» Theorem

Assume @ T on [a.+). If f € R(a:a.b) for every b>a and if [| f |da

canverges, then J f dax also converges.

Or: An absolutely convergent integrul is convergent.

Proof
I »2>g., £f{x) < |f{r]’
= |f(0)|- f(x)=20
= 0<|f(®) |- flx)<2| f ()|
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= _mf I-f}:‘fn: CONVErges.,

Subtracting from _” f|da we find that I f da converges.

( - Difference ol two convergent integrals is convergent )
» Note

_[ f da is snid to converge absolutely if j| f |de converges, It is said to be

convergent conditionally if J- fda converges but _” f|da diverges.

» Remark
Every absolutely convergent integral is convergent.
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» Question

Show that _l-e" cosxdr is absolutely convergent,
4]

Solution
If_' cosx l{ e and Ir" de=1
. the given integral is absolutely convergent. (comparison test)

» Question

—&

i
Show that o is convergent.
'!- J I=-x*

Solution
r" <l ond 1+ r:::v-l

J Jﬂ .I:l[|+t} Jl-,r
1
Als 7_d =1
50 J X ;I-IEJ‘ — dx

=limsin (1-2)=

£—sil

b | 5

e A
=> I =t is canvergent. (by comparison test)
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Let $(x) be bounded and monotonic in [a,+m] and let ¢ (x)— 0, when

A
x—m, Also let _[ f(x)ex be bounded when X 2a.
Then [ f(x)¢(x)dx is convergent.

» Example

L. rsinx
Consider j —fx
h X

sin.x
: —]1 as x—0.

X
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. 0 is not a point of infinite discontinuity.

si

Now consider the improper integral f == dr.
oW

1 A . .
The factaor = of the integrand is monotonic and — 0 as x — o,
x

Also

X
j sin xdx
|

=|=cos X +cu:—:{1]|£|cusx |+ |cos(h) | <2

X
Sothat [sinxdx is bounded above for every X 1.
1

sin.x : g siny , . .
= J dx is convergent. Now since }- dv is a proper integral, we see
X x
I i

Tsinx , .
that I dx is convergent.

.
» Example

Consider J!iill X dx.

L] " I k]
We write  sinx’ =2—-11n.'-:-'.1n.1rz
X

Now jEil‘lI:dj: i-11.'-.'iin.1r:.111c
: Ilt

— 15 monolomc and =50 as yr— oo .

2x

Also =!—Cﬂ5;{1+[:ﬂ5{1] <2

X
Jlts'm X dx
1

X
So that }'z“infdr is bounded for X 21.
1

L i

Hence I%Jrsinx:dx‘ ie. Jsin.rld.r is convergent,
| X |

Since I.‘ii.l'l.tzd'l' is only a proper integral, we see that the given integral is
1]

convergent.
» Example
. T SIin.x
Consider J-l."_'" de , a>0
x
o

Here ™" i1s monotonic and bounded and J-mu:
1]

dx is convergent.
x

T _eaSiDX .
Hence Ie **——dx is convergent.
X
ik
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» Question

=

sinxY
Show that ! T
Solution
" X

dx converges for a > 0.

I:-iil‘l xdx 15 bounded because _[sfm rdv<2 VYV x>0.

] [H]

Furthermore the function
(1+x)

sinx
{1+ x)"

= the integral _[
1]

. & >0 is monolonic on [-:].+:r.1}.

dx is convergent.
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