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Gamma Distribution 

 
Let ‘X’ be a +ve continuous random variable with interval (0,∞) is said to be a gamma 

distribution having its p.d.f: 

 f(x) = 
b

x
a

a
ex

ba


11

    (0 ≤ x ≤ ∞)  

And gamma function is 

 dxexba b
x

aa







1

0

    0 ≤ x ≤ ∞ 

 Known as gamma function with parameter a & b. 

Where a=notation/location parameter 

 b=scale parameter 

If a=1 then it becomes exponential distribution: 

f(x) = 
b

x

e
b

1
      0 ≤ x ≤ ∞ 

If b=1 then it becomes gamma distribution of single parameter: 

f(x) = 
xa ex

a

11
     0 ≤ x ≤ ∞ 

& its function is: 

dxexa xa 




1

0

     0 ≤ x ≤ ∞ 

If a=b=1 then it becomes standard exponential distribution: 

f(x) = 
xe
      0 ≤ x ≤ ∞ 

Properties of gamma distribution 
1-Area under the curve is unity. 

2-Gamma distribution is a +ve continuous distribution. 

3-It has two parameters a & b. 

4-The range of the distribution is 0 to ∞. 

5-The mean of gamma distribution with single parameter is ‘a’ & its variance is also ‘a’. 

6-The mean of the gamma distribution with two parameters is:E(x)= ab & the variance of 

the gamma distribution with two parameters is:Var(x)= 
2ab . 

7-The mode of the gamma distribution is:Mode=  1ab  

8- The harmonic mean of the gamma distribution is:H.M= )1( ab . 

9-The m.g.f of gamma distribution is: 
a

x bttM  )1()(  

Prove that total area under the curve is unity. 

Proof: 

Let by definition 

Area= dxxf )(  

As x  Gamma(a,b) 

f(x) = 
b

x
a

a
ex

ba


11

 

Then 

1

0

1 x
a b

a
Area x e dx

ab




       
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1

0

1 x
a b

a
AreA x e dx

ab




          (A) 

As we know that gamma function is: 







0

1 dxexba b
x

aa

         (B) 

Comparing (A) & (B): 

a = a  & b = b 

aa baba   

Put in (A) 

Area =
a

a
ba

ba

1
= 1     Hence Proved 

Find rth moments about origin. By use it find mean & variance. 

Solution:  

Let by definition 

 r

r xE


  

= dxexx
ba

dxxfx b
x

ar

a

r






  1

0

1
)(  

= dxex
ba

b
x

ar

a







1

0

1
        (A) 

As we know that gamma function is: 

dxexba b
x

aa







1

0

         (B) 

Comparing (A) & (B) 

a = a+r  & b = b 

raa braba          Put in (A) 

1
.

.

a r

r a
a r b

a b
     

1 1
. . .

.

a r r

r a
a r b b a r b

a b a
       

a

rabr

r





          ©  

Use rth moments to find mean & variance: 

Mean =  xE


1  

                                                                                                   

Put r = 1 in eq (C) 

ab
a

aba

a

ab





 11

1  

Now, put r = 2 in eq.(A) 
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a

ab 22

2





  

aab
a

aaab

a

aab

a

ab
)1(

)1(1)1(11
2

222

2 











   

 12

2 


aab  

  2222222222 )(1[E(x)]-)E(x  Var(x) abbaabbaabaab     

Question 

Derive m.g.f of gamma distribution. Also find mean & variance by using m.g.f. 

Solution: 

Let by definition 

dxxfeeEttM txtx

xx  )()()()(    

We know that 

As x  Gamma(a,b) 

f(x) = 
b

x
a

a
ex

ba


11

 

1

0

1
( )

x
tx a b

x a
M t e x e dx

ab




   

1

0

1
( )

xtx ab
x a

M t e x dx
ab


    

1

1

0

1
( )

x t
ab

x a
M t e x dx

ab

 
  

    

1

1

0

1
( )

bt
x

a b

x a
M t x e dx

ab

 
  

     

 1
1

0

1
( )

x
bt

a b
x a

M t x e dx
ab


 

   

dxex
ba

tM btb

x

a

ax 





 


0

)1(1 11
)(        (A) 

As we know that gamma function is: 







0

1 dxexba b
x

aa

                    (B) 

Comparing (A) & (B) and we get 

a = a & b = b(1-bt)-1 

  aa btbaba
1

1


        Put in (A) 

 a
ax btba

ba
tM 1)1(

1
)(   

   aa

ax btb
b

tM 1)1(
1

)(   
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a

x bttM  )1()(        Required m.g.f. 

Use it to find mean & variance. 

  abbbtabt
dx

d
tM

dx

d
xE

t

a

t

a

t

x 































0

1

00

1 )()1()1()()(   

2
2

2 2

00

( ) ( ) ( )x x

tt

d d d
E x M t M t

dt dt dt




        
  

 

2 1

0
( ) (1 ) a

t

d
E x ab bt

dt

 


     

2 2

0
( ) ( 1)(1 ) ( )a

t
E x ab a bt b 


        

2 2( ) ( 1)E x ab a   

2222222222 )()1([E(x)]-)E(x  Var(x) abbaabbaabaab   

Question 

Derive Characteristic function of gamma distribution 

Solution:  

Let by definition 
a

xx ibtitMt  )1()()(      Hence the required result  

 

Question 

Derive Cummulent generation function of gamma distribution 

Solution:  

Let by definition 

( ) log ( )xK t M t  

( ) log(1 ) log(1 )aK t bt bt      

.....
432

)1log(
432


xxx

xx       









 .....

4

)(

3

)(

2

)(
)(

432 ttt
ttK


  









 .....

432
)(

43
3

2
2 ttt

ttK   

.....
!4

6
!3

2
!2

)(
43

3
2

2 
ttt

ttK   (A) 

General expression of rth cummulent  

.....
!4!3!2

)(
4

4

3

3

2

21 
t

K
t

K
t

KtKtK  (B) 

Comparing (A) And (B) we get  

1 1K Mean     

2

2 2K     

3

3 3 2K     
4

4 4 6K     

2

4 4 23K K    
4 2 2 4 2 4

4 6 3( ) 6 3          
4

4 3(2 )     

Question 
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Find mode of gamma distribution. 

Solution: 

If the two conditions are satisfied then mode exists. 

0)( xf  or  0)(log xf
dx

d
 

0)( xf  or  0)(log
2

2

xf
dx

d
 

 

As x  Gamma(a,b) 

f(x) = 
b

x
a

a
ex

ba


11

 

Taking log on both sides 

















 b

x
a

a
ex

ba
xf 11

log)(log  





























 e

b

x
xa

ba
xf

a
loglog)1(

1
log)(log

   :- loge = 1 































b

x
xa

ba
xf

a
log)1(

1
log)(log

 

Differentiate w.r.t to ‘x’: 































b

x
xa

badx

d

dx

xfd
a

log)1(
1

log
)(log

 

bx

a

dx

xfd 1)1(
0

)(log



   

 
b

xa
dx

xfd 1
1

)(log 1  

      ------------------(i) 

Put 0
)(log


dx

xfd
 

bx

a 1)1(
00 


  

x

a

b

)1(1 
  

)1(  abx  

Again diff. eq (i) w.r.t to “x” 

2

2

2

)1(1
)(log  xa

dx

xfd
 

22

2 )1()(log

x

a

dx

xfd 
  

 222

2

1

)1()(log






ab

a

dx

xfd
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 1
1)(log

22

2






abdx

xfd
 

)1(0
)(log

2

2

 abxatve
dx

xfd
 

Both conditions are satisfied then mode is existing. 

Mode = )1(ˆ  abx  

Question 

Find Harmonic mean of gamma distribution 

Solution: 

Let by definition 

 











x
E

MH
1

1
.

         (A) 

dxex
xba

dxxf
xx

E b
x

a

a






 






 1

0

11
)(

11
 

 =
 







0

111
dxex

ba

b
x

a

a         (B) 

As we know that gamma function is 







0

1 dxexba b
x

aa

         (C) 

Comparing (B) & (C): 

a = a-1 & b = b 

1.1  aa baba       Put in (B) 

    )1(

1

)1(1)1(

1

11

1
1

1
)

1
(

111

1





















aba

b

aa

ba

ba

bba
ba

bax
E

a

a

a

a   

Put in eq (A) 

H.M = 
)1(

)1(

1

1

1

1























ab

abx
E

     Required Result. 

 

Question 

Prove that 
ba

ba
ba


),(  

Solution: 

We know that 





0

1 dxexa xa

 





0

1 dyeyb yb

 

 
 







0

1

0

1 dxdyexyba yxab

       (A) 



Prepared by: M.Riaz M.Sc: Statistics I.U.B (2006-8): Lecturer Statistics (03337368518)- 7  

 

Put 
yx

x
z


    , yxs   

s

x
z      , yxs   

xsz      ,   yzs 1  

Partially differentiate old variables w.r.t to new variables 

 z
s

y





1    s

z

x





 

s
z

y





   z

s

x





 

z

y

z

x

s

y

s

x

J



















ss

zz







1

szsszszszs  )1(  

sdsdzdsdzJdydx .  

Limits 

x & y → 0  then s→ 0 

x & y → ∞  then s→ ∞ 

x & y → 0  then z→ 0 

x & y → ∞  then z→ 1 

Put in (i) 

     





0

1

0

11
1 sdzdszseszba

bsa

 

    


 
0

111
1

0

1 1 sdzdsezszsba sbbaa

    


 
0

11
1

0

12 1 dzdsezzsba sbaba

 

    


 
0

11
1

0

1 1 dzzzdsesba
basba

     (B) 

In right hand side 1st function is gamma function & 2nd function is beta function of kind 

1st. 

As we know that gamma function is: 







0

1 dxexba b
x

aa

         (i) 

As we know that beta function is: 


 

1

0

11 )1(),( dxxxba ba         (ii) 

Comparing (B) with (i) & (ii) : 

),(. bababa   

),( ba
ba

ba



  

ba

ba
ba


),(       

         Hence proved. 
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Question 

State and prove reproductive property of gamma distribution 

Solution: 

Statement: If ),,...,3,2,1( niX i  are “n” independent random variables from the gamma 

distribution with parameter ),(  respectively. Then show that 


n

i

iX
1

also follow gamma 

distribution with parameter ),(),(
1

 n
n

i




  

Proof:  It is given that  

),(),,...,3,2,1(  ii GammaniX  and moment generation function 

nittM i

x ,...,3,2,1)1()( 
  

Let 



n

i

iXZ
1

 

Let by definition of m,g,f  

)()( tz

Z eEtM   

)....()()()( 3213211 ... nn

n

i
i tXtXtXtXtXtXtXtX

Xt

Z eeeeEeEeEtM 





 

As X’s are independent then we get  

)()....()()()( 321 ntXtXtXtX

Z eEeEeEeEtM   

31 2( ) (1 ) (1 ) (1 ) ....(1 ) n

ZM t t t t t
       

      

1 2 3 ...
( ) (1 ) n

ZM t t
       

   

1( ) (1 )

n

i

i

ZM t t


 


   

( ) (1 ) n

ZM t t     

Hence proved  ),(
11





n

i

i

n

i

i GammaX  

 

Question 

If )1,( 11 GammaX  and )1,( 22 GammaX   then show that 21 XX  also follows 

gamma distribution with parameters )( 21    

Proof:  

It is given that  

)1,( 11 GammaX  with m.g.f 
1

1
)1()(


 ttM x  

Similarly  

)1,( 22 GammaX  with m.g.f 
2

2
)1()(


 ttM x  

Let  

21 XXZ    

Let by definition of m.g.f 

)()( tz

Z eEtM   

1 2( )
( ) ( )

t X X

ZM t E e 
  

1 2( ) ( )
tX tX

ZM t E e


  

1 2( ) ( )
tX tX

ZM t E e e  

As X’s are independent then we get  

)()()( 21 tXtX

Z eEeEtM   

)( 2121 )1()1()1()(
 

 ttttM Z   

)1,( 2121   GammaXXZ       Hence proved 
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Gamma distribution with single parameter 

 

f(x) = 
xa ex

a

11
    (0 ≤ x ≤ ∞)  

And gamma function is 





0

1 dxexa xa

    0 ≤ x ≤ ∞ 

Question 

Find rth moments about origin. By use it finds mean & variance. 

Solution:  

Let by definition 

 r

r E x    

( )r

r x f x dx     

1

0

1 r a x

r x x e dx
a




     







0

11
dxex

a

xra

r        (A) 

As we know that gamma function is: 





0

1 dxexa xa

        (B) 

Comparing (A) & (B) 

a = a+r  

raa           Put in (A) 

.
.

1
ra

a
r 


  

Put r=1 

1

1
1

.
a

a
     

1

1

.
a a

a
    

1 a Mean     

   Now, put r = 2 in eq.(A) 

2

2a

a


   

2

( 1) 1a a

a


    

2

( 1)a a a

a


   

2

2 ( 1)a a a a       

  aaaaaaa  22222 )(1[E(x)]-)E(x  Var(x)    
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Similarly obtain the others results of single parameter gamma distribution 

Mode 

The mode of the gamma distribution is: Mode=  1a  

Harmonic mean 

The harmonic mean of the gamma distribution is: H.M= )1( a . 

Moment generating function 

The m.g.f of gamma distribution is: 
a

x ttM  )1()(  

Question 

Show that nnn 1  

Solution: As we know that gamma function with single parameter  





0

1 dxex xa   Put 1 n  





0

111 dxexn xn  

)()(

1
0

iii

dxexn xn





     Integrating by parts  

dx

dx
dxedxexn

n
xxn








 
00

1  

dx

dx
dxedxexn

n
xxn








 
00

1  
















0

1

0
11

1 dxnx
ee

xn n
xx

n  













0

1

0
1

1 dxnxe
e

xn nx
x

n  





0

101 dxexnn xn
 





0

11 dxexnn xn
 

By comparing gamma function and we get  

nnn 1       Hence proved  
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