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Abstract

In this research work, Our aim is to give some results and applications associated

with hypergeometric k-functions i.e., 3F2,k with the help of integral representation

of hypergeometric k-functions. We derive summation k-theorm and give its appli-

cations. We infer some k-differential equations and then discuss solutions of these

k-differential equations. The principal aim of this research is to prove Kummer k-

theorem, Saalschutz k-theorem, Whipple k-theorem, Dixon k-theorem and Ramanu-

jan’s k-theorem involving hypergeometric k-functions i.e., 3F2,k.

vii



Introduction

The series

1 +
ab

c

z

1!
+
a(a+ 1)b(b+ 1)

c(c+ 1)

z2

2!
+ ...

is called the Gauss series or the ordinary hypergeometric series. It is also represented

by way of the image

2F1(a, b; c; z).

The variable is z, and a,b and c are called the parameters of the function. If either

of the parameters a or b is a negative integer i.e., −n, the series has handiest a finite

wide variety of terms and turns into in fact a polynomial

2F1(−n, b; c; z).

As an example,suppose that a = −2, then the series will become

2F1(−2, b; c; z) = 1 +
(−2)b

c

z

1!
+

(−2)(−1)b(b+ 1)

c(c+ 1)

z2

2!
.

In his work Arithmetica Infinitorum (1655), the Oxford teacher John Wallis (1616-

1703) initially utilized the expression “hypergeometric” to indicate any series which

1
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changed into past the ordinary geometric collection.

1 + x+ x2 + x3 + ... .

Specifically, he studied the series

1 + a+ a(a+ 1) + a(a+ 1)(a+ 2) + ... .

At some stage in the following a hundred and fifty years many other mathematicians

studied similar collection, notably the Swiss Euler (1707-1783) who gave amongst

many other consequences, the famous relation

2F1(−n, b; c; z) = (1− z)c+n−b2F1(c+ n, c− b; c; z),

In 1770, the Frenchman Vandermonde (1735-1796) expressed his theorem, an exten-

sion of the binomial theorem, in the structure

2F1(−n, b; c; 1) =
(c− b)(c− b+ 1)(c− b+ 2)...(c− b+ n− 1)

c(c+ 1)(c+ 2)(c+ 3)...(c+ n− 1)

but for the duration of the subsequent 40 years the Göttingen faculty under Hin-

denberg (1741- 1808) wasted a good deal attempt on diverse complex extensions of

the binomial and multinomial theorems. All this was changed dramatically, when on

20th january, 1812, Gauss (1777-1855) added his famous thesis “Disquisitiones gen-

erales circa seriem infinitam” earlier than the Royal Society in Göttingen. In it, this

incredible mathematician defined the above infinite series and delivered the notation

F(a,b;c;z) for it. He also proved his famous summation theorem

2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

and he gave many relations between two or more of these series. He showed honestly

that he was already concerning

2F1(a, b; c; z)
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as a function in four variables, rather than a series in z, and in a note introduced 10

February, 1812, he gave a remarkably complete discussion of the convergence of such

series. Gauss defined the hypergeometric function as

2F1(a; b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
(z < 1;Re(c) > Re(b) > 0; c 6= 0,−1,−2, ...).

The most of the theory of hypergeometric function was taken after from the work done

by Gauss, who displayed some of his initial results in his publication “Disquisition

generales circa seriem infinitam” [1]. For more detail about hypergeometric series

[2, 3, 4, 20, 21, 10]. Secondly, solutions of system of differential equations which is,

in a proper sense, holonomic and mild singularities. The differential equation

z(1− z)y′′ + [c− (a+ b+ 1)z]y′ − aby = 0

was first established by Euler in 1769 [11], which was extensively studied by Gauss

and Kummer and given a abstract treament by Bernhard Riemann (1826 − 1866);

Thirdly, as functions defined by integrals such as Mellin-Barnes integral. In 1748,

Euler an integral representation for the Gauss hypergeometric function [9]

F (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz)−adt.

Hypergeometric functions have enormous applications in pure mathematics, as well as

in applied areas such as acoustics, electrical current, fluid dynamics, heat conduction,

solutions of wave equations, moments of inertia and quantum mechanics [5, 6, 7, 8, 9].

Hypergeometric functions have explicit series and integral representations, and thus

provide ideal tools for establishing valuable summation and transformation formula.

In expansion, applied problems frequently require solutions of a function in terms

of parameters, rather than merely in terms of a variable and any such solution is
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perfectly provided for by the parametric nature of the hypergeometric function. As

a end result, the hypergeometric function can be utilized to solve physical problems

in various areas of applied mathematics.

There exist large numbers of identities through which we are able to specific one Gauss

hypergeometric function in terms of one or more others and considerable [10, 12, 19].

The next primary develop became made in 1836 through Kummer (1810-93), who first

used the term hypergeometric for the above series. He showed that the differential

equation

z(1− z)
d2y

dz2
+ [c− (1 + a+ b)z]

dy

dz
− aby = 0

is satisfied by the function

2F1(a, b; c; z)

and has all twenty-four answers in phrases of similar Gauss function. The first

quadratic transformation were given by Kummer in Crelle’s Journal (Journal fur

die reine und angewandte Mathematik), Bd 15 (1836) and comprehensive lists can be

found in [9] and [14]. There are many techniques for deriving these transformation

identities.

In 1857, Riemann (1826-sixty six) extended this theory by means of the advent of his

P function, which in a manner, are generalizations of the Gaussian

2F1(a, b; c; z)

Riemann also brought the general idea of the transformation of the variable in a differ-

ential equation and this idea become carried out to Kummers work through Thomae

who, in 1879, worked out in detail the relationships between Kummers twenty-four

solutions.
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Diaz [20, 21, 22] have introduced Pochammer k-symbol. They’ve brought k-gamma

and k-beta functions and proved a number of their properties. They have additionally

studied k-zeta functions and k-hypergeometric functions based totally on Pochham-

mer k-symbols for factorial function. In 2010, Kokologiannaki and Krasniqi [23, 24]

observed the work of Diaz and shaped a few essential results of k-beta, k-gamma,

k-zeta, and k-hypergeometric functions. Additionally, Krasniqi [25] gave a limit for

the k-gamma and k-beta functions. In 2012, Mubeen and Habibullah [26, 27] intro-

duced a variation of fractional integrals to be called k-fractional integral which turned

into based on k-gamma function and gave an its utility. In addition they added an

integral representation of some generalized hypergeometric-k function by the usage

of the properties of Pochhammer k-function, k-gamma and k-beta functions. In 2013

Mubeen et al. [28] has recently delivered the second order linear differential equations

of k-hypergeometric and confluent k-hypergeometric functions. The principle goal of

this paper is to develop those k-hypergeometric differential equations by means of

adopting the same technique, used by way of Rainville in [29].

Our zero chapter is on presentation and in first we characterized some definition those

utilized as a part of our exploration work and in second part we demonstrate a few

outcomes that we change over in third chapter in k structure.



Chapter 1

PRELIMINARIES

In this chapter, we define factorial function, Pochhammer’s symbol, some important

results of Pochhammer’s symbol, gamma function, beta function, Hypergeometric

function, differential equation of Hypergeometric function, Generalized Hypergeo-

metric function, and give the proof of Legendre’s Duplication Formula. We also de-

fine the Pochhammer k-symbol, gamma k-function, Hypergeometric k-function, beta

k-function, differential equation of Hypergeometric k-function, Generalized Hyperge-

ometric k-function.

1.1 The Factorial Function

The factorial function is formally defined by the product

n! =
n∏
j=1

j

or by recurrence relation

n! =

{
1 if n = 0

n(n− 1)(n− 2)...3.2.1 if n ∈ N,

where N is a set of natural numbers.

6
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1.2 Gamma Function

Let z ∈ C (C is a set of complex numbers), the gamma function is defined

by Euler in integral form as

Γ(z) =

∞∫
0

tz−1e−tdt, Re(z) > 0.

Weierstrass defined the function Γ(z) by

1

Γ(z)
= zeγz

∞∏
n=1

[
(1 +

z

n
)exp(

−z
n

)

]
,

where γ is Euler constant. The gamma function in factorial form can be written as

Γ(α) = (α− 1)!, α ∈ N

1.3 Pochhammer’s Symbol

The Pochhammer’s symbol or Pochhammer’s function is denoted and defined

by

(α)n =

{
1 if n = 0

α(α + 1)(α + 2)...(α + n− 1) if n ∈ N and α 6= 0.

Due to the fact that (1)n = n!, it’s far looked upon as a generalization of the simple

factorial; therefore, the symbol (α)n is also cited shifted factorial. In manipulations

with (α)n it’s miles important to take into account that (α)n is a product of n factors,

beginning with α and with every factor large by unity than the previous factor.

1.4 Beta Function

The beta function, or Eulerian integral of first kind,is defined by the Euler integral

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt (Re(x) > 0, Re(y) > 0)
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and is related to the gamma function through the following relation

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
.

1.5 The Hypergeometric Function

The hypergeometric function is defined for |z| < 1 by the power series

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
,

provided that c does not equal to 0, −1, −2, ... , where (a)n is the Pochhammer’s

symbol. Notice that the series terminates if either a or b is a negative integer.

1.6 The Hypergeometric Differential Equation

The hypergeometric differential equation is an ordinary linear second-order

differential equation which can be defined as

z(1− z)w′′ + [c− (a+ b+ 1)]w′ − abw = 0,

with three regular singular points 0, 1 and ∞. Every ordinary linear second-order

differential equation with at most three regular singular points can be transformed

into the hypergeometric differential equation.

1.7 Generalized Hypergeometric Function

The generalized hypergeometric functions with p + q parameters, p param-

eters in numerator and q parameters in denominator, is defined by

pFq(α1, α2, · · · , αp; β1, β2, · · · , βq; z) =
∞∑
n=0

(α1)n(α2)n · · · (αp)n
(β1)n(β2)n · · · (βq)n

zn

n!
,
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for all αi, βj ∈ C, βj 6= 0,−1,−2, · · · , |z| < 1 where i = 1, 2, · · · , p and j =

1, 2, · · · , q.

It is known that

i) if p ≤ q, the series converges for all finite z;

ii) if p = q + 1, the series converges for |z| < 1 and diverges for |z| > 1;

iii) if p > q + 1, the series diverges for z 6= 0 unless the series terminates.

1.8 Some important results of Pochhbemer’s sym-

bol

In this section, we shall discribe some important results.

Γ(1− α− n)

Γ(1− α)
=

(−1)n

(α)n
. (1.8.1)

(α)m(α +m)n = (α)m+n. (1.8.2)

(−1)m(α)n
(1− α− n)m

= (α)n−m. (1.8.3)

In particular, if α = 1 in above equation, we obtain

(n−m)! =
(−1)mn!

(−n)m
. (1.8.4)

1.9 Another proof of Legendre’s Duplication For-

mula

Since

β(m,n) =
Γ(m)Γ(n)

Γ(m+ n)
=

∫ 1

0

um−1(1− u)n−1du.
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Let m = n = z then

Γ(z)Γ(z)

Γ(2z)
=

∫ 1

0

uz−1(1− u)z−1du.

Put u = 1+x
2

⇒ du = dx
2
, Therefore

Γ(z)Γ(z)

Γ(2z)
=

∫ 1

−1

(
1 + x

2

)z−1(
1− 1 + x

2

)z−1
dx

2

=
1

21+2(z−1)

∫ 1

−1
(1− x2)z−1dx

= 21−2z
[∫ 1

−1
(1− x2)z−1dx

]
= 21−2z

[
2

∫ 1

0

(1− x2)z−1dx
]

since

2

∫ 1

0

(1− x2)z−1dx =

∫ 1

0

t
−1
2 (1− t)z−1dt

because in
∫ 1

0
t−1/2(1− t)z−1dt

put t = x2 dt = 2xdx when t = 0 ⇒ x = 0 t = 1 ⇒ x = 1∫ 1

0

t
−1
2 (1− t)z−1dt =

∫ 1

0

(x2)
−1
2 (1− x2)z−12xdx = 2

∫ 1

0

(1− x2)z−1dx

so,

Γ(z)Γ(z)

Γ(2z)
= 21−2zB(1/2, z) =

21−2zΓ(1
2
)Γ(z)

Γ(z + 1
2
)

⇒ Γ(2z) = (2π)
−1
2 22z− 1

2 Γ(z)Γ(z +
1

2
)

(
∵ Γ(

1

2
) =
√
π

)
⇒
√
πΓ(2z) = 22z−1Γ(z)Γ(z +

1

2
).

1.10 Pochhammer k-Symbol

Let k ∈ R+ where R+ is a set of positive real number, then the Pochhammer’s

k-symbol is defined by (a)n,k = a(a + k)(a + 2k) · · · (a + (n − 1)k) for n ≥ 1, a 6= 0

and (a)0,k = 0.
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1.11 Gamma k-Function

For k ∈ R+ and z ∈ C, the gamma k-function (Γk) is defined in integral

form as,

Γk(z) =

∞∫
0

tz−1e
−tk
k dt.

The relation between Pochhammer k-symbol and gamma k-function is given as

(z)n,k =
Γk(z + nk)

Γk(z)
.

1.12 Beta k-Function

The beta function, or Eulerian integral of first kind, is defined by the Euler integral

in k-symbol,

βk(x, y) =
1

k

∫ 1

0

t
x
k
−1(1− t)

y
k
−1dt (Re(x) > 0, Re(y) > 0).

The subsequent identity, connection of Γk and βk function, is well known that

βk(x, y) =
Γk(x)Γk(y)

Γk(x+ y)
.

1.13 Hypergeometric k-Function

The hypergeometric k-function with three parameters a, b and c, two pa-

rameters a, b in numerator and one parameter c in denominator, is defined by

2F1,k(a, b; c; z) =
∞∑
n=0

(a)n,k(b)n,k
(c)n,k

zn

n!
,

for all a, b, c ∈ C, c 6= 0,−1,−2,−3, · · · , |z| < 1.
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1.14 The Hypergeometric k-Differential Equation

The Hypergeometric k-differential equation is an ordinary linear second order differ-

ential equation defined as,

kz(1− kz)w′′ + [c− (a+ b+ k)kz]w′ − abw = 0.

1.15 Generalized Hypergeometric k-Function

The generalized hypergeometric k-function with p+ q parameters, p param-

eters in numerator and q parameters in denominator, is defined by

pFq,k(α1, α2, · · · , αp, β1, β2, · · · , βq; z) =
∞∑
n=0

(α1)n,k(α2)n,k · · · (αp)n,k
(β1)n,k(β2)n,k · · · (βq)n,k

zn

n!
,

for all αi, βj ∈ C, βj 6= 0,−1,−2, · · · , |z| < 1, k ∈ R+, i = 1, 2, · · · , p and

j = 1, 2, · · · , q.

It is known that

i) if p ≤ q, the series converges for all finite z;

ii) if p = q + 1, the series converges for |z| < 1 and diverges for |z| > 1;

iii) if p > q + 1, the series diverges for z 6= 0 unless the series terminates.



Chapter 2

SOME RESULTS INVOLVING
HYPERGEOMETRIC
FUNCTIONS

In this chapter, we prove some results involving gamma and beta function

and the properties of Gauss hypergeometric function. We solve some differential

equations and then find the solutions of these differential equations. We use these

differential equations and solutions for evaluating many results of hypergeometric

functions. We prove Kummer’s theorem, Saalschutz’ theorem, Whipple’s theorem,

Dixon’s theorem and Ramanujan’s theorem.

Lemma 2.0.1. If n is a positive integer, then

β(p, n+ 1) =
n!

(p)n+1

.

Proof:-Since

β(p, n+ 1) =
Γ(p)Γ(n+ 1)

Γ(p+ n+ 1)

=
Γ(p)Γ(n+ 1)

(p+ 1)nΓ(p+ 1)

(
∵ (p+ 1)n =

Γ(p+ 1 + n)

Γ(p+ 1)

)
=

Γ(p)n!

(p+ 1)npΓ(p)

(
∵ Γ(n) = (n− 1)!, n ∈ N

)
=

n!

(p)n+1

.

13
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Problem:-Show that,∫ 1

−1
(1 + x)p−1(1− x)q−1dx = 2p+q−1β(p, q).

Solution:-Put y = 1+x
2

in∫ 1

−1
(1 + x)p−1(1− x)q−1dx⇒ 2p+q−1β(p, q).

Problem:-Use the relation

Γ(z)Γ(1− z) =
π

sinπz
.

and the elementary result

sinxsiny =
1

2
[cos(x− y)− cos(x+ y)].

to prove that

1− Γ(c)Γ(1− c)Γ(c− a− b)Γ(a+ b+ 1− c)
Γ(c− a)Γ(a+ 1− c)Γ(c− b)Γ(b+ 1− c)

=
Γ(2− c)Γ(c− 1)Γ(c− a− b)Γ(a+ b+ 1− c)

Γ(a)Γ(1− a)Γ(b)Γ(1− b)
.

Solution:-Note that

1− (c− a− b) = a+ b+ 1− c

1− (c− a) = a+ 1− c

1− (c− b) = b+ 1− c

1− Γ(c)Γ(1− c)Γ(c− a− b)Γ(a+ b+ 1− c)
Γ(c− a)Γ(a+ 1− c)Γ(c− b)Γ(b+ 1− c)

= 1− π2sinπ(c− a)sinπ(c− b)
π2sin(πc)sinπ(c− a− b)

=
sin(πc)sinπ(c− a− b)− sinπ(c− a)sinπ(c− b)

sin(πc)sinπ(c− a− b)

=
1
2
[cosπ(a+ b)− cosπ(2c− a− b)]− 1

2
[cosπ(b− a)− cosπ(2c− a− b)]

sin(πc)sinπ(c− a− b)
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=
−sin(πa)sin(πb)

sin(πc)sinπ(c− a− b)

=
sin(πa)sin(πb)

sin(πc)sinπ(a+ b− c)

=
sin(πa)sin(πb)

sin(πc− 1)sinπ(a+ b− (c− 1))

=
Γ(2− c)Γ(c− 1)Γ(c− a− b)Γ(a+ b+ 1− c)

Γ(a)Γ(1− a)Γ(b)Γ(1− b)
.

Theorem 2.0.2. If |z| < 1 and if Re(c) > Re(b) > 0,

F (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

1∫
0

tb−1(1− t)c−b−1(1− tz)−adt.

Lemma 2.0.3. Prove that if Re(c − a − b) > 0, c is neither zero nor a negative
integer, then

F (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

.

The value of F (a, b; c; 1) will play a vital role in many of the results of properties

of hypergeometric such as given in the following example.

Example 1. Show that if Re(b) > 0 and if n is a non negative integer,

F [
−1

2
n,
−1

2
n+

1

2
; b+

1

2
; 1] =

2n(b)n
(2b)n

.

Solution:-

L.H.S = F [
−1

2
n,
−1

2
n+

1

2
; b+

1

2
; 1]

by equation (2.3.1)

F [
−1

2
n,
−1

2
n+

1

2
; b+

1

2
; 1] =

Γ(b+ 1
2
)Γ(b+ 1

2
+ 1

2
n+ 1

2
n− 1

2
)

Γ(b+ 1
2

+ 1
2
n− 1

2
)Γ(b+ 1

2
+ 1

2
n)

=
Γ(b+ 1

2
)Γ(b)Γ(b+ n)

Γ(b)Γ(b+ 1
2
n)Γ(b+ 1

2
n+ 1

2
)

=
(b)n(2)1−2b

√
πΓ(2b)

(2)1−2b−n
√
πΓ(2b+ n)
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because the Legendre’s duplication for gamma function give us,

Γ(b)Γ(b+
1

2
) = 21−2b√πΓ(2b)

and

Γ(b+
1

2
n)Γ(b+

1

2
+

1

2
n) = 21−2b−n√πΓ(2b)

therefor,

F [
−1

2
n,
−1

2
n+

1

2
; b+

1

2
; 1] =

2n(b)n
(2b)n

.

Lemma 2.0.4.

F (−n, b; c; 1) =
(c− b)n

(c)n
.

Proof:-

F (−n, b; c; 1) =
Γ(c)Γ(c− b+ n)

Γ(c− b)Γ(c+ n)

(
∵ F (a, b; c; 1) =

Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

)
=

(c− b)n
(c)n

.

Theorem 2.0.5. If |z| < 1 and |z|
|(1−z)| < 1, then

F (a, b; c; z) = (1− z)−aF (a, c− b; c; −z
1− z

).
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Proof:-

R.H.S. = (1− z)−aF (a, c− b, c; −z
1− z

)

=
∞∑
m=0

(a)m(c− b)m
(c)m

( −z
(1−z))

m

m!
(1− z)−a

=
∞∑
m=0

(a)m(c− b)m
(c)m

(−1)m(z)m(1− z)−(a+m)

(m!)

=
∞∑
n=0

∞∑
m=0

(a)m(c− b)m
(c)m

(−1)m(z)m

(m!)

(z)n(a+m)n
n!

=
∞∑
n=0

∞∑
m=0

(a)m+n(c− b)m
(c)m

(−1)m(z)m+n

m!n!

=
∞∑
n=0

n∑
m=0

(a)n(c− b)m
(c)m

(−1)m(z)n

m!(n−m)!

(
∵
∞∑
n=0

∞∑
m=0

A(m,n) =
∞∑
n=0

n∑
m=0

A(m,n−m)

)
=

∞∑
n=0

n∑
m=0

(a)n(c− b)m(−1)m(z)n(−n)m
(m!)(−1)m(n!)(c)m

(
∵ (n−m)! =

(−1)m(n!)

(−n)m

)
=

∞∑
n=0

F (−n, c− b; c; 1)(a)n
zn

n!

=
∞∑
n=0

(c− (c− b))n(a)nz
n

(c)nn!

(
∵ F (−n, a; b; 1) =

(b− a)n
(b)n

)
= F (a, b; c; z).

Theorem 2.0.6. If |z| < 1, then

F (a, b; c; z) = (1− z)c−a−bF (c− a, c− b; c; z).

Proof:-Consider

F (a, b; c; z) = (1− z)−aF (a, c− b; c; −z
1− z

).

By putting y = −z
1−z in the second factor of R.H.S of above equation and use it again,

we obtain

F (a, c− b; c; −z
1− z

) = F (c− b, a; c; y)

= (1− y)−(c−b)F (c− b, c− a; c;
−y

1− y
)

= (1− y)−c+bF (c− a, c− b; c; −y
1− y

).
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But y = −z
1−z and 1− y = (1− z)−1,

Therefore,

F (a, c− b; c; −z
1− z

) = (1− z)−(−c+b)F (c− a, c− b; c; z)

so,

F (a, b; c; z) = (1− z)c−b−aF (c− a, c− b; c; z).

2.1 Derivation of differential equations

The Hypergeometric differential equation is

z(1− z)w′′ + [2b− (a+ b+ 1)z]w′ − abw = 0.

Let z = 4x
(1+x)2

Then,

dz

dx
=

4(1− x)

(1 + x)3

and

1− z =
(1− x)2

(1 + x)2
.

Now

w′ =
dw

dz
=
dw

dx

dx

dz
=
dw

dx

(1 + x)3

4(1− x)
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and

w′′ =
dw′

dx

dx

dz

=
d

dx

[
(1 + x)3

4(1− x)

dw

dx

]
dx

dz

=

[
d2w

dx2
(1 + x)3

4(1− x)
+
dw

dx

d

dx

(1 + x)3

4(1− x)

]
dx

dz

=

[
d2w

dx2
(1 + x)3

4(1− x)
+
dw

dx

1

4

[
(1 + x)3(−1)(1− x)−2(−1) + (1− x)−13(1 + x)2

]] dx
dz

=

[
d2w

dx2
(1 + x)3

4(1− x)
+
dw

dx

1

2

(1 + x)2(2− x)

(1− x)2

]
dx

dz

=

[
d2w

dx2
(1 + x)3

4(1− x)
+
dw

dx

1

2

(1 + x)2(2− x)

(1− x)2

]
(1 + x)3

4(1− x)

=

[
d2w

dx2
(1 + x)

2
+
dw

dx

(2− x)

1− x

]
(1 + x)5

8(1− x)2

since

z(1− z)w′′ + [2b− (a+ b+ 1)z]w′ − abw = 0

putting the values of w′ and w′′ in above equation, we obtain

x(1 + x)2

4

d2w

dx2
+
x(1 + x)

2

dw

dx

(2− x)

1− x
+
b(1 + x)3

2(1− x)

dw

dx

−(a+ b+ 1)x(1 + x)

1− x
dw

dx
− abw = 0

⇒ 4(1− x)x(1 + x)2

4

d2w

dx2
+
x4(1− x)(1 + x)

2

dw

dx

(2− x)

1− x
+

4(1− x)b(1 + x)3

2(1− x)

dw

dx

−4(1− x)(a+ b+ 1)x(1 + x)

1− x
dw

dx
− 4(1− x)abw = 0

⇒ (1− x)x(1 + x)2
d2w

dx2
+ 2x(1 + x)(2− x)

dw

dx
+ 2b(1 + x)3

dw

dx

−4x(a+ b+ 1)(1 + x)
dw

dx
− 4(1− x)abw = 0

⇒ x(1− x)(1 + x)2
d2w

dx2
+ 2(1 + x)(b− 2ax+ bx2 − x2)dw

dx
− 4ab(1− x)w = 0
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of which one solution is w = F (a, b; 2b; 4x
(1+x)2

).

put w = (1 + x)2ay in above equation, we get

w′ =
dw

dx
= (1 + x)2a

dy

dx
+ 2a(1 + x)2a−1y

and

w′′ =
dw′

dx

=
d

dx

(
dw

dx

)
=

d

dx

[
(1 + x)2a

dy

dx
+ 2a(1 + x)2a−1y

]
=

d2y

dx2
(1 + x)2a + 4a(1 + x)2a−1

dy

dx
+ 2a(2a− 1)(1 + x)2a−2y

so, the equation becomes

x(1− x)(1 + x)2
[
(1 + x)2a

d2y

dx2
+

4a(1 + x)2a

1 + x

dy

dx
+

2a(2a− 1)(1 + x)2ay

(1 + x)2

]
+2(1 + x)(b− 2ax+ bx2 − x2)

[
(1 + x)2a

dy

dx
+

2a(1 + x)2ay

(1 + x)

]
− 4ab(1− x)(1 + x)2ay = 0

⇒ x(1− x)(1 + x)(1 + x)2a+1 d
2y

dx2
+ x(1− x)4a(1 + x)2a+1 dy

dx
+ x(1− x)2a(2a− 1)(1 + x)2ay +

2(1 + x)2a+1(b− 2ax+ bx2 − x2)dy
dx

+2(b− 2ax+ bx2 − x2)2a(1 + x)2ay − 4ab(1− x)(1 + x)2ay = 0

⇒ x(1− x)(1 + x)(1 + x)2a+1 d
2y

dx2
+ 2(1 + x)2a+1

[
b− (2a− b+ 1)x2

] dy
dx

−2ax(1 + x)2a+1y(2a+ 1− 2b)y = 0

since (1 + x)2a+1 6= 0 so, the equation becomes

x(1− x2)y′′ + 2
[
b− (2a− b+ 1)x2

]
y′ − 2ax(2a+ 1− 2b)y = 0
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of which one solution is w = (1 + x)−2aF (a, b; 2b; 4x
(1+x)2

). The above differential equa-

tion is invariant under a change from x to −x. Put v = x2 ⇒
√
v = x and

dv
dx

= 2x = 2
√
v

y′ =
dy

dx
=
dy

dv

dv

dx
= 2
√
v
dy

dv

y′′ =
dy′

dx
=

d

dx

(
2
√
v
dy

dv

)
=

d

dv

(
2
√
v
dy

dv

)
dv

dx
=

(
2
√
v
d2y

dv2
+

1√
v

dy

dv

)
2
√
v = 4v

d2y

dv2
+ 2

dy

dv

putting the values of y, y′ in above equation, we obtain

√
v(1− v)

(
4v
d2y

dv2
+ 2

dy

dv

)
+ 2 [b− (2a− b+ 1)v] 2

√
v
dy

dv
− 2a

√
v(1 + 2a− 2b)y = 0

⇒ 4v
3
2 (1− v)

d2y

dv2
+ 2
√
v(1− v)

dy

dv
+ 4b
√
v
dy

dv
− 4v

3
2 (2a− b+ 1)

dy

dv
− 2a

√
v(2a+ 1− 2b)y = 0

⇒ 2
√
v

[
2v(1− v)

d2y

dv2
+ (1− v)

dy

dv
+ 2b

dy

dv
− 2v(2a− b+ 1)

dy

dv
− a(2a− 2b+ 1)y

]
= 0

⇒ 2v(1− v)
d2y

dv2
+ 2

[
1

2
− 3v

2
+ b− 2av + bv

]
dy

dv
− 2a(

1

2
+ a− b)y = 0

⇒ v(1− v)
d2y

dv2
+

[
b+

1

2
− (2a− b+

3

2
)v

]
dy

dv
− a(a− b+

1

2
)y = 0.

The function F (a, b; a+ b+ 1
2
; z) is a solution of the differential equation

z(1− z)y′′ + [a+ b+
1

2
− (a+ b+ 1)z]y′ − aby = 0

Let z = 4x(1− x) = 4x− 4x2 ⇒ dz
dx

= 4(1− 2x)

y′ =
dy

dz
=
dy

dx

dx

dz
=

1

4

dy

dx

1

(1− 2x)

y′′ =
d2y

dz2
=
dy′

dz
=

d

dz

[
1

4

dy

dx

1

(1− 2x)

]
=

d

dx

[
1

4

dy

dx
(1− 2x)−1

]
dx

dz

=

[
1

4

dy

dx
(−1)(1− 2x)−2(−2) +

(1− 2x)−1

4

d2y

dx2

]
1

4(1− 2x)
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=

[
1

(1− 2x)

dy

dx
+

1

2

d2y

dx2

]
1

8(1− 2x)2

put the values of y′ and y′′ in above equation, we get

x(1− x)

2(1− 2x)

dy

dx
+
x(1− x)

4

d2y

dx2
+

[
a+ b+

1

2
− (a+ b+ 1)(4x− 4x2)

]
1

4

dy

dx

1

(1− 2x)
− aby = 0

⇒ 4x(1− x)

2(1− 2x)

dy

dx
+ x(1− x)

d2y

dx2
+

[
a+ b+

1

2
− (a+ b+ 1)(4x− 4x2)

]
dy

dx

1

(1− 2x)
− 4aby = 0

⇒ x(1− x)

4

d2y

dx2
+
dy

dx

[
2x(1− x)

(1− 2x)
+

{
a+ b+

1

2
− (a+ b+ 1)(4x− 4x2)

}
1

(1− 2x)

]
− 4aby = 0

⇒ x(1− x)

4

d2y

dx2
+
dy

dx

1

1− 2x

[
a+ b+

1

2
− 4ax− 4bx− 2x+ 4ax2 + 4bx2 + 2x2

]
− 4aby = 0

⇒ x(1− x)

4

d2y

dx2
+
dy

dx

1

1− 2x

[
1(a+ b+

1

2
)− 4ax− 4bx− 2x+ 4x2(a+ b+

1

2
)

]
− 4aby = 0

⇒ x(1− x)

4

d2y

dx2
+
dy

dx

1

1− 2x

[
(a+ b+

1

2
)(1 + 4x2)− 4x(a+ b+

1

2
)

]
− 4aby = 0

so, the above equation becomes

x(1− x)
d2y

dx2
+ [a+ b+

1

2
− (2a+ 2b+ 1)x]

dy

dx
− 4aby = 0.

of which one solution is y = F (a, b; a+ b+ 1
2
; 4x(1− x)).

2.2 Derivation of solutions of differential equations

Since

v(1− v)
d2y

dv2
+

[
b+

1

2
− (2a− b+

3

2
)v

]
dy

dv
− a(a− b+

1

2
)y = 0.
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Let y =
∞∑
n=0

anv
c+n then y′ =

∞∑
n=0

an(c+ n)vc+n−1 y′′ =
∞∑
n=0

an(c+ n)(c+ n− 1)vc+n−2

putting the values of y, y′ and y′′ in above equation

⇒
∞∑
n=0

an(c+ n)(c+ n− 1)vc+n−1 −
∞∑
n=0

an(c+ n)(c+ n− 1)vc+n + (b+
1

2
)
∞∑
n=0

an(c+ n)vc+n−1

−(2a− b+
3

2
)
∞∑
n=0

an(c+ n)vc+n − a(a− b+
1

2
)
∞∑
n=0

anv
c+n = 0

∞∑
n=0

an

[
(c+ n)(c+ n− 1) + (b+

1

2
)(c+ n)

]
vc+n−1

−
∞∑
n=0

an

[
(c+ n)(c+ n− 1) + (2a− b+

3

2
)(c+ n) + a(a− b+

1

2
)

]
vc+n = 0

change the summation index

vc

[
aoc(c− 1)v−1 + aoc(b+

1

2
)v−1 +

∞∑
n=0

an+1

{
(c+ n+ 1)(c+ n) + (b+

1

2
)(c+ n+ 1)

}
vn

−
∞∑
n=0

an

{
(c+ n)(c+ n− 1) + (2a− b+

3

2
)(c+ n) + a(a− b+

1

2
)

}
vn

]
= 0

which implies that

aoc(c− 1) + aoc(b+
1

2
) = 0

nothing is gained by taking ao = 0

so,

c(c− 1) + (b+
1

2
)c = 0 ⇒ c(c+ b− 1

2
) = 0 ⇒ c = 0 or c =

1

2
− b

an+1

[
(c+n+1)(c+n)+(b+

1

2
)(c+n+1)

]
= an

[
(c+n)(c+n−1)+(2a−b+3

2
)(c+n)+a(a−b+1

2
)

]

an+1 =

an

[
(c+ n)(c+ n− 1) + (2a− b+ 3

2
)(c+ n) + a(a− b+ 1

2
)

]
(c+ n+ 1)(c+ n) + (b+ 1

2
)(c+ n+ 1)
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n = 0, 1, 2, ...

(1)If c = 0

an+1 =
an
[
n(n− 1) + (2a− b+ 3

2
)n+ a(a− b+ 1

2
)
]

(n+ 1)n+ (b+ 1
2
)(n+ 1)

taking n = 0

a1 =
aoa(a− b+ 1

2
)

(b+ 1
2
)

n = 1

a2 =
aoa(a− b+ 1

2
)(a+ 1)(a− b+ 3

2
)

(b+ 1
2
)2(b+ 3

2
)

up to so on

an =
ao(a− b+ 1

2
)n(a)n

n!(b+ 1
2
)n

so

y1 =
∞∑
n=0

ao(a− b+ 1
2
)n(a)nv

n

n!(b+ 1
2
)n

=2 F1(a, a− b+
1

2
; b+

1

2
; v)

(2)If c = 1
2
− b

an+1 =
an
[
(1
2
− b+ n)(1

2
− b+ n− 1) + (2a− b+ 3

2
)(1

2
− b+ n) + a(a− b+ 1

2
)
]

(1
2
− b+ n+ 1)(1

2
− b+ n) + (b+ 1

2
)(1

2
− b+ n+ 1)

n = 0, 1, 2, ...

taking n = 0

a1 =
ao
[
(1
2
− b)(1

2
− b− 1) + (2a− b+ 3

2
)(1

2
− b) + a(a− b+ 1

2
)
]

(1
2
− b+ 1)(1

2
− b) + (b+ 1

2
)(1

2
− b+ 1)

=
ao(a− b+ 1

2
)(a+ 1− 2b)

(3
2
− b)

n = 1

a2 =
ao(a− b+ 1

2
)n(a+ 1− 2b)n

(n!3
2
− b)n
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up to so on

an =
ao(a− b+ 1

2
)n(a+ 1− 2b)n

(n!3
2
− b)n

so,

y2 = v
1
2
−b

∞∑
n=0

ao(a− b+ 1
2
)n(a+ 1− 2b)nv

n

(n!3
2
− b)n

= v
1
2
−b

2F1(a− b+
1

2
, a− 2b+ 1;

3

2
− b; v).

Since

x(1− x)
d2y

dx2
+ [a+ b+

1

2
− (2a+ 2b+ 1)x]

dy

dx
− 4aby = 0

Let y =
∞∑
n=0

anx
c+n then y′ =

∞∑
n=0

an(c+ n)xc+n−1 y′′ =
∞∑
n=0

an(c+ n)(c+ n− 1)xc+n−2

now put the values of y, y′ and y′′ in above equation, we get

∞∑
n=0

an

[
(c+ n)(c+ n− 1) + (a+ b+

1

2
)(c+ n)

]
xc+n−1 −

∞∑
n=0

an[
(c+ n)(c+ n− 1) + (2a+ 2b+ 1)(c+ n) + 4ab

]
xc+n = 0

change the summation index

xc

[
aoc(c− 1)x−1 + aoc(a+ b+

1

2
)x−1 +

∞∑
n=0

an+1

{
(c+ n+ 1)(c+ n) + (a+ b+

1

2
)(c+ n+ 1)

}
xn

−
∞∑
n=0

an

{
(c+ n)(c+ n− 1) + (2a+ 2b+ 1)(c+ n) + 4ab

}
xn

]
= 0

which implies that

aoc(c− 1) + aoc(a+ b+
1

2
) = 0
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nothing is gained by taking ao = 0

so,

c(c− 1) + (a+ b+
1

2
)c = 0

⇒ c(c+ a+ b− 1

2
) = 0 ⇒ c = 0 or c =

1

2
− a− b

an+1

[
(c+n+1)(c+n)+(a+b+

1

2
)(c+n+1)

]
= an

[
(c+n)(c+n−1)+(2a+2b+1)(c+n)+4ab

]

an+1 =
an [(c+ n)(c+ n− 1) + (2a+ 2b+ 1)(c+ n) + 4ab]

(c+ n+ 1)(c+ n) + (a+ b+ 1
2
)(c+ n+ 1)

n = 0, 1, 2, ...

(1)If c = 0

an+1 =
an [n(n− 1) + (2a+ 2b+ 1)n+ 4ab]

(n+ 1)n+ (a+ b+ 1
2
)(n+ 1)

taking n = 0

a1 =
ao4ab

(a+ b+ 1
2
)

n = 1

a2 =
ao(2a)(2a+ 1)(2b)(2b+ 1)

(a+ b+ 1
2
)2(a+ b+ 1

2
+ 1)

up to so on

an =
ao(2a)n(2b)n
n!(a+ b+ 1

2
)n

so,

y1 =
∞∑
n=0

ao(2a)n(2b)nx
n

n!(a+ b+ 1
2
)n

=2 F1(2a, 2b; a+ b+
1

2
;x)

(2)If c = 1
2
− a− b

an+1 =
an
[
(1
2
− a− b+ n)(1

2
− a− b+ n− 1) + (2a+ 2b+ 1)(1

2
− a− b+ n) + 4ab

]
(1
2
− a− b+ n+ 1)(1

2
− a− b+ n) + (a+ b+ 1

2
)(1

2
− a− b+ n+ 1)
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n = 0, 1, 2, ...

taking n = 0

a1 =
ao
[
(1
2
− a− b)(−1

2
− a− b) + (2a+ 2b+ 1)(1

2
− a− b) + 4ab

]
(1
2
− a− b+ 1)(1

2
− a− b) + (a+ b+ 1

2
)(1

2
− a− b+ 1)

=
ao(a− b+ 1

2
)(b− a+ 1

2
)

(3
2
− a− b)

n = 1

a2 =
ao(a− b+ 1

2
)(b− a+ 1

2
+ 1)

2!(3
2
− a− b)(3

2
− a− b+ 1)

up to so on

an =
ao(a− b+ 1

2
)n(b− a+ 1

2
)n

n!(3
2
− a− b)n

so,

y2 = x
1
2
−a−b

∞∑
n=0

(a− b+ 1
2
)n(b− a+ 1

2
)nx

n

n!(3
2
− a− b)n

= x
1
2
−a−b

2F1(a− b+
1

2
, b− a+

1

2
;
3

2
− a− b;x).

Theorem 2.2.1. If 2b is neither zero nor a negative integer, and if both |x| < 1 and
|4x(1 + x)−2| < 1, then

(1 + x)−2aF

(
a, b; 2b;

4x

(1 + x)2

)
= F

(
a, a− b+

1

2
; b+

1

2
;x2
)
.

Proof:-The equation

v(1− v)
d2y

dv2
+

[
b+

1

2
− (2a− b+

3

2
)v

]
dy

dv
− a(a− b+

1

2
)y = 0.

has, in |v| < 1, the general solution

y = AF

(
a, a− b+

1

2
; b+

1

2
; v

)
+Bv

1
2
−bF

(
a− b+

1

2
, a− 2b+ 1;

3

2
− b; v

)
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The differential equation

x(1− x2)y′′ + 2
[
b− (2a− b+ 1)x2

]
y′ − 2ax(1 + 2a− 2b)y = 0

has a solution y = (1 + x)−2aF (a, b; 2b; 4x
(1+x)2

) valid in | 4x
(1+x)2

| < 1 as long as 2b is
neither zero nor a negative integer.At the same time equation

x(1− x2)y′′ + 2
[
b− (2a− b+ 1)x2

]
y′ − 2ax(1 + 2a− 2b)y = 0.

has the general solution (2.3.11) with v = x2, this solution is valid in |x| < 1. There-
fore, if both |x| < 1 and | 4x

(1+x)2
| < 1 and if 2b is neither zero nor a negative integer,

there exist constant A and B such that

(1 + x)−2aF

(
a, b; 2b;

4x

(1 + x)2

)
= AF

(
a, a− b+

1

2
; b+

1

2
;x2
)

+Bx1−2bF

(
a− b+

1

2
, a− 2b+ 1;

3

2
− b;x2

)
In equation (2.3.12) the left member and the first term on the right are analytic at
x = 0, but the last term is not analytic at x = 0 because of the factor x1−2b. Hence B
and A is easily determined by using x = 0 in the resultant identity

(1 + x)−2aF

(
a, b; 2b;

4x

(1 + x)2

)
= AF

(
a, a− b+

1

2
; b+

1

2
;x2
)

Thus A = 1

(1 + x)−2aF

(
a, b; 2b;

4x

(1 + x)2

)
= F

(
a, a− b+

1

2
; b+

1

2
;x2
)
.

Theorem 2.2.2. If 2b is neither zero nor a negative integer and if |y| < 1
2

and
| y
(1−y) | < 1, then

(1− y)−aF

(
1

2
a,

1

2
a+

1

2
;
1

2
+ b;

y2

(1− y)2

)
= F (a, b; 2b; 2y).
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Proof:-

L.H.S. = (1− y)−aF

(
1

2
a,

1

2
a+

1

2
;
1

2
+ b;

y2

(1− y)2

)

= (1− y)−a
∞∑
m=0

(1
2
a)m(1

2
a+ 1

2
)m

(b+ 1
2
)mm!

(
y2

(1− y)2

)m

=
∞∑
m=0

∞∑
n=0

(a)2my
2m

(b+ 1
2
)mm!22m

(a+ 2m)ny
n

n!

=
∞∑
m=0

∞∑
n=0

(a)2m+ny
2m+n

(b+ 1
2
)mm!n!22m

=
∞∑
n=0

[n
2
]∑

m=0

(a)ny
n

(b+ 1
2
)mm!(n− 2m)!22m

=
∞∑
n=0

[n
2
]∑

m=0

(a)ny
n(−n)2m

(b+ 1
2
)mm!n!22m(−1)2m

=
∞∑
n=0

[n
2
]∑

m=0

(a)ny
n22m(−n

2
)m(−n+1

2
)m

(b+ 1
2
)mm!n!22m

=
∞∑
n=0

F (
−n
2
,
−n
2

+
1

2
; b+

1

2
; 1)

(a)ny
n

n!

=
∞∑
n=0

(b)n
(2b)n

(a)n2yn

n!

(
∵ F (

−n
2
,
−n
2

+
1

2
; b+

1

2
; 1) =

2n(b)n
(2b)n

)
=

∞∑
n=0

2n(b)n
(2b)n

(a)ny
n

n!

= F (a, b; 2b; 2y) .

Theorem 2.2.3. If 1 + a − b is neither zero nor a negative integer, and if |z| < 1
and | −4z

(1−z)2 | < 1, then

(1− z)−aF

(
1

2
a,

1

2
+

1

2
a− b; 1 + a− b; −4z

(1− z)2

)
= F (a, b; 1 + a− b; z) .

Proof:-In theorem (2.3.7) put

y =
2x

(1 + x)2
⇒ 1− y =

1 + x2

(1 + x)2
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and
y

1− y
=

2x

(1 + x)2
.

so theorem (2.3.7) becomes

(1 + x2)−a

(1 + x)−2a
F

(
1

2
a,

1

2
a+

1

2
;
1

2
+ b;

4x2

(1 + x2)2

)
= F

(
a, b; 2b;

4x

(1 + x)2

)
⇒ (1 + x2)−aF

(
1

2
a,

1

2
a+

1

2
;
1

2
+ b;

4x2

(1 + x2)2

)
= (1 + x)−2aF

(
a, b; 2b;

4x

(1 + x)2

)
using theorem (2.3.6) on R.H.S

(1 + x2)−aF

(
1

2
a,

1

2
a+

1

2
;
1

2
+ b;

4x2

(1 + x2)2

)
= F

(
a, a− b+

1

2
; b+

1

2
;x2
)

now put x2 = z and replace b by 1
2

+ a− b in above equation

(1 + z)−aF

(
1

2
a,

1

2
a+

1

2
;
1

2
+ a− b+

1

2
;

4z

(1 + z)2

)
= F

(
a, a− 1

2
− a+ b+

1

2
;
1

2
+ a− b+

1

2
; z

)

(1 + z)−aF

(
1

2
a,

1

2
a+

1

2
; 1 + a− b; 4z

(1 + z)2

)
= F (a, b; 1 + a− b; z)

using theorem

F (a, b; c; z) = (1− z)−aF (a, c− b; c; −z
1− z

).

on R.H.S of above equation

F

(
1

2
a,

1

2
a+

1

2
; 1 + a− b; 4z

(1 + z)2

)
=

(
1− 4z

(1 + z)2

)−a
2

F

(
1

2
a, 1 + a− b− 1

2
a− 1

2
; 1 + a− b;

−4z
(1+z)2

1− 4z
(1+z)2

)

=

[
(1− z)2

(1 + z)2

]−a
2

F

(
1

2
a, 1 + a− b− 1

2
a− 1

2
; 1 + a− b; −4z

(1 + z)2
(1 + z)2

(1− z)2

)
so,

(1− z)−aF

(
1

2
a,

1

2
+

1

2
a− b; 1 + a− b; −4z

(1− z)2

)
= F (a, b; 1 + a− b; z) .
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Theorem 2.2.4. If a + b + 1
2

is neither zero nor a negative integer, and if |x| < 1
and |4x(1− x)| < 1, then

F (a, b; a+ b+
1

2
; 4x(1− x)) = F (2a, 2b; a+ b+

1

2
;x).

Proof:-The equation

x(1− x)
d2y

dx2
+ [a+ b+

1

2
− (2a+ 2b+ 1)x]

dy

dx
− 4aby = 0.

is hypergeometric in character and has the general solution if |x| < 1 and |4x(1−x)| <
1, a+ b+ 1

2
is neither zero nor a negative integer, there exist constants A and B such

that

y = AF

(
2a, 2b; a+ b+

1

2
;x

)
+Bx

1
2
−a−bF

(
1

2
+ a− b, 1

2
+ b− a;

3

2
− a− b;x

)
as well as have the solution y = F (a, b; a+ b+ 1

2
; 4x(1− x))

F

(
a, b; a+ b+

1

2
; 4x(1− x)

)
= AF

(
2a, 2b; a+ b+

1

2
;x

)
+Bx

1
2
−a−bF

(
1

2
+ a− b, 1

2
+ b− a;

3

2
− a− b;x

)
In equation (2.3.15) the left member and the first term on the right are analytic at

x=0, but the last term is not analytic at x=0 because of the factor x
1
2
−a−b. Hence

B=0 and A is easily determined by using x=0 in the resultant identity

F

(
a, b; a+ b+

1

2
; 4x(1− x)

)
= AF

(
2a, 2b; a+ b+

1

2
;x

)
Thus A=1

F

(
a, b; a+ b+

1

2
; 4x(1− x)

)
= F

(
2a, 2b; a+ b+

1

2
;x

)
.

Theorem 2.2.5. If c is neither zero nor a negative integer, and if both |x| < 1 and
|4x(1− x)| < 1, then

F (a, 1− a; c;x) = (1− x)c−1F (
1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
; c; 4x(1− x)).
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Proof:-In the identity of theorem (2.3.11) replace a by 1
2
c− 1

2
a and b by 1

2
c+ 1

2
a− 1

2

F (
1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
;
1

2
c− 1

2
a+

1

2
c+

1

2
a− 1

2
+

1

2
; 4x(1− x))

= F (2(
1

2
c− 1

2
a), 2(

1

2
c+

1

2
a− 1

2
);

1

2
c− 1

2
a+

1

2
c+

1

2
a− 1

2
+

1

2
;x)

F (
1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
; c; 4x(1− x)) = F (c− a, c+ a− 1; c;x)

using theorem

F (a, b; c; z) = (1− z)c−a−bF (c− a, c− b; c; z)

on R.H.S of the above equation, we obtain

F (c− a, c+ a− 1; c;x) = (1− x)c−c+a−c−a+1F (c− c+ a, c− c− a+ 1; c;x)

= (1− x)1−cF (a, 1− a; c;x)

so,

F (a, 1− a; c;x) = (1− x)c−1F (
1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
; c; 4x(1− x))

Theorem 2.2.6.

F [−n, 1− b− n; a; 1] =
(a+ b− 1)2n

(a)n(a+ b− 1)n
.

Proof:-

L.H.S. = F [−n, 1− b− n; a; 1]

=
Γ(a)

Γ(1− b− n)Γ(a+ b+ n− 1)

1∫
0

t1−b−n−1(1− t)a+b+2n−1−1dt

=
Γ(a)

Γ(1− b− n)Γ(a+ b+ n− 1)

Γ(1− b− n)Γ(a+ b+ 2n− 1)

Γ(1− b− n+ a+ b+ 2n− 1)

=
Γ(a)Γ(a+ b+ 2n− 1)

Γ(a+ n)Γ(a+ b+ n− 1)

=
Γ(a)

Γ(a+ n)

Γ(a+ b+ 2n− 1)

Γ(a+ b+ n− 1)

Γ(a+ b− 1)

Γ(a+ b− 1)

=
1

(a)n

1

(a+ b− 1)n
(a+ b− 1)2n

=
(a+ b− 1)2n

(a)n(a+ b− 1)n
.
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Theorem 2.2.7.

F (a, b;
1

2
(a+ b+ 1);

1

2
) =

Γ(1
2
)Γ[1

2
(1 + a+ b)]

Γ[1
2
(1 + a)]Γ[1

2
(1 + b)]

.

Proof:-Since

F (a, b; a+ b+
1

2
; 4x(1− x)) = F (2a, 2b; a+ b+

1

2
;x).

Replace a by a
2

and b by b
2

F (
a

2
,
b

2
;
a

2
+
b

2
+

1

2
; 4x(1− x)) = F (a, b;

a

2
+
b

2
+

1

2
;x)

put x = 1
2

F (a, b;
a

2
+
b

2
+

1

2
;
1

2
) = F (

a

2
,
b

2
;
a

2
+
b

2
+

1

2
; 1)

=
Γ(a

2
+ b

2
+ 1

2
)Γ(a

2
+ b

2
+ 1

2
− a

2
− b

2
)

Γ(a
2

+ b
2

+ 1
2
− a

2
)Γ(a

2
+ b

2
+ 1

2
− b

2
)

=
Γ(1

2
)Γ[1

2
(1 + a+ b)]

Γ[1
2
(1 + a)]Γ[1

2
(1 + b)]

.

Theorem 2.2.8.

F (a, 1− a; c;
1

2
) =

Γ(1
2
c)Γ[1

2
(c+ 1)]

Γ[1
2
(a+ c)]Γ[1

2
(1 + c− a)]

.

Proof:-Since

F (a, 1− a; c;x) = (1− x)c−1F (
1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
; c; 4x(1− x)).

Put x = 1
2

F (a, 1− a; c;
1

2
) = (1− 1

2
)c−1F (

1

2
c− 1

2
a,

1

2
c+

1

2
a− 1

2
; c; 1)

=
(1
2
)c−1Γ(c)Γ(c− 1

2
c+ 1

2
a− 1

2
c− 1

2
a+ 1

2
)

Γ(c− 1
2
c+ 1

2
a)Γ(c− 1

2
c− 1

2
a+ 1

2
)

=
21−cΓ(c)Γ(1

2
)

Γ(1
2
c+ 1

2
a)Γ(1

2
c− 1

2
a+ 1

2
)

since

22z−1Γ(z)Γ(z +
1

2
) =
√
πΓ(2z).
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Put z = c
2

in above equation, we get

2c−1Γ( c
2
)Γ[1

2
(c+ 1)]

√
π

= Γ(c)

so,

F (a, 1− a; c;
1

2
) =

21−c2c−1Γ( c
2
)Γ[1

2
(c+ 1)]

√
π

√
πΓ(1

2
c+ 1

2
a)Γ(1

2
c− 1

2
a+ 1

2
)

(
∵ Γ(

1

2
) =
√
π

)
=

Γ(1
2
c)Γ[1

2
(c+ 1)]

Γ[1
2
(a+ c)]Γ[1

2
(1 + c− a)]

.

Theorem 2.2.9.

dn

dxn

[
xa−1+nF (a, b; c;x)

]
= (a)nx

a−1F (a+ n, b; c;x).

Proof:-

L.H.S =
dn

dxn

[
xa−1+nF (a, b; c;x)

]

=
∞∑
m=0

(a)m(b)m
(c)mm!

dn

dxn
xm+n+a−1

=
∞∑
m=0

(a)m(b)m
(c)mm!

(n+m+ a− 1)(n+m+ a− 2)...(n+m+ a− n)xn+m+a−n−1

=
∞∑
m=0

(a)m(a)n+m(b)mx
m+a−1

(a)m(c)mm!

=
∞∑
m=0

(a+ n)m(a)n(b)mx
m+a−1

(c)mm!

= (a)nx
a−1F (a+ n, b; c;x).

Kummer’s Theorem

Theorem 2.2.10. If (1+a-b) is neither zero nor a negative integer, and Re(b) < 1
for convergence,

F (a, b; 1 + a− b;−1) =
Γ(1 + a− b)Γ(1 + 1

2
a)

Γ(1 + 1
2
a− b)Γ(1 + a)

.
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Proof:-Since

(1− z)−aF

(
1

2
a,

1

2
+

1

2
a− b; 1 + a− b; −4z

(1− z)2

)
= F (a, b; 1 + a− b; z).

put z = −1 in above equation, then we have

(2)−aF

(
1

2
a,

1

2
+

1

2
a− b; 1 + a− b; 1

)
= F (a, b; 1 + a− b;−1)

Γ(1 + a− b)Γ(1 + a− b− 1
2
a− 1

2
a− 1

2
+ b)

2aΓ(1 + a− b− 1
2
a)Γ(1 + a− b− 1

2
− 1

2
a) + b

= F (a, b; 1 + a− b;−1)

Γ(1 + a− b)Γ(1
2
)

2aΓ(1 + 1
2
a− b)Γ(1

2
+ 1

2
a)

= F (a, b; 1 + a− b;−1)

By Legendre’s Duplication formula

Γ(z)Γ(z +
1

2
) = Γ(

1

2
)21−2zΓ(2z)

put z = a+1
2

in above equation, implies

2aΓ(1
2

+ 1
2
a) + Γ(1 + 1

2
a)

Γ(1 + a)
= Γ(

1

2
)

so,

F (a, b; 1 + a− b;−1) =
Γ(1 + a− b)Γ(1 + 1

2
a)

Γ(1 + 1
2
a− b)Γ(1 + a)

.

Theorem 2.2.11.

(1− x)1−cF (a, 1− a; c;x) = (1− 2x)a−cF

(
1

2
c− 1

2
a,

1

2
c− 1

2
a+

1

2
; c;

4x(x− 1)

(1− 2x)2

)
.

Proof:-Since

(1− x)1−cF (a, 1− a; c;x) = F

(
c− a

2
,
c+ a− 1

2
; c; 4x(1− x)

)

and

F (a, b; c; z) = (1− z)−aF (a, c− b; c; −z
1− z

).
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therefore,

(1− x)1−cF (a, 1− a; c;x) = (1− 4x(1− x))−
c−a
2 F

(
c− a

2
, c− c+ a− 1

2
; c;
−4x(1− x)

1− 4x(1− x)

)

= (1− 2x)2
a−c
2 F

(
c− a

2
,
c− a+ 1

2
; c;

4x(x− 1)

(1− 2x)2

)

= (1− 2x)a−cF

(
c− a

2
,
c− a+ 1

2
; c;

4x(x− 1)

(1− 2x)2

)
.

Theorem 2.2.12.

F (2a, 2b; a+ b+
1

2
;
1

2
) =

Γ(a+ b+ 1
2
)Γ(1

2
)

Γ(a+ 1
2
)Γ(b+ 1

2
)
.

Proof:-Since

F (2a, 2b; a+ b+
1

2
;x) = F (a, b; a+ b+

1

2
; 4x(1− x)).

Put x = 1
2

so,

F (2a, 2b; a+ b+
1

2
;
1

2
) = F (a, b; a+ b+

1

2
; 1)

=
Γ(a+ b+ 1

2
)Γ(a+ b+ 1

2
− a− b)

Γ(a+ b+ 1
2
− a)Γ(a+ b+ 1

2
− b)

=
Γ(a+ b+ 1

2
)Γ(1

2
)

Γ(a+ 1
2
)Γ(b+ 1

2
)
.

Theorem 2.2.13.

F (−n, a+ n; c; 1) =
(−1)n(1 + a− c)n

(c)n
.

Proof:-

F (−n, a+ n; c; 1) =
Γ(c)Γ(c− a)

Γ(c+ n)Γ(c− a− n)

(
∵ F (a, b; c; 1) =

Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

)
=

Γ(c− a)

(c)nΓ(c− a− n)
.

since
Γ(1− α− n)

Γ(1− α)
=

(−1)n

(α)n
.
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Put α = 1− c+ a in the above equation, we get

Γ(c− a− n)

Γ(c− a)
=

(−1)n

(1− c+ a)n

therefore,

F (−n, a+ n; c; 1) =
(1− c+ a)n
(c)n(−1)n

=
(−1)n(1− c+ a)n

(c)n
.

Theorem 2.2.14. If p ≤ q+ 1, if Re(b1) > Re(a1) > 0, if no one of b1, b2...bq is zero
or a negative integer, and if |z| < 1,

pFq (a1, a2, ...ap; b1, b2, ...bq; z) =
Γ(b1)

Γ(a1)Γ(b1 − a1)∫ 1

0

ta1−1(1− t)b1−a1−1p−1Fq−1 (a2, ...ap; b2, ...bq; zt)dt.

Saalschutz’theorem

Theorem 2.2.15. If n is a non negative integer and if a, b and c are independent of
n, then

3F2(−n, a, b; c, 1− c+ a+ b− n; 1) =
(c− a)n(c− b)n
(c)n(c− a− b)n

.

Proof:-Since

F (a, b; c; z) = (1− z)c−a−bF (c− a, c− b; c; z).

Replace a by c− a and b by c− b, we obtain

F (c− a, c− b; c; z) = (1− z)a+b−cF (a, b; c; z)

⇒
∞∑
n=0

(c− a)n(c− b)n
(c)n

zn

n!
= (1− z)−(c−a−b)F (a, b; c; z)

=
∞∑
n=0

(c− a− b)nzn

n!

∞∑
m=0

(a)m(b)mz
m

(c)mm!

(
∵ (1− y)−a =

∞∑
n=0

(a)ny
n

n!

)
=

∞∑
n=0

∞∑
m=0

(c− a− b)n(a)m(b)mz
n+m

(c)mn!m!
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=
∞∑
n=0

n∑
m=0

(c− a− b)n−m(a)m(b)mz
n

(c)m(n−m)!m!

(
∵
∞∑
n=0

∞∑
m=0

A(m,n) =
∞∑
n=0

n∑
m=0

A(m,n−m)

)
=

∞∑
n=0

n∑
m=0

(−n)m(c− a− b)n−m(a)m(b)mz
n

(c)m(−1)mn!m!

(
∵ (n−m)! =

(−1)m(n!)

(−n)m

)
=

∞∑
n=0

n∑
m=0

(−n)m(c− a− b)n(−1)m(a)m(b)mz
n

(c)m(−1)m(1− c+ a+ b− n)mn!m!

(
∵ (a)n−m =

(−1)m(a)n
(1− a− n)m

)

=
∞∑
n=0

[
n∑

m=0

(−n)m(a)m(b)m
(c)m(1− c+ a+ b− n)mm!

]
zn(c− a− b)n

n!

comparing the coefficients of like terms

(c− a)n(c− b)n
(c)n

=3 F2(−n, a, b; c, 1− c+ a+ b− n; 1)(c− a− b)n

⇒ 3F2(−n, a, b; c, 1− c+ a+ b− n; 1) =
(c− a)n(c− b)n
(c)n(c− a− b)n

.

Theorem 2.2.16. If n is non negative integer and if a and b are independent of n,
then

3F2(−n, a+ n,
1

2
+

1

2
a− b; 1 + a− b, 1

2
a+

1

2
; 1) =

(b)n
(1 + a− b)n

.

Proof:-Since

F (a, b; 1 + a− b; z) = (1− z)−aF

(
1

2
a,

1

2
+

1

2
a− b; 1 + a− b; −4z

(1− z)2

)
.

⇒
∞∑
n=0

(a)n(b)nz
n

(1 + a− b)nn!
=

∞∑
m=0

(1
2
a)m(1

2
+ 1

2
a− b)m

(1 + a− b)mm!

(−4z)m

(1− z)2m+a

=
∞∑
n=0

∞∑
m=0

(−1)m22mzm+n(a+ 2m)n(a
2
)m(a+1

2
− b)m

(1 + a− b)mm!n!

(
∵ (1− y)−a =

∞∑
n=0

(a)ny
n

n!

)
=
∞∑
n=0

∞∑
m=0

(−1)m22mzm+n(a)2m+n(a
2
)m(a+1

2
− b)m

(1 + a− b)m(a)2mm!n!

(
∵ (a)m(a+m)n = (a)m+n

)
=
∞∑
n=0

n∑
m=0

(−1)m22mzn(a)m+n(a
2
)m(a+1

2
− b)m

(1 + a− b)m(a)2mm!(n−m)!

(
∵
∞∑
n=0

∞∑
m=0

A(m,n) =
∞∑
n=0

n∑
m=0

A(m,n−m)

)
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=
∞∑
n=0

n∑
m=0

(−1)m22mzn(a)m+n(a
2
)m(a+1

2
− b)m

(1 + a− b)mm!22m(a
2
)m(a+1

2
)m(n−m)!

=
∞∑
n=0

n∑
m=0

zn(a)n(a+ n)m(a+1
2
− b)m(−n)m

(1 + a− b)mm!(a+1
2

)mn!

(
∵ (n−m)! =

(−1)m(n!)

(−n)m

)
=

∞∑
n=0

3F2(−n, a+ n,
1

2
+

1

2
a− b; 1 + a− b, 1

2
a+

1

2
; 1)

zn(a)n
n!

comparing the coefficients of like terms

(b)n
(1 + a− b)n

= 3F2(−n, a+ n,
1

2
+

1

2
a− b; 1 + a− b, 1

2
a+

1

2
; 1).

Whipple’s theorem

Theorem 2.2.17. If neither (a− b), (a− c) nor a is a negative integer, then

F (a, b, c; 1+a−b, 1+a−c;x) = (1−x)−aF

(
1

2
a,

1

2
a+

1

2
, 1+a−b−c; 1+a−b, 1+a−c; −4x

(1− x)2

)
.

Proof:-

L.H.S = F (a, b, c; 1 + a− b, 1 + a− c;x)

=
∞∑
m=0

(a)m(b)m(c)m
(1 + a− b)m(1 + a− c)m

xm

m!

=
∞∑
m=0

(a)m(b)m(c)mΓ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b+m)Γ(1 + a− c+m)

xm

m!

multiplying and dividing by Γ(1 + a)Γ(1 + a− b− c)

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

(a)m(b)m(c)mΓ(1 + a+ 2m)Γ(1 + a− b− c)
Γ(1 + a− b+m)Γ(1 + a− c+m)(1 + a)2m

xm

m!

since

F (a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

.

therefore,

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

F (c+m, b+m; 1 + a+ 2m; 1)
(a)m(b)m(c)m

(1 + a)2m

xm

m!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

[
∞∑
n=0

(c+m)n(b+m)n
(1 + a+ 2m)nn!

]
(a)m(b)m(c)m

(1 + a)2m

xm

m!
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=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

∞∑
n=0

(a)m(b)m+n(c)m+n

(1 + a)2m+n

xm

m!n!

(
∵ (a)m(a+m)n = (a)m+n

)

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

n∑
m=0

(a)m(b)n(c)n
(1 + a)m+n

xm

m!(n−m)!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

n∑
m=0

(a)m(b)n(c)n(−n)m(−1)m

(1 + a+ n)m(1 + a)nn!

xm

m!

(
∵ (n−m)! =

(−1)mn!

(−n)m

)

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

[
n∑

m=0

(a)m(−n)m(−x)m

(1 + a+ n)mm!

]
(b)n(c)n

(1 + a)nn!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

F (−n, a; 1 + a+ n;−x)
(b)n(c)n

(1 + a)nn!

since

F (a, b; 1 + a− b; z) = (1 + z)−aF

(
1

2
a,

1

2
a+

1

2
; 1 + a− b; 4z

(1 + z)2

)
.

put z = −x, b = −n

⇒ F (a,−n; 1 + a+ n;−x) = (1− x)−aF

(
1

2
a,

1

2
a+

1

2
; 1 + a+ n;

−4x

(1− x)2

)
putting this value in the second last equation gives,

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

(1− x)−aF

(
1

2
a,

1

2
a+

1

2
; 1 + a+ n;

−4x

(1− x)2

)
(b)n(c)n

(1 + a)nn!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

∞∑
m=0

(1
2
a)m(1

2
a+ 1

2
)m(−1)m22mxm

(1 + a+ n)m(1 + a)n(1− x)a+2m

(b)n(c)n
n!m!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

∞∑
m=0

(1
2
a)m(1

2
a+ 1

2
)m(−1)m22mxm

(1 + a)m+n(1− x)a+2m

(b)n(c)n
n!m!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
n=0

∞∑
m=0

(a)2m(−1)mxm(b)n(c)n
(1 + a)m+n(1− x)a+2mm!n!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

[
∞∑
n=0

(b)n(c)n
n!(1 + a+m)n

]
(a)2m(−1)mxm

m!(1 + a)m(1− x)a+2m
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=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

F (b, c; 1 + a+m; 1)
(a)2m(−1)mxm

m!(1 + a)m(1− x)a+2m

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b− c)Γ(1 + a)

∞∑
m=0

Γ(1 + a+m)Γ(1 + a+m− b− c)
Γ(1 + a+m− b)Γ(1 + a+m− c)

(a)2m(−1)mxm

m!(1 + a)m(1− x)a+2m

= (1− x)−a
∞∑
m=0

(−1)m(a)2m(1 + a− b− c)m(1 + a)mx
m

m!(1 + a− b)m(1 + a− c)m(1− x)2m(1 + a)m

= (1− x)−aF

(
1

2
a,

1

2
a+

1

2
, 1 + a− b− c; 1 + a− b, 1 + a− c; −4x

(1− x)2

)
.

Dixon’s theorem

Theorem 2.2.18.

F (a, b, c; 1+a−b, 1+a−c; 1) =
Γ(1 + 1

2
a)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1 + a)Γ(1 + 1
2
a− b)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

Proof:-

L.H.S = F (a, b, c; 1 + a− b, 1 + a− c; 1)

=
∞∑
m=0

(a)m(b)m(c)m
(1 + a− b)m(1 + a− c)mm!

=
∞∑
m=0

(a)m(b)m(c)mΓ(1 + a− b)Γ(1 + a− c)
Γ(1 + a− b+m)ΓΓ(1 + a− c+m)m!

= Γ(1 + a− b)Γ(1 + a− c)
∞∑
m=0

(a)m(b)m(c)m
Γ(1 + a− b+m)ΓΓ(1 + a− c+m)m!

using

(1 + a)2m =
Γ(1 + a+ 2m)

Γ(1 + a)

and multiplying and dividing by Γ(1 + a− b− c)(1 + a)2m in above equation

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
m=0

(a)m(b)m(c)mΓ(1 + a+ 2m)Γ(1 + a− b− c)
Γ(1 + a− b+m)Γ(1 + a− c+m)m!(1 + a)2m

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
m=0

(a)m(b)m(c)m
m!(1 + a)2m

F (c+m, b+m; 1 + a+ 2m; 1)

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
m=0

∞∑
n=0

(c+m)n(b+m)n(a)m(b)m(c)m
(1 + a+ 2m)nm!(1 + a)2mn!
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=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
m=0

∞∑
n=0

(c)m+n(b)m+n(a)m
m!(1 + a)2m+nn!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
n=0

n∑
m=0

(c)n(b)n(a)m
m!(1 + a)m+n(n−m)!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
n=0

n∑
m=0

(c)n(b)n(a)m(−1)m(−n)m
m!(1 + a+ n)m(1 + a)nn!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
n=0

F (a,−n; 1 + a+ n;−1)
(b)n(c)n

(1 + a)nn!

since

F (a, b; 1 + a+ b;−1) =
Γ(1 + a− b)Γ(1 + a

2
)

Γ(1 + a
2
− b)Γ(1 + a)

put b = −n

F (a,−n; 1 + a− n;−1) =
Γ(1 + a+ n)Γ(1 + a

2
)

Γ(1 + a
2

+ n)Γ(1 + a)
=

(1 + a)n
(1 + a

2
)n

using this value in the second last equation, we get

F (a, b, c; 1 + a− b, 1 + a− c; 1) =
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

∞∑
n=0

(1 + a)n
(1 + a

2
)n

(b)n(c)n
(1 + a)nn!

=
Γ(1 + a− b)Γ(1 + a− c)
Γ(1 + a)Γ(1 + a− b− c)

F (b, c; 1 +
a

2
; 1)

=
Γ(1 + 1

2
a)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1 + a)Γ(1 + 1
2
a− b)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

Theorem 2.2.19. If Re(α) > 0, Re(β) > 0, and if m and s are positive integers,
then inside the region of convergence of the resultant series∫ t

0

xα−1(t− x)β−1pFq

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx = B(α, β)tα+β−1p+m+sFq+m+s(

a1, a2, ..., ap,
α

m
,
α + 1

m
, ...,

α +m− 1

m
,
β

s
,
β + 1

s
, ...,

β + s− 1

s

; b1, ..., bq,
α + β

m+ s
,
α + β + 1

m+ s
, ...

α + β +m+ s− 1

m+ s
;
mmssctm+s

m+ sm+s

)
.
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Proof:-

L.H.S =

∫ t

0

xα−1(t− x)β−1pFq

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx

Let x = tv ⇒ dx
dv

= t when x = 0⇒ v = 0 when x = t⇒ v = 1

=

∫ 1

0

tvα−1(t− tv)β−1pFq

(
a1, a2, ...ap; b1, b2, ..., bq; ct

m+svm(1− v)s

)
tdv

=

∫ 1

0

tα−1vα−1tβ−1(1− v)β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntn(m+s)vmn(1− v)sn

n!
tdv

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntn(m+s)

n!

∫ 1

0

vα+mn−1(1− v)β+sn−1dv

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntn(m+s)

n!
B(α +mn, β + sn)

(
∵ B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt
)

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntn(m+s)

n!

Γ(α +mn)Γ(β + sn)

Γ(α +mn+ β + sn)

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntn(m+s)

n!

(α)mn(β)snΓ(α)Γ(β)

(α + β)(m+s)nΓ(α + β)

since

(α)mn = mnm(
α

m
)n(

α + 1

m
)n...(

α +m− 1

m
)n = mnm

m∏
i=1

(
α + i− 1

m
).

therefore,

= tα+β−1
∞∑
n=0

(a1)n, ..., (ap)n
(b1)n, ..., (bq)n

cntn(m+s)snsmnm

n!

( α
m

)n(α+1
m

)n, ..., (
α+m−1

m n
(β
s
)n(β+1

s
)n, ..., (

β+s−1
s

)n

(m+ s)n(m+s)(α+β
m+s

)n(α+β+1
m+s

)n, ..., (
α+β+m+s−1

m+s
)n

Γ(α)Γ(β)

Γ(α + β)

= B(α, β)tα+β−1p+m+sFq+m+s

(
a1, a2, ..., ap,

α

m
,
α + 1

m
, ...,

α +m− 1

m
,
β

s
,
β + 1

s
, ...,

β + s− 1

s

; b1, ..., bq,
α + β

m+ s
,
α + β + 1

m+ s
, ...,

α + β +m+ s− 1

m+ s
;
mmssctm+s

m+ sm+s

)
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Theorem 2.2.20. If Re(α) > 0, Re(β) > 0, and if m and s are positive integers,
then inside the region of convergence of the resultant series∫ t

0

xα−1(t− x)β−1pFq

(
a1, a2, ...ap; b1, b2, ..., bq; cx

m

)
dx = B(α, β)tα+β−1p+mFq+m(

a1, a2, ..., ap,
α

m
,
α + 1

m
, ...,

α +m− 1

m
; b1, ..., bq,

α + β

m
,
α + β + 1

m
, ...,

α + β +m− 1

m
; ctm

)
.

Proof:-

L.H.S =

∫ t

0

xα−1(t− x)β−1pFq

(
a1, a2, ...ap; b1, b2, ...bq; cx

m

)
dx

Let x = tv ⇒ dx
dv

= t when x = 0⇒ v = 0 when x = t⇒ v = 1

=

∫ 1

0

tvα−1(t− tv)β−1pFq

(
a1, a2, ...ap; b1, b2, ...bq; ct

mvm

)
tdv

=

∫ 1

0

tα−1vα−1tβ−1(1− v)β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntmnvmn

n!
tdv

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntmn

n!

∫ 1

0

vα+mn−1(1− v)β−1dv

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntmn

n!
B(α +mn, β)

(
∵ B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt
)

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntmn

n!

Γ(α +mn)Γ(β)

Γ(α +mn+ β)

= tα+β−1
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

cntmn

n!

(α)mnΓ(α)Γ(β)

(α + β)mnΓ(α + β)

since

(α)mn = mnm(
α

m
)n(

α + 1

m
)n...(

α +m− 1

m
)n = mnm

m∏
i=1

(
α + i− 1

m
)

therefore,

= tα+β−1
∞∑
n=0

(a1)n, ..., (ap)n
(b1)n, ..., (bq)n

cntmnmnm

n!

( α
m

)n(α+1
m

)n, ..., (
α+m−1

m
)n

mnm(α+β
m

)n(α+β+1
m

)n, ..., (
α+β+m−1

m
)n

Γ(α)Γ(β)

Γ(α + β)
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= B(α, β)tα+β−1p+mFq+m

(
a1, a2, ...ap,

α

m
,
α + 1

m
, ...

α +m− 1

m

; b1, ...bq,
α + β

m
,
α + β + 1

m
, ...

α + β +m− 1

m
; ctm

)
.

Problem:- show that∫ t

0

x
1
2 (t− x)

−1
2

[
1− x2(t− x)2

]−1
2

dx =
1

2
πtF

(
1

4
,
3

4
; 1;

t4

16

)
.

Solution:-

L.H.S =

∫ t

0

x
1
2 (t− x)

−1
2

[
1− x2(t− x)2

]−1
2

dx

since

(1− y)−a =
∞∑
n=0

(a)ny
n

n!
.

∴

[
1− x2(t− x)2

]−1
2

=
∞∑
n=0

(
1

2
)n

(
x2(t− x)2

n!

)n

=1 F0

(
1

2
;−;x2(t− x)2

)
so,

L.H.S =

∫ t

0

x
1
2 (t− x)

−1
2 1F0

(
1

2
;−;x2(t− x)2

)
dx

now using the following result in above equation∫ t

0

xα−1(t− x)β−1pFq

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx = B(α, β)tα+β−1p+m+sFq+m+s(

a1, a2, ..., ap,
α

m
,
α + 1

m
, ...,

α +m− 1

m
,
β

s
,
β + 1

s
, ...,

β + s− 1

s

; b1, ..., bq,
α + β

m+ s
,
α + β + 1

m+ s
, ...

α + β +m+ s− 1

m+ s
;
mmssctm+s

m+ sm+s

)
.

and comparing L.H.S of result with the above equation L.H.S α−1 = 1
2
⇒ α = 3

2
,

β − 1 = −1
2
⇒ β = 1

2
p = 1, q = 0, k = 2, s = 2, c = 1 so,
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∫ t

0

x
1
2 (t− x)

−1
2 1F0

(
1

2
;−;x2(t− x)2

)
dx = B

(
3

2
,
1

2

)
t
3
2
+ 1

2
−1

5F4(
1

2
,
3
2

2
,
3
2

+ 1

2
,
1
2

2
,
1
2

+ 1

2
;−,

3
2

+ 1
2

4
,
3
2

+ 1
2

+ 1

4
,
3
2

+ 1
2

+ 2

4
,
3
2

+ 1
2

+ 3

4
;

2222t4

(2 + 2)4

)

=
Γ(3

2
)Γ(1

2
)

Γ(3
2

+ 1
2
)
t5F4

(
1

2
,
3

4
,
5

4
,
1

4
,
3

4
;−, 1

2
,
3

4
, 1,

5

4
;
t4

16

)

=
Γ(1

2
+ 1)Γ(1

2
)

Γ(2)
t
∞∑
n=0

(1
2
)n(3

4
)n(5

4
)n(1

4
)n(3

4
)n

(1
2
)n(3

4
)n(1)n(5

4
)nn!

(
t4

16
)n

=
1

2
Γ(

1

2
)Γ(

1

2
)t
∞∑
n=0

(1
4
)n(3

4
)n

(1)nn!
(
t4

16
)n

(
∵ Γ(2) = 1,Γ(1 + z) = zΓ(z)

)

=
1

2

√
π
√
πtF

(
1

4
,
3

4
; 1;

t4

16

)

=
1

2
πtF

(
1

4
,
3

4
; 1;

t4

16

)
Theorem 2.2.21.

dn

dzn
pFq

(
a1, ..., ap; b1, ..., bq; z

)
=

p∏
m=1

(am)n

q∏
j=1

(bj)n

pFq

(
a1 + n, ..., ap + n; b1 + n, ..., bq + n; z

)
.

Proof:-

L.H.S =
dn

dzn
pFq

(
a1, ..., ap; b1, ..., bq; z

)

=
∞∑
n=0

(a1)n...(ap)n
(b1)n...(bq)n

dn

dzn
zn

n!

=
∞∑
n=n

(a1)n...(ap)n
(b1)n...(bq)n

zn−nn!

n!

=
∞∑
n=n

(a1)n...(ap)n
(b1)n...(bq)n

zn−n

(n− n)!
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replace n by n+n

=
∞∑
n=0

(a1)n+n...(ap)n+n
(b1)n+n...(bq)n+n

zn

n!

since
(a1)n+n = (a1)n(a1 + n)n

therefore,

=

p∏
m=1

(am)n

q∏
j=1

(bj)n

pFq

(
a1 + n, ..., ap + n; b1 + n, ..., bq + n; z

)
.

Theorem 2.2.22.

0F1

(
−; a;x

)
0F1

(
−; b;x

)
=2 F3

(
1

2
a+

1

2
b,

1

2
a+

1

2
b− 1

2
; a, b, a+ b− 1; 4x

)
.

Proof:-

L.H.S = 0F1

(
−; a;x

)
0F1

(
−; b;x

)

=
∞∑
n=0

xn

(a)nn!

∞∑
m=0

xm

(b)mm!

=
∞∑
n=0

∞∑
m=0

xm+n

(a)n(b)mm!n!

=
∞∑
n=0

n∑
m=0

xn

(a)n−m(b)mm!(n−m)!

(
∵
∞∑
n=0

∞∑
m=0

A(m,n) =
∞∑
n=0

n∑
m=0

A(m,n−m)

)
=

∞∑
n=0

n∑
m=0

xn(1− a− n)m(−n)m
(a)n(b)m(−1)mm!(−1)mn!

(
∵ (a)n−m =

(−1)m(a)n
(1− a− n)m

)
=

∞∑
n=0

n∑
m=0

xn(1− a− n)m(−n)m
(a)n(b)mm!n!

(
∵ (n−m)! =

(−1)m(n!)

(−n)m

)

=
∞∑
n=0

F

(
− n, 1− a− n; b; 1

)
xn

(a)nn!
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=
∞∑
n=0

(b+ a− 1)2n
(b)n(b+ a− 1)n

xn

(a)nn!

(
∵ F (−n, 1− a− n; b; 1) =

(b+ a− 1)2n
(b)n(b+ a− 1)n

)
=

∞∑
n=0

22n( b+a−1
2

)n( b+a
2

)nx
n

(b)n(b+ a− 1)n(a)nn!

(
∵ (a)2m = 22m(

a

2
)m(

a+ 1

2
)m

)
=

∞∑
n=0

(1
2
a+ 1

2
b)n(1

2
a+ 1

2
b− 1

2
)n

(b)n(b+ a− 1)n(a)n

(4x)n

n!

= 2F3

(
1

2
a+

1

2
b,

1

2
a+

1

2
b− 1

2
; a, b, a+ b− 1; 4x

)
Theorem 2.2.23.

Γ(1 + 1
2
a)

Γ(1 + a)
=
cos1

2
πaΓ(1− a)

Γ(1− 1
2
a)

.

and that
Γ(1 + a− b)

Γ(1 + 1
2
a− b)

=
sinπ(b− 1

2
a)Γ(b− 1

2
a)

sinπ(b− a)Γ(b− a)
.

and

F (a, b, c; 1 + a− b, 1 + a− c; 1) =
cos1

2
πasinπ(b− 1

2
a)

sinπ(b− a)

×
Γ(1− a)Γ(b− 1

2
a)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1− 1
2
a)Γ(b− a)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

Proof:-Firstly we show that

Γ(1 + 1
2
a)

Γ(1 + a)
=
cos1

2
πaΓ(1− a)

Γ(1− 1
2
a)

R.H.S =
cos1

2
πaΓ(1− a)

Γ(1− 1
2
a)

=
cos1

2
πaΓ(1− a)Γ(a)Γ(a

2
)

Γ(a)Γ(1− 1
2
a)Γ(a

2
)

=
cosπa

2
π

sinπa
Γ(a

2
)

Γ(a) π
sinπa

2

(
∵ Γ(z)Γ(1− z) =

π

sinπz

)
=

Γ(a
2
)2sinπa

2
cosπa

2

Γ(a)2sinπa

=
Γ(a

2
)sin2πa

2

Γ(a)2sinπa

(
∵ 2sinacosa = sin2a

)



49

=
1

2

Γ(1 + a
2
)

a
2

a

Γ(1 + a)

(
∵ Γ(1 + z) = zΓ(z)

)
=

Γ(1 + a
2
)

Γ(1 + a)

= L.H.S

Now we show
Γ(1 + a− b)

Γ(1 + 1
2
a− b)

=
sinπ(b− 1

2
a)Γ(b− 1

2
a)

sinπ(b− a)Γ(b− a)

L.H.S =
sinπ(b− 1

2
a)Γ(b− 1

2
a)

sinπ(b− a)Γ(b− a)

=

π
sinπ(b−a)

π
sinπ(b−a

2
)

Γ(b− a
2
)

Γ(b− a)

=
Γ(b− a)Γ(1− b+ a)

Γ(b− a
2
)Γ(1− b+ a

2
)

Γ(b− a
2
)

Γ(b− a)

(
∵ Γ(z)Γ(1− z) =

π

sinπz

)
=

Γ(1 + a− b)
Γ(1 + a

2
− b)

= R.H.S

Dixon’s theorem is,

F (a, b, c; 1+a−b, 1+a−c; 1) =
Γ(1 + 1

2
a)Γ(1 + a− b)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1 + a)Γ(1 + 1
2
a− b)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

put
Γ(1 + 1

2
a)

Γ(1 + a)
=
cos1

2
πaΓ(1− a)

Γ(1− 1
2
a)

and
Γ(1 + a− b)

Γ(1 + 1
2
a− b)

=
sinπ(b− 1

2
a)Γ(b− 1

2
a)

sinπ(b− a)Γ(b− a)

in Dixon’s theorem gives,

F (a, b, c; 1 + a− b, 1 + a− c; 1) =
cos1

2
πasinπ(b− 1

2
a)

sinπ(b− a)

×
Γ(1− a)Γ(b− 1

2
a)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1− 1
2
a)Γ(b− a)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.
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Theorem 2.2.24.

F (−2n, α, 1− β − 2n; 1− α− 2n, β; 1) =
(2n)!(α)n(β − α)n

n!(α)2n(β)n
.

Proof:-Since

F (a, b, c; 1 + a− b, 1 + a− c; 1) =
cos1

2
πasinπ(b− 1

2
a)

sinπ(b− a)

×
Γ(1− a)Γ(b− 1

2
a)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1− 1
2
a)Γ(b− a)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

Put
a = −2n, b = α, c = 1− β − 2n

in above equation gives,

F (−2n, α, 1− β − 2n; 1− α− 2n, β; 1)

=
cos(−πn)sinπ(α + n)Γ(1 + 2n)Γ(α + n)Γ(β)Γ(β − α + n)

sinπ(α + 2n)Γ(1 + n)Γ(α + 2n)Γ(β + n)Γ(β − α)

=
(−1)nsinπ(α + n)(2n)!(α)nΓ(α)Γ(β)Γ(β − α + n)(β − α)n

sinπ(α + 2n)n!(α)2nΓ(α)(β)nΓ(β)Γ(β − α + n)

(
∵ (α)n =

Γ(α + n)

Γ(α)

)
=

(−1)nsinπ(α + n)(2n)!(α)n(β − α)n
sinπ(α + 2n)n!(α)2n(β)n

(
∵ Γ(n) = (n− 1)!, n ∈ N

)
=

(−1)n π
sinπ(α+2n)

(2n)!(α)n(β − α)n
π

sinπ(α+n)
n!(α)2n(β)n

=
(−1)nΓ(α + 2n)Γ(1− α− 2n)(2n)!(α)n(β − α)n

Γ(α + n)Γ(1− α− n)n!(α)2n(β)n

(
∵ Γ(z)Γ(1− z) =

π

sinπz

)
=

(−1)n(α)2nΓ(α)Γ(1− α− 2n)(2n)!(α)n(β − α)n
(α)nΓ(α)Γ(1− α− n)n!(α)2n(β)n

=
(−1)n(α)2nΓ(α)(α)n(−1)2nΓ(1− α)(2n)!(α)n(β − α)n

(α)nΓ(α)Γ(1− α)(−1)n(α)2nn!(α)2n(β)n

(
∵

Γ(1− α− n)

Γ(1− α)
=

(−1)n

(α)n

)
=

(2n)!(α)n(β − α)n
n!(α)2n(β)n

.
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Ramanujan’s theorem

Theorem 2.2.25.

F (α; β;x)F (α; β;−x) = F (α, β − α; β,
1

2
β,

1

2
β +

1

2
;
x2

4
).

Proof:-

F (α; β;x)F (α; β;−x) =
∞∑
n=0

(α)nx
n

(β)nn!

∞∑
m=0

(α)m(−x)m

(β)mm!

=
∞∑
n=0

n∑
m=0

(α)n−m(α)m(−1)mxn

(β)n−m(β)m(n−m)!m!

since

(n−m)! =
(−1)mn!

(−n)m
and (a)n−m =

(−1)m(a)n
(1− a− n)m

=
∞∑
n=0

n∑
m=0

(−1)m(α)m(α)n(−1)m(1− β − n)m(−n)mx
n

(1− α− n)m(β)m(−1)m(β)n(−1)mn!m!

=
∞∑
n=0

F (−n, α, 1− β − n; β, 1− α− n; 1)
(α)nx

n

(β)nn!

since

F (−2n, α, 1− β − 2n; 1− α− 2n, β; 1) =
(2n)!(α)n(β − α)n

n!(α)2n(β)n
.

using this value in the above equation gives,

=
∞∑
n
2
=0

n!(α)n
2
(β − α)n

2

(n
2
)!(α)n(β)n

2

(α)nx
n

(β)nn!

=
∞∑
n
2
=0

(α)n
2
(β − α)n

2

(n
2
)!(β)n

2

xn

(β)n

since

(β)2n = 22n(
β

2
)n(

β + 1

2
)n

replace n by n
2

(β)2(n
2
) = 22(n

2
)(
β

2
)n

2
(
β + 1

2
)n

2
= 4

n
2 (
β

2
)n

2
(
β + 1

2
)n

2
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therefore the above equation becomes,

=
∞∑
n
2
=0

(α)n
2
(β − α)n

2
(x2)

n
2

(n
2
)!(β)n

2
4
n
2 (β

2
)n

2
(β+1

2
)n

2

=
∞∑
n
2
=0

(α)n
2
(β − α)n

2
(x

2

4
)
n
2

(n
2
)!(β)n

2
(β
2
)n

2
(β+1

2
)n

2

=
∞∑
r=0

(α)r(β − α)r(
x2

4
)r

r!(β)r(
β
2
)r(

β+1
2

)r

= F (α, β − α; β,
1

2
β,

1

2
β +

1

2
;
x2

4
).

Problem:-Let

Υn = F (−n, 1− a− n, 1− b− n; a, b; 1)

show that

Υ2n =
(−1)n(2n)!(a+ b− 1)3n
n!(a)n(b)n(a+ b− 1)2n

.

Solution:-

Υ2n = F (−2n, 1− a− 2n, 1− b− 2n; a, b; 1)

Since

F (a, b, c; 1 + a− b, 1 + a− c; 1) =
cos1

2
πasinπ(b− 1

2
a)

sinπ(b− a)

×
Γ(1− a)Γ(b− 1

2
a)Γ(1 + a− c)Γ(1 + 1

2
a− b− c)

Γ(1− 1
2
a)Γ(b− a)Γ(1 + 1

2
a− c)Γ(1 + a− b− c)

.

Put

a = −2n, b = 1− a− 2n, and c = 1− b− 2n

in the above equation gives,

F (−2n, 1− a− 2n, 1− b− 2n; a, b; 1) =
cosπ

2
(−2n)sinπ(1− a− 2n+ n)

sinπ(1− a− 2n+ 2n)

Γ(1 + 2n)Γ(1− a− 2n+ n)Γ(1− 2n− 1 + b+ 2n)Γ(1− n− 1 + a+ 2n− 1 + b+ 2n)

Γ(1 + n)Γ(1− a− 2n+ 2n)Γ(1− n− 1 + b+ 2n)Γ(1− 2n− 1 + a+ 2n− 1 + b+ 2n)
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Υ2n =
cosnπsinπ(1− a− n)(2n)!Γ(1− a− n)Γ(b)Γ(a+ b− 1 + 3n)Γ(a+ b− 1)

n!sinπ(1− a)Γ(1− a)Γ(b+ n)Γ(a+ b− 1 + 2n)Γ(a+ b− 1)

=
(−1)n(2n)!(a+ b− 1)3n

π
sinπ(1−a)Γ(1− a− n)

n!(b)n(a+ b− 1)2n
π

sinπ(1−a−n)Γ(1− a)

(
∵ Γ(n) = (n− 1)!, n ∈ N

)
=

(−1)n(2n)!(a+ b− 1)3nΓ(1− a)Γ(1− 1 + a)Γ(1− a− n)

n!(b)n(a+ b− 1)2nΓ(1− a− n)Γ(a+ n)Γ(1− a)

=
(−1)n(2n)!(a+ b− 1)3nΓ(a)

n!(b)n(a+ b− 1)2nΓ(a+ n)

=
(−1)n(2n)!(a+ b− 1)3n
n!(b)n(a+ b− 1)2n(a)n

.

Theorem 2.2.26.

F (−; a, b; t)F (−; a, b;−t) =3 F8

(
1

3
(a+ b− 1),

1

3
(a+ b),

1

3
(a+ b+ 1); a, b,

1

2
a,

1

2
a+

1

2
,

1

2
b,

1

2
b+

1

2
,
1

2
(a+ b− 1),

1

2
(a+ b);

−27t2

64

)
.

Proof:-

L.H.S = F (−; a, b; t)F (−; a, b;−t)

=
∞∑
n=0

tn

(a)n(b)nn!

∞∑
m=0

(−tm)

(a)m(b)mm!

since
∞∑
n=0

∞∑
m=0

A(m,n) =
∞∑
n=0

n∑
m=0

A(m,n−m)

∴ =
∞∑
n=0

n∑
m=0

(−1)mtn

(a)n−m(b)n−m(a)m(b)m(n−m)!m!

since

(n−m)! =
(−1)m(n!)

(−n)m
and (a)n−m =

(−1)m(a)n
(1− a− n)m
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∴ =
∞∑
n=0

n∑
m=0

(−1)mtn(1− a− n)m(1− b− n)m(−n)m
(−1)m(a)n(−1)m(b)n(a)m(b)m(−1)mn!m!

=
∞∑
n=0

n∑
m=0

tn(1− a− n)m(1− b− n)m(−n)m
(a)n(b)n(a)m(b)mn!m!

=
∞∑
n=0

F (−n, 1− a− n, 1− b− n; a, b; 1)
tn

n!(a)n(b)n

∵ F (−2n, 1− a− 2n, 1− b− 2n; a, b; 1) =
(−1)n(2n)!(a+ b− 1)3n
n!(b)n(a+ b− 1)2n(a)n

∴ =
∞∑
n=0

(−1)n(2n)!(a+ b− 1)3n
n!(b)n(a+ b− 1)2n(a)n

t2n

(2n)!(a)2n(b)2n

=
∞∑
n=0

(−1)n33n(a+b−1
3

)n(a+b
3

)n(a+b+1
3

)n

n!(a)n(b)n22n(1
2
a)n(1

2
a+ 1

2
)n

(t2)n

22n(1
2
b)n(1

2
b+ 1

2
)n22n(a+b−1

2
)n(a+b

2
)n

=
∞∑
n=0

(−1)n(27)n(a+b−1
3

)n(a+b
3

)n(a+b+1
3

)n

n!(a)n(b)n(1
2
a)n(1

2
a+ 1

2
)n

(t2)n

(1
2
b)n(1

2
b+ 1

2
)n(a+b−1

2
)n(a+b

2
)n(64)n

=
∞∑
n=0

(a+b−1
3

)n(a+b
3

)n(a+b+1
3

)n

n!(a)n(b)n(1
2
a)n(1

2
a+ 1

2
)n

(−27t2)n

(1
2
b)n(1

2
b+ 1

2
)n(a+b−1

2
)n(a+b

2
)n(64)n

=3 F8

(
1

3
(a+b−1),

1

3
(a+b),

1

3
(a+b+1); a, b,

1

2
a,

1

2
a+

1

2
,
1

2
b,

1

2
b+

1

2
,
1

2
(a+b−1),

1

2
(a+b);

−27t2

64

)
.



Chapter 3

SOME RESULTS INVOLVING
HYPERGEOMETRIC
k-FUNCTIONS

In this chapter, we prove some results involving gamma k−function and beta

k−function and the properties of Gauss hypergeometric k−function. We solve some

differential k−equations and then find the solutions of these k−differential equations.

We use these differential equations and solutions for evaluating many results of hy-

pergeometric k−functions. We prove Kummer’s k−theorem, Saalschutz’k−theorem,

Whipple’s k−theorem, k−Dixon’s theorem and Ramanujan’s k−theorem.

Lemma 3.0.27. If n is a positive integer, k > 0, then

βk(p, (n+ 1)k) =
knn!

(p)n+1,k

.

Proof:-

βk(p, nk + k) =
Γk(p)Γk(nk + k)

Γk(p+ nk + k)

=
Γk(p)Γk(nk + k)

(p+ k)n,kΓk(p+ k)

(
∵ (p+ k)n,k =

Γk(p+ k + nk)

Γk(p+ k)

)
=

Γk(p)n!kn

(p+ k)n,kpΓk(p)

(
∵ Γk(nk) = kn−1(n− 1)!, k > 0, n ∈ N

)
=

n!kn

p(p+ k)n,k
=

n!kn

(p)n+1,k

.
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Lemma 3.0.28.

1

k

∫ 1

−1
(1 + x)

p
k
−1(1− x)

q
k
−1dx = 2

p+q
k
−1βk(p, q).

Proof:-Let y = 1+x
2

⇒ x = 2y − 1 and 1− x = 2− 2y = 2(1− y)

so,

1

k

∫ 1

−1
(1 + x)

p
k
−1(1− x)

q
k
−1dx =

1

k

∫ 1

0

2
p
k
−1y

p
k
−12

q
k
−1(1− y)

q
k
−12dy

= 2
p+q
k
−1 1

k

∫ 1

0

y
p
k
−1(1− y)

q
k
−1dy

= 2
p+q
k
−1Bk(p, q).

3.0.1 Some important results of Pochhbemer k-symbol:-

(1)

Γk(k − α− nk)

Γk(k − α)
=

Γk(k − α− nk)

(k − α− k)(k − α− 2k)...(k − α− nk)Γk(k − α− nk)

=
(−1)n

(α + k − k)(α + 2k − k)...(α + nk − k)

=
(−1)n

α(α + k)(α + 2k)...(α + (n− 1)k)
=

(−1)n

(α)n,k
.

(2)

(α)m,k(α +mk)n,k

= (α)(α + k)(α + 2k)...(α + (m− 1)k)(α +mk)(α +mk + k)...

(α +mk + (n− 1)k)

= (α)m+n,k.
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(3)

(−1)m(α)n,k
(k − α− nk)m,k

=
(−1)m(α)(α + k)(α + 2k)...(α + (n− 1)k)

(k − α− nk)(k − α− nk + k)...(k − α− nk + (m− 1)k)

=
(−1)m(α)(α + k)(α + 2k)...(α + (n− 1)k)

(k − α− nk)(2k − α− nk)...(mk − α− nk)

=
(α)(α + k)(α + 2k)...(α + (n− 1)k)

(α + nk − k)(α + nk − 2k)...(α + nk −mk)

=
(α)(α + k)(α + 2k)...(α + (n− 1)k)

(α + nk −mk)(α + nk − (m− 1)k)...(α + nk − k)

= (α)(α + k)(α + 2k)...(α + (n−m− 1)k) = (α)n−m,k.

(4)Since

(α)n−m,k =
(−1)m(α)n,k

(k − α− nk)m,k

taking α = k

(k)n−m,k =
(−1)m(k)n,k

(k − k − nk)m,k

so

kn−m(1)n−m =
(−1)m(k)n(1)n

(−nk)m,k

(
∵ (α)n,k = kn(

α

k
)n

)
(n−m)!kn−m =

(−1)m(k)nn!

(−nk)m,k

(n−m)! =
(−1)m(k)nn!

(−nk)m,kkn−m

=
(−1)m(k)mn!

(−nk)m,k

Here,

(−nk)m,k = (−nk)(−nk + k)...(−nk + (m− 1)k)

= km(−n)(−n+ 1)...(−n+ (m− 1))

= km(−n)m
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so,

(n−m)! =
(−1)m(k)mn!

km(−n)m
=

(−1)mn!

(−n)m
.

Lemma 3.0.29.

Γk(nk) = kn−1(n− 1)!, k > 0.

Proof:-Since

Γk(x) =

∫ ∞
0

e−
vk

k vx−1dv.

Put vk

k
= t ⇒ v = (tk)

1
k and dv = 1

(tk)1−
1
k
dt so,

Γk(x) =

∫ ∞
0

e−t(tk)
1
k
(x−1) 1

(tk)1−
1
k

dt

= k
x
k
−1
∫ ∞
0

e−tt
x
k
−1dt

= k
x
k
−1Γ(

x

k
)

Let x = nk, n ∈ N, k > 0, then

Γk(nk) = k
nk
k
−1Γ(

nk

k
) = kn−1Γ(n)

= kn−1(n− 1)!.

(
∵ Γ(n) = (n− 1)!

)
Lemma 3.0.30.

Γk(x)Γk(k − x) =
π

ksinπx
k

, k > 0.

Proof:-

Γk(x)Γk(k − x) = k
x
k
−1Γ(

x

k
)k

k−x
k
−1Γ(

k − x
k

)

(
∵ Γk(x) = k

x
k
−1Γ(

x

k
)

)
= k−1Γ(

x

k
)Γ(1− x

k
) =

π

ksinπx
k

(
∵ Γ(x)Γ(1− x) =

π

sinπz

)
Lemma 3.0.31.

Γk(
k

2
) =
√π
k
, k > 0.
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Proof:-Since

Γk(x)Γk(k − x) =
π

ksinπx
k

.

put x = k
2

⇒ Γk(
k

2
)Γk(k −

k

2
) =

π

ksinπ
2

Γk(
k

2
)Γk(

k

2
) =

π

k

Γk(
k

2
) =

√
π

k
.

Problem:-Use the relation

Γk(z)Γk(k − z) =
π

ksinπz
k

, k > 0.

and the elementary result

sinxsiny =
1

2
[cos(x− y)− cos(x+ y)].

to prove that

1− Γk(c)Γk(k − c)Γk(c− a− b)Γk(a+ b+ k − c)
Γ− k(c− a)Γk(a+ k − c)Γk(c− b)Γk(b+ k − c)

=

Γk(2k − c)Γk(c− k)Γk(c− a− b)Γk(a+ b+ k − c)
Γk(a)Γk(k − a)Γk(b)Γk(k − b)

.

Solution:-Note that

k − (c− a− b) = a+ b+ k − c

k − (c− a) = a+ k − c

k − (c− b) = b+ k − c
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1− Γk(c)Γk(k − c)Γk(c− a− b)Γk(a+ b+ k − c)
Γk(c− a)Γk(a+ k − c)Γk(c− b)Γk(b+ k − c)

= 1−
π2k2sinπ(c−a)

k
sinπ(c−b)

k

π2k2sin (πc)
k
sinπ(c−a−b)

k

=
sin (πc)

k
sinπ(c−a−b)

k
− sinπ(c−a)

k
sinπ(c−b)

k

sin (πc)
k
sinπ(c−a−b)

k

=
1
2
[cosπ(a+b)

k
− cosπ(2c−a−b)

k
]− 1

2
[cosπ(b−a)

k
− cosπ(2c−a−b)

k
]

sin (πc)
k
sinπ(c−a−b)

k

=
−1

2
[cosπ(b−a)

k
− cosπ(a+b)

k
]

sin (πc)
k
sinπ(c−a−b)

k

=
−sin (πa)

k
sin (πb)

k

sin (πc)
k
sinπ(c−a−b)

k

=
sin (πa)

k
sin (πb)

k

[−sin (πc)
k

][−sinπ(a+b−c)
k

]

=
sin (πa)

k
sin (πb)

k

sinπ(c−k)
k

sinπ(a+b−(c−k))
k

=
Γk(2k − c)Γk(c− k)Γk(c− a− b)Γk(a+ b+ k − c)

Γk(a)Γk(k − a)Γk(b)Γk(k − b)
.

3.1 Proof of Legendre’s k−Duplication formula

Since

βk(m,n) =
Γk(m)Γk(n)

Γk(m+ n)
=

1

k

∫ 1

0

u
m
k
−1(1− u)

n
k
−1du

Let m = n = z

⇒ Γk(z)Γk(z)

Γk(2z)
=

1

k

∫ 1

0

u
z
k
−1(1− u)

z
k
−1du
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put u = 1+x
2
⇒ du = dx

2
, Therefore

Γk(z)Γk(z)

Γk(2z)
=

1

k

∫ 1

−1

(
1 + x

2

) z
k
−1(

1− 1 + x

2

) z
k
−1
dx

2

=
1

k21+2( z
k
−1)

∫ 1

−1
(1− x2)

z
k
−1dx

=
1

k
21− 2z

k

[∫ 1

−1
(1− x2)

z
k
−1dx

]
= 21− 2z

k

[
2

k

∫ 1

0

(1− x2)
z
k
−1dx

]
Since

2

k

∫ 1

0

(1− x2)
z
k
−1dx =

1

k

∫ 1

0

t
k
2k
−1(1− t)

z
k
−1dt

because in 1
k

∫ 1

0
t
k
2k
−1(1 − t) zk−1dt put t = x2 dt = 2xdx when t = 0 ⇒ x = 0

t = 1 ⇒ x = 1

⇒ 1

k

∫ 1

0

t
k
2k
−1(1−t)

z
k
−1dt =

1

k

∫ 1

0

(x2)
k
2k
−1(1−x2)

z
k
−12xdx =

1

k

∫ 1

0

(x2)
k
2k
−1(1−x2)

z
k
−12dx

so,

Γk(z)Γk(z)

Γk(2z)
= 21−2 z

kBk(k/2, z) =
21−2 z

kΓk(
k
2
)Γk(z)

Γk(z + k
2
)

⇒ Γk(2z) =
Γk(z)Γk(

k
2

+ z)

21− 2z
k
√π

k

(
∵ Γk(

k

2
) =

√
π

k

)

⇒
√
π

k
Γk(2z) = 2

2z
k
−1Γk(z)Γk(z +

k

2
).

Theorem 3.1.1. If |z| < 1, k > 0 and if Re(c) > Re(b) > 0,

Fk(a, b; c; z) =
Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t
b
k
−1(1− t)

c−b
k
−1(1− ktz)

−a
k dt

Summation k-theorem
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Theorem 3.1.2. If Re(c− b− a) > 0, k > 0 and if c is neither zero nor a negative
integer,

2F1k

(
(a, k), (b, k); (c, k);

1

k

)
=

Γk(c)Γk(c− b− a)

Γk(c− b)Γk(c− a)

Proof:-

Fk(a, b; c; z) =
Γk(c)

kΓk(b)Γk(c− b)

1∫
0

t(
b
k
−1)(1− t)(

c−b
k
−1)(1− ktz)

−a
k dt

put z = 1
k

Fk((a, k), (b, k); (c, k);
1

k
) =

Γk(c)

Γk(b)Γk(c− b)
1

k

1∫
0

t(
b
k
−1)(1− t)(

c−b
k
−1)(1− t)

−a
k dt

=
Γk(c)

Γk(b)Γk(c− b)
1

k

1∫
0

t(
b
k
−1)(1− t)(

c−b−a
k
−1)dt

=
Γk(c)

Γk(b)Γk(c− b)
Bk(b, c− b− a)

=
Γk(c)

Γk(b)Γk(c− b)
Γk(b)Γk(c− b− a)

Γk(b+ c− b− a)

=
Γk(c)Γk(c− b− a)

Γk(c− b)Γk(c− a)

The value of 2F1k

(
(a, k), (b, k); (c, k); 1

k

)
will play a vital role in many of the

results of properties of k-hypergeometric such as given in the following example.

Example 2. Show that if Re(b) > 0, k > 0 and if n is a non negative integer,

2F1k

[
(
−nk

2
, k), (

−nk + k

2
, k); (b+

k

2
, k);

1

k

]
=

2n(b)n,k
(2b)n,k

.

Solution:-

L.H.S = 2F1k

[
(
−nk

2
, k), (

−nk + k

2
, k); (b+

k

2
, k);

1

k

]
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=
Γk(b+ k

2
)Γk(b+ k

2
+ 1

2
nk + 1

2
nk − k

2
)

Γk(b+ k
2

+ 1
2
nk − k

2
)Γk(b+ k

2
+ 1

2
nk)

=
Γk(b+ k

2
)Γk(b)Γk(b+ nk)

Γk(b)Γk(b+ 1
2
nk)Γ(b+ 1

2
nk + k

2
)

=
(b)n,kΓk(b)Γk(b+ k

2
)

Γk(b+ 1
2
nk)Γk(b+ 1

2
nk + k

2
)

Legendre’s duplication formula for gamma k-function gives,

Γk(b)Γk(b+
k

2
) = 21− 2b

k

√
π

k
Γk(2b)

and

Γk(b+
1

2
nk)Γk(b+

k

2
+

1

2
nk) = 21− 2b

k
−n
√
π

k
Γk(2b)

therefor,

2F1k

[
(
−nk

2
, k), (

−nk + k

2
, k); (b+

k

2
, k);

1

k

]
=

(b)n,k(2)1−
2b
k

√
π
k
Γk(2b)

(2)1−
2b
k
−n√π

k
Γk(2b+ nk)

=
(b)n,k(2)nΓk(2b)

Γk(2b+ nk)

=
2n(b)n,k
(2b)n,k

.

Lemma 3.1.3.

Fk(−nk, b; c;
1

k
) =

(c− b)n,k
(c)n,k

.

Proof:-

Fk(−nk, b; c;
1

k
) =

Γk(c)Γk(c− b+ n)

Γk(c− b)Γk(c+ n)

(
∵ Fk(a, b; c;

1

k
) =

Γk(c)Γk(c− a− b)
Γk(c− a)Γk(c− b)

)
=

(c− b)n,k
(c)n,k

.

Theorem 3.1.4. If |z| < 1 and |z|
|(1−kz)| < 1, k > 0, then

Fk(a, b; c; z) = (1− kz)
−a
k Fk(a, c− b; c;

−z
1− kz

).
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Proof:-

R.H.S. = (1− kz)
−a
k Fk(a, c− b, c;

−z
1− kz

)

=
∞∑
m=0

(a)m,k(c− b)m,k
(c)m,k

( −z
(1−kz))

m

m!
(1− kz)

−a
k

=
∞∑
m=0

(a)m,k(c− b)m,k
(c)m,k

(−1)m(z)m(1− kz)−(a+mkk
)

(m!)

=
∞∑
n=0

∞∑
m=0

(a)m,k(c− b)m,k
(c)m,k

(−1)m(z)m

(m!)

(z)n(a+mk)n,k
n!

(
∵ (1− kx)

−a
k =

∞∑
n=0

(a)n,k
xn

n!

)

=
∞∑
n=0

∞∑
m=0

(a)m+n,k(c− b)m,k
(c)m,k

(−1)m(z)m+n

m!n!

=
∞∑
n=0

n∑
m=0

(a)n,k(c− b)m,k
(c)m,k

(−1)m(z)n

m!(n−m)!

(
∵
∞∑
n=0

∞∑
m=0

Ak(m,n) =
∞∑
n=0

n∑
m=0

Ak(m,n−m)

)
=

∞∑
n=0

n∑
m=0

(a)n,k(c− b)m,k(−1)m(z)n(−nk)m,k
km(m!)(−1)m(n!)(c)m,k

(
∵ (n−m)! =

(−1)mkm(n!)

(−nk)m,k

)

=
∞∑
n=0

Fk

(
(−nk, k), (c− b, k); (c, k);

1

k

)
(a)n,k

zn

n!

=
∞∑
n=0

(c− (c− b))n,k(a)n,kz
n

(c)n,kn!

(
∵ Fk((−nk, k), (a, k); (b, k);

1

k
) =

(b− a)n,k
(b)n,k

)
=

∞∑
n=0

(b)n,k(a)n,k(z)n

(c)n,k(n!)
= Fk(a, b; c; z).

Theorem 3.1.5. If |z| < 1, k > 0, then

Fk (a, b; c; z) = (1− kz)
c−a−b
k Fk (c− a, c− b; c; z).

Proof:-Consider

Fk(a, b; c; z) = (1− kz)
−a
k Fk(a, c− b; c;

−z
1− kz

).
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By putting y = −z
1−kz in the second factor of R.H.S of above equation and use it again,

we obtain

Fk(a, c− b; c;
−z

1− kz
) = Fk(c− b, a; c; y)

= (1− ky)−
(c−b)
k Fk(c− b, c− a; c;

−y
1− ky

)

= (1− ky)
−c+b
k Fk(c− a, c− b; c;

−y
1− ky

)

But y = z
kz−1 and 1− ky = (1− kz)−1, Therefore,

Fk(a, c− b; c;
−z

1− kz
) = (1− kz)−

(−c+b)
k Fk(c− a, c− b; c; z)

so,

Fk(a, b; c; z) = (1− kz)
c−b−a
k Fk(c− a, c− b; c; z).

3.2 Derivation of k-differential equations

The Hypergeometric k−differential equation is

kz(1− kz)w′′ + [2b− (a+ b+ k)kz]w′ − abw = 0.

Let z = 4x
(1+kx)2

Then,

dz

dx
=

4(1− kx)

(1 + kx)3

and

1− kz =
(1− kx)2

(1 + kx)2
.

Now

w′ =
dw

dz
=
dw

dx

dx

dz
=
dw

dx

(1 + kx)3

4(1− kx)
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and

w′′ =
dw′

dx

dx

dz

=
d

dx

[
(1 + kx)3

4(1− x)

dw

dx

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

d

dx

(1 + kx)3

4(1− kx)

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

1

4
[(1 + kx)3(−1)(1− kx)−2(−k) + (1− kx)−13(1 + kx)2k]

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

1

4
[
(1 + kx)

(1− kx)
+ 3]k

(1 + kx)2

(1− kx)

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

1

4
k

(1 + kx)2

(1− kx)
[
4− 2kx

(1− kx)
]

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

1

2
k

(1 + kx)2(2− kx)

(1− kx)2

]
dx

dz

=

[
d2w

dx2
(1 + kx)3

4(1− kx)
+
dw

dx

k(1 + kx)2(2− kx)

2(1− kx)2

]
(1 + kx)3

4(1− kx)

=

[
d2w

dx2
(1 + kx)

2
+
dw

dx

k(2− kx)

1− kx

]
(1 + kx)5

8(1− kx)2

Since

kz(1− kz)w′′ + [2b− (a+ b+ k)kz]w′ − abw = 0
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put the values of w′ and w′′ in above equation, we obtain

4kx

(1 + kx)2
(1− kx)2

(1 + kx)2
(1 + kx)5

8(1− kx)2

[
d2w

dx2
(1 + kx)

2
+
dw

dx

k(2− x)

1− kx

]
+

[
2b− (a+ b+ k)

4kx

(1 + kx)2

]
dw

dx

(1 + kx)3

4(1− kx)
− abw = 0

⇒ kx(1 + kx)2

4

d2w

dx2
+
k2x(1 + kx)

2

dw

dx

(2− kx)

1− kx
+
b(1 + kx)3

2(1− kx)

dw

dx
− (a+ b+ k)kx(1 + kx)

1− kx
dw

dx

−abw = 0

⇒ 4(1− kx)kx(1 + kx)2

4

d2w

dx2
+
k2x4(1− kx)(1 + kx)

2

dw

dx

(2− kx)

1− kx
+

4(1− kx)b(1 + kx)3

2(1− kx)

dw

dx

−4(1− kx)(a+ b+ k)kx(1 + kx)

1− kx
dw

dx
− 4(1− kx)abw = 0

⇒ (1− kx)kx(1 + kx)2
d2w

dx2
+ 2k2x(1 + kx)(2− kx)

dw

dx
+ 2b(1 + kx)3

dw

dx

−4kx(a+ b+ k)(1 + kx)
dw

dx
− 4(1− kx)abw = 0

⇒ (1− kx)kx(1 + kx)2
d2w

dx2
+
dw

dx
2(1 + kx)

[
k2x(2− kx) + b(1 + kx)2 − 2kx(a+ b+ k)

]
−4(1− kx)abw = 0

⇒ kx(1− kx)(1 + kx)2
d2w

dx2
+ 2(1 + kx)(b− 2akx+ bk2x2 − k3x2)dw

dx

−4ab(1− kx)w = 0.

of which one solution is w = F (a, b; 2b; 4x
(1+kx)2

). put w = (1+kx)
2a
k y in above equation,

we get

w′ =
dw

dx
= (1 + kx)

2a
k
dy

dx
+ k

2a

k
(1 + kx)

2a
k
−1y
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and

w′′ =
dw′

dx

=
d

dx

(
dw

dx

)
=

d

dx

[
(1 + kx)

2a
k
dy

dx
+ 2a(1 + kx)

2a
k
−1y

]
=

d2y

dx2
(1 + kx)

2a
k + 4a(1 + kx)

2a
k
−1 dy

dx
+ 2a(2a− k)(1 + kx)

2a
k
−2y

put the values of w′ and w′′ in above equation, we obtain

kx(1− kx)(1 + kx)2

[
(1 + kx)

2a
k
d2y

dx2
+

4a(1 + kx)
2a
k

1 + kx

dy

dx
+

2a(2a− k)(1 + kx)
2a
k y

(1 + kx)2

]

+2(1 + kx)(b− 2akx+ bk2x2 − k3x2)

[
(1 + kx)

2a
k
dy

dx
+

2a(1 + kx)
2a
k y

(1 + kx)

]
−4ab(1− kx)(1 + kx)

2a
k y = 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+ kx(1− kx)4a(1 + kx)

2a
k
+1 dy

dx

+kx(1− kx)
2a(2a− k)(1 + kx)

2a
k y

+
2(1 + kx)

2a
k
+1(b− 2akx+ bk2x2 − k3x2)dy

dx

+2(b− 2akx+ bk2x2 − k3x2)2a(1 + kx)
2a
k y − 4ab(1− kx)(1 + kx)

2a
k y = 0
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⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+
dy

dx
2(1 + kx)

2a
k
+1

[
2akx(1− kx)

+(b− 2akx+ bk2x2 − k3x2)
]

+ 2a(1 + kx)
2a
k y

[
(kx− k2x2)(2a− k)

+2b− 4akx+ 2bk2x2 − 2k3x2 − 2b+ 2bkx

]
= 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+
dy

dx
2(1 + kx)

2a
k
+1

[
b− (2a− b+ k)kx2

]
+2a(1 + kx)

2a
k y

[
− 2akx− k2x− 2ak2x2 − k3x2 + 2bk2x2 + 2bkx

]
= 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+
dy

dx
2(1 + kx)

2a
k
+1

[
b− (2a− b+ k)kx2

]
−2akx(1 + kx)

2a
k y

[
2a+ k + 2akx+ k2x− 2bkx− 2b

]
= 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+
dy

dx
2(1 + kx)

2a
k
+1

[
b− (2a− b+ k)kx2

]
−2akx(1 + kx)

2a
k y

[
(1 + kx)(2a+ k − 2b)

]
= 0

⇒ kx(1− kx)(1 + kx)(1 + kx)
2a
k
+1 d

2y

dx2
+
dy

dx
2(1 + kx)

2a
k
+1

[
b− (2a− b+ k)kx2

]
−2akx(1 + kx)

2a
k
+1y(2a+ k − 2b) = 0

since (1 + kx)
2a
k
+1 6= 0 so, the equation become

kx(1− (kx)2)y′′ + 2
[
b− (2a− b+ k)(kx)2

]
y′ − 2akx(2a+ k − 2b)y = 0

of which one solution is w = (1 + kx)
−2a
k Fk(a, b; 2b; 4x

(1+kx)2
). The above differential

equation is invariant under a change from x to −x. Put kv = (kx)2 ⇒
√

(kv) = kx

and v = kx2 ⇒ dv
dx

= 2kx = 2
√

(kv)

y′ =
dy

dx
=
dy

dv

dv

dx
= 2
√

(kv)
dy

dv

y′′ =
dy′

dx
=

d

dx

(
2
√

(kv)
dy

dv

)
=

d

dv

(
2
√

(kv)
dy

dv

)
dv

dx
=

(
2
√

(kv)
d2y

dv2
+

k√
(kv)

dy

dv

)
2
√

(kv)

= 4kv
d2y

dv2
+ 2k

dy

dv
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put the values of y′ and y′′ in the above equation, we obtain

√
(kv)(1− kv)

(
4kv

d2y

dv2
+ 2k

dy

dv

)
+ 2 [b− (2a− b+ k)kv] 2

√
(kv)

dy

dv

−2a
√

(kv)(k + 2a− 2b)y = 0

⇒ 2
√

(kv)

[
2kv(1− kv)

d2y

dv2
+ k(1− kv)

dy

dv
+ 2b

dy

dv
− 2kv(2a− b+ k)

dy

dv
− a(2a− 2b+ k)y

]
= 0

⇒ 2
√

(kv)

[
2kv(1− kv)

d2y

dv2
+
dy

dv

[
k − k2v + 2b− 4akv + 2bkv − 2k2v

]
− a(2a− 2b+ k)y

]
= 0

⇒ 2kv(1− kv)
d2y

dv2
+ 2

[
k

2
− 3k2v

2
+ b− 2akv + bkv

]
dy

dv
− 2a(

k

2
+ a− b)y = 0

⇒ kv(1− kv)
d2y

dv2
+

[
b+

k

2
− (2a− b+

3k

2
)kv

]
dy

dv
− a(a− b+

k

2
)y = 0.

Theorem 3.2.1. The function Fk(a, b; a + b + k
2
; z) is a solution of the differential

equation

kz(1− kz)y′′ + [a+ b+
k

2
− (a+ b+ k)kz]y′ − aby = 0

put z = 4x(1− kx) to obtain

kx(1− kx)
d2y

dx2
+ [a+ b+

k

2
− (2a+ 2b+ k)kx]

dy

dx
− 4aby = 0

of which one solution is y = Fk(a, b; a+ b+ k
2
; 4x(1− kx))

Proof:-Since

kz(1− kz)d
2y

dz2
+ [a+ b+

k

2
− (a+ b+ k)kz]

dy

dz
− aby = 0

Let z = 4x(1− kx) = 4x− 4kx2 ⇒ dz
dx

= 4(1− 2kx)

y′ =
dy

dz
=
dy

dx

dx

dz
=

1

4

dy

dx

1

(1− 2kx)

y′′ =
d2y

dz2
=
dy′

dz
=

d

dz

[
1

4

dy

dx

1

(1− 2kx)

]
=

d

dx

[
1

4

dy

dx
(1− 2kx)−1

]
dx

dz
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=

[
1

4

dy

dx
(−1)(1− 2kx)−2(−2k) +

(1− 2kx)−1

4

d2y

dx2

]
1

4(1− 2kx)

=

[
k

2(1− 2kx)2
dy

dx
+

1

4(1− 2kx)

d2y

dx2

]
1

4(1− 2kx)

=

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
1

8(1− 2kx)2

put the values of y′, y′′ in above equation

4kx(1− kx)(1− 4kx+ 4k2x2)

8(1− 2kx)2

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
+

[
a+ b+

k

2
− (a+ b+ k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

kx(1− kx)

2

[
k

(1− 2kx)

dy

dx
+

1

2

d2y

dx2

]
+

[
a+ b+

k

2
− (a+ b+ k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

k2x(1− kx)

2(1− 2kx)

dy

dx
+
kx(1− kx)

4

d2y

dx2

+

[
a+ b+

k

2
− (a+ b+ k)(4kx− 4k2x2)

]
1

4

dy

dx

1

(1− 2kx)
− aby = 0

multiplying by 4

4k2x(1− kx)

2(1− 2kx)

dy

dx
+ kx(1− kx)

d2y

dx2

+

[
a+ b+

k

2
− (a+ b+ k)(4kx− 4k2x2)

]
dy

dx

1

(1− 2kx)
− 4aby = 0

now we solve

dy

dx

[
2k2x(1− kx)

(1− 2kx)
+

{
a+ b+

k

2
− (a+ b+ k)(4kx− 4k2x2)

}
1

(1− 2kx)

]

=
dy

dx

1

1− 2kx

[
2k2x− 2k3x2 + a+ b+

k

2
−
{

4akx+ 4bkx+ 4k2x− 4ak2x2 − 4bk2x2 − 4k3x2
}]

=
dy

dx

1

1− 2kx

[
2k2x− 2k3x2 + a+ b+

k

2
− 4akx− 4bkx− 4k2x+ 4ak2x2 + 4bk2x2 + 4k3x2

]
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=
dy

dx

1

1− 2kx

[
−2k2x+ 2k3x2 + a+ b+

k

2
− 4akx− 4bkx+ 4ak2x2 + 4bk2x2

]
=
dy

dx

1

1− 2kx

[
a+ b+

k

2
− 4akx− 4bkx− 2k2x+ 4ak2x2 + 4bk2x2 + 2k3x2

]
=
dy

dx

1

1− 2kx

[
1(a+ b+

k

2
)− 4akx− 4bkx− 2k2x+ 4k2x2(a+ b+

k

2
)

]
=
dy

dx

1

1− 2kx

[
(a+ b+

k

2
)(1 + 4k2x2)− 4akx− 4bkx− 2k2x

]
=
dy

dx

1

1− 2kx

[
(a+ b+

k

2
)(1 + 4k2x2)− 4kx(a+ b+

k

2
)

]
=
dy

dx

1

1− 2kx

[
(a+ b+

k

2
)(1 + 4k2x2 − 4kx)

]
=
dy

dx

1

1− 2kx

[
(a+ b+

k

2
)(1− 2kx)2

]
=
dy

dx

[
(a+ b+

1

2
)(1− 2kx)

]
=
dy

dx

[
a+ b+

k

2
− 2akx− 2bkx− k2x

]
so above equation becomes

kx(1− kx)
d2y

dx2
+ [a+ b+

k

2
− (2a+ 2b+ k)kx]

dy

dx
− 4aby = 0

of which one solution is y = F (a, b; a+ b+ k
2
; 4x(1− kx))

3.3 Derivation of solutions of k-differential equa-

tions

Since

kv(1− kv)
d2y

dv2
+

[
b+

k

2
− (2a− b+

3k

2
)kv

]
dy

dv
− a(a− b+

k

2
)y = 0
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Let y =
∞∑
n=0

anv
c+n then y′ =

∞∑
n=0

an(c+ n)vc+n−1 y′′ =
∞∑
n=0

an(c+ n)(c+ n− 1)vc+n−2

now put the values of y, y′ and y′′ in above equation

⇒
∞∑
n=0

ank(c+ n)(c+ n− 1)vc+n−1 −
∞∑
n=0

ank
2(c+ n)(c+ n− 1)vc+n + (b+

k

2
)
∞∑
n=0

an(c+ n)vc+n−1

−k(2a− b+
3k

2
)
∞∑
n=0

an(c+ n)vc+n − a(a− b+
k

2
)
∞∑
n=0

anv
c+n = 0

vc

[
aokc(c− 1)v−1 + aoc(b+

k

2
)v−1 +

∞∑
n=1

an

{
k(c+ n)(c+ n− 1) + (b+

k

2
)(c+ n)

}
vn−1

−
∞∑
n=0

an

{
k2(c+ n)(c+ n− 1) + k(2a− b+

3k

2
)(c+ n) + a(a− b+

k

2
)

}
vn

]
= 0

change the summation index

vc

[
aokc(c− 1)v−1 + aoc(b+

k

2
)v−1 +

∞∑
n=0

an+1

{
k(c+ n+ 1)(c+ n) + (b+

k

2
)(c+ n+ 1)

}
vn

−
∞∑
n=0

an

{
k2(c+ n)(c+ n− 1) + k(2a− b+

3k

2
)(c+ n) + a(a− b+

k

2
)

}
vn

]
= 0

which implies that

aokc(c− 1) + aoc(b+
k

2
) = 0

nothing is gained by taking ao = 0 so,

kc(c− 1) + (b+
k

2
)c = 0 ⇒ c(kc+ b− k

2
) = 0 c = 0 or c =

1

2
− b

k

an+1

[
k(c+n+1)(c+n)+(b+

k

2
)(c+n+1)

]
= an

[
k2(c+n)(c+n−1)+k(2a−b+3k

2
)(c+n)+a(a−b+k

2
)

]

an+1 =

an

[
k2(c+ n)(c+ n− 1) + k(2a− b+ 3k

2
)(c+ n) + a(a− b+ k

2
)

]
k(c+ n+ 1)(c+ n) + (b+ k

2
)(c+ n+ 1)
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n = 0, 1, 2, ...

(1)If c = 0

an+1 =
an
[
k2n(n− 1) + k(2a− b+ 3k

2
)n+ a(a− b+ k

2
)
]

k(n+ 1)n+ (b+ k
2
)(n+ 1)

taking n = 0

a1 =
aoa(a− b+ k

2
)

(b+ k
2
)

n = 1

a2 =
aoa(a− b+ k

2
)(a+ k)(a− b+ 3k

2
)

(b+ k
2
)2(b+ 3k

2
)

up to so on

an =
ao(a− b+ k

2
)n,k(a)n,k

n!(b+ k
2
)n,k

so

y1 =
∞∑
n=0

ao(a− b+ k
2
)n,k(a)n,kv

n

n!(b+ k
2
)n,k

= 2F1k

(
(a, k), (a− b+

k

2
, k); (b+

k

2
, k); v

)
(2)If c = 1

2
− b

k

an+1 =
an
[
k2(1

2
− b

k
+ n)(1

2
− b

k
+ n− 1) + k(2a− b+ 3k

2
)(1

2
− b

k
+ n) + a(a− b+ k

2
)
]

k(1
2
− b

k
+ n+ 1)(1

2
− b

k
+ n) + (b+ k

2
)(1

2
− b

k
+ n+ 1)

n = 0, 1, 2, ...

taking n = 0

a1 =
ao
[
k2(1

2
− b

k
)(1

2
− b

k
− 1) + k(2a− b+ 3k

2
)(1

2
− b

k
) + a(a− b+ k

2
)
]

(k 1
2
− b

k
+ 1)(1

2
− b

k
) + (b+ k

2
)(1

2
− b

k
+ 1)

=
ao(a− b+ k

2
)(a+ k − 2b)

(3k
2
− b)
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n = 1

a2 =
a1
[
k2(1

2
− b

k
+ 1)(1

2
− b

k
) + (2a− b+ 3k

2
)(1

2
− b

k
+ 1) + a(a− b+ k

2
)
]

k(1
2
− b

k
+ 2)(1

2
− b

k
+ 1) + (b+ k

2
)(1

2
− b

k
+ 2)

=
ao(a− b+ k

2
)(a+ k − 2b)(a− b+ 3k

2
)(a− 2b+ 2k)

2!(3k
2
− b)(5k

2
)− b

up to so on

an =
ao(a− b+ k

2
)n,k(a+ k − 2b)n,k

(n!3k
2
− b)n,k

so,

y2 = v
1
2
− b
k

∞∑
n=0

ao(a− b+ k
2
)n,k(a+ k − 2b)n,kv

n

(n!3k
2
− b)n,k

= v
1
2
− b
k 2F1k

(
a− b+

k

2
, a− 2b+ k;

3k

2
− b; v

)
.

Theorem 3.3.1. Find the solutions of the differential equation

kx(1− kx)
d2y

dx2
+ [a+ b+

k

2
− (2a+ 2b+ k)kx]

dy

dx
− 4aby = 0

Proof:- Since

kx(1− kx)
d2y

dx2
+ [a+ b+

k

2
− (2a+ 2b+ k)kx]

dy

dx
− 4aby = 0

Let y =
∞∑
n=0

anx
c+n then y′ =

∞∑
n=0

an(c+ n)xc+n−1 y′′ =
∞∑
n=0

an(c+ n)(c+ n− 1)xc+n−2

now put the values of y, y′, y′′ in above equation

kx(1− kx)
∞∑
n=0

an(c+ n)(c+ n− 1)xc+n−2 +

[
a+ b+

k

2
− (2a+ 2b+ k)kx

] ∞∑
n=0

an(c+ n)xc+n−1

−4ab
∞∑
n=0

anx
c+n = 0

∞∑
n=0

kan(c+ n)(c+ n− 1)xc+n−1 −
∞∑
n=0

k2an(c+ n)(c+ n− 1)xc+n + (a+ b+
k

2
)
∞∑
n=0

an

(c+ n)xc+n−1 − k(2a+ 2b+ k)
∞∑
n=0

an(c+ n)xc+n − 4ab
∞∑
n=0

anx
c+n = 0
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∞∑
n=0

an

[
k(c+ n)(c+ n− 1) + (a+ b+

k

2
)(c+ n)

]
xc+n−1 −

∞∑
n=0

an[
k2(c+ n)(c+ n− 1) + k(2a+ 2b+ k)(c+ n) + 4ab

]
xc+n = 0

xc

[
aokc(c− 1)x−1 + aoc(a+ b+

k

2
)x−1 +

∞∑
n=1

an

{
k(c+ n)(c+ n− 1) + (a+ b+

k

2
)(c+ n)

}
xn−1

−
∞∑
n=0

an

{
k2(c+ n)(c+ n− 1) + k(2a+ 2b+ k)(c+ n) + 4ab

}
xn

]
= 0

change the summation index

xc

[
aokc(c− 1)x−1 + aoc(a+ b+

k

2
)x−1 +

∞∑
n=0

an+1

{
k(c+ n+ 1)(c+ n) + (a+ b+

k

2
)

(c+ n+ 1)

}
xn −

∞∑
n=0

an

{
k2(c+ n)(c+ n− 1) + k(2a+ 2b+ k)(c+ n) + 4ab

}
xn

]
= 0

which implies that

aokc(c− 1) + aoc(a+ b+
k

2
) = 0

nothing is gained by taking ao = 0
so,

kc(c− 1) + (a+ b+
k

2
)c = 0

kc2 − kc+ ac+ bc+
1

2
kc = 0

kc2 + ac+ bc− 1

2
kc = 0

c(kc+ a+ b− 1

2
k) = 0

c = 0

or

c =
1

2
− a

k
− b

k

an+1

[
k(c+n+1)(c+n)+(a+b+

k

2
)(c+n+1)

]
= an

[
k2(c+n)(c+n−1)+k(2a+2b+k)(c+n)+4ab

]



77

an+1 =
an [k2(c+ n)(c+ n− 1) + k(2a+ 2b+ k)(c+ n) + 4ab]

k(c+ n+ 1)(c+ n) + (a+ b+ k
2
)(c+ n+ 1)

n = 0, 1, 2, ...
(1)If c = 0

an+1 =
an [k2n(n− 1) + k(2a+ 2b+ k)n+ 4ab]

k(n+ 1)n+ (a+ b+ k
2
)(n+ 1)

taking n = 0

a1 =
ao4ab

(a+ b+ k
2
)

n = 1

a2 =
a1 [k(2a+ 2b+ k) + 4ab]

2k + (a+ b+ k
2
)2

=
ao(2a)(2a+ k)(2b)(2b+ k)

(a+ b+ k
2
)2(a+ b+ k

2
+ k)

up to so on

an =
ao(2a)n,k(2b)n,k

n!(a+ b+ k
2
)n,k

so

y1 =
∞∑
n=0

ao(2a)n,k(2b)n,kx
n

n!(a+ b+ k
2
)n,k

= 2F1k(2a, 2b; a+ b+
k

2
;x)

(2)If c = 1
2
− a

k
− b

k

an+1 =
an
[
k2(1

2
− a

k
− b

k
+ n)(1

2
− a

k
− b

k
+ n− 1) + k(2a+ 2b+ k)(1

2
− a

k
− b

k
+ n) + 4ab

]
k(1

2
− a

k
− b

k
+ n+ 1)(1

2
− a

k
− b

k
+ n) + (a+ b+ k

2
)(1

2
− a

k
− b

k
+ n+ 1)

n = 0, 1, 2, ...
taking n = 0

a1 =
ao
[
k2(1

2
− a

k
− b

k
)(−1

2
− a

k
− b

k
) + k(2a+ 2b+ k)(1

2
− a

k
− b

k
) + 4ab

]
k(1

2
− a

k
− b

k
+ 1)(1

2
− a

k
− b

k
) + (a+ b+ k

2
)(1

2
− a

k
− b

k
+ 1)

=
ao(a− b+ k

2
)(b− a+ k

2
)

(3k
2
− a− b)
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n = 1

a2 =
a1
[
k2(1

2
− a

k
− b

k
+ 1)(1

2
− a

k
− b

k
) + k(2a+ 2b+ k)(1

2
− a

k
− b

k
+ 1) + 4ab

]
k(1

2
− a

k
− b

k
+ 2)(1

2
− a

k
− b

k
+ 1) + (a+ b+ k

2
)(1

2
− a

k
− b

k
+ 2)

=
ao(a− b+ k

2
)(a− b+ k

2
+ k)(b− a+ k

2
)(b− a+ k

2
+ k)

2!(3k
2
− a− b)(3k

2
− a− b+ k)

up to so on

an =
ao(a− b+ k

2
)n,k(b− a+ k

2
)n,k

n!(3k
2
− a− b)n,k

so,

y2 = x
1
2
− a
k
− b
k

∞∑
n=0

(a− b+ k
2
)n,k(b− a+ k

2
)n,kx

n

n!(3k
2
− a− b)n,k

= x
1
2
− a
k
− b
k 2F1k(a− b+

k

2
, b− a+

k

2
;
3k

2
− a− b;x)

Theorem 3.3.2. If 2b is neither zero nor a negative integer, and if both |kx| < 1 and
|4x(1 + kx)−2| < 1, k > 0,

(1 + kx)
−2a
k Fk

(
a, b; 2b;

4x

(1 + kx)2

)
= Fk

(
a, a− b+

k

2
; b+

k

2
; kx2

)
.

Proof:-The equation

kv(1− kv)
d2y

dv2
+

[
b+

k

2
− (2a− b+

3k

2
)kv

]
dy

dv
− a(a− b+

k

2
)y = 0

has, in |v| < 1, the general solution

y = AFk

(
a, a− b+

k

2
; b+

k

2
; v

)
+Bv

1
2
− b
kFk

(
a− b+

k

2
, a− 2b+ k;

3k

2
− b; v

)
The differential equation

kx(1− (kx)2)y′′ + 2
[
b− (2a− b+ k)(kx)2

]
y′ − 2akx(k + 2a− 2b)y = 0

has a solution y = (1 + kx)
−2a
k Fk(a, b; 2b; 4x

(1+kx)2
) valid in | 4x

(1+kx)2
| < 1 as long as 2b

is neither zero nor a negative integer.At the same time equation

kx(1− (kx)2)y′′ + 2
[
b− (2a− b+ k)(kx)2

]
y′ − 2akx(k + 2a− 2b)y = 0
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has the general solution (3.3.11) with kv = (kx)2, this solution is valid in |x| < 1.
Therefore, if both |x| < 1 and | 4x

(1+kx)2
| < 1 and if 2b is neither zero nor a negative

integer, there exist constant A and B such that

(1 + kx)
−2a
k Fk

(
a, b; 2b;

4x

(1 + kx)2

)
= AFk

(
a, a− b+

k

2
; b+

k

2
; kx2

)
+Bx1−

2b
k k(

1

2
− b

k
)Fk

(
a− b+

k

2
, a− 2b+ k;

3k

2
− b; kx2

)
In equation (3.3.12) the left member and the first term on the right are analytic at

x = 0, but the last term is not analytic at x = 0 because of the factor x1−
2b
k . Hence

B = 0 and A is easily determined by using x = 0 in the resultant identity

(1 + kx)
−2a
k Fk

(
a, b; 2b;

4x

(1 + kx)2

)
= AFk

(
a, a− b+

k

2
; b+

k

2
; kx2

)
Thus A = 1

(1 + kx)
−2a
k Fk

(
a, b; 2b;

4x

(1 + kx)2

)
= Fk

(
a, a− b+

k

2
; b+

k

2
; kx2

)
.

Theorem 3.3.3. If 2b is neither zero nor a negative integer and if |ky| < 1
2

and

| ky
(1−ky) | < 1, k > 0,

(1− ky)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ b;

ky2

(1− ky)2

)
= Fk(a, b; 2b; 2y).



80

Proof:-

L.H.S. = (1− ky)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ b;

ky2

(1− ky)2

)

= (1− ky)
−a
k

∞∑
m=0

(1
2
a)m,k(

1
2
a+ k

2
)m,k

(b+ k
2
)m,km!

(
ky2

(1− ky)2

)m

=
∞∑
m=0

∞∑
n=0

(a)2m,ky
2mkm

(b+ k
2
)m,km!22m

(a+ 2mk)n,ky
n

n!

=
∞∑
m=0

∞∑
n=0

(a)2m+n,ky
2m+nkm

(b+ k
2
)m,km!n!22m

=
∞∑
n=0

[n
2
]∑

m=0

(a)n,ky
nkm

(b+ k
2
)m,km!(n− 2m)!22m

=
∞∑
n=0

[n
2
]∑

m=0

(a)n,ky
nkm

(b+ k
2
)m,km!(n− 2m)!22m

=
∞∑
n=0

[n
2
]∑

m=0

(a)n,ky
nkm(−nk)2m,k

(b+ k
2
)m,km!(−1)2mk2mn!22m

(
∵ (n− 2m)! =

(−1)2mk2mn!

(−nk)2m,k

)

=
∞∑
n=0

[n
2
]∑

m=0

(a)n,ky
n22m(−nk

2
)m,k(

−nk+k
2

)m,kk
m

(b+ k
2
)m,km!n!(−1)2mk2m22m

(
∵ (−nk)2m,k = 22m

(
−nk

2

)
m,k

(
−nk + k

2

)
m,k

)

=
∞∑
n=0

Fk

(
(
−nk

2
, k), (

−nk + k

2
, k); (b+

k

2
, k);

1

k

)
(a)n,ky

n

n!

=
∞∑
n=0

2n(b)n,k
(2b)n,k

(a)n,ky
n

n!

(
∵ Fk

(
(
−nk

2
, k), (

−nk + k

2
, k); (b+

k

2
, k);

1

k

)
=

2n(b)n,k
(2b)n,k

)
=

∞∑
n=0

(b)n,k
(2b)n,k

(a)n,k(2y)n

n!

= Fk (a, b; 2b; 2y) .

Theorem 3.3.4. If k + a − b is neither zero nor a negative integer, and if |kz| < 1
and | 4z

(1−kz)2 | < 1, k > 0,

(1− kz)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b; −4z

(1− kz)2

)
= Fk (a, b; k + a− b; z) .



81

Proof:-In theorem (3.3.8) put

y =
2x

(1 + kx)2
⇒ 1− ky =

1 + k2x2

(1 + kx)2

and
y

1− ky
=

2x

(1 + k2x)2

so theorem (3.3.8) becomes

(1 + k2x2)
−a
k

(1 + kx)
−2a
k

Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ b;

4kx2

(1 + k2x2)2

)
= Fk

(
a, b; 2b;

4x

(1 + kx)2

)

⇒ (1 + k2x2)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ b;

4kx2

(1 + k2x2)2

)
= (1 + kx)

−2a
k Fk

(
a, b; 2b;

4x

(1 + kx)2

)
using theorem (3.3.7) on R.H.S

(1 +2 x2)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ b;

4kx2

(1 + k2x2)2

)
= Fk

(
a, a− b+

k

2
; b+

k

2
; kx2

)
now put (kx)2 = kz and replace b by k

2
+ a− b in above equation

(1 + kz)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
;
k

2
+ a− b+

k

2
;

4z

(1 + kz)2

)
=

Fk

(
a, a− k

2
− a+ b+

k

2
;
k

2
+ a− b+

k

2
; z

)

(1 + kz)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
; k + a− b; 4z

(1 + kz)2

)
= Fk (a, b; k + a− b; z)

using theorem

Fk(a, b; c; z) = (1− kz)
−a
k Fk(a, c− b; c;

−z
1− kz

).

on R.H.S of above equation

Fk

(
1

2
a,

1

2
a+

k

2
; k + a− b; 4z

(1 + kz)2

)
=

(
1− 4kz

(1 + kz)2

)−a
2k

Fk

(
1

2
a, k + a− b− 1

2
a− k

2
; k + a− b;

−4z
(1+kz)2

1− 4kz
(1+kz)2

)

=

[
(1− kz)2

(1 + kz)2

]−a
2k

Fk

(
1

2
a, k + a− b− 1

2
a− k

2
; k + a− b; −4z

(1 + kz)2
(1 + kz)2

(1− kz)2

)
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so,

(1− kz)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b; −4z

(1− kz)2

)
= Fk (a, b; k + a− b; z) .

Theorem 3.3.5. If a + b + k
2

is neither zero nor a negative integer, and if |x| < 1
and |4x(1− kx)| < 1, k > 0,

Fk(a, b; a+ b+
k

2
; 4x(1− kx)) = Fk(2a, 2b; a+ b+

k

2
;x)

Proof:-The equation

kx(1− kx)
d2y

dx2
+ [a+ b+

k

2
− (2a+ 2b+ k)kx]

dy

dx
− 4aby = 0

is hypergeometric in character and has the general solution if |x| < 1 and |4x(1 −
kx)| < 1, a+ b+ k

2
is neither zero nor a negative integer there exist constants A and

B such that

y = AFk

(
2a, 2b; a+ b+

k

2
;x

)
+Bx

1
2
− a
k
− b
kFk

(
k

2
+ a− b, k

2
+ b− a;

3k

2
− a− b;x

)
as well as the solution y = Fk(a, b; a+ b+ k

2
; 4x(1− kx))

Fk

(
a, b; a+ b+

k

2
; 4x(1− kx)

)
= AFk

(
2a, 2b; a+ b+

k

2
;x

)
+Bx

1
2
− a
k
− b
kFk

(
k

2
+ a− b, k

2
+ b− a;

3k

2
− a− b;x

)
In equation (3.3.15) the left member and the first term on the right are analytic at

x=0, but the last term is not analytic at x=0 because of the factor x
1
2
− a
k
− b
k .Hence B=0

and A is easily determined by using x=0 in the resultant identity

Fk

(
a, b; a+ b+

k

2
; 4x(1− kx)

)
= AFk

(
2a, 2b; a+ b+

k

2
;x

)
Thus A=1

Fk

(
a, b; a+ b+

k

2
; 4x(1− kx)

)
= Fk

(
2a, 2b; a+ b+

k

2
;x

)
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Theorem 3.3.6. If c is neither zero nor a negative integer, and if both |x| < 1 and
|4x(1− kx)| < 1, k > 0,

Fk(a, k − a; c;x) = (1− kx)
c
k
−1Fk(

1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c; 4x(1− kx))

Proof:-In the identity of theorem (3.3.12) replace a by 1
2
c− 1

2
a and b by 1

2
c+ 1

2
a− k

2

Fk(
1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
;
1

2
c− 1

2
a+

1

2
c+

1

2
a− k

2
+
k

2
; 4x(1− kx))

= Fk(2(
1

2
c− 1

2
a), 2(

1

2
c+

1

2
a− k

2
);

1

2
c− 1

2
a+

1

2
c+

1

2
a− k

2
+
k

2
;x)

Fk(
1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c; 4x(1− kx)) = Fk(c− a, c+ a− k; c;x)

using theorem

Fk (a, b; c; z) = (1− kz)
c−a−b
k Fk (c− a, c− b; c; z)

on R.H.S

Fk(c− a, c+ a− k; c;x) = (1− kx)
c−c+a−c−a+k

k Fk(c− c+ a, c− c− a+ k; c;x)

= (1− kx)1−
c
kFk(a, k − a; c;x)

so,

Fk(
1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c; 4x(1− kx)) = (1− kx)1−

c
kFk(a, k − a; c;x)

Fk(a, k − a; c;x) = (1− kx)
c
k
−1Fk(

1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c; 4x(1− kx))

Theorem 3.3.7. Show that,

Fk

[
(−nk, k), (k − b− nk, k); (a, k);

1

k

]
=

(a+ b− k)2n,k
(a)n,k(a+ b− 1)n,k

Solution:-Since

2F1k

(
(a, k), (b, k); (c, k);

1

k

)
=

Γk(c)Γk(c− b− a)

Γk(c− b)Γk(c− a)
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Fk

[
(−nk, k), (k − b− nk, k); (a, k);

1

k

]
=

Γk(a)Γk(a+ nk − k + b+ nk)

Γk(a+ nk)Γk(a− k + b+ nk)

=
Γk(a)Γk(a+ b+ 2nk − k)

Γk(a+ nk)Γk(a+ b+ nk − k)

=
Γk(a)

Γk(a+ nk)

Γk(a+ b+ 2nk − k)

Γk(a+ b+ nk − k)

Γk(a+ b− k)

Γk(a+ b− k)

=
1

(a)n,k

1

(a+ b− k)n,k
(a+ b− k)2n,k

=
(a+ b− k)2n,k

(a)n,k(a+ b− k)n,k

Theorem 3.3.8.

Fk(a, b;
1

2
(a+ b+ k);

1

2k
) =

Γk(
k
2
)Γk[

1
2
(k + a+ b)]

Γk[
1
2
(k + a)]Γk[

1
2
(k + b)]

Proof:-Since

Fk(a, b; a+ b+
k

2
; 4x(1− kx)) = Fk(2a, 2b; a+ b+

k

2
;x)

Replace a by a
2

and b by b
2

Fk(
a

2
,
b

2
;
a

2
+
b

2
+
k

2
; 4x(1− kx)) = F (a, b;

a

2
+
b

2
+
k

2
;x)

put x = 1
2k

Fk(a, b;
a

2
+
b

2
+
k

2
;

1

2k
) = Fk(

a

2
,
b

2
;
a

2
+
b

2
+
k

2
;

1

k
)

=
Γk(

a
2

+ b
2

+ k
2
)Γk(

a
2

+ b
2

+ k
2
− a

2
− b

2
)

Γk(
a
2

+ b
2

+ k
2
− a

2
)Γ(a

2
+ b

2
+ k

2
− b

2
)

=
Γk(

k
2
)Γk[

1
2
(k + a+ b)]

Γk[
1
2
(k + a)]Γk[

1
2
(k + b)]

Theorem 3.3.9.

Fk(a, k − a; c;
1

2k
) =

Γk(
1
2
c)Γk[

1
2
(c+ k)]

Γk[
1
2
(a+ c)]Γk[

1
2
(k + c− a)]

Proof:-Since

Fk(a, k − a; c;x) = (1− kx)
c
k
−1Fk(

1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c; 4x(1− kx))
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put x = 1
2k

Fk(a, k − a; c;
1

2k
) = (1− k

2k
)
c
k
−1Fk(

1

2
c− 1

2
a,

1

2
c+

1

2
a− k

2
; c;

1

k
)

=
(1
2
)
c
k
−1Γk(c)Γk(c− 1

2
c+ 1

2
a− 1

2
c− 1

2
a+ k

2
)

Γk(c− 1
2
c+ 1

2
a)Γk(c− 1

2
c− 1

2
a+ k

2
)

=
21− c

kΓk(c)Γk(
k
2
)

Γk(
1
2
c+ 1

2
a)Γk(

1
2
c− 1

2
a+ k

2
)

since

22 z
k
−1Γk(z)Γk(z +

k

2
) =
√π
k

Γk(2z)

put z = c
2

in above equation

2
2
k
( c
2
)−1Γk(

c

2
)Γk[

1

2
(c+ k)] =

√π
k

Γk(c)

2
c
k
−1Γk(

c

2
)Γk[

1

2
(c+ k)] =

√π
k

Γk(c)

2
c
k
−1Γk(

c
2
)Γk[

1
2
(c+ k)]

√π
k

= Γk(c)

since Γk(
k
2
) =
√π

k

so

Fk(a, k − a; c;
1

2k
) =

21− c
k 2

c
k
−1Γk(

c
2
)Γk[

1
2
(c+ k)]

√π
k√π

k
Γk(

1
2
c+ 1

2
a)Γk(

1
2
c− 1

2
a+ k

2
)

=
Γk(

1
2
c)Γk[

1
2
(c+ k)]

Γk[
1
2
(a+ c)]Γk[

1
2
(k + c− a)]

Theorem 3.3.10.

dn

dxn

[
x
a
k
−1+nFk(a, b; c;x)

]
=

(a)n,k
kn

x
a
k
−1Fk(a+ nk, b; c;x)
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Proof:-

L.H.S =
dn

dxn

[
x
a
k
−1+nFk(a, b; c;x)

]

=
∞∑
m=0

(a)m,k(b)m,k
(c)m,km!

dn

dxn
xm+n+ a

k
−1

=
∞∑
m=0

(a)m,k(b)m,k
(c)m,km!

(n+m+
a

k
− 1)(n+m+

a

k
− 2)...(n+m+

a

k
− n)xn+m+ a

k
−n−1

=
∞∑
m=0

(a)m,k(b)m,k
(c)m,km!

(a+ (m+ n− 1)k)(a+ (m+ n− 2)k)...(a+mk)xm+ a
k
−1

=
∞∑
m=0

(a)m,k(a)n+m,k(b)m,kx
m+ a

k
−1

kn(a)m,k(c)m,km!

=
∞∑
m=0

(a+ nk)m,k(a)n,k(b)m,kx
m+ a

k
−1

kn(c)m,km!

=
(a)n,k
k

x
a
k
−1Fk(a+ nk, b; c;x)

Kummer’s k-Theorem

Theorem 3.3.11. If (k+a-b) is neither zero nor a negative integer,and Re(b) <
1, k > 0 for convergence,

Fk(a, b; k + a− b; −1

k
) =

Γk(k + a− b)Γk(k + 1
2
a)

Γk(k + 1
2
a− b)Γ(k + a)

Proof:-Since

(1− kz)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b; −4z

(1− kz)2

)
= Fk(a, b; k + a− b; z)

put z = −1
k

then we have

(1 + 1)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b;

4
k

(1 + 1)2

)
= Fk(a, b; k + a− b; −1

k
)

(2)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b; 1

k

)
= Fk(a, b; k + a− b; −1

k
)
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Γk(k + a− b)Γk(k + a− b− 1
2
a− 1

2
a− k

2
+ b)

2
a
kΓk(k + a− b− 1

2
a)Γk(k + a− b− k

2
− 1

2
a) + b

= Fk(a, b; k + a− b; −1

k
)

Γk(k + a− b)Γk(k2 )

2
a
kΓk(k + 1

2
a− b)Γk(k2 + 1

2
a)

= Fk(a, b; k + a− b; −1

k
)

By Legendre’s Duplication formula

Γk(z)Γk(z +
k

2
) = Γk(

k

2
)21− 2z

k Γk(2z)

put z = a+k
2

in above equation

Γk(
k

2
+

1

2
a)Γk(

k

2
+

1

2
a+

k

2
) = Γk(

k

2
)21− 2

k
(a+k

2
)Γk(k + a)

Γk(
k

2
+

1

2
a) + Γk(k +

1

2
a) = 2

−a
k Γk(

k

2
)Γk(k + a)

2
a
kΓk(

k
2

+ 1
2
a) + Γk(k + 1

2
a)

Γk(k + a)
= Γk(

k

2
)

so

Fk(a, b; k + a− b; −1

k
) =

Γk(k + a− b)Γk(k + 1
2
a)

Γk(k + 1
2
a− b)Γk(k + a)

Theorem 3.3.12.

(1− kx)1−
c
kFk(a, k− a; c;x) = (1− 2kx)

a−c
k Fk

[
1

2
c− 1

2
a,

1

2
c− 1

2
a+

k

2
; c;

4x(kx− 1)

(1− 2kx)2

]

Proof:-Since

(1− kx)1−
c
kFk(a, k − a; c;x) = Fk

(
c− a

2
,
c+ a− k

2
; c; 4x(1− kx)

)

since

Fk(a, b; c; z) = (1− kz)
−a
k Fk(a, c− b; c;

−z
1− kz

)
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therefore

(1− kx)1−
c
kFk(a, k − a; c;x) = (1− 4kx(1− kx))−

c−a
2k Fk

(
c− a

2
, c− c+ a− k

2
; c;

−4x(1− kx)

1− 4kx(1− kx)

)

= (1− 4kx(1− kx))−
c−a
2k Fk

(
c− a

2
, c− c+ a− k

2
; c;

−4x(1− kx)

1− 4kx(1− kx)

)

= (1− 2kx)2
a−c
2k Fk

(
c− a

2
,
c− a+ k

2
; c;

4x(kx− 1)

(1− 2kx)2

)

= (1− 2kx)
a−c
k Fk

(
c− a

2
,
c− a+ k

2
; c;

4x(kx− 1)

(1− 2kx)2

)

Theorem 3.3.13.

Fk(2a, 2b; a+ b+
k

2
;

1

2k
) =

Γk(a+ b+ k
2
)Γk(

k
2
)

Γk(a+ k
2
)Γk(b+ k

2
)

Proof:-Since

Fk(2a, 2b; a+ b+
k

2
;x) = Fk(a, b; a+ b+

k

2
; 4x(1− kx))

let x = 1
2k

Fk(2a, 2b; a+ b+
k

2
;

1

2k
) = Fk(a, b; a+ b+

k

2
;

1

k
)

=
Γk(a+ b+ k

2
)Γk(a+ b+ k

2
− a− b)

Γk(a+ b+ k
2
− a)Γk(a+ b+ k

2
− b)

=
Γk(a+ b+ k

2
)Γk(

k
2
)

Γk(a+ k
2
)Γk(b+ k

2
)

Theorem 3.3.14.

Fk(−nk, a+ nk; c;
1

k
) =

(−1)n(k + a− c)n,k
(c)n,k
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Proof:-Since

Fk(a, b; c;
1

k
) =

Γk(c)Γk(c− a− b)
Γk(c− a)Γk(c− b)

therefore

F (−nk, a+ nk; c;
1

k
) =

Γk(c)Γk(c+ nk − a− nk)

Γk(c+ nk)Γk(c− a− nk)

=
Γk(c)Γk(c− a)

Γk(c+ nk)Γk(c− a− nk)

=
Γk(c− a)

(c)n,kΓk(c− a− nk)

since
Γk(k − α− nk)

Γk(k − α)
=

(−1)n

(α)n,k

Let α = k − c+ a
then

Γk(k − k + c− a− nk)

Γk(k − k + c− a)
=

(−1)n

(k − c+ a)n,k

Γk(c− a− nk)

Γk(c− a)
=

(−1)n

(k − c+ a)n,k

therefore

Fk(−nk, a+ nk; c;
1

k
) =

(k − c+ a)n,k
(c)n,k(−1)n

=
(−1)n(k − c+ a)n,k

(c)n,k

Theorem 3.3.15. If p ≤ q+ 1, if Re(b1) > Re(a1) > 0, if no one of b1, b2...bq is zero
or a negative integer,k > 0, and if |z| < 1,

pFq,k (a1, a2, ...ap; b1, b2, ...bq; z) =
Γk(b1)

kΓk(a1)Γk(b1 − a1)∫ 1

0

t
a1
k
−1(1− t)

b1−a1
k
−1

p−1Fq−1,k (a2, ...ap; b2, ...bq; zt) dt

if p ≤ q, the condition |z| < 1 may be omitted.
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Proof:-

pFq,k (a1, a2, ...ap; b1, b2, ...bq; z) =
∞∑
n=0

(a1)n,k(a2)n,k...(ap)n,kz
n

(b1)n,k(b2)n,k...(bq)n,kn!

=
Γk(b1)

Γk(b1 − a1)Γk(a1)

∞∑
n=0

Γk(a1 + nk)Γk(b1 − a1)
Γk(b1 + nk)

(a2)n,k...(ap)n,kz
n

(b2)n,k...(bq)n,kn!

=
Γk(b1)

Γk(b1 − a1)Γk(a1)

∞∑
n=0

Bk(a1 + nk, b1 − a1)
(a2)n,k...(ap)n,kz

n

(b2)n,k...(bq)n,kn!

=
Γk(b1)

Γk(b1 − a1)Γk(a1)

∞∑
n=0

1

k

∫ 1

0

t
a1+nk
k
−1(1− t)

b1−a1
k
−1

(a2)n,k...(ap)n,kz
n

(b2)n,k...(bq)n,kn!
dt

pFq,k (a1, a2, ...ap; b1, b2, ...bq; z) =
Γk(b1)

kΓk(b1 − a1)Γk(a1)

∫ 1

0

t
a1
k
−1(1− t)

b1−a1
k
−1

∞∑
n=0

(a2)n,k...(ap)n,k
(b2)n,k...(bq)n,k

(tz)n

n!
dt

=
Γk(b1)

kΓk(b1 − a1)Γk(a1)

∫ 1

0

t
a1
k
−1(1− t)

b1−a1
k
−1

p−1Fq−1,k (a2, ...ap; b2, ...bq; zt) dt

Saalschutz’k-theorem

Theorem 3.3.16. If n is a non negative integer and if a,b,c are independent of
n,k > 0,

3F2,k

(
(−nk, k), (a, k), (b, k); (c, k), (k − c+ a+ b− nk, k);

1

k

)
=

(c− a)n,k(c− b)n,k
(c)n,k(c− a− b)n,k

Proof:-Since

Fk (a, b; c; z) = (1− kz)
c−a−b
k Fk (c− a, c− b; c; z)

Replace a by c-a and b by c-b

Fk (c− a, c− b; c; z) = (1− kz)
c−(c−a)−(c−b)

k Fk (a, b; c; z)
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⇒
∞∑
n=0

(c− a)n,k(c− b)n,k
(c)n,k

zn

n!
= (1− kz)

−(c−a−b)
k Fk (a, b; c; z)

∵ (1− ky)
−a
k =

∞∑
n=0

(a)n,ky
n

n!

∴
∞∑
n=0

(c− a)n,k(c− b)n,k
(c)n,k

zn

n!
=

∞∑
n=0

(c− a− b)n,kzn

n!

∞∑
m=0

(a)m,k(b)m,kz
m

(c)m,km!

=
∞∑
n=0

∞∑
m=0

(c− a− b)n,k(a)m,k(b)m,kz
n+m

(c)m,kn!m!

as we know that,
∞∑
n=0

∞∑
m=0

Ak(m,n) =
∞∑
n=0

n∑
m=0

Ak(m,n−m)

∴
∞∑
n=0

(c− a)n,k(c− b)n,k
(c)n,k

zn

n!
=

∞∑
n=0

n∑
m=0

(c− a− b)n−m,k(a)m,k(b)m,kz
n

(c)m,k(n−m)!m!

since

(n−m)! =
(−1)mkm(n!)

(−nk)m,k

and

(a)n−m,k =
(−1)m(a)n,k

(k − a− nk)m,k

∴
∞∑
n=0

(c− a)n,k(c− b)n,k
(c)n,k

zn

n!
=

∞∑
n=0

n∑
m=0

(−nk)m,k(c− a− b)n−m,k(a)m,k(b)m,kz
n

(c)m,kkm(−1)mn!m!

=
∞∑
n=0

n∑
m=0

(−nk)m,k(c− a− b)n,k(−1)m(a)m,k(b)m,kz
n

(c)m,kkm(−1)m(k − c+ a+ b− nk)m,kn!m!

=
∞∑
n=0

[
n∑

m=0

(−nk)m,k(a)m,k(b)m,k
(c)m,k(k − c+ a+ b− nk)m,kkmm!

]
zn(c− a− b)n,k

n!
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comparing the coefficients of like terms

(c− a)n,k(c− b)n,k
(c)n,k

= 3F2,k

(
(−nk, k), (a, k), (b, k); (c, k), (k−c+a+b−nk, k);

1

k

)
(c−a−b)n,k

⇒ 3F2,k

(
(−nk, k), (a, k), (b, k); (c, k), (k−c+a+b−nk, k);

1

k

)
=

(c− a)n,k(c− b)n,k
(c)n,k(c− a− b)n,k

Theorem 3.3.17. If n is non negative integer and if a and b are independent of
n,k > 0,

3F2,k

(
(−nk, k), (a+nk, k), (

k

2
+

1

2
a−b, k); (k+a−b, k), (

1

2
a+

k

2
, k);

1

k

)
=

(b)n,k
(k + a− b)n,k

Proof:-

SinceFk (a, b; k + a− b; z) = (1− kz)
−a
k Fk

(
1

2
a,
k

2
+

1

2
a− b; k + a− b; −4z

(1− kz)2

)
then

∞∑
n=0

(a)n,k(b)n,kz
n

(k + a− b)n,kn!
=

∞∑
m=0

(1
2
a)m,k(

k
2

+ 1
2
a− b)m,k

(k + a− b)m,km!

(−4z)m

(1− kz)2m+ a
k

∵ (1− ky)
−a
k =

∞∑
n=0

(a)n,ky
n

n!

∴
∞∑
n=0

(a)n,k(b)n,kz
n

(k + a− b)n,kn!
=
∞∑
n=0

∞∑
m=0

(−1)m22mzm+n(a+ 2mk)n,k(
a
2
)m,k(

a+k
2
− b)m,k

(k + a− b)m,km!n!

∵ (a)m,k(a+mk)n,k = (a)m+n,k

∴
∞∑
n=0

(a)n,k(b)n,kz
n

(k + a− b)n,kn!
=
∞∑
n=0

∞∑
m=0

(−1)m22mzm+n(a)2m+n,k(
a
2
)m,k(

a+k
2
− b)m,k

(k + a− b)m,k(a)2m,km!n!

as we know that,
∞∑
n=0

∞∑
m=0

Ak(m,n) =
∞∑
n=0

n∑
m=0

Ak(m,n−m)
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∴
∞∑
n=0

(a)n,k(b)n,kz
n

(k + a− b)n,kn!
=

∞∑
n=0

n∑
m=0

(−1)m22mzn(a)m+n,k(
a
2
)m,k(

a+k
2
− b)m,k

(k + a− b)m,k(a)2m,km!(n−m)!

=
∞∑
n=0

n∑
m=0

(−1)m22mzn(a)m+n,k(
a
2
)m,k(

a+k
2
− b)m,k

(k + a− b)m,km!22m(a
2
)m,k(

a+k
2

)m,k(n−m)!

=
∞∑
n=0

n∑
m=0

(−1)mzn(a)m+n,k(
a+k
2
− b)m,k

(k + a− b)m,km!(a+k
2

)m,k(n−m)!

since

(n−m)! =
(−1)mkm(n!)

(−nk)m,k

∴
∞∑
n=0

(a)n,k(b)n,kz
n

(k + a− b)n,kn!
=

∞∑
n=0

n∑
m=0

(−1)mzn(a)m+n,k(
a+k
2
− b)m,k(−nk)m,k

(k + a− b)m,kkmm!(a+k
2

)m,k(−1)mn!

=
∞∑
n=0

n∑
m=0

zn(a)n,k(a+ nk)m,k(
a+k
2
− b)m,k(−nk)m,k

(k + a− b)m,km!km(a+k
2

)m,kn!

=
∞∑
n=0

3F2,k

(
(−nk, k), (a+nk, k), (

k

2
+

1

2
a−b, k); (k+a−b, k), (

1

2
a+

k

2
, k);

1

k

)
zn(a)n
n!

comparing the coefficients of like terms

(b)n,k
(k + a− b)n,k

= 3F2,k

(
(−nk, k), (a+nk, k), (

k

2
+

1

2
a−b, k); (k+a−b, k), (

1

2
a+

k

2
, k);

1

k

)
Whipple’s k-theorem

Theorem 3.3.18. If neither (a-b) nor (a-c) nor a is a negative integer,k > 0,

Fk(a, b, c; k+a−b, k+a−c; x
k

) = (1−kx)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
, k+a−b−c; k+a−b, k+a−c; −4x

(1− kx)2

)
Proof:-

Fk(a, b, c; k + a− b, k + a− c; x
k

) =
∞∑
m=0

(a)m,k(b)m,k(c)m,k
(k + a− b)m,k(k + a− c)m,k

xm

m!km

=
∞∑
m=0

(a)m,k(b)m,k(c)m,kΓk(k + a− b)Γk(k + a− c)
Γk(k + a− b+mk)Γk(k + a− c+mk)

xm

m!km
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multiplying and dividing by Γk(k + a)Γk(k + a− b− c)

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

(a)m,k(b)m(c)m,kΓk(k + a+ 2mk)Γk(k + a− b− c)
Γk(k + a− b+mk)Γk(k + a− c+mk)(k + a)2m,k

xm

m!km

since

Fk(a, b; c;
1

k
) =

Γk(c)Γk(c− a− b)
Γk(c− a)Γk(c− b)

therefore

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

Fk(c+mk, b+mk; k + a+ 2mk;
1

k
)
(a)m,k(b)m,k(c)m,k

(k + a)2m,k

xm

m!

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

[
∞∑
n=0

(c+mk)n,k(b+mk)n,k
(k + a+ 2mk)n,kn!kn

]
(a)m,k(b)m,k(c)m,k

(k + a)2m,k

xm

m!

since
(a)m,k(a+mk)n,k = (a)m+n,k

therefore

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

∞∑
n=0

(a)m,k(b)m+n,k(c)m+n,k

(k + a)2m+n,k

xm

m!n!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

n∑
m=0

(a)m,k(b)n,k(c)n,k
(k + a)m+n,k

xm

m!kn−m(n−m)!

since

(n−m)! =
(−1)mkmn!

(−nk)m,k

therefore

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

n∑
m=0

(a)m,k(b)n,k(c)n,k(−nk)m,k(−1)m

(k + a+ nk)m,k(k + a)n,kn!kn
xm

m!

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

[
n∑

m=0

(a)m,k(−nk)m,k(−x)m

(k + a+ nk)m,km!

]
(b)n,k(c)n,k

(k + a)n,kn!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

Fk(−nk, a; k + a+ nk;−x)
(b)n,k(c)n,k

(k + a)n,kn!kn
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since

Fk(a, b; k + a− b; z) = (1 + kz)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
; k + a− b; 4z

(1 + kz)2

)
put z = −x, b = −nk
then

Fk(a, b; k + a+ nk;−x) = (1− kx)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
; k + a+ nk;

−4x

(1− kx)2

)

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

(1−kx)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
; k+a+nk;

−4x

(1− kx)2

)
(b)n,k(c)n,k

(k + a)n,kn!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

∞∑
m=0

(1
2
a)m,k(

1
2
a+ k

2
)m,k(−1)m22mxm

(k + a+ nk)m,k(1− kx)
a
k
+2m(k + a)n,k

(b)n,k(c)n,k
n!m!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

∞∑
m=0

(1
2
a)m,k(

1
2
a+ k

2
)m,k(−1)m22mxm

(k + a)m+n,k(1− kx)
a
k
+2m

(b)n,k(c)n,k
n!m!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
n=0

∞∑
m=0

(a)2m,k(−1)mxm(b)n,k(c)n,k

(k + a)m+n,k(1− kx)
a
k
+2mm!n!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

[
∞∑
n=0

(b)n,k(c)n,k
n!(k + a+mk)n,kkn

]
(a)2m,k(−1)mxm

m!(k + a)m,k(1− kx)
a
k
+2m

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

Fk(b, c; k + a+mk;
1

k
)

(a)2m,k(−1)mxm

m!(k + a)m,k(1− kx)
a
k
+2m

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a− b− c)Γk(k + a)

∞∑
m=0

Γk(k + a+mk)Γk(k + a+mk − b− c)
Γk(k + a+mk − b)Γk(k + a+mk − c)

(a)2m,k(−1)mxm

m!(k + a)m,k(1− kx)
a
k
+2m

= (1− kx)
−a
k

∞∑
m=0

(−1)m(a)2m,k(k + a− b− c)m,k(k + a)m,kx
m

m!(k + a− b)m,k(k + a− c)m,k(1− kx)2m(k + a)m,k

= (1− kx)
−a
k Fk

(
1

2
a,

1

2
a+

k

2
, k + a− b− c; k + a− b, k + a− c; −4x

(1− kx)2

)
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Dixon’s k-theorem

Theorem 3.3.19.

Fk(a, b, c; k+a−b, k+a−c; 1

k2
) =

Γk(k + 1
2
a)Γk(k + a− b)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k + a)Γk(k + 1
2
a− b)Γk(k + 1

2
a− c)Γk(k + a− b− c)

Proof:-

Fk(a, b, c; k + a− b, k + a− c; 1

k2
) =

∞∑
m=0

(a)m,k(b)m,k(c)m,k
(k + a− b)m,k(k + a− c)m,km!k2m

=
∞∑
m=0

(a)m,k(b)m,k(c)m,kΓk(k + a− b)Γk(k + a− c)
Γk(k + a− b+mk)Γk(k + a− c+mk)m!k2m

= Γk(k + a− b)Γk(k + a− c)
∞∑
m=0

(a)m,k(b)m,k(c)m,k
Γk(k + a− b+mk)Γk(k + a− c+mk)m!k2m

since

(k + a)2m,k =
Γk(k + a+ 2mk)

Γk(k + a)

multiplying and dividing by Γk(k + a− b− c)(k + a)2m,k

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
m=0

(a)m,k(b)m,k(c)m,kΓk(k + a+ 2mk)Γk(k + a− b− c)
Γk(k + a− b+mk)Γk(k + a− c+mk)m!k2m(k + a)2m,k

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
m=0

(a)m,k(b)m,k(c)m,k
m!km(k + a)2m,k

Fk(c+mk, b+mk; k + a+ 2mk;
1

k
)

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
m=0

∞∑
n=0

(c+mk)n,k(b+mk)n,k(a)m,k(b)m,k(c)m,k
(k + a+ 2mk)n,km!kmkn(k + a)2m,kn!

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
m=0

∞∑
n=0

(c)m+n,k(b)m+n,k(a)m,k
m!knkm(k + a)2m+n,kn!

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
n=0

n∑
m=0

(c)n,k(b)n,k(a)m,k
kmm!(k + a)m+n,k(n−m)!kn−m

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
n=0

n∑
m=0

(c)n,k(b)n,k(a)m,k(−1)m(−nk)m,k
m!(k + a+ nk)m,k(k + a)n,kn!knkm

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
n=0

Fk(a,−nk; k + a+ nk;
−1

k
)

(b)n,k(c)n,k
(k + a)n,kknn!
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since

Fk(a, b; k + a+ b;
−1

k
) =

Γk(k + a− b)Γk(k + a
2
)

Γk(k + a
2
− b)Γk(k + a)

put b = −nk

Fk(a,−nk; k + a− nk;
−1

k
) =

Γk(k + a+ nk)Γk(k + a
2
)

Γk(k + a
2

+ nk)Γk(k + a)
=

(k + a)n,k
(k + a

2
)n,k

therefore

Fk(a, b, c; k + a− b, k + a− c; 1

k
) =

Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

∞∑
n=0

(k + a)n,k
(k + a

2
)n,k

(b)n,k(c)n,k
(k + a)n,kn!kn

=
Γk(k + a− b)Γk(k + a− c)
Γk(k + a)Γk(k + a− b− c)

Fk(b, c; k +
a

2
;

1

k
)

=
Γk(k + 1

2
a)Γk(k + a− b)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k + a)Γk(k + 1
2
a− b)Γk(k + 1

2
a− c)Γk(k + a− b− c)

Theorem 3.3.20. If Re(α) > 0, Re(β) > 0, and if m and s are positive integers,k >
0, then inside the region of convergence of the resultant series∫ t

0

x
α
k
−1(t− x)

β
k
−1

pFq,k

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx = kBk(α, β)t

α+β
k
−1

p+m+sFq+m+s,k

(
a1, a2, ..., ap,

α

m
,
α + k

m
, ...,

α + (m− 1)k

m
,
β

s
,
β + k

s
, ...,

β + (s− 1)k

s

; b1, ..., bq,
α + β

m+ s
,
α + β + k

m+ s
, ...

α + β + (m+ s− 1)k

m+ s
;
mmssctm+s

m+ sm+s

)
Proof:-

L.H.S =

∫ t

0

x
α
k
−1(t− x)

β
k
−1

pFq,k

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx

Let x = tv ⇒ dx
dv

= t when x = 0⇒ v = 0 when x = t⇒ v = 1

=

∫ 1

0

(tv)
α
k
−1(t− tv)

β
k
−1

pFq,k

(
a1, a2, ...ap; b1, b2, ..., bq; ct

m+svm(1− v)s

)
tdv

=

∫ 1

0

t
α
k
−1v

α
k
−1t

β
k
−1(1− v)

β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntn(m+s)vmn(1− v)sn

n!
tdv

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntn(m+s)

n!

1

k

∫ 1

0

v
α
k
+mn−1(1− v)

β
k
+sn−1dv
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since

Bk(p, q) =
1

k

∫ 1

0

t
p
k
−1(1− t)

q
k
−1dt

therefore

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntn(m+s)

n!
Bk(α +mnk, β + snk)

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntn(m+s)

n!

Γk(α +mnk)Γk(β + snk)

Γk(α +mnk + β + snk)

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntn(m+s)

n!

(α)mn,k(β)sn,kΓk(α)Γk(β)

(α + β)(m+s)n,kΓk(α + β)

since

(α)mn,k = mnm(
α

m
)n,k(

α + k

m
)n,k...(

α + (m− 1)k

m
)n,k

therefore

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k, ..., (ap)n,k
(b1)n,k, ..., (bq)n,k

cntn(m+s)snsmnm

n!

( α
m

)n,k(
α+k
m

)n,k, ..., (
α+(m−1)k

m
)n,k(

β
s
)n,k(

β+k
s

)n,k, ..., (
β+(s−1)k

s
)n,k

(m+ s)n(m+s)(α+β
m+s

)n,k(
α+β+k
m+s

)n,k, ..., (
α+β+(m+s−1)k

m+s
)n,k

Γk(α)Γk(β)

Γk(α + β)

= kBk(α, β)t
α+β
k
−1

p+m+sFq+m+s,k(
a1, a2, ..., ap,

α

m
,
α + k

m
, ...,

α + (m− 1)k

m
,
β

s
,
β + k

s
, ...,

β + (s− 1)k

s

; b1, ..., bq,
α + β

m+ s
,
α + β + k

m+ s
, ...,

α + β + (m+ s− 1)k

m+ s
;
mmssctm+s

m+ sm+s

)
Theorem 3.3.21. If Re(α) > 0, Re(β) > 0, and if m and s are positive integers,k >
0, then inside the region of convergence of the resultant series∫ t

0

x
α
k
−1(t− x)

β
k
−1

pFq,k

(
a1, a2, ...ap; b1, b2, ..., bq; cx

m

)
dx = kBk(α, β)t

α+β
k
−1

p+mFq+m,k(
a1, a2, ..., ap,

α

m
,
α + k

m
, ...,

α + (m− 1)k

m
; b1, ..., bq,

α + β

m
,
α + β + k

m
, ...,

α + β + (m− 1)k

m
; ctm

)
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Proof:-

L.H.S =

∫ t

0

x
α
k
−1(t− x)

β
k
−1

pFq,k

(
a1, a2, ...ap; b1, b2, ...bq; cx

m

)
dx

Let x = tv ⇒ dx
dv

= t when x = 0⇒ v = 0 when x = t⇒ v = 1

=

∫ 1

0

(tv)
α
k
−1(t− tv)

β−1
pFq,k

(
a1, a2, ...ap; b1, b2, ...bq; ct

mvm

)
tdv

=

∫ 1

0

t
α
k
−1v

α
k
−1t

β
k
−1(1− v)

β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntmnvmn

n!
tdv

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntmn

n!

1

k

∫ 1

0

v
α
k
+mn−1(1− v)

β
k
−1dv

since

Bk(p, q) =
1

k

∫ 1

0

t
p
k
−1(1− t)

q
k
−1dt

therefore

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntmn

n!
Bk(α +mnk, β)

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntmn

n!

Γk(α +mnk)Γk(β)

Γk(α +mnk + β)

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

cntmn

n!

(α)mn,kΓk(α)Γk(β)

(α + β)mn,kΓk(α + β)

since

(α)mn,k = mnm(
α

m
)n,k(

α + k

m
)n,k...(

α + (m− 1)k

m
)n,k

therefore

= kt
α+β
k
−1

∞∑
n=0

(a1)n,k, ..., (ap)n,k
(b1)n,k, ..., (bq)n,k

cntmnmnm

n!

( α
m

)n,k(
α+k
m

)n,k, ..., (
α+(m−1)k

m
)n,k

mnm(α+β
m

)n,k(
α+β+k
m

)n,k, ..., (
α+β+(m−1)k

m
)n,k

Γk(α)Γk(β)

Γk(α + β)
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= kBk(α, β)t
α+β
k
−1

p+mFq+m,k

(
a1, a2, ...ap,

α

m
,
α + k

m
, ...

α + (m− 1)k

m

; b1, ...bq,
α + β

m
,
α + β + k

m
, ...

α + β + (m− 1)k

m
; ctm

)
Question:- show that

∫ t

0

x
1
2 (t− x)

−1
2

[
1− kx2(t− x)2

]−1
2

dx =
1

2
πtFk

(
k

4
,
3k

4
; k;

t4

16

)
Solution:-

L.H.S =

∫ t

0

x
1
2 (t− x)

−1
2

[
1− kx2(t− x)2

]−1
2

dx

as we know that

(1− ky)
−a
k =

∞∑
n=0

(a)n,ky
n

n!

∴

[
1− kx2(t− x)2

]−k
2k

=
∞∑
n=0

(
k

2
)n,k

(
x2(t− x)2

n!

)n

= 1F0,k

(
k

2
;−;x2(t− x)2

)
so,

L.H.S =

∫ t

0

x
1
2 (t− x)

−1
2 1F0,k

(
k

2
;−;x2(t− x)2

)
dx

now using the result∫ t

0

x
α
k
−1(t− x)

β
k
−1

pFq,k

(
a1, a2, ..., ap; b1, b2, ..., bq; cx

m(t− x)s

)
dx = kBk(α, β)t

α+β
k
−1

p+m+sFq+m+s,k

(
a1, a2, ..., ap,

α

m
,
α + k

m
, ...,

α + (m− 1)k

m
,
β

s
,
β + k

s
, ...,

β + (s− 1)k

s

; b1, ..., bq,
α + β

m+ s
,
α + β + k

m+ s
, ...

α + β + (m+ s− 1)k

m+ s
;
mmssctm+s

m+ sm+s

)
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and comparing L.H.S of result with the above L.H.S

α
k
− 1 = 1

2
⇒ α = 3k

2
, β
k
− 1 = −1

2
⇒ β = k

2
p = 1, q = 0, k = 2, s = 2, c = 1 so,

∫ t

0

x
1
2 (t− x)

−1
2 1F0,k

(
k

2
;−;x2(t− x)2

)
dx = kBk

(
3k

2
,
k

2

)
t

3k
2 + k2
k
−1

5F4,k(
k

2
,
3k
2

2
,
3k
2

+ k

2
,
k
2

2
,
k
2

+ k

2
;−,

3k
2

+ k
2

4
,
3k
2

+ k
2

+ k

4
,
3k
2

+ k
2

+ 2k

4
,
3k
2

+ k
2

+ 3k

4
;

2222t4

(2 + 2)4

)

=
Γk(

3k
2

)Γk(
k
2
)

Γk(
3k
2

+ k
2
)
kt5F4,k

(
k

2
,
3k

4
,
5k

4
,
k

4
,
3k

4
;−, k

2
,
3k

4
, k,

5k

4
;
t4

16

)

=
Γk(

k
2

+ k)Γk(
k
2
)

Γk(2k)
kt

∞∑
n=0

(k
2
)n,k(

3k
4

)n,k(
5k
4

)n,k(
k
4
)n,k(

3k
4

)n,k

(k
2
)n,k(

3k
4

)n,k(k)n,k(
5k
4

)n,kn!
(
t4

16
)n

since

Γ(2k) = 1, Γk(k + z) = zΓk(z) Γk(
k
2
) =
√π

k

therefore

=
k

2
Γk(

k

2
)Γk(

k

2
)kt

∞∑
n=0

(k
4
)n,k(

3k
4

)n,k

(k)n,kn!
(
t4

16
)n

=
k

2

√π
k

√π
k
tFk

(
k

4
,
3k

4
; k;

t4

16

)

=
k

2
πtFk

(
k

4
,
3k

4
; k;

t4

16

)
Theorem 3.3.22. Show that

d

dz
pFq,k

(
(a1, k), ..., (ap, k); (b1, k), ..., (bq, k); z

)
=

p∏
m=1

am

q∏
j=1

bj

pFq,k

(
a1 + k, ..., ap + k; b1 + k, ..., bq + k; z

)
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Proof:-

L.H.S =
d

dz
pFq,k

(
(a1, k), ..., (ap, k); (b1, k), ..., (bq, k); z

)

=
∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

d

dz

zn

n!

=
∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

nzn−1

n!

=
∞∑
n=1

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

zn−1

(n− 1)!

replace n by n+1

=
∞∑
n=0

(a1)n+1,k...(ap)n+1,k

(b1)n+1,k...(bq)n+1,k

zn

n!

since

(a1)n+1,k = a1(a1 + k)(a1 + 2k)...(a1 + (n+ 1− 1)k)

= a1(a1 + k)(a1 + 2k)...(a1 + nk)

= a1(a1 + k)n,k

similarly

(b1)n+1,k = b1(b1 + k)n,k

∴ =

p∏
m=1

am

q∏
j=1

bj

pFq,k

(
a1 + k, ..., ap + k; b1 + k, ..., bq + k; z

)

Theorem 3.3.23.

dn

dzn
pFq,k

(
a1, ..., ap; b1, ..., bq; z

)
=

p∏
m=1

(am)n,k

q∏
j=1

(bj)n,k

pFq,k

(
a1 + nk, ..., ap + nk; b1 + nk, ..., bq + nk; z

)
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Proof:-

L.H.S =
dn

dzn
pFq,k

(
a1, ..., ap; b1, ..., bq; z

)

=
∞∑
n=0

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

dn

dzn
zn

n!

=
∞∑
n=n

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

zn−nn!

n!

=
∞∑
n=n

(a1)n,k...(ap)n,k
(b1)n,k...(bq)n,k

zn−n

(n− n)!

replace n by n+n

=
∞∑
n=0

(a1)n+n,k...(ap)n+n,k
(b1)n+n,k...(bq)n+n,k

zn

n!

since

(a1)n,k(a1 + nk)n,k = a1(a1 + k)(a1 + 2k)...(a1 + (n− 1)k)(a1 + nk)

(a1 + nk + k)...(a1 + nk + (n− 1)k)

= a1(a1 + k)...(a1 + nk + nk − k)

= (a1)n+n,k

therefore

=

p∏
m=1

(am)n,k

q∏
j=1

(bj)n,k

pFq,k

(
a1 + nk, ..., ap + nk; b1 + nk, ..., bq + nk; z

)

Theorem 3.3.24. Show that

0F1,k

(
−; a;x

)
0F1,k

(
−; b;x

)
= 2F3,k

(
1

2
a+

1

2
b,

1

2
a+

1

2
b− k

2
; a, b, a+ b− k; 4x

)
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Proof:-

L.H.S = 0F1,k

(
−; a;x

)
0F1,k

(
−; b;x

)

=
∞∑
n=0

xn

(a)n,kn!

∞∑
m=0

xm

(b)m,km!

=
∞∑
n=0

∞∑
m=0

xm+n

(a)n,k(b)m,km!n!

since

(n−m)! =
(−1)mkm(n!)

(−nk)m,k

and

(a)n−m,k =
(−1)m(a)n,k

(k − a− nk)m,k

∞∑
n=0

∞∑
m=0

Ak(m,n) =
∞∑
n=0

n∑
m=0

Ak(m,n−m)

so,

=
∞∑
n=0

n∑
m=0

xn

(a)n−m,k(b)m,km!(n−m)!

=
∞∑
n=0

n∑
m=0

xn(k − a− nk)m,k(−nk)m,k
(a)n,k(b)m,kkm(−1)mm!(−1)mn!

=
∞∑
n=0

n∑
m=0

xn(k − a− n)m,k(−nk)m,k
(a)n,k(b)m,kkmm!n!

=
∞∑
n=0

Fk

(
(−nk, k), (k − a− nk, k); (b, k);

1

k

)
xn

(a)n,kn!

since

Fk

(
(−nk, k), (k − a− nk, k); (b, k);

1

k

)
=

(b+ a− k)2n,k
(b)n,k(b+ a− k)n,k
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and

(a)2m,k = 22m(
a

2
)m,k(

a+ k

2
)m,k

∴ =
∞∑
n=0

(b+ a− k)2n,k
(b)n,k(b+ a− k)n,k

xn

(a)n,kn!

=
∞∑
n=0

22n( b+a−k
2

)n,k(
b+a
2

)n,kx
n

(b)n,k(b+ a− k)n,k(a)n,kn!

=
∞∑
n=0

(1
2
a+ 1

2
b)n,k(

1
2
a+ 1

2
b− k

2
)n,k

(b)n,k(b+ a− k)n,k(a)n,k

(4x)n

n!

= 2F3,k

(
1

2
a+

1

2
b,

1

2
a+

1

2
b− k

2
; a, b, a+ b− k; 4x

)
Theorem 3.3.25.

Γk(k + 1
2
a)

Γk(k + a)
=
cosπa

2k
Γk(k − a)

Γk(k − 1
2
a)

and that
Γk(k − b+ a)

Γk(k − b+ a
2
)

=
sinπ( b

k
− a

2k
)Γk(b− a

2
)

sinπ( b−a
k

)Γk(b− a)

and

F (a, b, c; k + a− b, k + a− c; 1

k2
) =

cosπa
2k
sinπ( b

k
− a

2k
)

sinπ( b−a
k

)

Γk(k − a)Γk(b− a
2
)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k − 1
2
a)Γk(b− a)Γk(k + 1

2
a− c)Γk(k + a− b− c)

Proof:-Firstly we show that

Γk(k + a
2k

)

Γk(k + a)
=
cosπa

2k
Γk(k − a)

Γk(k − 1
2
a)

R.H.S =
cosπa

2k
Γk(k − a)

Γk(k − 1
2
a)

multiplying and dividing by Γk(a)Γk(
a
2
)

since

Γk(z)Γk(k − z) =
π

ksinπz
k
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=
cosπa

2k
Γk(k − a)Γk(a)Γk(

a
2
)

Γk(a)Γk(k − 1
2
a)Γk(

a
2
)

=
cosπa

2k
π

ksinπa
k

Γk(
a
2
)

Γk(a) π
ksinπa

2k

=
Γk(

a
2
)2sinπa

2k
cosπa

2k

Γk(a)2sinπa
k

since

2sinacosa = sin2a

∴ =
Γk(

a
2
)sin2( π

2k
)

Γk(a)2sinπa
k

since
Γk(k + z) = zΓk(z)

∴ =
1

2

Γk(k + a
2
)

a
2

a

Γk(k + a)

=
Γk(k + a

2
)

Γk(k + a)

= L.H.S

Now we show
Γk(k + a− b)

Γk(k + 1
2
a− b)

=
sinπ( b

k
− a

2k
)Γk(b− a

2
)

sinπ( b−a
k

)Γk(b− a)

L.H.S =
sinπ( b

k
− a

2k
)Γk(b− a

2
)

sinπ( b−a
k

)Γk(b− a)

=

π
ksinπ( b−a

k
)

π
ksinπ( b

k
− a

2k
)

Γk(b− a
2
)

Γk(b− a)

since

Γk(z)Γk(k − z) =
π

ksinπz
k
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∴ =
Γk(b− a)Γk(k − b+ a)

Γk(b− a
2
)Γk(k − b+ a

2
)

Γk(b− a
2
)

Γk(b− a)

=
Γk(k + a− b)
Γk(k + a

2
− b)

= R.H.S

now using Dixon’s theorem

Fk(a, b, c; k+a−b, k+a−c; 1

k2
) =

Γk(k + 1
2
a)Γk(k + a− b)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k + a)Γk(k + 1
2
a− b)Γk(k + 1

2
a− c)Γk(k + a− b− c)

since
Γk(k + 1

2
a)

Γk(k + a)
=
cosπa

2k
Γk(k − a)

Γk(k − 1
2
a)

and
Γk(k − b+ a)

Γk(k − b+ a
2
)

=
sinπ( b

k
− a

2k
)Γk(b− a

2
)

sinπ( b−a
k

)Γk(b− a)

therefore

F (a, b, c; k + a− b, k + a− c; 1

k2
) =

cosπa
2k
sinπ( b

k
− a

2k
)

sinπ( b−a
k

)

Γk(k − a)Γk(b− a
2
)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k − 1
2
a)Γk(b− a)Γk(k + 1

2
a− c)Γk(k + a− b− c)

Theorem 3.3.26.

Fk(−2nk, α, k − β − 2nk; k − α− 2nk, β;
1

k2
) =

kn(2n)!(α)n,k(β − α)n,k
n!(α)2n,k(β)n,k

Proof:-Consider

Fk(−2nk, α, k − β − 2nk; k − α− 2nk, β;
1

k2
)

since

Fk(a, b, c; k + a− b, k + a− c; 1

k2
) =

cosπa
2k
sinπ( b

k
− a

2k
)

sinπ( b−a
k

)

Γk(k − a)Γk(b− a
2
)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k − 1
2
a)Γk(b− a)Γk(k + 1

2
a− c)Γk(k + a− b− c)

Note that
a = −2nk
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b = α

c = k − β − 2nk

therefore

Fk(a, b, c; k + a− b, k + a− c; 1

k2
) =

cos(−πn)sinπ(α
k

+ n)Γk(k + 2nk)Γk(α + nk)Γk(β)

sinπ(α
k

+ 2n)Γk(k + nk)Γk(α + 2nk)Γk(β + nk)

Γk(β − α + nk)

Γk(β − α)

since

(α)n,k =
Γk(α + nk)

Γk(α)

and
Γk(nk) = kn−1(n− 1)!, k > 0, n ∈ N

therefore

Fk(a, b, c; k + a− b, k + a− c; 1

k2
) =

(−1)nsinπ(α+nk
k

)(2n)!k2n(α)n,kΓk(α)Γk(β)

sinπ(α+2nk
k

)knn!(α)2n,kΓk(α)(β)n,k

Γk(β − α + nk)(β − α)n,k
Γk(β)Γk(β − α + nk)

=
(−1)nsinπ(α+nk

k
)(2n)!k2n(α)n,k(β − α)n,k

sinπ(α+2nk
k

)knn!(α)2n,k(β)n,k

=
(−1)n π

ksinπ(α+2nk
k

)
k2n(2n)!(α)n,k(β − α)n,k

π
ksinπ(α+nk

k
)
knn!(α)2n,k(β)n,k

since
Γk(z)Γk(k − z) =

π

ksinπz
k

therefore

=
(−1)nΓk(α + 2nk)Γk(k − α− 2nk)(2n)!kn(α)n,k(β − α)n,k

Γk(α + nk)Γk(k − α− nk)n!(α)2n,k(β)n,k

=
(−1)n(α)2n,kΓk(α)Γk(k − α− 2nk)(2n)!kn(α)n,k(β − α)n,k

(α)n,kΓk(α)Γk(k − α− nk)n!(α)2n,k(β)n,k

since
Γk(k − α− nk)

Γk(k − α)
=

(−1)n

(α)n,k
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=
(−1)n(α)2n,kΓk(α)(α)n,k(−1)2nΓk(k − α)(2n)!kn(α)n,k(β − α)n,k

(α)n,kΓk(α)Γk(k − α)(−1)n(α)2n,kn!(α)2n,k(β)n,k

=
kn(2n)!(α)n,k(β − α)n,k

n!(α)2n,k(β)n,k

Ramanujan’s k-theorem

Theorem 3.3.27.

Fk(α; β;x)Fk(α; β;
−x
k

) = Fk(α, β − α; β,
1

2
β,

1

2
β +

k

2
;
kx2

4
)

Proof:-since

(n−m)! =
(−1)mkmn!

(−nk)m,k

(a)n−m,k =
(−1)m(a)n,k

(k − a− nk)m,k

therefore

Fk(α; β;x)Fk(α; β;
−x
k

) =
∞∑
n=0

(α)n,kx
n

(β)n,kn!

∞∑
m=0

(α)m,k(−x)m

(β)m,km!km

=
∞∑
n=0

∞∑
m=0

(α)n,k(α)m,k(−1)mxn+m

(β)n,k(β)m,kn!m!km

=
∞∑
n=0

n∑
m=0

(α)n−m,k(α)m,k(−1)mxn

(β)n−m,k(β)m,k(n−m)!m!km

=
∞∑
n=0

n∑
m=0

(−1)m(α)m,k(α)n,k(−1)m(k − β − nk)m,k(−nk)m,kx
n

(k − α− nk)m,k(β)m,k(−1)m(β)n,k(−1)mkmn!m!km

=
∞∑
n=0

n∑
m=0

(α)m,k(α)n,k(k − β − nk)m,k(−nk)m,kx
n

(k − α− nk)m,k(β)m,k(β)n,kn!m!k2m

=
∞∑
n=0

Fk(−nk, α, k − β − nk; β, k − α− nk;
1

k2
)
(α)n,kx

n

(β)n,kn!

since

Fk(−2nk, α, k − β − 2nk; k − α− 2nk, β;
1

k2
) =

kn(2n)!(α)n,k(β − α)n,k
n!(α)2n,k(β)n,k

therefore

=
∞∑
n
2
=0

k
n
2 (n)!(α)n

2
,k(β − α)n

2
,k

(n
2
)!(α)n,k(β)n

2
,k

(α)n,kx
n

(β)n,kn!
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=
∞∑
n
2
=0

k
n
2 (α)n

2
,k(β − α)n

2
,k

(n
2
)!(β)n

2
,k

xn

(β)n,k

since

(α)2n,k = 22n(
α

2
)n,k(

α + k

2
)n,k

and

(β)2(n
2
),k = 22(n

2
)(
β

2
)n

2
,k(
β + k

2
)n

2
,k = 4

n
2 (
β

2
)n

2
,k(
β + k

2
)n

2
,k

therefore

=
∞∑
n
2
=0

(α)n
2
,k(β − α)n

2
,k(x

2)
n
2 k

n
2

(n
2
)!(β)n

2
,k4

n
2 (β

2
)n

2
,k(

β+k
2

)n
2
,k

=
∞∑
n
2
=0

(α)n
2
,k(β − α)n

2
,k(

x2

4
)
n
2 k

n
2

(n
2
)!(β)n

2
,k(

β
2
)n

2
,k(

β+k
2

)n
2
,k

replacing n
2

by r

=
∞∑
r=0

(α)r,k(β − α)r,k(
x2

4
)rkr

r!(β)r,k(
β
2
)r,k(

β+k
2

)r,k

= Fk(α, β − α; β,
1

2
β,

1

2
β +

k

2
;
kx2

4
)

Question:-Let

Υn,k = Fk(−nk, k − a− nk, k − b− nk; a, b;
1

k2
)

show that

Υ2n,k =
(−1)nkn(2n)!(a+ b− k)3n,k
n!(a)n,k(b)n,k(a+ b− k)2n,k

Solution:-

Υ2n,k = Fk(−2nk, k − a− 2nk, k − b− 2nk; a, b;
1

k2
)

Since

F (a, b, c; k + a− b, k + a− c; 1

k2
) =

cosπa
2k
sinπ( b

k
− a

2k
)

sinπ( b−a
k

)

Γk(k − a)Γk(b− a
2
)Γk(k + a− c)Γk(k + 1

2
a− b− c)

Γk(k − 1
2
a)Γk(b− a)Γk(k + 1

2
a− c)Γk(k + a− b− c)
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Note that

a = −2nk

b = k − a− 2nk

c = k − b− 2nk

therefore

Fk(−2nk, k − a− 2nk, k − b− 2nk; a, b;
1

k2
) =

cos π
2k

(−2nk)sinπ(k−a−2nk
k

+ n)

sinπ(k−a−2nk
k

+ 2n)

Γk(k + 2nk)Γk(k − a− 2nk + nk)Γk(k − 2nk − k + b+ 2nk)

Γk(k + nk)Γk(k − a− 2nk + 2nk)Γk(k − nk − k + b+ 2nk)

Γk(k − nk − k + a+ 2nk − k + b+ 2nk)

Γk(k − 2nk − k + a+ 2nk − k + b+ 2nk)

since

(α)n,k =
Γk(α + nk)

Γk(α)

and

Γk(nk) = kn−1(n− 1)!, k > 0, n ∈ N

therefore

Υ2n,k =
cosnπsinπ(k−a−nk

k
)k2n(2n)!Γk(k − a− nk)Γk(b)Γk(a+ b− k + 3nk)Γk(a+ b− k)

knn!sinπ(k−a
k

)Γk(k − a)Γk(b+ nk)Γk(a+ b− k + 2nk)Γk(a+ b− k)

=
(−1)nkn(2n)!(a+ b− k)3n,k

π
sinπ( k−a

k
)
Γk(k − a− nk)

n!(b)n,k(a+ b− k)2n,k
π

sinπ( k−a−nk
k

)
Γk(k − a)

=
(−1)nkn(2n)!(a+ b− k)3n,kΓk(k − a)Γk(k − k + a)Γk(k − a− nk)

n!(b)n,k(a+ b− k)2n,kΓk(k − a− nk)Γk(a+ nk)Γk(k − a)

=
(−1)nkn(2n)!(a+ b− k)3n,kΓk(a)

n!(b)n,k(a+ b− k)2n,kΓk(a+ nk)

=
(−1)nkn(2n)!(a+ b− k)3n,k
n!(b)n,k(a+ b− k)2n,k(a)n,k
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Theorem 3.3.28.

Fk(−; a, b; t)Fk(−; a, b;
−t
k

) =3 F8,k

(
1

3
(a+ b− k),

1

3
(a+ b),

1

3
(a+ b+ k); a, b,

1

2
a,

1

2
a+

k

2
,

1

2
b,

1

2
b+

k

2
,
1

2
(a+ b− k),

1

2
(a+ b);

−27kt2

64

)
Proof:-

Fk(−; a, b; t)Fk(−; a, b;
−t
k

) =
∞∑
n=0

tn

(a)n,k(b)n,kn!

∞∑
m=0

(−tm)

(a)m,k(b)m,kkmm!

=
∞∑
n=0

∞∑
m=0

(−1)mtn+m

(a)n,k(b)n,k(a)m,k(b)m,kkmn!m!

since
∞∑
n=0

∞∑
m=0

Ak(m,n) =
∞∑
n=0

n∑
m=0

Ak(m,n−m)

∴ =
∞∑
n=0

n∑
m=0

(−1)mtn

(a)n−m,k(b)n−m,k(a)m,k(b)m,k(n−m)!kmm!

since

(n−m)! =
(−1)mkmn!

(−nk)m,k

and

(a)n−m,k =
(−1)m(a)n,k

(k − a− nk)m,k

∴ =
∞∑
n=0

n∑
m=0

(−1)mtn(k − a− nk)m,k(k − b− nk)m,k(−nk)m,k
(−1)m(a)n,k(−1)m(b)n,k(a)m,k(b)m,k(−1)mkmn!kmm!

=
∞∑
n=0

n∑
m=0

tn(k − a− nk)m,k(k − b− nk)m,k(−nk)m,k
(a)n,k(b)n,k(a)m,k(b)m,kk2mn!m!

=
∞∑
n=0

Fk(−nk, k − a− nk, k − b− nk; a, b;
1

k2
)

tn

n!(a)n,k(b)n,k

∵ Fk(−2nk, k − a− 2nk, k − b− 2nk; a, b;
1

k2
) =

(−1)nkn(2n)!(a+ b− k)3n,k
n!(b)n,k(a+ b− k)2n,k(a)n,k
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∴ =
∞∑
n=0

(−1)nkn(2n)!(a+ b− k)3n,k
n!(b)n,k(a+ b− k)2n,k(a)n,k

t2n

(2n)!(a)2n,k(b)2n,k

=
∞∑
n=0

(−1)nkn33n(a+b−k
3

)n,k(
a+b
3

)n,k(
a+b+k

3
)n,k

n!(a)n,k(b)n,k22n(1
2
a)n,k(

1
2
a+ k

2
)n,k

(t2)n

22n(1
2
b)n,k(

1
2
b+ k

2
)n,k22n(a+b−k

2
)n,k(

a+b
2

)n,k

=
∞∑
n=0

(−1)n(27)nkn(a+b−k
3

)n,k(
a+b
3

)n,k(
a+b+k

3
)n,k

n!(a)n,k(b)n,k(
1
2
a)n,k(

1
2
a+ k

2
)n,k

(t2)n

(1
2
b)n,k(

1
2
b+ k

2
)n,k(

a+b−k
2

)n,k(
a+b
2

)n,k(64)n

=
∞∑
n=0

(a+b−k
3

)n,k(
a+b
3

)n,k(
a+b+k

3
)n,k

n!(a)n,k(b)n,k(
1
2
a)n,k(

1
2
a+ k

2
)n,k

(−27kt2)n

(1
2
b)n,k(

1
2
b+ k

2
)n,k(

a+b−k
2

)n,k(
a+b
2

)n,k(64)n

=3 F8,k

(
1

3
(a+b−k),

1

3
(a+b),

1

3
(a+b+k); a, b,

1

2
a,

1

2
a+

k

2
,
1

2
b,

1

2
b+

k

2
,
1

2
(a+b−k),

1

2
(a+b);

−27kt2

64

)



Bibliography

[1] C. F. Gauss, Disquisitiones generales circa seriem infinitam, Comm. soc. reg.

sci. Gott. rec., 3(1812), no, 2, pp. 123-162.

[2] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions with For-

mulas, Graphs, and Mathematical Tables, New York, Dover, 1972.

[3] P. Agarwal, Contiguous relations for bilateral basic hypergeometric series, Int. J.

Math. Sci., 3(2004), pp. 375-388.

[4] G. E. Andrews, R. Askey, and R. Roy, Special Functions, Cambridge University

Press, Cambridge, 1999.

[5] W.W. Bell, Special Functions for Scientists and Engineers, D, Van Nostrand

Company Ltd, Reinhold, New York, 1968.

[6] B. Carlson, Special Functions of Applied Mathematics, Academic Press, New

York, 1977.

[7] N. N. Lebedev,Special Functions and their Applications, Prentice Hall, New

Jersey, 1965.

[8] J. B. Seaborne,Hypergeometric Functions and their Applications, Springer- Ver-

lag, New York, 1991.

114



115

[9] N. M. Temme, Special Functions: An Introduction to the Classical Functions of

Mathematical Physics, John Wiley and Sons, New York, 1996.

[10] M. Abramowitz,I.A.Stegun,eds.Handbook of Mathematics Functions, Publica-

tions, New York, 1965.

[11] L. Euler, Opera Omnia Ser, 1(1769), pp. 11-13.

[12] A.P.Prudnikov,Yu.A.Brychkov,O.I.Marichev,Integrals and series, Vol.3,Gordon

and Breach,New York,1990.

[13] W.N.Bailey,Generalized Hypergeometric Series,Cambridge University

Press,Cambridge,1935,Reprinted:Stechert-Hafner,New York,1964.

[14] H.Bateman,The solution of linear differential equations by means of definite in-

tegrals,Trans. Cambridge Phil.Soc.,21:171-196,1909.

[15] G. Gasper and M. Rahman, Basic Hypergeometric Series, Encyclopedia of Math-

ematics and its Applications, Cambridge University Press, Cambridge 1990.

[16] M. Mansour, Determining the k-Generalized Gamma Function Γk(x) by Func-

tional Equations, International Journal of Contemporary Mathematical Sciences,

Vol. 4, No. 21, 2009, pp. 1037-1042.

[17] S. Mubeen and G. M. Habibullah, An Integral Representation of Some k-

Hypergeometric Functions, International Mathe- matical Forum, Vol. 7, No. 4,

2012, pp. 203-207.

[18] S. Mubeen, k-Analogue of Kummers First Formula, Journal of Inequalities and

Special Functions, Vol. 3, No. 3, 2012, pp. 41-44.



116

[19] L.J.Slater,Generalized Hypergeometric Functions,Cambridge University

Press,Cambridge,1966.

[20] R. Diaz, and C. Teruel, q, k-Generalized gamma and beta functions, J. Nonlin.

Math. Phy., 12(2005), pp. 118-134.

[21] R. Diaz, and E. Pariguan, On hypergeometric functions and Pochhammer k-

symbol, Divulgaciones Matemticas, 15(2007), no. 2, pp.179-192.

[22] R. Diaz, C. Ortiz, and E. Pariguan, On the k-gamma q-distribution, Cent. Eur.

J. Math., (2010), pp. 448-458.

[23] C. G. Kokologiannaki, Properties and inequalities of generalized k-gamma, beta

and zeta functions, Int. J. Contemp. Math. Sci., 5(2010), pp. 653-660.

[24] V. Krasniqi, Inequalities and monotonicity for the ration of k-gamma function,

Scientia Magna, 6(2010), no. 18, pp. 40-45.

[25] V. Krasniqi, A limit for the k-gamma and k-beta function, Int. Math. Forum,

5(2010), no. 33, pp. 1613-1617.

[26] S. Mubeen, and G. M. Habibullah, k-Fractional integrals and application, Int. J.

Contem. Math. Sci., 7(2012), no.2, pp. 89-94.

[27] S. Mubeen, Solution of some integral equations involving con uent k-

hypergeometric functions, Applied mathematics, 4(2013), no. 7A, pp. 9-11.

[28] S.Mubeen , M. NAZ , G. Rahman, A NOTE ON k-HYPERGEMETRIC DIF-

FERENTIAL EQUATIONS,Journal of Inequalities and Special Functions ISSN:

2217-4303,Volume 4 Issue 3(2013), Pages 38-43.



117

[29] E. D. Rainville, Special Funtions, Macmillan Company, New York, 1960.


