
Vector Integration 

 
This chapter treats integration in vector fields. It is the mathematics that engineers  and  

physicists use to describe fluid flow, design underwater transmission cable, explain the 

flow of heat in stars, and put satellites in orbit. In particular, we define line integral, 

which are used to find the work done by a force field in moving an object along a path 

through the field. We also define surface integrals so we can find the rate that a fluid 

flows across a surface. Along the way we develop key concepts and result, such as 

conservative force fields and Green’s theorem, to simplify our calculations of these new 

integrals by connecting them to the single, double, and triple integrals we have already 

studied.  

 

Objectives :  
At the end of this unit he will be able to understand : 

• Line integral of a vector function are helpful  in determining total work done 

by a force F & find the circulation of F. 

• Greens theorem establishes a connection between a double integral and line 

integral & Greens theorem in a plane applies to simply connected region 

bounded by closed curve  

• Greens theorem can also be extended to line integrals in space  

• Stokes theorem relates the line integral of a vector function to the surface 

integral of the curl of the vector function  

• Stokes theorem is useful in transforming a line integral in to surface integral 

and vice versa  

• Greens theorem in a plane is a special case of stokes theorem     . 

• The significance of the Divergence theorem lies in the fact that a surface 

integral may be expressed as a Volume integral and a  vice versa  

 

 

Line integral:  Let ( )zyxF ,,  be a vector function and a curve AB. 

Line integral of a vector function  F  along a  curve AB is defined as integral of the 

component of   F  along the tangent to the curve AB. 

Component of F  along  a tangent PT at P. 

                                         = Dot product of F  and unit vector along PT 

     













•= PTalongvectorunitais

ds

dr

ds

dr
F  

 Line Integral ∑ •= curvethealongBtoAfrom
ds

dr
F  

Therefore Line integral   ∫∫ •=













•=

cc
drFds

ds

dr
F  
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Note:  

(1) Work.  If  F  represents the variable force acting on a particle along arc AB, 

then the total work done  

                                                                ∫ •=
c

drF    

(2) Circulation:  If  V  represents  the velocity  of a liquid then  ∫ •
c

drV is called 

the circulation of  V round the closed curve c.  

If the circulation of V round every closed curve is zero then V is said to be   

irrotational  there. 

 

(3) When the path of  integration is a closed curve then the notation is  

        ∫ in place of  ∫ .  
 

Examples: 

 

1.  If a force  jxyiyxF
))

32 2 +=   displaces a particle in the xy-plane from 

    (0,0) to (1,4) along a curve 24xy = . Find the work done. 

Solution: 

                       ∫ •=
c

drFdonework  

                             jdyidxdrjyixr
))))

+=∴+=  

            ( ) ( )∫ +•+=
c

jdyidxjxyiyx
))))

32 2
 

            ( )∫ +=
c

xydyydxx 32 2
 

getwexdxdyandxyvaluetheputting ,84 2 ==  

 

                                                   ( ) ( )[ ]∫ +=
1

0

222 84342 xdxxxdxxx  
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5
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4 =








== ∫

x
dxx  

 

2. Evaluate  ∫ +=•
c

jxyixFwheredrF
))

2
 and  C is the boundary of the  

      square in the plane  z=0 and bounded by the lines  x=0, y=0, x=a and y=a. 

 

Solution:   From the figure ,we have  

 

 
 

 

       ∫∫∫∫ ∫ •+•+•+•=•
COBCAB

c
OA

drFdrFdrFdrFdrF  

 

jxyixFjdyidxdrjyixrHere
))))))

+=+=∴+= 2,  

                                                                 xydydxxdrF +=• 2  

 

On  OA, y=0,           dxxdrF
2=•∴  

 

                                    ∫∫ =







==•

a a

OA

ax
dxxdrF

0

3

0

3
2

33
 

On  AB, x=a,         dx=0         aydydrF =•∴  

  

                                  
22

3

0

2

0

ay
aaydydrF

aa

=







==•∴ ∫  

 

On  BC , y=a,         dy=0         dxxdrF
2=•∴  

 

                                ∫∫ −=







==•

0 3
0

3
2

33
a aBC

ax
dxxdrF  
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On  CO , x=0,         0=•∴ drF  

                                      0=•∫
CO

drF  

        

2
0

323

3333
aaaa

drF
c

=+−+=•∫ . 

 

3.  A vector field is given ( ) ( ) ( )kxyzjxziyF
)))

−+++= 32 . Evaluate   ∫ •
c

drF  

 

 

 Along the path c is  3,,2 tztytx ===     from  t=0  to  t=1. 

 

Solution:  we have by definition 

 

( ) ( ) ( )[ ]∫∫ −+++=•
c

c
dzxyzdyxzdxxdrF 32  

  

( )( ) ( )( ) ( )( )[ ]∫ −+++=
1

0

243
322232 dttttdtttdtt  

1

0

475
2

4

6

7

3

5

2
6

2
4 








−+++= tttt

t
 

  
1

0

4752

2

3

7

3

5

2
62 





−+++= ttttt  

32857.7
2

3

7

3

5

2
62 =





−+++=  

 

4.  If   kxjziyF
)))

+−= 2 , evaluate    ∫ ×
c

drF   along the curve   

tztytx cos2,sin,cos ===   from t=0  to  
2

π
=t . 

Solution:     We  have    

                                                kdzjdyidxdrkzjyixr
))))))

++=∴++=  

  

                                                        

dzdydx

xzy

kji

drF −=× 2

)))
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                              ( ) ( ) ( )kzdxydyjxdxydzixdyzdz
)))

++−−−−= 22                                

( ) ( )[ ]
( ) ( )[ ]

( ) ( )[ ]kdtttdttt

jttdttt

idtttdttt

)

)

)

sincos2cossin2

sincossin2sin2

coscossin2cos2

−++

−−−−

−−−=

 

   

                            ( ) ( ) jtttittt
))

sincossin4cossincos4 22 −−−=  

    

( ) ( )[ ]dtjtttitttdrF
c

∫∫ −+−=×∴
2

0

22 sincossin4cossincos4

π

))
 

   ( ) dtjttdti
t

t ∫∫ 















−−+














 +
−=

2

0

2

0

2sin
2

1
2cos12

2

12cos
2sin2

ππ

))
 

 

jtttittt
)) 2

0

2

0

2cos
4

1
2sin2

2

1
2sin

4

1
2cos

ππ







+−+





−−−=

( )
1 1 1 1

cos sin cos 0 sin 0 0
4 2 2 4 2

1 1
            sin cos 0 sin 0 cos 0

4 4
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j

π
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π π π

  
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)

)
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ji
))








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
−=
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1

4
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5.  The acceleration of a particle at time t is given by   ktjtita
)))

62sin83cos18 +−= .   

     If the velocity  v   and displacement   r  be zero at t=0, find  v   and r  at any   

      point t. 

 

Solution:  Here  ktjtit
dt

rd
a

)))
62sin83cos18

2

2

+−==  

   On integrating, we have  

 

                       ∫ ∫ ∫+−+== tdtkdttjtdti
dt

dr
v 62sin83cos18

)))
 

        

                      cktjtitv
))))

+++= 232cos43sin6                                          (1) 
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0,0 == vtAt    

getwevandtputting ,00 ==         

 

                  jccj
))

440 −=⇒+=        

( ) ktjtit
dt

dr
v

)))
2312cos43sin6 +−+==∴        

Again integrating , we get 

       

         ( ) ∫∫∫ +−+= dttkdttjdttir
2312cos43sin6

)))
 

 

 ( ) cktjttitr ++−+−=⇒
)))

342sin23cos2                                           (2) 

 

0,0, == rtAt  

 

( ) getweinrandtputting ,200 ==  

 

iCCi
))

220 11 =⇒+−=∴  

Hence     

 

           ( ) ( ) ktjttitr
)))

322sin23cos12 +−+−= . 

 

6.  If   ( ) kxzjyziyxA
)))

201463 2 +−+= , Evaluate the line integral  ∫ • drA   from 

      (0,0,0) to (1,1,1) along the  curve C  32 ,, tztytx === . 

Solution:  We have    

                                     [ ] [ ]dzkdyjdxikxzjyziyxdrA
c

))))))
++•+−−+=•∫ ∫

22 2014)63  

                                 ( )[ ]∫ +−+=
c

dzxzjyzdxyx
22 201463

)
 

If  32 ,, tztytx === , then points (0,0,0)  and (1,1,1) correspond to t=0 and t=1 

respectively. 

 

Now,    ( ) ( ) ( ) ( )[ ]∫ ∫ +−+=•
c

tdtttdttdtttdrA

1

0

32323222 201463  

           ( ) ( )[ ]∫ ∫ +−=•
c

dtttdtttdttdrA

1

0

2752 3202149  

             ∫ 















+








−








=•

c

ttt
drA

1

0

1073

10
60

7
28

3
9  
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                          5643 =+−=  

7.  A vector field is given by  ( ) ( ) jyxiyF
))

cos1sin ++= . Evaluate the line integral over 

      a circular path  .0,222 ==+ zayx  

Solution:   We have  

Work done    ∫ •=
c

drF  

                     ( ) ( )[ ] [ ] 0&0cos1sin ==+•++= ∫ dzzjdyidxjyxiy
c

Q
))))

 

( )( ) ( )∫∫∫ ++=++=•⇒
ccc

xdyydyxydxdyyxydxdrF cossincos1sin  

            ( ) ∫∫ +=
cc

xdyyxd sin                

The parametric equation of the given path     

 

   πθθθ 20var.sin,cos222 tofromiesayaxareayx ===+   

 

( )[ ] ∫∫∫ +=•
ππ

θθθθθ
2

0

2

0

coscossinsincos daaaaddrF
c

 

            

     ( )[ ] ∫∫∫ +=•
ππ

θθθθ
2

0

22

2

0

cossinsincos daaaddrF
c

        

                  ( )[ ] ∫ 






 +
+=

π
π

θ
θ

θθ
2

0

22

0
2

2cos1
sinsincos daaa  

                  

π
θ

θ
2

0

2

2

2sin

2
0 





++=

a
 

                     ππ 22
2

2

==
a

 . 

8.  Evaluate ∫∫ •
s

dSnA , where   kyjizA
)))

31218 +−=     and   S  is the part of the 

plane 2x + 3y + 6z = 12 included in the first octant.  

 

Solution:       kyjizAHere
)))

31218 +−=  

  

                           ( ) 12632,, −++= zyxzyxfGiven  

Normal vector = ( ) kjizyx
z

k
y

j
x

if
))))))

63212632 ++=−++








∂

∂
+

∂

∂
+

∂

∂
=∇  

   ( ) 12632,,int =++= zyxofzyxpoanyatvectornormalUnitn
)

 

                    
( ) ( )kji

kji )))
)))

632
7

1

3694

632
++=

++

++
=  
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( )
dydx

dydx

kkji

dydx

kn

dydx
dS

6

7

7

6
632

7

1
==

•++

=
•

=
))))

))  

 Now,  

 

         ( ) ( ) dydxkjikyjizdSnA
s

6

7
632

7

1
31218

))))))
++•+−=•∫∫ ∫∫  

                           ( ) ( )dxdyyz
dydx

yz ∫∫∫∫ +−=+−= 366
6

183636  

Putting the value of  6z =12 -12x-3y,  we get  

 

                          ( )
( )

dxdyyyx

x

∫ ∫
−

+−−−=
6

0

212
3

1

0

363212  

 

                          ( )
( )

dxdyx

x

∫ ∫
−

−=
6

0

212
3

1

0

26  

     ( )
( )

dydxx

x

∫ ∫
−

−=
6

0

212
3

1

0

26  

  ( ) [ ]
( )x

ydxx
212

3

1

0

6

0

26
−

∫ −=  

  ( ) ( )∫ −−=
6

0

212
3

1
26 dxxx  

   ( )∫ +−=
6

0

2 72364
3

1
dxxx  
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6

0

2
3

7218
3

4

3

1








+−= xx

x
 

  [ ]67236182364
3

1
×+×−××=  

  [ ] 24694
3

72
=+−=  

 

 

 

 

 

 

SURFACE INTEGRAL 

 

A surface   r = f(u,v) is called smooth  if f(u,v) posses continuous first order  partial 

derivative. 

Let F  be a vector function and S be the given surface. 

Surface integral of a vector function  F  over the surface S is defined as the integral of 

the components of F  along the normal to the surface.  

Component of F  along the normal = nF
)

• , where n is the unit normal vector to an 

element ds and  

                            
fgrad

fgrad
n =
)

                
( )kn

dydx
ds ))

•
=  

Surface integral of  F over  S 

 

                            ( )dsnFnF
s

∫∫∑ •=•
))

 

Note:   (1)   Flux = ( )dsnF
s

∫∫ •
)

 where, F  represents the velocity of a liquid. 

If  ( ) 0=•∫∫ dsnF
s

)
, then  F  is said to be a solenoidal vector point function. 
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Example 9. Evaluate    ( )∫∫ •++
s

dskxyjzxiyz
)))

 where S is the surface of the sphere 

2222 azyx =++   in the first octant. 

Solution:  Let   2222 azyx −++=φ  

 

  Vector normal to the surface  =  
z

k
y

j
x

i
∂

∂
+

∂

∂
+

∂

∂
=∇

φφφ
φ

)))
 

                                                         

( ) kzjyixazyx
z

k
y

j
x

i
))))))

2222222 ++=−++








∂

∂
+

∂

∂
+

∂

∂
=  

a

kzjyix

zyx

kzjyix

zyx

kzjyix
n

)))))))))
) ++

=
++

++
=

++

++
=

∇

∇
=

222222 444

222

φ

φ
 

Given  ( )kxyjzxiyzF
)))

++=   

Therefore  ( )
a

xyz

a

kzjyix
kxyjzxiyznF

3
=

++
•++=•

)))
))))

 

 

Now     ( ) ( ) ∫ ∫∫∫∫∫
−









=

•
•=•

a xa

ss

a

z
a

dydxxyz

nk

dydx
nFdsnF

0 0

22

3
))

))
 

                               dx
y

xdxdyxy

a xaa xa

∫∫ ∫
−−









==

0 0

2

0 0

22
22

2
33  

                                ( )dxxax

a

∫ −=
0

22

2

3
 

                          

a

xxa

0

422

422

3








−=  

                







−=

422

3 44 aa
 

                                 
8

3 4
a

=  

 

Example 10:   Show that   ( )
2

3
=•∫∫ dsnF

s

)
, where   kyzjyixzF

)))
+−= 24    and S is 

the surface of the cube bounded by the planes,   

  

                                 1,0,1,0,1,0 ====== zzyyxx  
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Solution:  

 

 

 

 

 
 

( ) ( ) ( ) ( ) ( ) ( ) ( )dsnFdsnFdsnFdsnFdsnFdsnFdsnF
OCEFABDGBCEDOAGFDEFGOABCs

∫∫∫∫∫∫∫∫∫∫∫∫∫∫ •+•+•+•+•+•=•
)))))))

 

But  

 

( ) ( )( ) ( ) 004

1

0

1

0

2 ==−=−+−=• ∫ ∫∫∫∫∫ zdxdyyzdydxkkyzjyixzdsnF
OABCOABC

Q
))))

 

( ) ( )( ) ( )dxdyydydxkkyzjyixzdsnF
DEFGDEFG

∫ ∫∫∫∫∫ ×=+−=•
1

0

1

0

2 14
)))))

 

                     [ ]
2

1

2

1

2

1

0

1

0

1

0

2

==







= ∫ xdy

y
dx  

( )( ) ( ) 004

1

0

1

0

22 ===−+− ∫ ∫∫∫ ydxdyydzdxjkyzjyixz
OAGF

Q
))))

 

                                                     

    ( )( ) ( ) 14

1

0

1

0

22 =−=+− ∫ ∫∫∫ ydxdyydzdxjkyzjyixz
BCED

Q
))))

 

                                      [ ] [ ] 1
1

0

1

0

1

0

1

0

−=−=−= ∫ ∫ zxdzdx  

( )( ) 1444

1

0

1

0

1

0

1

0

2 ===+− ∫ ∫∫ ∫∫∫ xdydzzdydzxzdzdyikyzjyixz
ABDG

Q
))))

 

                                 [ ] 2
2

1
4

2
4

1

0

2
1

0 =







=








=

z
y  
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( )( ) ( ) 0044

1

0

1

0

2 ==−=−+− ∫ ∫∫∫ xdydzxzdzdyikyzjyixz
OCEF

Q
))))

 

 

On putting al these values, we get   

 

( )
2

3
0210

2

1
0 =++−++=•∫∫ dsnF

s

)
      

 

 

 

 

 

 

 

 

VOLUME INTEGRAL 

 

Let  F   be a vector point function and volume V enclosed by a closed surface. 

 

The volume integral ∫∫∫=
v

dvF  

Example 11:   If kyjxizF
)))

+−= 2  , Evaluate  ∫∫∫
v

dvF   where, v  is the 

region bounded by the surfaces,   

  

                                 2,,4,0,2,0 2 ====== zxzyyxx . 

Solution:   
 

( )dxdydzkyjxizdvF
v

∫∫∫∫∫∫ +−=
)))

2  

             ( )dzkyjxizdydx

x

∫ ∫ ∫ +−=
2

0

4

0

2

2

2
)))

 

            [ ]22

2

0

4

0

2
x

kyzjxzizdydx
)))

+−= ∫ ∫  

            [ ]kyxjxixkyjxidydx
))))))

234

2

0

4

0

224 +−−+−= ∫ ∫  

           

4

0

22
342

2

0
2

24 







+−−+−= ∫ k

yx
jyxiyxkyjxyiydx

))))))
 

           [ ]dxkxjxixkjxi∫ −−−+−=
2

0

234 84416816
))))))
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2

0

3
4

5
2

3

8

5

4
16416 








−−−+−= k

x
jxi

x
kxjxix

))))))
 

 





−+−+−= kjikji

))))))

3

64
16

5

128
321632  

  [ ]kiki
))))

53
15

32

3

32

5

32
+=





+=  

 

 

 

 

 

 

 

 

 

GREEN’S THEOREM 

 

Statement: If ( ) ( )
x

and
y

yxyx
∂

∂

∂

∂ ϕφ
ϕφ ,,,,   be continuous functions over a region R 

bounded by simple closed curve C in xy-plane, then  

 

   ( ) dydx
yx

dydx
Rc

∫∫∫ 








∂

∂
−

∂

∂
=+

φϕ
ϕφ  

 

Example 12: A vector field F  is given by  ( ) jyxiyF
))

cos1sin ++= . Evaluate the 

line integral  ∫ •
C

drF   where C is the circular path given by 222 ayx =+ . 

Solution:    
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Given   ( ) jyxiyF
))

cos1sin ++=  

         ( )[ ] ( ) ( )[ ]∫∫ ++=+•++=•
CC

dyyxdxydyjdxijyxiydrF cos1sincos1sin
))))

 

On applying  Green’s Theorem, we have  

 

                  ( ) dydx
yx

dydx
sc

∫∫∫ 








∂

∂
−

∂

∂
=+

φϕ
ϕφ  

                                         ( )[ ] dydxyy
S

∫∫ −+= coscos1  

Where  s is the circular plane surface of radius a . 

 

                                          2
acircletheofAreadydx

S

π=== ∫∫ . 

Example 13: Using Green’s theorem, evaluate ( )∫ +
C

dyxdxyx
22 , where C is the 

boundary described counter clockwise of the triangle with vertices (0,0),(1,0),(1,1). 

 

Solution:  By Green’s theorem, we have  

 
 

                                 ( ) dydx
yx

dydx
sc

∫∫∫ 








∂

∂
−

∂

∂
=+

φϕ
ϕφ  

 

                                  ( ) ( ) dydxxxdyxdxyx
RC

∫∫∫ −=+ 222 2  

                                  ( ) ( ) [ ]∫∫ ∫ −=−
1

0

0

2

1

0 0

2 22
x

x

ydxxxdydxxx  

                                                              ( ) [ ]∫ −=
1

0

22 xdxxx  

 

                                                            ( )∫ −=
1

0

322 dxxx  
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12

5

4

1

3

2

43

2
1

0

43

=







−=








−=

xx
 

 

Example 14: Using Green’s theorem, evaluate ( ) ( )dyxyydxyx
C

6483 22 −+−∫ , where C 

is the boundary of the region defined by   2xyandxy == . 

 

Solution:  Given that    ( ) ( )dyxyydxyx
C

6483 22 −+−∫  

 

                                   By Green’s theorem, we have  

 

                                  ( ) dydx
yx

dydx
sc

∫∫∫ 








∂

∂
−

∂

∂
=+

φϕ
ϕφ  

 

                                                       ( ) ( ) dydxyx
y

xyy
x

x

x

∫ ∫ 







−

∂

∂
−−

∂

∂
=

1

0

22

2

8364  

                                                       ( )[ ] dydxyy

x

x

∫ ∫ +−=
1

0 2

166  

                                                              ( )[ ] dydxyy

x

x

∫ ∫ +−=
1

0 2

166  

 

                                                            dx
y

x

x

∫ 







=

1

0

2

22
10  

                                                            [ ]dxxx∫ −=
1

0

4

2

10
 

        
2

3

10

3
5

5

1

2

1
5

52
5

1

0

52

=







=





−=








−=

xx
 

 

Example 15: Using Green’s theorem, evaluate ( ) ( )[ ]∫ ++−
C

dyyxdxyx
22222 , where C is 

the boundary of the area enclosed by X-axis and the upper half of the circle    
222 ayx =+ .. 

 

Solution:  Given that    ( ) ( )[ ]∫ ++−
C

dyyxdxyx
22222  

 

www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS

www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS

www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS

www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS



 
 

                                 By Green’s theorem, we have  

 

                                  ( ) dydx
yx

dydx
sc

∫∫∫ 








∂

∂
−

∂

∂
=+

φϕ
ϕφ  

 

                                                       ( ) ( )∫ ∫
−

−









−

∂

∂
−+

∂

∂
=

a

a

xa

dydxyx
y

yx
x

22

0

2222 2  

                                                       ( )[ ]∫ ∫
−

−

+=
a

a

xa

dydxyx

22

0

22  

                                                         ( )[ ]∫ ∫
−

−

+=
a

a

xa

dydxyx

22

0

2  

 

                                                            dx
y

xy

a

a

xa

∫
−

−









+=

22

0

2

2
2  

                                                            
( )

dx
xa

xax

a

a

∫
−








 −
+−=

2
2

22
22  

        ( )dxxadxxax

a

a

a

a

∫ ∫
− −

−+−= 22222  

     ( )
aa

x
xaxa

0

3
2

0

22

3
220 








−=−+= ∫  

     
3

4

3
2

33
3 aa

a =







−=  

 

 

 

 

 

 

STOKE’S THEOREM 

 

( Relationship between line integral and surface integral) 
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Statement:  Surface integral of the component of curl  F  along the normal to the surface 

S, taken over the surface S bounded by curve C is equal to the line integral of the vector 

point function  F  taken along the closed curve C. 

 

Therefore                           ∫∫∫ ⋅=•
Sc

dsnFcurlrdF
)

      

  

           

 

Where  kjin
))))

γβα coscoscos ++=   is a unit external normal to any surface ds. 

 

Example 16: Evaluate  by Stoke’s theorem ( )∫ ++
C

dzxydyzxdxyz , where C is the 

curve     222 ,1 yzyx ==+ . 

 

Solution :  Given               ( )∫ ++
C

dzxydyzxdxyz  

                                              ( ) ( )dzkdyjdxikxyjzxiyz
))))))

++⋅++= ∫  

 

         ∫ •=
c

rdF  

                                                ∫∫ ⋅=
S

dsnFcurl
)

 

Here      ( )kxyjzxiyzF
)))

++=                        

( ) ( ) ( ) 0=−+−+−=

∂

∂

∂

∂

∂

∂
=∴

kzzjyyixx

xyxzyz

zyx

kji

FCurl

)))

)))

 

 

                 ∫∫∫ =⋅=•∴
Sc

dsnFcurlrdF 0
)

 

 

Example 17: Evaluate  by Stoke’s theorem ( )[ ]∫ −−−
C

zdzydyyzdxyx
222 , where C is the 

curve     ,122 =+ yx corresponding to the surface of sphere of unit radius. 

 

Solution :  Given               ( )[ ]∫ −−−
C

zdzydyyzdxyx
222  

                                              ( )[ ] ( )dzkdyjdxikzyjyziyx
))))))

++⋅−+−= ∫
22  
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      By Stoke’s theorem    

                                                ∫∫∫ ⋅=•
Sc

dsnFcurlrdF
)

 

                      

( ) ( ) ( ) kkjiyzyz

zyyzyx

zyx

kji

FCurl

))))

)))

=++−++−=

−−−

∂

∂

∂

∂

∂

∂
=∴

100022

2 22

 

Therefore                   

kn

dydx
dscircletheofAreadydx

kn

dydx
nkdsnk

c

))Q))

))))

⋅
====

⋅
⋅=⋅ ∫∫∫∫∫ π  

 

 

Gauss Divergence Theorem 

(Relation between surface integral and volume integral) 

 

Statement: The surface integral of the normal component of a vector function F taken 

around a closed surface S is equal to the integral of the divergence of  F taken over the 

volume V enclosed by the surface S. 

 

Mathematically         ∫∫∫∫∫ =•
VS

dvFdivdsnF
)

      

 

Example 1.  Evaluate  dsnF
S

)

∫∫ •   using Gauss divergence theorem where S is the surface 

of the sphere 16222 =++ zyx  and  kzjyixF
)))

543 ++= . 

 

Solution: Given   kzjyixF
)))

543 ++=  and radius of the sphere r=4  

Therefore   )543( kzjyix
z

k
y

j
x

iF
))))))

++•








∂

∂
+

∂

∂
+

∂

∂
=•∇  

                    12543 =++=•∇ F  

 

Then by theorem, we have  

                     ∫∫∫∫∫∫∫∫ =•==•
VVS

vdvdvFdivdsnF 1212
)

 

Because v is the volume of the sphere  

                    ( )
3

3072
4

3

4
12

3 π
π ==   
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