coordinates
(r, 8, 2) to describe any point, where '

X "

X = r cos b i
y = r sino | - i

l
7 I 1

Conditions for Approximation

In order to approximate the problem to an axisymmetrical elasticity
problem the following conditions should be satisfied.

i)  The structure is axisymmetric, i.e. the cross-section at -
any 6 should be the same.

ii) There is no loading component normal to the r-z plane.

iii) The load distribution in the r-z plane should be the‘same at any ©
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the above conditions, the following can be assumed

There is no displacement normal to the r-z plane, i.e.

where U u

pr Ugo ug are the displacement components in the

r, z and 6 directions.
: {

{ 'i,_¥
Following on from the previous conditions and assumptions,‘it
be seen that the state of deformation and loading is the same at
any r-z plane, i.e. the r-z cross-section can represent the

3

can

whole structure. The finite element mesh can be generated as 3
two-dimensional mesh in the r-z plane, keeping in mind that the
real domain 1is three-dimensional. Each node is a ring in
3-dimensional space.

fxample of the 3-Node Triangular Element

The difference between axisymmetric and two-dimensional elasticity
problems can be 111ustrated'through the example of a 3-node
trianguiar e]emenf. The steps of the derivation of the element
equations will be reviewed in a generalised way.
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Step 1
Define nodal parameters.
For any n-node element
- TR }
g o= Lo g Uz T
1 1 2 2
= F }
> t P 2 P Fs Frn Z,
1 1 2 2

lement, as shown above, the nodal

" for the 3-node triangular e

Hence,
displacement and load vectors are
s = fu. u, u; Uy u, }
1 ¥l 2 2 3 3
Fo={F F Foo Fy FooFp d
2 2 3 3
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'J Ewpress the displacement components at any point in ‘terms of nodal

dinplaaementa and ahapa funationa,

} 7
® N )

¢vo)

@Lo,o)' @ '

n
u, (8, n) = f -

For the 3-node element

u = (N O N O N 0) 8
r 1 2 3 -
u = (0 N 0 N 0 N 8
Z 1 2 3 -
where
Noo= 1-&-m
N2 = £
N = n
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Step 3

. . s of nodal
Express the strain components at any point tert ,

displacements.

For axisymmetrical elasticity problems:

ou

r
£, =
ar
£ 3z
u' )
66_ = ._.._r-‘-
r
aur; BUZ ] f
Y = — + — f i
rz oz or b
Yo ° Yz 0
Hence, for the 3-node element
B 3N N |
. = 1 g =20 —2 0 8
| or or or |
[ aN aN N |
e = 0 B o —* 0o — 8
2 | ez 3z 3z
rN N N
€ = _1 o -2+ 0 — 0 8
0 L r r r y
N aN N |
_ aNl Eﬁl Eﬂi E_ﬂ B R L)
Yrz 2 or 9z or ¥ ar |
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o il
/1t can be shown that
| I
I where
)
€ =
= Le & “0 Yrz ) ;
]
oN N ' N
— 0 —2 9 3 9
or ar ar
oN oN oN
6o 4 0 2 g _23
9z o9z ¥4
B =
N1 N2 N
—_— 3 f
N 0 -2 0 = 0 Y
r r ¥ 3
oN oN- oN . . oN oN oN
—1 _ 1 2 2 3 3
0z ar 0z or 0Z or

- The problem which now arises is the formulation of the derivatives
with respect to r and z. Using the chain rule of partial
differentiation, it can be deduced that

o . T
o0& or
=g(§—’—z)
n
M ’ on;
an 0z
where
r—.gg 9z
r,z —
J (=) oF 13
Esn
or a
an on
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2
and - i r— |
N, M
e 14
N S : 2 )
o, S N,
RY4 | Bn__

For the 3-node triangular element, applying the isoparametric

transtoirmation:

"
=
=
+
=
=

-+

=

=
w

r(€, n)

n
-~
e
ury
—
-

"

1
-

—

- S
+ .
3
Camn )
=

w

]
-
N

N
—~
Al
-
=
SN
]
N
+
Y
——~
N
]
N
S
+
=3
——
N
1
N
SN
'

[ —
¥ rz rl 22 ) Zl
(22 -
& ro-r z -2
B £ 1 3 1
[J| = 2A, where A = area of the element,
_ %y T 2 -(Zz i Zl)
gt (I‘.’_E ) = 1
5"” 2A -(r -r) r.-r
3 1 "2 1

Express the stress components at any p'oint in terms of nodal

displacements.
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£ = 1 ( o - via + 0g))
55 r E r z 6
§
/ :
4 cz--E- (UZ-V(0r+”9)]
Y., = 20ty Tz
rz E
it can be deduced that
g = D¢
where g
’ _g_:{o'r-gz oe Trz} i
= a
1-v v v 0
v 1 =-v AY 0
D = E , ,
(1+v) (1-2v) v v 1-v 0
‘0 0 0 1-2v
2
Hence,
s =D B8
Step 5

Express the total potential energy of the element in terms of nodal

displacements.
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Step 6

Minimise the total potential enez'gg'/ of the element.

u-W
&
jpr o e dlven)
element
y /8 B D B & d(Vol.)

X - 0
36 T
(s 8t D
L i.e. K
~(e)
where
Ke)

o
O
ot
D ST
\
'ﬁ
™
o
| o

{o

- 47 -

!

;if B D B d(Vol.)

element

d(Vol.) = dxdydz

in the x-y-z system.

From the previous analysis:

dxdy

r

| J

cos 6
sin 6

(X)) | drds_|

r,0

d(Vol.) )

o
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J
/ X jQTQW —
v’,' ar r cos ¢ sin 9_—1
| eSS i
=8 =
X dy _
L;?E - - sin® r cos@
lo (2£) | = rcos?6 + rsin®e = r (cos?e + sinZe)
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since the integrand does not vary with 6 . k:;
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element
and ,
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Having discussed the numerical evaluation of double integrand over the
quadrilateral domain it is necessary now.td extend the approach
to the triangular domain.

Scanned with CamScanner



