Chapter 5

Determinants

5.1 The Properties of Determinants

The determinant of a square matrix is a single number. That number contains an amazing
amount of information about the matrix. It tells immediately whether the matnx is inven-
ible. The determinant is zero when the matrix has no inverse. When A is invertible, the
determinant of A~ is 1/(det A). If det A = 2 thendet A~ = % In fact the determinant
leads to a formula for every entry in A~",

This is one use for determinants—to find formulas for inverse matrices and pivots and
solutions A~'b. For a large matrix we seldom use those formulas, because elimination is
faster. Fora 2 by 2 matrix with entries a. b. ¢, d , its determinant ad — bc shows how 4™

changes as A changes:
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Multiply those matrices to get /. When the determinant is ad — be = 0, we are asked (0
divide by zero and we can't—then A has no inverse. (The rows are parallel when a/c¢ =
b/d. This gives ad = be and det A = 0). Dependent rows always lead to det A = 0.

The determinant is also connected to the pivots. For a 2 by 2 matrix the pivots are d
and d = (¢ /a)b. The product of the pivots is the determinant:;

Product of pivots n(d—gb)=ud—bc whichis det A.

After a row exchange the pivots to¢ and b — (a/c)d. Those new pivots multiply 10
give be ~ ad. The row exchange 1o [ § §] reversed the sign of the determinant.
Looking ahead  The determinant of an n by n matrix can be found in three ways:

I Multiply the  pivots (times 1 or —1) This is the pivot formula.
2 Add up ! terms (times 1 or —1) This is the *big” formula.
3 Combine n smaller determinants (times | or —1)  This is the cofactor formula.
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You see that plus or minus signs—the decisions between | and —1—play a big part in
determinants. That comes from the following rule for n by n matrices:

The determinant changes sign when two rows (or two columns) are exchanged.

The identity matrix has determinant +1. Exchange two rows and det P = —1. Exchange
two more rows and the new permutation has det P = +1. Half of all permutations are
even (det P = 1) and half are odd (det P = —1). Starting from [, half of the P's involve
an even number of exchanges and half require an odd number. In the 2 by 2 case, ad has a
plus sign and bc has minus—coming from the row exchange:

i 0 1 E,
det[ﬂ l]—l and dct[] “]_—1.

The other essential rule is linearity—but a warning comes first. Linearity does not mean
that det(A + B) = det A +det B. This is absolutely false. That kind of linearity is not even
true when A = [ and B = [I. The false rule would say thatdet(/ + I) =1+ 1 = 2. The
true rule is det 2/ = 2". Determinants are multiplied by 2" (not just by 2) when matrices
are multiplied by 2.

We don't intend to define the determinant by its formulas. It is better to start with
its properties—sign reversal and linearity. The properties are simple (Section 3.1). They
prepare for the formulas (Section 5.2). Then come the applications, including these three:

(1) Determinants give A~ and A~ (this formula is called Cramer’s Rule).
(2) When the edges of a box are the rows of A, the volume 1s | det 4|.

(3) For n special numbers A, called eigenvalues, the determinants of A — A/ is zero.
This is a truly important application and it fills Chapter 6.

The Properties of the Determinant

Determinants have three basic properties (rules 1, 2, 3). By using those rules we can
compute the determinant of any square matrix A. This number is written in two ways,
det A and | A|. Notice: Brackets for the matrix, straight bars for its determinant. When A
is a 2 by 2 matrix, the three properties lead to the answer we expect:

a b

TR, = gd — be.

: a b :
The determinant of [c d] s

The last rules are det(AB) = (det A)(det B) and det A™ = det A. We will check all rules
with the 2 by 2 formula, but do not forget: The rules apply to any # by n matrix. We will
show how rules 4 — 10 always follow from 1 — 3,

Rule | (the easiest) matches det / = | with the volume = | for a unit cube.




































264 Chapter 5. Determinangg

4  Find two ways to choose nonzeros from four different rows and columns:

1 0 D0 1 1 0 0 2
0111 |y . Sl : sl .

A= TR B = S ( B has the same zeros as A),
1.0.0 1 2 0 0 1

Isdet Aequalto | + 1orl—1or—1-1? What is det B?

5  Place the smallest number of zeros in a 4 by 4 matrix that will guarantee det A = (),
Place as many zeros as possible while still allowing det A # 0.

] (a) If ay; = @z = a3 = 0, how many of the six terms in det A will be zero?

(b) fay =an =033 =ay =0, how many of the 24 products 20310,
are sure to be zero?

7  Howmany 5 by 5 permutation matrices have det P = +1? Those are even permuta-
tions. Find one that needs four exchanges to reach the identity matrix.

8  If det A is not zero, at least one of the n! terms in formula (8) is not zero. Deduce
from the big formula that some ordering of the rows of A leaves no zeros on the
diagonal. (Don't use P from elimination; that PA can have zeros on the diagonal.)

9 Show that 4 is the largest determinant for a 3 by 3 matrix of 1's and —1's.

10 How many permutations of (1,2.3.4) are even and what are they? Extra credit:
What are all the possible 4 by 4 determinants of / + Peven?

Problems 11-22 use cofactors C;; = (—1)"*/ det M;;. Remove row i and column j.
11 Find all cofactors and put them into cofactor matrices C. D. Find AC and det B.
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12 Find the cofactor matrix C and multiply 4 times C*. Compare ACT with A™":

2-1 0 a0t
i s A ARL =12 4 -2

0 -1 2 . 2:3

| -

13 The n by n determinant C, has 1's above and below the main diagonal:
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