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Basic Definition

Many experiments involve the study of the effects
of two or more factors.

Factorial designs most efficient for this type of
experiment.

By a factorial design, we mean that in each
complete trial or replicate of the experiment all
possible combinations of the levels of the factors are
investigated

If there are a levels of factor A and b levels of factor
B, each replicate contains all ab treatment
combinations.



g Informal way to find effects in Factorial /
Design
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The Case of Interaction:
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Formal ways to find effects in Factorial Design

 Sign Method:

22 Factorial Experiment

VANIA

Possible combinations = 1, g, b, ab
Sign Tabl
EffectoffactorA=—1-|-a—b-|—ab
Effect of factor B=—1—a+b +ab Effect 1 a b ab
Interaction effect =+1—a—b+ab A - +
B - - +
AB +

- )



Sign Table for 23 Factorial Experiment -

Effect 1 a b ab c ac bc abc

A ; + - + - + - 4

B - - + + - - + +
AB + - - + + _ _ +
C - - - S + + + +
AC + - i - - + i +
BC + + - - - - + +
ABC - + i . + - - +

> )



Yates Method

22 Factorial Experiment

1 at1l Ab+b+a+] Grand effect

a abtb|[ ab-bt+a-1 Effect of factor A
b a-1 ab+b-a-1 Effect of factor B
ab ab-b “gb-b-a+1 Interaction effect

23 Factorial Experiment

1 a+1 ab+b+a+1 abc+bc+ac+c+ab+b+a+
a ab+b abc+bc+ac+c abc-bc+ac-c+ab-b+a-1
b ac+c ab-b+a-1 abc+bc-ac-c+ab+b-a-1

ab abc+bc abc-bc+ac-c abc-bc-ac+c+ab-b-a+1

C a-1 ab+b-a-1 abc+bc+ac+c-ab-b-a-1
ac ab-b abc+bc-ac-c abc-bc+ac-c-ab+b-a+1
bc ac-c ab-b-a+1 abc+bc-ac-c-ab-b+a+1

abc  abc-bc abc-bc-ac+c -bc-ac+c-ab+b+s
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* Algebraic Method
22 Factorial Experiment
Effect of factorA= (a—1)(b + 1) = ab—b+a—1
Effect of factor B=(a+ 1)(b — 1) =ab+b-a-1
Interaction effect(AB) = (a—1)(b— 1) = ab—b—a+1

23 Factorial Experiment
Effect of factor A= (a— 1)(b + 1)(c + 1) = abc—bc+ac—c+ab—b+a—1
Effect of factorB=(a+ 1)(b— 1)(c + 1) = abc+bc—ac—c+ab+b—a—1
Effect of AB=(a—1)(b —1)(c+ 1) = abc—bc—ac+c+ab—b—a+1
Effect of factorC= (a+ 1)(b + 1)(c — 1) = abc+bc+ac+c—ab—b—a—1
Effectof AC=(a— 1)(b+ 1)(c — 1) = abc—bc+ac—c—ab+b—a+1
Effectof BC=(a+ 1)(b— 1)(c — 1) = abc+bc—ac—c—ab—b+a+1
Effectof ABC=(a— 1D —-1(c—-1) = abi—bc—ac+c—ab+b+a—1

N



Example 5.1 The Battery Life Experiment
Text reference pg. 187

m TABLE 5.1
Life (in hours) Data for the Battery Design Example

Material Temperature « F)

Type IS 70 125
| 1 30 1SS L | 40 20 70
74 | S0 =0 75 82 S8
2 150 188 136 122 25 70
159 126 106 115 58 45
3 138 110 174 120 U6 103
168 160 150 139 82 640

A = Material type; B = Temperature (A quantitative variable)
1. What effects do material type & temperature have on life?

2. Is there a choice of material that would give long life regardiess of
temperature (a robust product)?



The General Two-Factor
Factorial Experiment

s TABLE 5.2

CGooeneral Arrangement for a TwoFactor Factorial Design
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a levels of factor A4; b levels of factor B; n replicates

This 1s a completely randomized design



mw= TABLE 5.2

General Arrangement for a Two-Factor Factorial Design

Facwor B
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Statistical (effects) model:

By M S
Vi =S BYT+ P+ (TP, + €544 T =12,:::b
=12 ...208

.

Other models (means model, regression models) can be useful



Extension of the ANOVA to Factorials
(Fixed Effects Case) — pg. 189

o H n a I
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SS, =885, +85,+8S ,, +55,
df breakdown:
abn—1=a—-1+b—-1+(a—1)b—1)+ab(n—1)



ANOVA Table — Fixed Effects Case

sa TABLE 5.3
The Analysis of Variance Table for the Two-Factor Factorial, Fixed Effects Model

Source of Sum of Degrees of
Variation Squares Freedom Mean Square F,
<p S 5S4 - MS,
A treatments 55, a— | MS, = —1 Fo = ‘—!;}
| _ 8, MS,
B treatments \\ﬁ b~ | ‘l\ﬁ = h— 1 I‘\ - ‘—’::
: - SSas , MS .
Interaction 5SS {@a—Iub—1) MS, = o = Ixb = 1) Fo = WS,
Er $S i ! MS -t
TOr AN wn— 1) . = —
o s £ abin — 1)
Total 55+ abn — 1



The sums of squares 1@ hickitoieditdMaster text styles

Second level o v
Se T evel uim (5.7)

® Fourth level

and :
. ® Fifth level
=4 g5 Fa
SS, = m; .‘J. abe (5.8%)

It is convenient to obtain the §5,5 in two stages. First we compute the sum of squares between
the ab cell totals, which is called the sum of squares due to “subtotals™:

| & < s )
sS = v —
e oo AT ,.2. ,.2. % abn

This sum of squares also contains $S, and $S;. Theretore, the second step is to compute S5,
as

SSan = SSsumoears — 5S4 — 5S4 (5.9)
We may compute S5; by subtraction as
SSE — SST — SSA’ - SSA . Ss. ‘5-.0’
or

SSg = SSy — SSgunotais



m= TABLE 5.4

Life Data (in hours) for the Battery Design l-I\Erhncnl

Temperature (' F)

Material
Type 15 70 125 3
130 155 34 40 20 70
. 7 1m0 D w3 O o = 8
150 IsSX 136 122 25 70
2 159 126 106 115 @ 58 45 @ 1 300
138 110 174 120 96 104
3 168 160 @ 150 139 @ 82 60 @ 1501
v, 1738 1291 770 3799 = y
Table S 4

© John Wiley & Sons, Inc. All rights reserved.



m TABLE 5.5
Analysis of Variance for Battery Life Data

Source of Sum of Degrees of Mean
Variation Squares Freedom Square F, P-Valuc
Maternal types 10.683.72 2 5.341.86 7.91 Q0020
Temperature WL 1I8.72 4 19.559. 36 28.97 < 00001
Interaction 961378 4 2,403 .44 356 00186
Error I8.230.75 27 67521
Total 77.646 .97 IS

Table 5.5

© John Wiley & Sons, Inc. Al rights reserved.
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© John Wiey & Sona. Inc. All rights reserved.



Multiple Comparison

When ANOVA indicates that row or column means are
differ, it i1s usually of interest to make comparisons
between the individual row or column means to discover
specific differences

Turkey’s test

When interaction is significant, comparisons between the
means of one factor (e.g. A) may be obscured by the AB
interaction

Fix factor B at a specific level and apply Turkey’s test toe
means of factor A at that level



