

















1.1, ¥ecicrs amsd Limear Combimabyoms i

Another description of this plane through (0,0, 0) is o know that a1 = (1.—1.1) is

perpendicular 1o ihe plane, Section 1.2 wall confinm tha MY anphe by testing dot products:
pt-m = Crane o oogr =10,

1i1B Fory = (1.0)and w = (0, | ), describe all poimis v with (1) whole aumbers ©
(2} nornegarive © = 0, Then add a1l weciors o @ and descnibe all e 4 dw

Solution

(1) The vectors cor = (¢, () with whole numbers ¢ are equally speced podnis along the
& axis (the direction of vk They inclode (=2, (), (=1, 0%, (00), 41,00, (2, 0}

(21 The wectors v with ¢ = 0 il a half-kine, R is the positive x axis. This half-lme
slarts at {0, 0) where ¢ = (b 11 includes (. 0) bt nog {—a.0)

(1) Adding all vectors dw = (0, d) puts a vertecal Line through those poants co. We
have infinitely many parallel lines from (whole aember ¢, any rummber d ).

{2 Adding all vectors daw puls a vertical line through every co on the half-hine. Mow
wi have o half-plane. It is the right half of the xv plane (any x = 0, any height ¥).

1.1 C  Find two equations for the unknowns ¢ and & so that the linear combination
et + o v eguals the vector &:

L 2 B =

e E

Solution  In applying mathematics. many problems have two pans:
I Modeling parr  Express the problem by a se1 of equations.

2 Computational part Solve those equations by a fast and accurate algonthm.

Here we are only asked for the first pari (the equations). Chapier 2 is devobed to the second
paart (the algonthm ). Our example fits into a fundamental model for linear algebra:

Find ¢y.....08 sothat cyvrg + ==+ catg = b,

Forn = 2 we could find a formula for the ¢'s. The “climination method”™ in Chapter 2
succeeds far bevond n = 100, For r greater than 1 million. see Chapter %, Here n = 2:

Vector equation ¢'|:_f.|+d[_1]=[:']
The required equations for ¢ and o just come from the two components separately:

Two scalar equations —?'r-l—_h‘: f E.

You could think of those as two lines that cross of the solution e = -, d =

X
3

el | P
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Problem Set 1.1
Problems 1-9 are about addition of vectors and lincar combinations.

1 Describe geometrically (ling, plane, or all of R} all linecar combinations of

R - - - B0t
2 Dow r.'=[ 2 ] and u.'.'=[ 5 J w0+ w0 ad ¥ i . akngle 4y plane.

I
3 fe+m= [ rjl el v — W = [5 J compuie and draw ¢ and w.

Fasiit == [ ]E] and w = [i} find the components of 2v + w and cv + Jw

i

4
5  Computen + v + wand 2a + 2o + w. How do you know &, o, w lie ina plane?
I -3 2
In a plane p=12|. ve=| 1}]|. w=|=-3]|.
3 -2 ~1
[ Every combination of © = {1, =2, 1) and w = (0. 1. 1) has components that add
to . Find¢andd sothaicr + dw = (3,3, -6).
7 Inthe xy plane mark all nine of these linear combinations:
.:-[]I} + d [?] with ¢=0,1.2 and d =012
B  The parallelogram in Figure 1.1 has diagonal v + w. What is its other diagonal?

What 15 the sum of the iwo diagonals? Draw that vector sum.

9 If three comers of a parallelogram are (1, 1), (4. 2), and (1, 3), what arc all three of
the possible fourth comers? Draw two of them,

Problems 10-14 are about special vectors on cubes and clocks in Figure 1.4.

10  Which point of the cube is i + j7 Which point is the vector sum of § = (1,0.0)
and j = {0.1,0) and k = (00,0, 1)? Describe all points (x, v, 2) in the cube,

11 Four comers of the cube are (0.0, 0, (1,0,0). (0, 1,09, {0, 0, 1). What are the other
four comers? Find the coordinates of the center point of the cube. The center points

of the six faces are .

12 How many comers does & cube have in 4 dimensions? How many 3D faces!
How many edges? A typical comer is (0,0, 1, 0). A typical edge goes to (0. 1,0,0).
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1.2 Lengths and Dot Products

The first section hacked off from muliiplying vectors. Now we go forwand o define the

dio prowlecs™ of o asd w. This multiplicakon imolves the sepamie products wywy and
wparz, bt b doesn'e stop there, Those two mumbers are added o produce the single number
© - W, T 5 the geomelry section (lengrhs and anglesh.

DEFINITION The dot product or inmer product of © = (v, vgh and w = (w,w;z)
is the number v » w:
e W o= UjUry = Dk, (h

Example 1  The vectors o = (4, 2] and w = (=1.2) have a zerp diot product:

Dot product is Fero 4 1 £
Perpendicular vectors [I] ' [ 1] sridte

[n mathematics, zéno s alwayvs a special number. For dot |'|11:-rJ|.1|.'I::-., ik rmEans hal i e
riva vectors are perpendicular, The angle between them is 90°, When we drew them
in Figure [T, we saw a rectangle (mo1 just any parallelogram). The clearest example of
perpendicular vectors is § = (1, 0) along the x axis and j = (0, 1) up the v axis. Again
the dot product is § - § = 00+ 0 = (. Those vectors § and j form a nght angle.

The dot product of v = (1.2)and w = (3. 1) is 5. So0n v - w will reveal the angle
between # and w (not 90°), Please check that w - v is also 3.

The dof product w - v eguals ¢ - w. The order of & amd w makes no difference.

Example 2 Put a weight of 4 at the poimt x = =1 (left of zero) and a weight of 2 at the
point ¥ = 2 (right of zero), The x axis will balance on the cemter pont (like a see-saw ).
The weights balance because the dot product 1s (4)0{—1) + (2)(2) = 0.

This exampde is typical of engineering and science. The vector of weighis is (0. 1w4) =
t4.2). The vector of distances from the cemer is (v, vz = (=1, 2} The weights times the
distances, vy vy and wars. give the “momems”. The equation for the see-saw to balance is
wywy 4 wary =0

Example 3 Dot produects enter in coonomics and business. We have three goods 1o buy
and sell. Their prices are (py. ps. p) for cach unit—this is the “price vector™ p. The
quantities we buy or sell are (g, 42, g1 )—positive when we sell, negative when we buy.
Selling g units af the price py brings in gy pi. The 1wotal income (quantities g times prices
£1 1= the dot product g - p in three dimensions:

fncome = (gy.92. 92}« (P1. Pz. Pad = @ + §2p02 + g3 ps = dot produet,

A zero dol product means that “the books balance”. Toaal sales equal total purchases if
g+ p = Then p is perpendicular 1o @ (in three-dimensional space). A supermarket with
thousands of goods goes quickly imo high dimensions.
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Small note: Spreadsheets have become essential in management. They compute linear
combinations and dot r‘.lrl.'.u'Jlau.'I'-. What vou see on the screen 1S i matnx
Main point  To compute © - w, multiply each vy times wy. Then add v u

Lengths and Un

An important case is the dot product of a vector with (iself. In this case » equals
When the vector is # = (1, 2, 3), the dot product with itself is v - v = [[v]]* = 14;

}:1-5449-14.

Instead of a %0° angle between vectors we have 07, The answer is not zero because v s ngy

Dot product v - v fe]? =
Length squared :

Lk b e
Td g =

DEFINITION The length ||[v| of a vector v is the square root of © - v

Length = narm(w) length = v = v- 0o
. - S —— . : R Al 7 ;
In two dimensions the length is vy + v5. In three dimensions it is vy 4 03 + vy,

By the calculation above, the length of v = (1,2,3) is Ju|| = +/14.

Here v = /v- v is just the ordinary length of the arrow that represents the vector,
In two dimensions, the arrow is in a plane. If the components are 1 and 2, the armow i
the third side of a right triangle (Figure 1.6). The Pythagoras formula a® + b = 2
which connects the three sides, is 12 + 2% = Ju|*.

For the length of v = {1, 2. 3), we used the right triangle formula twice. The vector
(1.2,0) in the base has length +/5. This base vector is perpendicular w (0, 0, 3) that goes
straight up. So the diagonal of the box has length ||[v] = 5+ 9= V14,

The length of a four-dimensional vector would be v'v + v3 + v + v, Thus the
vector (1.1, 1. 1) has length +/ 1 4 12 4 1= 4 1€ = 2, This 1s the diagonal through a unit
cube in four-dimensional space. The diagonal in » dimensions has length /.

The word “unit™ is always indicating that some measurement equals “one”, The unit
price is the price for one item. A unit cube has sides of length onc. A unit circle is a circle
with radius one. Now we define the idea of a “unit vector”.

A unit vector u is a veetor whose length equals one. Then w -y = 1.

An example in four dimensions isw = (3. 1. 1. 1) Thenw-wis f + 5+ +3 =1t

We divided v = (1,1, 1, 1) by its length o] = 2 to get this unit vector.

__A
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Figure 1.62 The length o000 - ool two-dhmensional and three-dimensional veciors.

Exampla 4 Ihie sanndard unii vectsrs along the © and v axes &re wriltén © aod j - In the
¥ ¥ plane, the unit vector that makes an angle “theta”™ with the x axis s (cos 0, sin #);

I [} Ci |_|-
Linkt vectors i = | I-l and f = |- |. and o= |- ; |
| |

|.“_i ] Ll
When & = 0, the honzontod vector & s 1, When # 1" {or : radians), the vemical
vcfor i f. AL any angle, e Compancenis ood P oand sinf prodoce o 0 = 1 because
cost f + sin®* # = 1. These vectors reach out 1o the unit circle in Figure 1.7, Thus cos @

and sin # are simply the coordinates of that point at angle # on the unit circle,
3 il
Since {2, 2. 1) has length 3, the vector (3, 3, %:l has lengih |, Check that w - w0 =

3 + E 4 'E- 1. For a umit vector, divide any NOnEers o by its length v
Unit vector u=u/lv s aunil veclor in the same direction as .
J=1(0.1) e (1,1) __,I:__ r._'q_'.:.ir-‘l
4 i 3 |_~i:nf-'
Y ol Bl I, N B J =
"= {u'rl" -"'E}I vl ] sin @
[ - —e- = (1,0) L
cos f
_jT '-\.._._.-____.

Figure 1.7: The coordinate vectors § and j. The unit vector & a1 angle 45° (left) divides
- =y =
tr = (1. 1) by its length Jv|| = +'2. The unit vector v = {cos &, sin ) is al angle 4,



14 Chapter 1. Introduction to Vecpry,

The Angle Between Two Vectory

We stated that perpendicular vectors have v - w = (. The dot product is zer

angle is 90°. To explain this, we have to connect angles to dot products. T
how o+ w finds the angle between any two nongero vectors © and w. 2 6 ! 58
Right angles The dot product is v« w = 0 when v is perpendicular to w, —

Proof When v and w are perpendicular, they form two sides of a right triangle,
The third side 15 v — w (the hypotenuse going across in Figure 1.8). The Pvihagoras [aw
for the sides of a right triangle is a® + b* = ¢%:

Perpendicular vectors v + [w|® = ||v — w|? (2)
Writing out the formulas for those lengths in two dimensions, this equation is
Pythagoras (v + v3) + (0] + wd) = (v — wi)? + (v2 — w3)*. (3)
The right side begins with v¥ — 2vywy + wi. Then v} and wi are on both sides of the
equation and they cancel. leaving —2vyuw;. Also ui and w§ cancel, leaving —2uvaip,,

{In three dimensions there would be —2v3ws.) Now divide by —2:

0= —2vywy; — 2vsws whichleadsto wvywy + vawz = 0. (4

| Right angles produce © - w = (. The dot product is zero when the angle is
ﬂ'ﬂ'+ 'Ih:n cos = (. The zero vector v = 0 is perpendicular to every vector w

itive, _:I:Imnug]: is above 9° when v - w is neg;ﬂm:. The nght side of
at " wvector # = (3. 1). The angle with w = (1,3} is less than %°

angle below %°
in this half-plane
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The borderline is where vectors are perpendiculas o 2. On that dividing line betwesn
plus amd minus, (1. —3]) is perpendicular toof 3, 1), The dot product is z2emn,
The dot product reveals the exact angle £, This is not necessary for linear algebra—vv—
cuwilel stop here! Once we have mptrices, we won'l come hack to 8, But while we ¢
the subject of angles, thas is the place for the formuli.
Start with unit vectors o and £, The sign of w « &7 tells whether # < 90° or # 2 T {‘
Because the vectors have length 1, we learn moge than that. The dof produet u - [
cosine of ¥, This 15 true inany number of dimensions.

Unit vectors & and L7 at angle # have w0/ = cos . Certainly lu- 7] = 1.

Remember that cos & 15 never greater than 1. It is never less than =1, The dot prodect of
unit vectors is between —1 and 1,

Figure 1.9 shows thiz clearly when the veclors are v = (cosf sinf) and ¢ = (1,0).
The dot product is & - § = cos &, Thit is the cosine of the angle between them.

After rotation through any angle o, these are still unit vectors. The vector § = (1.0)
ridates o (coso, singa). The vector o rodates to (cos B.sinf) with § = o + #. Their
dot product 15 cos e cos § 4+ sina sin f. From trigonometry this is the same as cos{f — o).
But § — ¢ is the angle &, 5o the dot product is cos .

b [eh)
o el

at] .

wei = cosdl

Figure 1.%: The dot product of unit vectors is the cosing of the angle 8.

Problem 24 proves |u - U] < | directly, without mentioning angles. The inequality and
the cosine formula & « U = cos & ane always true for unit vectors,

What if v and w are not unit vectors? Divide by their lengths 1o get o = v/{|v]| and
U = w/|w|. Then the dot product of those unit vectors w and U gives cos .
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Whatever the angle, this dot '|'|r-|_'||:|.l.l|..[ of /v with w/fwj never excer 2 8 5|
is the “Schwarz ineguality™ |v - w| = o] ||w] l'nr' dot products—or more [

Cauchy-Schwarz-Buniakowsky ineguality. It was found in France an.
and Russia (and maybe elsewhere—it is the most important inequality in mathe iy,
Since | cos #| never exceeds 1, the cosine formula gives two great inequalities:

INEQUALITY lo - w| < ||l fuw
INGLE INEQUALITY v + wi = ||v[| + [[w]|

Example 5 Find cos & for v = [ f } and w = [ ,]_I ] and check both inequalities,

Solution The dot product is v - w = 4. Both v and w have length V5. The cosine is 4/5.

v i 4

ol lwl 545

The angle is below 90° because v-w = 415 positive. By the Schwarz inequality, v-w = 4
is less than e[| fw( = 5. Side 3 = ||v + w| is less than side 1 + side 2, by the triangle
inequality. For v + w = (3, 3) that says V18 < 54 .5, Square this to get 18 < 20,

a _‘_4
costf = —

Example 8 The dot product of v = (a.b) and w = (b, a) is 2ab. Both lengths are
JaZ + b2. The Schwarz inequality in this case says that 2ab = a® + b%,
This is more famous if we write * = a® and ¥ = b%. The “geometric mean” S
is not larger than the “arithmetic mean” = average 3(x + y).
Geometric < Arithmetic a* + b? SarlE,

ab = 5 becomes /Xy < z i

Example Shada = 2and & = 1. So x = 4and y = 1. The geometric mean /3y = 2
is below the arithmetic mean 2(1 + 4) = 2.5.

Notes on Computing

Vit dumpnmﬂnfuuu[l] . .« viN) and similarly for w. In FORTRAN, the sum
quires @ loop 1o add components separately. The dot product also uses a loop to
paral __;[;juﬁj},]{mmt VPLUSW and VDOTW:

DO10J=1N
ISV __ -ﬁ.l_'a:+wm 10 VDOTW = VDOTW + V{J) = W(J]

HON F‘ﬁfﬁm with whole vectors, nof their components.
'.'al' = ﬁﬁhﬂtﬂﬂﬂﬂﬂi v + w is immediately understood.
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Inpue © mnd w as rows—the prime ' transposes them o columms. 2o 4+ 3w wees 29
maltiplication by 2 and 2, The result will be prinied unless the line ends in a scmico !

MATLAB »=12 3 4] : w=[l 1| 1} : n=2sv4+Iew

Ihe dot produce & « w is useally seen as a row times a colimn (with no dei);

Instead of [Q][i] we more oflen see '[Jl][‘ﬂ o v oew

The length of = 18 known 1o MATLAB as narmi{o)d. We could define 1§ ourselves as

st (o = 47), using the square ool Tunction-—alse known, The cosine we have o define
ourselves! The angle {in radians) comes from the arc cosine (Acns) fanction

asine formula cosine = v’ w/(norm (v) « norm (w))
Angle formula angle = acos (cosine)

An M-file would create a new function coslne (v, @) for future use. The M-Ales created
especially for this book are listed of the end, R and PYTHOM are open source software,

= REVIEW OF THE KEY IDEAS =

[ =]

. The dot product v - w multiphes cach component v; by wy and adds all v;w;.

E-a
[

The lenpth [fu|| of a vector 15 the square root of v - v,

-

u = v/||v| is a umid vector. Its length is 1.

P

“The dot product is © - w = 0 when vectors © and w are perpendicular.

th

The cosine of # (the angle betweesn any nonaere v and w) never excesds 1:

LN Y

T Pl e Schwarz inequality |v-wj = jof [w].
[l ||| e

cos H

Problem 21 will produce the triangle inequality {v + w|| < || + [w].

" WORKED EXAMPLES =

1.2 A  For the vectors v = (3, 4) and w = (4, 3) test the Schwarz inequality on v - w
and the triangle inequality on ||v + w|. Find cos# for the angle between v and w.
When will we have equality |v+ w| = [|v] w| and o + w] = |[v] + Jw|?
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E‘:"UH'JH__ The dot product is v+ w = (3){4) + (4)(3) = 24. The le 30 ; 58
"1’" = o9+ 16 = 5and also |lw] = 5, The sum v + w = (7. 7) has length
Schwarz inequality v-w| < flofjw] is 24 <25
Triangle inequality fr+wl <o) +lel is 7+2<5+5.
Cosine of angle cosfl = 22 Thin angle from v = (3.4) tow = (4. 3)

Suppose one vector is a multiple of the other as in w = cv. Then the angle is 07 or 180¢
In this case | cos @] = | and |v - w| equals |[e| Jwl. If the angle is 0°, as in w = 2v, then
o+ w]| = [fe] + |wl. The triangle 15 completely Hat.

1.2B Find a unit vector & in the direction of v = (1, 4). Find a unit vector £/ that is
perpendicular to &, How many possibilities for U

Snlution  Fora unit vector o, divide v by its length jlo|| = 5. Fora perpendicular vector
V¥ we can choose (—4, 3) since the dot product © - V' is (3)(—4) + (4)(3) = (. For a unil
vector U, divide ¥ by its length || V' ||:

v 34 V 4 3
= —= =, = = — = =, — v i =
T i (5:3) Tz 5) peti=l
- i it k]
The enly other perpendicular unit vector would be —L' = {ﬁ.—;:.

12C Find a vector x = (¢, d) that has dot products x - r = 1 and x -8 = ) with the
given vectors r = (2, —1)and = (-1, 2).
How is this question related 1o Example 1.1 C, which solved cv + dw = & = (1. 0)?

Solutlon  Those iwo dot products give linear equations for ¢ and . Then x = {c.d).

x-r=] 2e— d=1 The same equations as
x-s=0 —c+2d=0  inWorked Example 1.1C

The second equation makes x perpendicular to 5 = (—1,2). So I can see the geomelry:
Go in the perpendicular direction (2, 1). When you reach x = %[1. 1), the dot product
with r = (2. =1} has the required value x - r = 1,
Commeni on n equations for X = (xy,..., Xg ) in n-dimensional space
Section 1.1 would start with column vectors #,....%s. The goal is 1o combine them 1o
produce a required vector x vy + -+ + x,v, = &. This section would stan from veclors
oo P Now the goal is to find x with the required dot products x - 1y = by.
~ Soon the v's will be the columns of a matrix A, and the r’s will be the rows of A.
- Then the (one and only) problem will be 1o solve Ax = b.
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Problem Set 1.2

| Calculaie the dod prodecis o - o and 8 = w oand ¥ - (v + o) amd o - ;
_[-4 . [.1] ¥ [:-.'|
o [ .:-'.] sl ¥ st ¥4

2 Compute the lengths o] and |2 and @) of those vectom. Check the Schwars
incqualities jo - v| < [ju]] juf and |@ @] = [Juf] || 0].

3 Find unit veciors in the directions of © and w in Problem 1, amd the cosine of the
angle &. Choose vectors a,_ b, ¢ that make (F, 90°, and 180° angles with w.

4 For any anif vectors » and w. find the dot prodects (actual nombers) of
() o and —o B} v+ wand w—w {ch r— 2w and v 4+ Zw
5 Find unit vectors ay and ar; st the dsrections of v = (3. 1) and w = (2, 0,2).

Find unst vectors Uy and LU s that are perpendicular to ay and wa.

G ta) Descnbe every vector w = (wy. w4 ) that is perpendicular to e = (2. =1}
(b} The wectors that are perpendicularto V = (1, 1. 1) lieon a
{c) The vectors that are perpendicular o (1,1, 1) and (1,2,3) lie on a

T Find the angle & (from its cosine) between these pairs of veciors:

SR 2 '|' 2
(a) # = 43 and W= [;1 (b} m= 2 and we= |—1
A

—

-1

tcru=:ﬁ: and ""7[...4'3’] (d) v=[::] and u=['_';].

B True or false (give a reason if trug or a coumerexample if false):

() IT u is perpendicular (in three dimengions) 10 v and w, those vectors © and w
are parallel.

(b) If m is perpendicular to v and w, then v is perpendicular o v + 2w,

{c) If m and v are perpendicular unit vectors then |lw — v = V2

9  The slopes of the arrows from (0, 0) to {1y, v2) and (wy. wy) are vz /vy and wrg (1w,
Suppase the product vytw; /vy, of those slopes is —1. Show that v - w = 0 and
the vectors are perpendicular.

10  Draw arrows from (0,0) 1o the points v = {1.2) and w = (=2, I). Multiply thei
slopes. That answer is a signal that v+ w = 0 and the amows are .

11 If v+ w is negative, what does this say about the angle between v and w? Draw
3-dimensional vector ¢ (an arrow ), and show where to find all w's with ¢ - w < 0,
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1.3, Mapirices

Here is an example to show differences of numbers (squares in x, odd numbers in &):

| | =1} 1
x = | 4 | = squanes A =|ld=1]|=13]|=£58. (5}
€ g —d 5

That pattern would continue for a 4 by 4 difference matrix. The next square would be
xq = 6. The next difference would be x4 — x3 = 16 =% = 7 (this is the next odd
number). The matrix fincds all the differences at once.

Important Note, You may already have learned about multiplying Ax, a matrix times a
vector, Probably it was explained differently, using the rows instead of the columns. The
usual way takes the dot product of each row with x:

1 i 0 X (10,00 -{xy.x53,.x3)
E'IIPFT::""‘“ Ar [—l | n] |:.1'1 ] = [ (1, 1,0~ (xy. X3, x3) ] :
J =1 1 I3 (0, =1, 1y-{xy, X3, 31)
Those dot products are the same 1y and xa2 — 13 and xy — x5 that we wrote in equation (4).
The new way is to work with Ax a colume af a tire. Linear combinations are the key (o
linear algebra, and the ouput Ax is a lingar combination of the columns of A.
With numbers, you can multiply Ax either way (I admit to using rows). With letters,
columns are the good way, Chapter 2 will repeat these rules of matrix multiplication, and
explain the underlying ideas. There we will multiply matrices both ways.

Linear Equations

One more change in viewpoint is crucial. Up to now, the numbers x;. x3. xy were known
(called e, o, e ot first). The nght hand side b was not known., We found that vector of
differences by multiplying Ax. Now we think of & as known and we look for x.

Old question: Compute the linear combination xu + xav + xzw (o find .

New guestion: Which combination of &, v, w produces a particular vector b7
This is the inverse problem—to find the input x that gives the desired output b = Ax. You
have seen this before, as a svstem of linear equations for xy, x3. v3. The nght hand sides
of the equations are fy, b2, by, We can solve that system to find x;, 27, a2

Xy =fy o=
X1+ 313 = hs Solution x:=b) + -

— X2+ X3= by

x3 = by + by + by,

Let me admit right away—most linear systems are not so easy 1o solve. In this example,
the first equation decided x; = by, Then the second equation produced x3 = by + bs.
The equations could be solved in order (top to bottom) because the matrix A way selected

to b lower triangular.
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The first sclutfon (afl zeros) is mwore important than it fooks, I words: Jf the overpuer fy
& = 0, then the tnpud st be x = 0. That statement is true for this matrix A I8 is 0ot e
for all matrices, Our second example will show (for a dilferent mairix € ) how we can haye

Cr = flwhen O of Oand v # 0
This marrix A is “invertible”. From & we ceEn recover x.

The Inverse Matriy

Let me repeat the solution x in equation (61 A sum matrix will appear!

L8 Ir.l‘r I {F (] ,llll
Ar = bissolved by | xa [ = | Iy + bs =111 0 b2 . @
X |F.'-'J - JJ: - Ir?_'l; |_ ] ! |ri'_:|

If the differences of the x's are the &'s, the sums of the b= are the x"s. That was true Tor
the odd numbers & = (1.3.5) and the squares x = (1.4.9). It is true Tor all vectors,
The sum matrix 5 in equation (7} is the inverse of the dilfference matrix 4.

Example; The differences of x = (1.2, 3)are b = (1,1, 1). S0 b = Ax and x = §b:

St BN 1 I 1 O 0 1 1
Ax=1 -1 1 D Fett B | and Séd=| 1 1 0O | = ‘2
0 =1 1 d 1 1 1 1 1 3

Equation (7) for the solution vector ¥ = (x),.ra. x3) tells us two important facts:

. For every & there is one solution to Ax = &, 2. A matnx § produces x = §b.

The next chaplers ask about other equations Ax = b. Is there a solution? How is it

computed? In linear algebra, the notation for the “inverse matrix"” is 4~
Ar =5 issolvedby x = A"'b = 5b,

Nate on calculus.  Let me connect these special matrices 4 and S to calculus. The vector
X changes to a function x (). The differences Ax become the derivative dx/dit = bit). In
the inverse direction, the sum 5 becomes the integral of b(t). The Fundamental Theorem
of Calculus says that infegration 8 is the inverse of differentiation A,

dx I
Ax =5 and r = §h —=baml:r{.r}=f b, (8]
il i)
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Problem Set 1.3

1

Finsd the lineor combinntion 25 + 383 + 453 = k. Then wriie b as 0 matrix-vecior
multiplication 5x. Compuie the dot products (row of 5) - x:

| [ |
e = s3 =1 1 -‘ gy = | 0 | goino the columns of § .
1 | 4 |

Salve these equations Sy = b with 54, 82, 85 in the columns of 5

| 0 0 ¥i | 1 00 ]’55 l
| I 0 ¥ = | sindd | S| | ¥ = 4
I 1 1 V3 1 . 11 |__'|-';|. 4

The sum of the first & odd numbers is

Solve these three equations for vy, ya, v3 interms of By, By, By

1 o0 0 ¥ B,
Sy=2~8 B S vi | =1 B2
I | | ¥y R]

Write the solution ¥ as a matrix A = 5! times the vector B. Are the columns of §
independent or dependent?

Find a combination xyiry <+ xaws + ryw; that gives the zero vector:

1 4 T
Wwy=| 2 W= | 5 wi= | B
3 i 9
Those vectors are (independent) {dependent). The three vectors licina . The

matrix W with those columns is nol imveriihle.

The rows of that matrix B produce three vectors (I write them as columns):

1 2 3
1= 4 Fz = 5 F3 = &
T Y 9

Linedr algebra savs that these vectors must also le in a plane. There must be many
combinations with vyry + y2rF2 + vars = 0. Find two sets of v's,

Which values of ¢ give dependent columns (combination equals zero)?

1 3 5§ 1 0 ¢ c T ¢
I 2 4 I R 2 1 5
| S 0 1 1 3 3 b



