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We discussed Riemann-Stieltjes' s integrals of the form J: f da under the

restrictions that both f and « are defined and bounded on a finite interval [a,b] .
To extend the concept, we shall relax these restrictionson f and o .

> Definition
The integral _[bf do is called an improper integral of first kind if a=-o or

b=+ or both i.e. oneor both integration limits is infinite.

> Definition
The integral _[bf do iscalled an improper integral of second kind if f(x) is

unbounded at one or more points of a< x<b. Such points are called singularities
of f(X).

> Notations
We shall denote the set of all functions f suchthat f € R(a) on [a,b] by

R(a;a,b). When a(X) = x, we shall simply write R(a,b) for this set. The notation
a T on [a,0) will meanthat o is monotonically increasing on [a,) .

> Definition
Assumethat f € R(a;a,b) forevery b>a. Keep a,a and f fixed and define
afunction | on [a,«) asfollows:

I(b):_Tf(x)da(x) if b>a ............ ()

The function | so defined is called an infinite ( or an improper ) integral of first
kind and is denoted by the symbol | °° f(x)dar(x) orby [ °° f det .
The integral _[: f do is said to converge if the limit
Liml(b) URTRTRR (1))
exists (finite). Otherwise, _[ : f da issaidto diverge.

If the limit in (ii) exists and equals A, the number A is called the value of the
integral and we write _[: fda=A

> Example
Consider jlb x P dx.

if p=1, theintegral Jx‘pdx divergesif p<1.When
1

p>1, it converges and has the value il
p_

If p=1, weget Jlbx‘ldx:logb—mo a b>wo. = _[;Ox‘ldx diverges.
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> Example
b
Consider _[S| n 27z xdx
0

(1— cos2rzb)
- 2 5y
2r

b
_[sinandx: as b—ow.
0

.. the integral _[sinandx diverges.
0

> Note

If _[ f da and _[f do are both convergent for some value of a, we say that

—0o0 a

the integral _[ f do isconvergent and its value is defined to be the sum

[ fda= [ fda+]fda
The choice of the point a is clearly immaterial.

0 b
If the integral _[ f do converges, its value is equal to the limit:  lim _[ f do .
—© -b

b—+o0

> Theorem
Assumethat & T on[a,+o) and supposethat f e R(c;a,b) for every b>a.

Assumethat f(x)>0 foreach x>a. Then J':fda converges if, and only if,

there exists a constant M > 0 such that

b
Ifda < M forevery b>a.

Proof
We have I(b):_[f(x)da(x), b>a

= | T on [a+x)
Then lim | (b) =sup{l(b)|b>a} =M >0 and the theorem follows

b
= _[ f da <M for every b>a whenever the integral converges.
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> Theorem: (Comparison Test)
Assumethat a T on[a,+x).If f e R(a;ab) forevery b>a, if

0< f(x)<g(x) forevery x>a, and if _[ gda converges, then _[ f da converges

and we have
dea < nga
Proof a a
Let Il(b):ifda and Iz(b):igda , b>a
aOs f(x)<g(x) for e\jery X>a
<L) (i)
nga converges .. 3 aconstant M >0 such that
]OgdaSM , b>a ... (i)
From (i) and (i?)wehave l,(b)<M , b>a.

= Limll(b) exists and is finite.

= _[f do converges.

Also Limll(b)sLimlz(b)SM

= [fda<[gda.
> Theorem (Limit Comparison Test)

Assumethat a T on [a,+%). Supposethat f e R(c;a,b) and that
g e R(a;a,b) forevery b>a,where f(x)>0 and g(x)>0 if x>a.lf

then _[ f da and _[ gda both converge or both diverge.

Proof
For all b>a, wecanfindsome N >0 such that
) ‘<g vV x>N forevery &>0.
g(x)
= 1-¢ <M<l+g
g(x)
Let g:%, then we have
1_f( 3
2  g(x 2

= g(X)<2F(X) e i) ad  2f(X)<39(X) woooeren(ii)
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From (i) ]Ogda < Zdea

= _[gda converges if _[fda converges and _[fda divergesif _[fda
diverges.

From (ii) Zdea < Snga

= _[fda converges if _[gda converges and _[gda divergesif _[fda
diverges.
= Theintegrals _[fda and _[gda converge or diverge together.

> Note

The above theorem also holdsif lim E ;_c, providedthat c=0.If c=0,
X—0 g X

we can only conclude that convergence of _[ gda implies convergence of _[ fda.

> Example

For every real p, theintegral Je‘xxpdx converges.

This can be seen by comparison of this integral with _[iz dx.

f(x) ,._e’"xP xop 1
Since lim (X)_Ilm where f(xX)=e"x" and g(x):F.
g }f(z
p+2
= lim ()_Iime‘xx"’*zzlimxX =0
X—>00 g(x) X—00 X @

and - _[izdx is convergent
1 X

.. the given integral _[e‘xxp dx isalso convergent.

> Theorem

Assume o T on[a,+x).If f eR(x;a,b) for every b>a and if '|'| f |dor

converges, then J' f doe also converges.

Or: An absolutely convergent integral is convergent.
Proof
If x>a, £f(x) <|f(X)
= |f(x)|— f(x)>0
= O£| f(x)|— f(x)£2| f(x)|
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=3 T(| f |- f)da converges.

a

Subtracting from _[| f |do wefind that _[fda converges.
( - Difference of two convergent integrals is convergent )
> Note

_[fda is said to converge absolutely if _[| f |do converges. It is said to be

convergent conditionally if _[f da converges but _[| f |do diverges.

> Remark
Every absolutely convergent integral is convergent.

> Theorem
Let f be apositive decreasing function defined on [a,+0) such that

f(X) >0 as x—+w. Let o bebounded on [a,+x) and assume that
f € R(a;a,b) for every b>a. Thenthe integral J': f da is convergent.

Proof
Integration by parts gives

_Tf do=| f(x)-a(x) |:—_Ta(x)df

= f(b)-a(b) - f(a)-a(a)+_Ta d(-f)

Itisobviousthat f(b)a(b) >0 as b— +wx
("~ a isboundedand f(x) >0 as X— +x)
and f(a)a(a) isfinite.

. the convergence of _[ f doe depends upon the convergence of _[a d(-f).

Actually, this integral converges absolutely. To see this, suppose |a(x)|< M for
al x>a (- a(x) isgivento be bounded )

= [la(|d(-f) < [Md(-f)
But_TM d(—f):M|—f|2:M f(@—M f(b)>M f(a) asb—w.

= _[M d(—f) isconvergent.
- —f isanincreasing function.

g _[|a|d(—f) is convergent.  (Comparison Test)

= _[fda IS convergent.

SRR RPRBRBE L
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> Theorem (Cauchy condition for infinite integrals)
Assumethat f € R(a;a,b) for every b>a. Then the integral J' f da converges
if, and only if, for every ¢ >0 thereexistsa B> 0 suchthat c>b> B implies

ff(mdaoo

<&

Proof

Let _[fda be convergent. Then 3 B> 0 such that

b 0
J'fda—J'fda <% forevery b>B ........... (i)

Also for c>b> B,

jfda—dea <% ................. (i)

Consider

jfda
b

fda——dea

fda—dea+dea—dea

IA

Il
S T N S J S—y

—
o
)
|

QD ey
—
o
)
+

QD ey 8
—_
o
)
|

Q C——y T
—_
o
)
A
|
+
|
Il
M

= <e¢ when c>b>B.

jfda
b

Conversely, assume that the Cauchy condition holds.

a+n

Define a,= | fda if n=12,....

The sequence {a,} isa Cauchy sequence = it converges.
Let lima, =A

n—o

Given ¢ >0, choose B so that <% if c>b>B.

jfda
b

and also that |an—A|<% whenever a+n>B.

Choose aninteger N suchthat a+ N>B i.ee N>B-a
Then, if b>a+ N, wehave

b a+N b
jfda—A: jfda—A+jfda
a a a+N
<|ay - Al+ ijda < %+%:e
:>dea:A

This completes the proof.



Chap. 8 — Improper Integrais. 7

> Remarks

It follows from the above theorem that convergence of JOO f da implies

lim v f do =0 for every fixed € > 0.

b—>w Jb

However, this does not imply that f(x) >0 as x — «.

> Theorem
Every convergent infinite integral J'w f (X)de(X) can be written as a convergent
infinite series. In fact, we have

a+k

Tf(x)doc(x):z.j:ak where a, = J f(X)da(X) ........... (1)

a+k-1

Proof

_[fda converges, the sequence {J:m f da} also converges.

a+n n

But _[ f da =) a,. Hencethe series > a, converges and equals _[ f do .
a k=1 a

k=1

> Remarks
It is to be noted that the convergence of the seriesin (1) does not always imply

k
convergence of the integral. For example, suppose a, = J sin2z xdx. Then each
k-1

a, =0 and ) a converges.

0 b
However, the integral Jsin 2 Xadx = Limjsin 2 Xdx = Iiml_LSZrb diverges.
0 0

b—o0 T

IMPROPER INTEGRAL OF THE SECOND KIND

> Definition
Let f bedefined on the half open interval (a,b] and assumethat f € R(a;x,b)
for every xe(a,b]. Defineafunction I on (a,b] asfollows:

b
I(x):_[fda if xe(ab] .......... (i)
The function | so defined is called an improper integral of the second kind and
b b
is denoted by the symbol j f (t)da(t) or j f det .

b
The integral dea Is said to converge if the limit

lim1(X) .........>i1) exists (finite).

X—a+

b
Otherwise, J f doe issaid to diverge. If the limit in (ii) exists and equals A, the

a+

b
number A is called the value of the integral and we write _[ f do = A.

a+
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Similarly, if f isdefinedon[a,b) and f € R(x;a,X) V xe[a,b) then

I(x):_[fda if xe[a,b) isalso animproper integral of the second kind and is

b—
denoted as [ fda andis convergent if lim1(x) exists (finite).

> Example
f(X) =x " isdefined on (0,b] and f € R(x,b) for every xe (0,b].

I(x):_Tx‘pdx if xe(0,b]

b b
:Ix‘pdx =lim | xPdx
0+

£—0
O+¢

1-p b 1—p_81—p
=lim =lim——— , (p=#)
e-0(]1— p . e—0 1- P
| finite , p<1
| infinite, p>1

b
When p=1, we get I%dx:logb—loge—mo as ¢ —0.

b
= _[x‘l dx also diverges.
0+

Hence the integral convergeswhen p<1 and divergeswhen p>1.

> Note
b—

If the two integrals _[ f do and _[ f da both converge, we write

k]‘_fdoc:j‘fdoc+k]‘_fdoc

The definition can be extended to cover the case of any finite number of sums.
We can also consider mixed combinations such as

b © 0
jfda +_[fda which can be written as jfda.

a+ b a+

> Example

Consider _[ e*x"tdx , (p>0)
0+
Thisintegral must be interpreted as a sum as

0 1 0
_[ e *xPtdx = _[ e X xPtdx+ _[e‘x xP1dx
0+ 0+ 1

=1+, (i)
I, the second integral, converges for every real p asproved earlier.

Totest |, putt:1 = dx:—tizdt
X
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1 1 _1 1 % 1
= | :Iim_[e‘xxp‘ldx =lim [e WP —=dt | =lim |e 't dt
b oo §—-0 t2 §—-0

Take f(t):e‘flt‘p‘1 and g(t)=t"*

1

TPt “
HOTAC _t_l =1 and since _[t‘p‘ldt convergeswhen p>0
t—a0 g(t) too 7P 1

21
_[e ttP*dt convergeswhen p>0
1

Thus _[ e *x"*dx convergeswhen p>0.
O+

When p >0, the value of the sumin (i) is denoted by I'(p). The function so
defined is called the Gamma function.

> Note

The tests developed to check the behaviour of the improper integrals of Ist kind
are applicable to improper integrals of 11nd kind after making necessary
modifications.

> A Useful Comparison Integral
b
J' dx

> (x—a)"

Wehave, if n#1,
-T dx :‘ 1
a+g(X_a)n (1_ n) (X_a)n_l a+e

1 1 1
T @-nl-a)

Which tendsto 1 — Or +oo accordingas n<lor n>1,as ¢ —>0.
(1-n)(b-2a)
Again, if n=1,
¢ dx

——=log(b—-a)-loge ->+o as e&—0.

ate

dx

converges iff n<1.

n

b
Hence the improper integral J'( )
2 (X—a

SRR RPRBRBE L
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> Question
Examine the convergence of

¢ dx R h

R e B vorve erraey
Solution

. F dXx

0 '!x%(1+x2)

Here ‘O’ isthe only point of infinite discontinuity of the integrand.
We have

1
O )
Take g(x):i}/
X3
Then lim ()—ll L >=1

x—0 g(x) x>0 1+ X°

= J';f(x)dx and J'Og(x)dx have identical behaviours.

j% converges .. j% also converges.

o X3 31+x2)

1
. dx
i ——
(1 -([x2(1+ X)?
Here ‘O’ isthe only point of infinite discontinuity of the given integrand.
We have

1
Ry
Take g(x)_i2
Then [im ()—ll L =1

x—0 g()() x—0 (1+ X)

= j;f(x)dx and jog(x)dx behave alike.

But n=2 being greater than 1, the integral J';g(x) dx does not converge. Hence
the given integral also does not converge.
1
dx
(iii) —_
J; X2 (1- x)%
Here‘O’ and ‘1’ are the two points of infinite discontinuity of the integrand.

We have
1

X2 (1- x)%

f(x) =

We take any number between 0 and 1, say }/2 and examine the convergence of
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2 1
the improper integrals _[f(x)dx and _[f(x)dx.
° %
%

To examine the convergence of J'

1
—— - dX, wetake g(X) =—~
0 x%(l— x)%‘ X2

Then
lim M: lim ! =1
x—0 g(X) x—0 (1_ X)}é
7 Lo
y _[—dx converges .. jﬁ dx is convergent.
0 X2 0 X?2(1-x)"3
; 1 1
To examine the convergence of _[ — dx, wetake g(x)=
L x2(1-%) 1-x%)"
Then
im ) _jim L
x—1 g()() x—=1 X%
1 1
1 :
y _[ 7 dx converges - ﬁdx IS convergent.
L (A-x)7 I x2(1-x)"3

Hence J'; f (X)dx converges.

> Question

1
Show that _[xm‘l(l— x)”_ldx existsiff m, n are both positive.
0

Solution

The integral isproper if m>1 and n>1.

The number ‘O’ isapoint of infinite discontinuity if m<1 and the number ‘1’ is
apoint of infinite discontinuity if n<1.

Let m<1l and n<1.

We take any number, say }/2 between 0 & 1 and examine the convergence of

% 1
the improper integrals _[xr“(l— x)"dx and _[xr“(l— x)"'dx a0 and ‘1
0 b
respectively.
Convergence at O:
We write
_ n-1
r9=xma- = andtae g(9=—1

Then M—A as x—0
g(x)

»

As j

0

dx isconvergentat O iff 1-m<1 i.ee m>0

b
We deduce that the integral _[ X" (1- x)”_ldx is convergent at 0, iff m is +ive.
0

1-m
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Convergence at 1.

Wewrite f(x)=x"*1-x)"'= a0 and take g(X)=(1_X)1_n
Then f( )—>1 as x—1
9(x)

1

As_[

) —dx isconvergent, iff 1-n<1 i.e. n>0.
i - X

%

1
We deduce that the integral _[ X" (1- x)”_ldx convergesiff n>0
Thus _[xm (1 x) dx exists for positive values of m, n only
0

It is afunction which depends upon m & n and is defined for all positive values
of m & n. Itiscalled Betafunction
> Question

Show that the following improper integrals are convergent.

(iii) leog)x dx (iv) _[Iogx log(1+ X) dx

Solution
(i) Let f(X):sinZ% and g(x)—i

then

=lim X —|j

lim——= LG SinZl_ m(w]2:1
X*)Oog(X) X—>0 1 y

— y—0

= [f(0dx ad [ dx behavealike
1 lX

[ee]

_[—2 dx isconvergent .. _[sin
X
1

— dx is also convergent.
X
2

(ii) Tg:‘(zxdx

1

i 2

Take £()=3"% and g(x) ==
X X
' 2
snx<l = szxsiz A Xe(l,oo)
X X

0 o - 2
and _[iz dx converges .. Ism X dx converges.
1 X 1
> Note
sin? 2
_[ dx Is a proper integral because I|m
X?
0

Xx—0 2

=1 sothat ‘0’ is not a point
X

0 . 2
of infinite discontinuity. Therefore _[

dx is convergent.



Chap. 8 — Improper Integrais. 13

x log x

(iii) £(1+ ? dx

wlogx < x, xe(0)

. xlogx < X

x log x NG
9% -

(1+ x)2 (1+ x)2
Now £(1+ x)
¢ xlogx
' £(1+ x)2

dx isaproper integral.

2

dx isconvergent.

(iv) jlogx- log(1+ x) dx

v logx < x oo log(x+1) < x+1
= logx-log(1+ x) < x(x+1)

1 1
_[x(x+1)dx Isaproper integral .. _[Iogx-log(1+ X)dx is convergent.
0 0

> Note

(i) J% dx divergeswhen p>1 and converges when p<1.
0

(i) J% dx convergesiff p>1.

UNIFORM CONVERGENCE OF IMPROPER INTEGRALS

> Definition
Let f beareal valued function of two variables x & y, xe[a,+x), ye§

where S < R . Suppose further that, for each y in S, the integral I: f(x,y)da(x)
is convergent. If F denotes the function defined by the equation

Fy)=[f(xy)da(x) if yeSs
the integral is said to converge pointwiseto F on S
> Definiton

Assume that the integral I: f (X, y)da(x) converges pointwise to F on S. The

integral is said to converge Uniformly on S if, for every ¢ >0 thereexistsa B> 0
(depending only on ¢) such that b> B implies

F)-[fxy)da(x)| <& V yes.

( Pointwise convergence means convergence when vy is fixed but uniform
convergenceis for every ye S ).
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> Theorem (Cauchy condition for uniform convergence.)
The integral I: f (x,y)da(x) converges uniformly on S, iff, for every ¢ >0
thereexistsa B >0 (dependingon ¢) suchthat c>b>B implies

j'f(x,y)da(x) <ege V yes.

Proof
Proceed asin the proof for Cauchy condition for infinite integral J'OO fda .

> Theorem (Weierstrass M-test)

Assumethat & T on [a,+) and suppose that the integral I: f(X,y)da(X)
exists for every b>a and for every y in S. If there is a positive function M
defined on [a,+0) such that the integral I:M (X)da(x) converges and
| f(x,y)| < M(x) foreach x>a andevery y in S, then the integral
I: f (X, y)da(x) converges uniformly on S'.

Proof
| £(%y)|<M(x) foreach x>a andevery y in S.
.. For every c>b, we have

j f(x,y)da(X)| < j| f(x,y) da(X) st dot v, (i)

| :_[M do is convergent
. given ¢>0,3 B>0 suchthat b> B implies

b
[Mda -1 <% ............... (i)
Alsoif ¢>b> B, then

C

(M da - | <% ............... (iii)
c ! c b
Then _[Mda = Mda—J'Mda
b % a
C b
=({[Mda—1+1-]Mda
c )
<|[Mda—1]+|[Mda-I <82+72=g (By ii & iii)

= <&, c>b>B&foreach ye$S

j:' f (X, y)da(X)

Cauchy condition for convergence (uniform) being satisfied.

Therefore the integral J': f (x,y)da(x) converges uniformly on S'.

SRR RPRBRBE S
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> Example
Consider _[e‘xy sinx dx
0

‘e‘xysinx‘ < ‘e‘xy‘ e (- |sinx|<1)
and e¥y<e™ if c<y
Now take M (X)=€*

The integral _[ M (X)dx = _[e“’x dx isconvergent & converging to % :
0 0

. The conditions of M-test are satisfied and _[e‘xy sinx dx converges
0

uniformly on [c,+) for every c>0.

> Theorem (Dirichlet’s test for uniform convergence)
b
Assumethat o isbounded on [a,+o0) and suppose the integral _[ f(X,y)da(X)

exists for every b>a and for every y in S. For each fixed y in S, assume that
f(x,y)< f(X,y) if a<x <x<+oo. Furthermore, suppose there exists a positive
function g, defined on [a,+), such that g(x) - 0 as X — +o0 and such that
x>a implies

| f(xy)| < g(x) forevery yinS$.

Then the integral I: f (x,y)da(x) converges uniformly on S'.

Proof
Let M >0 bean upper bound for || on [a,+wx).

Given ¢ >0, choose B>a suchthat x> B implies

&
X —_
g()<4|v|

(v g(x) is+iveand -0 as x —»> o .. |g(x)—0|<ﬁ for x> B)

If c>Db, integration by parts yields
jfda :|f(x,y)-a(x)|‘;—ja df
b b

= f(c,y)a(c) - f(b,y)a(b)+_[ad(—f) ............ (i)
b
But, since — f isincreasing (for each fixed y), we have
jad(—f) < de(—f) (- upper bound of |a|is M)
b b

=M f(b,y)-M f(c,y) ..ocevnnnn.nn (ii)
Now if ¢>b> B, we have from (i) and (ii)

<| f(c,y)a(c)- f (b, y)a(b) |+

jiad(—f)‘

<|a (|t (c.y)|+| f (b, )] aB)|+ M| F(b,y) - F(c. )]
£|a(c)|| f(c, y)|+|a(b)|| f (b, y)|+ M| f(b,y)|+ M| f(c, y)|

jfda
b
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<M g(c)+ M g(b) + M g(b) + M g(c)
=2M[g(b) + g(0)]

<M |-+ =g
AM  4AM

<g forevery yinS.

jifda
b

Therefore the Cauchy condition is satisfied and _[ f (X, y)da(Xx) converges
uniformly on S'.

> Example
—xy
Consider _[ ——sinxadx

— Xy

Take a(x)=cosx and f(x,y):eT if x>0, y>0.

If $=[0,+0) and g(x):é on [&,+) forevery £>0 then

) f(xy)<f(X,y) if X<xanda(x) isboundedon [&,+).
i) g(x)—>0 as x—+x

i) | fOoy)|=|2

So that the conditions of Dirichlet’ s theorem are satisfied.
Hence

s%:g(x) vV yes.

— Xy — Xy
_[—smxdx +_[— d(—cosx) converges uniformly on [.s +oo) if €>0.

Iirg Sinx =1 _[ e Xy—dx converges being a proper integral.
X—> X
= _[e SN X i also converges uniformly on [0,+0).
X

0

> Remarks

Dirichlet’ s test can be applied to test the convergence of the integral of a
product. For this purpose the test can be modified and restated as follows:
Let ¢ (x) be bounded and monotonic in [a,+oo) and let ¢ (x) > 0, when

X
X — 0. Also let j f (x)dx be bounded when X > a.
Then _[f(x)ql)(x)dx IS convergent.

> Example
Consider _[—dx

sinx
v ———>1 aa x—-0.
X



Chap. 8 — Improper Integrais. 17

. 0 isnot apoint of infinite discontinuity.

Now consider the improper integral I% ax.

The factor 1 of the integrand is monotonic and -0 as X — 0.
X
Also

J'sinxdx =|-cosX +cos(l) |<|cos X |+ cos(1) | < 2

X
So that _[sinx dx isbounded above for every X >1.
o = 1 .-
= I% dx isconvergent. Now since I%dx IS aproper integral, we see
X X

that I%dx IS convergent.
X

> Example
Consider _[sinxz dx.
. . 2 1 . 2
Wewrite snx =—- 2X-SinXx
2X
Now Isinxzdx:Ii-Zx-sinxzdx
2X
1 . .
— ismonotonicand -0 as x— o .

2X

Also :‘—cosX2+cos(1)‘<2

X
J'szinx2 dx
1

X
So that _[szinxzdx is bounded for X >1.

T 1 : . T .
Hence _[2—-2x-5|nx2dx ie. _[smxzdx is convergent.
X
1

Since _[S| nx*dx isonly aproper integral, we see that the given integral is

convergent.
> Example
Consider _[ ‘ax%dx , a>0
X

Cax : : ts€nx .
Here e ** is monotonic and bounded and _[—dx is convergent.
X

Hence _[ e 3Ny s convergent.
X

SRR RPRBRBE L



18 Chap. 8 — Improper Integrais.

> Example

Show that I% dx is not absolutely convergent.
X

Solution
””|sinx| We need not
Consider the proper integral _[ = ldx take | x|
o X because x>0.

where n is apositive integer. We have

rjf|sinx|dX:Z”: rjf |sinx|OI

o X r=1l(r-)r X
Put x=(r-1)z +y sothat y variesin [0,7].
Wehave [sin[(r -1z +y]|=|(-D)*siny|=siny
J- |S|nX|d J- siny q
-Dr+y
* rr isthe max. valueof [(r-Dz+y] in [07]

¢ siny 17, _ 2 _. Division by max. value
' I(r dy > _[smydy— { " will lessen the value

-Dr+y ~ rx rm
|S|nx| i_gnl
-[ rn_nzllr

n
Z——)oo as n—> o, we seethat
r
1

Tlsnx
I dXx—>ow as n—ow.
Let, now, X be any real number.

There exists a +tive integer n suchthat nr < X <(n+rx.

We have _[| _[|Smx|

nx|

X .
Si

Let X >0 sothat n aso — «. Then we see that _[|—dx—>oo
X

So that I@ dx does not converge.

> Questions
Examine the convergence of

. X | f dx

(i) {de (i) {mdx (i) J;W

Solution

() Let f(x)=—0—
(1+ X

As lim—= 1) =lim X =
e g(x) ow (L+x)°
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Therefore the two integrals _[ wE sdx and I%dx have identical behaviour
+ 1
for convergenceat .
1 : K :
.+ | =dx isconvergent .. dx isconvergent.
-[xz J -[(1+ x)* J

. 1 1 1

i) Let f(X)=———+= andtake g(X)=—F—=—%~
(ii) ()(1+X)& g()X& 7

Wehave fim _jim—>X__1

X—>00 g(x) x>0 4+ X
| :
and dx is convergent. Thus dx isconvergent.
{X% J ) (1+ x)\/_
(iii) Let f(x):;
x%‘(1+ x)}/2
1 1
wetake g(x)= =
We have I|m _1 and _[ i dx isconvergent .. _[f(x)dx IS convergent.
X—0 g X 1 X 6

> Question

Show that J' > dx is convergent.

1+ x°

Solution
We have

Tl ¢ 1
-[1+x2dX:LLrQ _-[a1+x OIX+-[1+x

:IimJ' dx+J' =2lim L dx
an| ¢ 14+ X 1+x 2w O1+x2

= 21im|tan* x| = (5)-

therefore the integral is convergent.

> Question

TtanTtx .
Show that _[ an >-dx is convergent.

Solution
. 2 tan_l 1 T
(1+x)-(1+X2):tan x—>§ as X—>o Heref(x)_t]_azxzx
0 1 0
[ Xgx & [——dx behavealike and g0 =1+x
5 L+ X 5L+ X

o0

_[1 >dx isconvergent .. A givenintegral isconvergent.
+ X

0
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> Question
snx
A+ x)*

Show that _[ dx converges for a >0.
0

Solution

0 X
_[sinxdx IS bounded because _[sinxdxsz vV x>0.
0 0

Furthermore the function

, a >0 ismonotonic on [0,+x).
(1+ X)*

o0

= theintegral _[

0

snx
1+ x)“

dx is convergent.

> Question

Show that _[e‘xcosxdx is absolutely convergent.
0

Solution
‘e‘xcosx‘ <e”* and _[e‘x dx=1
0
. the given integral is absolutely convergent. (comparison test)

> Question

—X

e

\1-x*
Solution

v e7%<l and 1+ x°>1
e - 1 - 1
J1-x* \/(1— x%) (1+ x°) \/1— X?

Alsoj L dx:limT L ax
0

1
Show that _[ dx isconvergent.
0

1-x° 620 4 J1-x°
_ A"
= |£I msin 1-¢) >
1 e_x
= _[ dx is convergent. (by comparison test)
ov1-x*
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