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Vector Integration

This chapter treats integration in vector fields. It is the mathematics that engineers and
physicists use to describe fluid flow, design underwater transmission cable, explain the
flow of heat in stars, and put satellites in orbit. In particular, we define line integral,
which are used to find the work done by a force field in moving an object along a path
through the field. We also define surface integrals so we can find the rate that a fluid
flows across a surface. Along the way we develop key concepts and result, such as
conservative force fields and Green’s theorem, to simplify our calculations of these new
integrals by connecting them to the single, double, and triple integrals we have already
studied.

Objectives :
At the end of this unit he will be able to understand :
¢ Line integral of a vector function are helpful in determining total work done
by a force F & find the circulation of F.
® Greens theorem establishes a connection between a double integral and line
integral & Greens theorem in a plane applies to simply connected region
bounded by closed curve
e QGreens theorem can also be extended to line integrals in space
® Stokes theorem relates the line integral of a vector function to the surface
integral of the curl of the vector function
e Stokes theorem is useful in transforming a line integral in to surface integral
and vice versa
e (Greens theorem in a plane is a special case of stokes theorem
e The significance of the Divergence theorem lies in the fact that a surface
integral may be expressed as a Volume integral and a vice versa

Line integral: Let F(x, v, z) be a vector function and a curve AB.
Line integral of a vector function F along a curve AB is defined as integral of the
component of F along the tangent to the curve AB.
Component of F along a tangent PT at P.
= Dot product of F and unit vector along PT

=Fe dar (ﬂ is a unit vector along PTJ

ds | ds
. — dr
Line Integral =) F o I from A to B along the curve
s
Therefore Line integral J. F ’ — s = J;F o dr

www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS



www.bookspar.com | VTU NOTES | QUESTION PAPERS | NEWS | RESULTS | FORUMS

Note:

(1) Work. If F represents the variable force acting on a particle along arc AB,
then the total work done

= j Fedr
C
(2) Circulation: If 1% represents the velocity of a liquid then §17 e dris called
the circulation of V round the closed curve c.
If the circulation of V round every closed curve is zero then V is said to be
irrotational there.
(3)  When the path of integration is a closed curve then the notation is
§> in place of I .

Examples:

1. Ifaforce F =2x> yi +3xyj displaces a particle in the xy-plane from

(0,0) to (1,4) along a curve y = 4x>. Find the work done.
Solution:

work done = J.CF odr
r=xi+y . dr=dxi +dyj
= jc(2x2yf + 3xyf)° (a'JClT + d)’j)
- J-C(szydx + 3xydy)

putting the value y = 4x*> and dy =8xdx, we get

= j)‘ [2x2 (4x2 )dx + 3x(4x2 )Sxdx]
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1 5\1
— 104 jx“dx - 104("—) _104
) 5 5

0

- e 2% -
2. Evaluate LF ®dr where F =Xx"i +Xyj and C is the boundary of the

square in the plane z=0 and bounded by the lines x=0, y=0, x=a and y=a.

Solution: From the figure ,we have

[Fedr=[Fedr+ [Fedr+ [Fedr+ [Fedr
0A AB BC co

Here ;=X?+yf E”:dxf+dyf, ?=x217+xyf
F'E’:xzdx+xydy

On OA, y=0, .. Fedr=x’dx

- _, A 3714 3
IFOdrzszdx:{x—} -4
OA 0 3 0 3

Fe

—_—

On AB, x=a, dx=0 dr = aydy

a 2714 3
Fedr= aydy=a[—} =—
;[ 2 2

0

On BC, y=a, dy=0 - Fedr=x%dx

. _. o x? 0 a°
J-FOdr:.[xzdx:[—} =——
BC 3 a 3

a
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On CO , x=0, - Fedr=0
j?oaﬁ:o
co
3 3 3 3
- a a a a
[Fodr="+Z - 40=2
¢ 3 2 3 2

3. A vector field is given F = (2y+3)i +(xz)j +(yz—x)k . Evaluate J.CF o dr

Along the pathcis x=2t,y=t,z=¢" from t=0 to t=1.

Solution: we have by definition

[ Fedr=[[2x+3)dx+(xz)dy +(yz - x)]

[+ 3)2dr )+ @e)ePar )+ (4 — 21 )3e2dr )]

1 ot—~—

2 1
LA PO A R
2 5 7 4
= [2t2+6t+gt5+3—t7—i

7 2

v+ 233027 50
57 2

4. If F=2yi—z+xk,evaluate J.CF X dr  along the curve

. T
x =cost, y=sint, z=2cost fromt=0 to t=—.

Solution: We have

;zxf+y]+zlg E’zdxf+dyf+dzlg
i ]k
Fxdr=2y -z «x
dx dy dz
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= (= zdz — xdy)i — (2ydz —xdx)j + (2ydy + de)l;
= [— 2cost(—2sint)dr — cost(cos t)dt]f
— [2 sin #(— 2sin 7)dr — cos (- sin t)]]
+ [2 sin#(cost)dt + 2 cost(— sin t)dt]lg

= (4costsint —cos” )i — (4sin® £ — costsint)]
Va

J.FXE = .2”(4costsint —cos” ) + (4sin’¢ —costsint)f]dt
0

f F
= J-{{Z sin 2t — %}Z}Ch + IKZO —cos2t)— % sin ZIJE}U
0 0

E’T
J

0

= —cos2t—lsin2t—lt 2?+ 2t—sin2t+10052t
4 2 ], 4
= —cos7Z'—lsin7L'—l z +cosO+lsinO+l(0) [
4 2\ 2 4 2
) 1 ) 1 ~
+ 7r—smﬂ'+zcosﬂ'—0+s1nO—Zcos0 J

_l1—0=Zs140[f+| 7—0-L4041
I 4 44

_ Z—EJf+(7r—lJ]
4 2

5. The acceleration of a particle at time t is given by a=18cos3t i —8sin 2t + 61k .

If the velocity v and displacement 7 be zero at t=0, find v and r at any
point t.

d’r B
P2
On integrating, we have

Solution: Here a = 18cos3t i —8sin2s j + 6t k

—_—

-~ dr n - . ~
v=E=zIISC053tdt+] j—8s1n2tdz+k j6tdt
v= 6sin3ti +4cos2t j+3t> k +¢ (1)
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Ar 1=0, v=0

-

putting t=0 and v=0 , we get

O0=4j+c =c=-4j

y= % =6sin3r i + 4(cos2r —1)] + 3%k
t

Again integrating , we get

= ?I6sin3t dt+j j4(cos2t—1)dt+ l§j3t2dt

-

= r=—2cos3ti +(2sin2t—4t)j + 1’k + ¢ )

At, t=0, r=0

-

puttingt=0 and r=0 in (2), we get

0=-2i+C,=C, =2
Hence

r=2(1—cos3t)i + (2sin2r—2t)j + 1’k .

6. If A= (3x2 +6 y)f —14yzj +20xzk , Evaluate the line integral §Z edr from
(0,0,0) to (1,1,1) along the curve C x=t, y= t*,z=1".
Solution: We have
fAedr=[[x* +6y)7 —~14y5 +20x2k o [ dr + jby + & d]
= [[6x* + 63 )ax — 1435 + 202 ]

If x=t,y=1t>,z=1¢,then points (0,0,0) and (1,1,1) correspond to t=0 and t=1
respectively.

Now, [Aedr= H(3t2 +667 )t — 1417 £ d(r*)+ 206 ) a )]
c 0

[Aear= Jl'[(9t2)dt —14 17 21 dr +20(¢" P3e2at |
c 0
1
[Aear= Hij - 28 (ij + 60(£H
C 3 7 10)),
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=3-44+6=5
7. A vector field is given by F= (sin y)i + x(1+cos y); . Evaluate the line integral over
a circular path x*>+7y’> =a*, z=0.
Solution: We have
Work done = J-f odr

= J-[(sin y)i + x(1+cos y)}]’ [dxf + dyf] v z=0&dz=0

= J-f edr= .[(sin ydx + x(1+ cos y)dy) = .[(sin ydx + xcos ydy + xdy)

c c

= Id(xsin y)+ dey

c

The parametric equation of the given path

x*+y>=a’ are x=acos@, y=asinf. O varies fromOto2rx

I 2z 2r
J.FOdrz J.d[acosﬁsin(asinﬁ)h jacos@acos&d@
c 0

0

N 2r 2z
.[FOdr = jd[acos@sin(asin&)h J.azcosz ado
c 0

0

27
sioino o 55

0 2
2 . 2z
:0+a_{9+sm20}
2 2 ],

2
a

= —2rn =21.
2

8. Evaluate J-.[ZOZdS,Where Zzl8zf—12}+3yl€ and S is the part of the

plane 2x + 3y + 6z = 12 included in the first octant.
Solution:  Here A=187i —12j+3yk

Given f(x,y,z)=2x+3y+6z-12
~d -0 ~9d - -
Normal vector= Vf =|i —+ j — + k — |2x+3y+6z—12)=2i +3/ + 6k
ox dy oz
n = Unit normal vector at any point (x,y,z)of 2x+3y+6z =12

:—(Zi +3j+6k)=%(2?+3]+61€)

V4+9+36
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.
S 2x#3y=12

\\

o]

dS:dxdy: dx dy :dxdy:%dxdy

nek ;(2?+3j+6/€)-1€ 3

Now,

[jZ-Zd5=“(18ﬁ—12}+3y1€ )-%(2?+3}+61€)%dxdy

= [[(36z-36+ 18y)dx6dy = [[(62—6+3y)ixdy

Putting the value of 6z =12 -12x-3y, we get

Il
W= o= ot—o ot—o
—_
(@)
|
N
=
IN%
o
~—
<
el
S

S ey O

(6-2x) %(12 —2x)dx

(4x> =36 +72)dx
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3 6
LY SN PIERAE SN
3| 3
=%[4><36><2—18><36+72><6]

:7—32[4—9+6]:24

0

SURFACE INTEGRAL

A surface r=1f(u,v) is called smooth if f(u,v) posses continuous first order partial
derivative.

Let F be a vector function and S be the given surface.
Surface integral of a vector function F over the surface S is defined as the integral of
the components of F along the normal to the surface.

Component of F along the normal = Fen , where n is the unit normal vector to an
element ds and
grad f _dxdy

- o dxd)
"~ |grad f] STTek)

Surface integral of Fover S

zfoﬁ=[j(Foﬁ}1s

Note: (1) Flux = ” (? °n )1.9 where, F represents the velocity of a liquid.

If ” (;; °n )is =0, then F is said to be a solenoidal vector point function.

n

I

e
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Example 9. Evaluate I I (yz i +2zx j+xy k )0 ds where S is the surface of the sphere

x* +y>+z> =a’ in the first octant.
Solution: Let ¢=x*+y’ +z> —a’

Vector normal to the surface = Vg=i % +j 8_¢ +k 8_¢

ox dy 0z

=(fi ]i+l€aij(x +y +z°-a ) 2xf+2yf+2zl€
74

o dy
. Vo _2xi +2yf+2zl€_xf+yf+zl€_x?+yf+zl€
‘V(A \/4xz+4yz+4z2 \/xz+y2+z2 a

Given Fz(yzf+zxf+xyl€)

( _ - ~).x?+yf+zl;:3xyz

Therefore F e = yZi+zj+ayk

a

”(F'”}’S—H( i) B jTM

‘k'n

=3jf afxxydydx=3jfx(y—2] dx
0 0 0 0

%j(}z

_afae &Y

22 4,

_3[a _a'

202 4
3a*

Example 10: Show that ”(F . ﬁ)is = %, where F = dxzi —y* ]+ yzlg and S is
the surface of the cube bounded by the planes,

x=0, x=1, y=0, y=1, z=0, z=1
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Solution:

”(FOn)i = H(F-n)is+ “(F’n)is+ ”(F’n)is+ “(FOn)is+ !j(FOn)is+ H(Fon}l

OABC OCEF

But

”(FOﬁ}i = ”(4xzf—yzf+yzlEX—k)dxdyzjj(—yZ)dxdy:O wz=0

OABC OABC

”(F'ﬁ)fls = [[lxei =7 j+ yek NiJax dy =
“Jofy)as 193

”(4xzf —y i+ ysz—f dxdz :jj )dxdy i y=0
00

OAGF

(yx1)dxdy

ct—
ct—

”4le—)} ]+yzk)(]dxdz—j'[ )dxdy cy=1
BCED

~Jasfa =il e =

jj4le—y ]+yzk)( )dydz jj4xzdydz Ij4zdydz x=]

b H "y
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”4xzz—y ]+yzk)(— ydz_” 4xz)dydz_ x=0

OCEF

On putting al these values, we get

H(f-ﬁ s=0+%+0—1+2+0=%

5

VOLUME INTEGRAL
Let F be a vector point function and volume V enclosed by a closed surface.

The volume integral = ”I F dv

Example 11: If F =2zi —x i+ y k ,Evaluate ”jfdv where, v is the
region bounded by the surfaces,

_x:()’ _x:2, y:()’ y:4’ Z:.Xz, z7=2.
Solution:

I.! Fdv = ”j(sz —xj+ ylgllxdydz

dxjdy j 271 —xj+ ylg)iz
0 =

X

o'—.w

[z i —xz7]j +yzk]

Il
o'——,m o'——,m
o'—.-» O'—.Jk

[41 2x1+2yk xi=xj4x yk]

2 2.2 ¢
jdx{4yf—2xy}+y2k—x4yf—x3y]+xzy k}
0

0

67 -8xj+16k —4x*7 —4x> ] -8 x%k Jix

I
O ey
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r 5 3 2
_ 16xi”—4x23+16xk—4;C ?—x“j—8; k}

0

= 32?—16}+321€—%?+16}—6—34I€}

|22 22 | =2 7 e sk
RN T

GREEN’S THEOREM

¢

Statement: If ¢(x, y), ¢(x, y),a— and (?)_(p be continuous functions over a region R
y X

bounded by simple closed curve C in xy-plane, then

§(¢dx+¢dy)=jj@—f—g—@ dx dy

c

—

Example 12: A vector field F is givenby F =sin yi + x(I+cos y)j . Evaluate the

line integral J-F edr where C is the circular path given by x>+ y> =a’.
C
Solution:
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Given F =sin yi+ x(1+cos y)j
_[F dr—[smyl+x(l+cosy) ] ( dx+]dy j[smydx+x(1+cosy)dy]
On applylng Green’s Theorem, we have
dp _d¢

dx+od ———|dxd
§(pdr+ pay) = n(x aijy
=”[1+cosy)—cosy]dxdy

S

c

Where s is the circular plane surface of radius a.

= ”dx dy = Area of the circle=rma’.
S
Example 13: Using Green’s theorem, evaluate J‘(x2 ydx + x* dy), where C is the
C

boundary described counter clockwise of the triangle with vertices (0,0),(1,0),(1,1).

Solution: By Green’s theorem, we have

(1.0}

§pdx+pdy)= ”(%—g—fj dx dy

c

(x2 ydx+x2dy): ”(Zx— xz)dx dy
R

(2x—x )de.dy (Zx X )dx[y]

Sty = Oy

(2x -x’ )dx[x]

O —_—y — o'——,>—=

= .:[(sz - x3)dx
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(20 _xt) (2_1)_5
3 4) 3 4) 12

Example 14: Using Green’s theorem, evaluate §(3x2 —8y? )ix + (4y —6xy)dy , where C

C

is the boundary of the region defined by y = Jx and y=x>.

Solution: Given that §(3x2 — 8y Hx + (4y — 6xy)dy

C

By Green’s theorem, we have

2 0 11 3) 3
I S o B e | :5(_j:_
25 ), {2 5} 10) 2

Example 15: Using Green’s theorem, evaluate J-[(Zx2 N P )dy], where C is
C

the boundary of the area enclosed by X-axis and the upper half of the circle
2 2 2
X" +y =a" .

Solution: Given that j [(2x2 -y° )dx + (x2 +y? )dy]
C
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a -
= [lex+2y)lxay
—a 0
a -2

=2 f_[(x + y)ldxdy

0

(xxlaz —-x +(az;xz)]dx
? 2
:2]£ xva® —x* dx+ji(a2—x2>lx

a 2 VGZ—XZ
= 2_[ (xy +y7J dx

2

X =

STOKE’S THEOREM

( Relationship between line integral and surface integral)
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Statement: Surface integral of the component of curl F along the normal to the surface
S, taken over the surface S bounded by curve C is equal to the line integral of the vector

point function F taken along the closed curve C.

Therefore §F odr= ”curl F- 7 ds
c N

Where #n=cosai +cos/f3 j+cosyk isa unitexternal normal to any surface ds.

Example 16: Evaluate by Stoke’s theorem §(yz dx + zx dy + xy dz), where C is the
C

curve x°+y’=1, zZ=y".

Solution : Given 3§(yz dx + zx dy + xy dz)
C

:.[(yzf+z,x J+ xy ]g)(l dx + j dy +l€dz)
=§Fedr

=chrl;:-ﬁds
N

i ]k
curlF=2 2 2
ox dy 0z
¥z xz xy

—

Here F=(yzf+z,x]+xyl€)
=(x—x)i +(y—-y)j+(z—2)k =0

& §Fedr={[curl F-7ids=0
c S
Example 17: Evaluate by Stoke’s theorem §[(2x — y)dx — yz*dy - yzzdz], where C is the
C
curve x°+y’=1, corresponding to the surface of sphere of unit radius.

Solution : Given 35[(2x — y)dx — yz*dy - yzzdz]
C

:J-[(Zx—y)f +yzj —yzzl;]- (f dx+ j dy + l;dz)
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By Stoke’s theorem

i j k
Curl F = i i i
ox dy 0z

=(=2yz+2y2)i +(0-0)j +(0+1)k =k
Therefore

§l§ -nds =“l§ﬁ dx.c;y =“dx dy = Area of the circle=1 v ds = dxc{

n n-k

Gauss Divergence Theorem
(Relation between surface integral and volume integral)

Statement: The surface integral of the normal component of a vector function F taken
around a closed surface S is equal to the integral of the divergence of F taken over the
volume V enclosed by the surface S.

Mathematically I If onds = j I Idiv F dv
N 1%

Example 1. Evaluate .[ J-;: ends using Gauss divergence theorem where S is the surface
S
of the sphere x>+ y2+z°> =16 and F =3xi +4yj +57k .

Solution: Given F =3xi +4 yj+5 zk and radius of the sphere r=4
Therefore Vo F =|72 + ji+ £ 9 e 3ui + 4yj +57k)
ox “dy 0z

VeF =3+4+5=12

Then by theorem, we have
[[ F onds = [[[aiv F av = [[[120av=12v
N \%4 \%4

Because v is the volume of the sphere

3 3
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