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Diagonalization

• Definition:

• A square matrix A is said to be diagonalizable if it is similar to some

diagonal matrix; that is, if there exists an invertible matrix P such that 𝑃−1𝐴𝑃 is 

diagonal , the matrix p is said to  diagonalize to A.



𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑠𝑒𝑑 𝑎 2 × 2 𝑚𝑎𝑡𝑟𝑖𝑥

𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑠𝑒 𝑡ℎ𝑒 𝑡ℎ𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝐴 =
5 −3
−6 2

𝑡ℎ𝑒 𝑒𝑖𝑔𝑒𝑛 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝐴 𝑎𝑟𝑒 − 1 𝑎𝑛𝑑 8

And eigen vector are  
1
2

𝑎𝑛𝑑
1
−1

respectively

𝐷 =
−1 0
0 8

𝑃 =
1 1
2 −1

𝑃−1 =
1

3
1 1
2 −1

𝑃 𝐷 𝑃−1 =
1 1
2 −1

−1 0
0 8

1

3

1 1
2 −1

= 
5 −3
6 2

=A

𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑠𝑒𝑑 𝑎 3 × 3 𝑚𝑎𝑡𝑟𝑖𝑥 A = 
−1 −2 2
4 3 −4
0 −2 1

𝜆Ι − 𝐴 =
𝜆 + 1 2 −2
−4 𝜆 − 3 4
0 2 𝜆 − 1

=0

(𝜆+1)((𝜆-3)(𝜆-1)-8) -2 (-4(𝜆-1)-0) -2(-8 -0) =0 𝜆 + 1 𝜆2 − 𝜆 − 3𝜆 + 3 − 8 + 2(4𝜆 − 4) +16 =0

𝜆3 − 4𝜆2 − 5𝜆 + 𝜆2 − 4𝜆 − 5 + 8𝜆 + 8 = 0

𝜆3 − 7𝜆2 − 14𝜆 + 3 = 0



(𝜆-1)(𝜆2 − 2𝜆 − 3) =0

(𝜆-1)(𝜆+1)(𝜆-3)  =0

𝜆1 = 1, 𝜆2 = −1, 𝜆3 = 3

𝜆1 = 𝜆 = 1

2 2 −2
−4 −2 4
0 2 0

𝑥1
𝑥2
𝑥3

=0

2 2 −2
−4 −2 4
0 2 0

𝑥1
𝑥2
𝑥3

=0 

𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑒𝑙𝑖𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛

1 0 −1
0 1 0
0 0 0

𝑥1
𝑥2
𝑥3

=0

𝑥1 -𝑥3 = 0
𝑥2 = 0

𝑥1 = 𝑥2

𝑥1 =k
𝑥2 = 𝑘
𝑥3 = 𝑜

𝑥1
𝑥2
𝑥3
𝑥2
𝑥3

𝑥1
𝑥2
𝑥3

𝑥1
𝑥2
𝑥3

𝑥1
𝑥2
𝑥3

𝑥1
𝑥2
𝑥3

𝑥1
𝑥2
𝑥3



𝐸𝑥𝑎𝑚𝑝𝑙𝑒 01 ∶ 𝐹𝑖𝑛𝑑𝑖𝑛𝑔 𝑡ℎ𝑒 𝑀𝑎𝑡𝑟𝑖𝑥 𝑃 𝑡ℎ𝑎𝑡 𝐷𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑧𝑒𝑑 a Matrix A

𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑝 𝑡ℎ𝑎𝑡 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙𝑖𝑧𝑒𝑠 𝐴 =
0 0 −2
1 2 1
1 0 3

SOL:

det 𝜆Ι − 𝐴 = 0

𝜆
1 0 0
0 1 0
0 0 1

−
0 0 −2
1 2 1
1 0 3

= 0

𝜆 0 0
0 𝜆 0
0 0 𝜆

−
0 0 −2
1 2 1
1 0 3

=0

𝜆 0 2
−1 𝜆 − 2 −1
−1 0 𝜆 − 3

= 0 

𝜆 − 1 𝜆 − 2 2 = 0

𝜆1 = 1 , 𝜆2 = 2

𝑁𝑜𝑤 𝑓𝑖𝑛𝑑 𝑏𝑎𝑠𝑒𝑠

𝐺𝑎𝑢𝑠𝑠𝑖𝑎𝑛 𝑒𝑙𝑖𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛

1 0 2
−1 1 − 2 −1
−1 0 1 − 3

𝑥1
𝑥2
𝑥3

=
0
0
0

1 0 2
−1 −1 −1
−1 0 −2

𝑥1
𝑥2
𝑥3

=
0
0
0

𝜆1 = 1












