§22] THE BEHAVIOR OF LOG r(2) FOR LARGE |:z| 31
|z + z|* 2 [z 4+ Re(2)]* + |z|*sin® 5, for Re(z) < 0.
It follows that

[ER st o(LL),

as |z2| — @ in |argz| = » —8, & > 0.
We have shown that as |z| —» = in |argz| = = =5, 8 > 0,

(4) logT(z) = (z — 3) Lloogz — z + 4 Log(27) + o(1).

Indeed we showed a little more than that, but (4) is itselfl more
precise than is needed later in this book.

From (4) we obtain at once the actual result to be employed in
Chapter 5.

THeoreM 13. As |z| — « in the region where |argz| = » — &
and |arg(z +a)] S~ — 5,8 >0,

(5) logT(z +a) = (z+ a — }) Logz — z + O(1).
o
(z) 1
1. Start with —= ”:] = _T--_E(r+n_;)
prove that

2r'(22)  I'(z) _ r'(z+ 1)
2z ~ T2 1{:-{-]’

yhus derive Legendre's duplication formula, page 24.

fnw that I"(3) = — (¥ + 2 Log 2)\/=.
3. Use Euler's integral (orm ['(z) = ‘L‘ e~ di to show that (2 4+ 1) = 2I'(2).
J Show that ['(z) = Lim n*B(z, n).

Derive the following properties of the Beta function:

(8) pBlp,q+ 1) = qB(p + 1,4);

(b) B(p,g) = Blp+1,9) + Blp,q + 1);

(e) {p+ Q)B(p, ¢+ 1) = qB(p, ¢);
(d) B(p, q}B(p + q,7) = B(q, r)B(g + r, p).

6. Show that for positive integral n, B{p, n + 1) = nl/(plasy.

=2 log 2,

1
w.luntef([ + z)F i1 — )i dr.
-1
Ans. 20v18(p, g).
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SOLUTIONS TO RAINVILLE'S *3PECIAL FUNCTIONS" [1BGO) "]
Solution 11. Lt

ttanfd = (1- - Jen (2
L

: )
_ 1+z+1:5 :'3+ 1 +zg+lz:+lz+
= m T e A T g i
1 1

m. 2l + c+n
I A I S W 3
=1+ n e+4n =+ Eln']_'n[:+ nj + In? " 2nieta) /)" e
c e—n :—{k—l ok
=1+ nl';f+n'||:+ 2nte+ n.}- Z kln*{c—!—n}

c 1 1
= - 24 — |-
1+n|[f+n]z En{cJ_—ﬂ]l 'ﬂ(ng)

Thus, for e nol o noguttre mibcger and for any fintde 2, there 1 o constant 1 such

H
that |ealz]| < ] und pg by Thoorems 3 und § the product convergea absolutely and

untformly.
2. CHAPTER 2 SOLUTIONS
. l'“l{.::l
Problem 1. Stort unth {1}m =—7—=— Z , prove thad
z n
o]
. - -

{2z} Tlz) 1=+ 2:I

urd dorive Logondre's duplication formulo, poge 84

olution 1. Applying (1) throe timen ond simpltfying yieids

arY(zz) Iz T+1)
r{2z) iz} Tiz+ 5}

2 1 1 = P 2 = 1 1 = 1 1
= n-gtvt it (e ) 2 () (e )

2 2 2 " 1 1 2 1
- _ 1 e li — .= li e B
241 uEE.:E("—'_:+£: k)+nﬂ§(:+k k)+n5';§(1:+1+2k 1-)

q

an n
. 2 a 7
_ £ lm |5 By, H, - _H,
gt ‘—-;Zz e +Zl+2k +§23+2k+1 ]
Tn+1

2- + lim E o k o+ 2 — 2H,,j|

2
im —— + lim (283, — 2H,
2.,+1+1,T1+n1-r12:+2n:1 A (2Hzn )
_D+D+21Lm [(Hiy —log2n] — [Hy —lup;n}l-l—lnﬂﬂn—luﬁn|

=2y—+ luﬁ"]
=22 O

roblem 2. Show thet F’H;} = —[v+ 2log 2], /ir.

Scanned with CamScanner




10 BOLUTIONS OV SYLVESTER J. PAGAND AND LEON HALL: EDITED BY TOM CUCHTA

Solotion 2. By Freblem 1, we brow that
w2z iz Ma+g)

_ — =2lop2.

M) T Te+i)

Pl =

Now el to get

r) Tl T
M0~ T() T

2 = 2oz 2

and o, alycbma yelds .
r(s) _ T(1)

T = T —2log 2.
But T(1) = 1,I'(1) = —1,T(3) = /7, henee
r:::é} =—%—2]ug2,
und by roorrangemend,
D(3) = —(r+2log2)yF O

roblem 3. Eee Evler's integrul form T[z) =f e Va0 to phow that
]
[fz+ 1) =z[(z).

Solution 3. Fom I'(z) =Jr e Ve, for @(z) > 0, integration by parts yiclds
1]

u=_t" du=r¢c""dt | [{z+1) =f et dt
(L
du=rst*"! p=—¢7" =[—t‘r"];"'+zf =g
[}
=04 z[(z],

where !'I.il:.n. —t%c ™" eomveryen for @{z) >0 O

V Problem 4. Show thaf 1—'{::] = lim n'E[z,n}_
Fl =+

Solution 4. From puge 28 {1), we know

gy R
r[h} i ulircu {J}n '
b T(z)T(n) Tfzifn-1 [(a—1)
Blam =T = @t - @
Henee

Clz] = lim n"B{z,n). O

Problem 6. Derve the following properiica of the fefu function:
u) pBip.g+ 1) =gB(p+1,g);
(b) Bi{p.q) = B(p+1.q)+ Bp.g+1);

||'_':'.|‘l ':P+ q'I'EEPr']"I' 1= ‘IB{F 'i'}l-
(d) Bip q)B(p+q.7) = B(g.r)3 g+ rp).
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EDOLUTIONS TO RAINVILLE'S *SPFECIAL FUNCTIONS" [1BG0)
: {p)T{g)
otion 5. fu) We know Blp, g) = ==, =0
T{p+aq)

plipCig+1) _ T(p+1)ql{q)
FH{F‘1|I+I}= T{P'l'q'l'” = F[p+1+q} =qB{P+l1q}'

(nole: p—+ g and g — p — 12 this the symmetric properiy?)
(b}
_ T{piTiq)

(Frp}il
- T retD

+
(pLgTtpITlg)

B Flj +a+1)
birle it
I‘{F+q+l}| 1"|'{u_|.q_|_1:|
4)
_E{P+1-‘T}+B[Pq+1]
(p+ g1 Bipg+1) _{F+q]r[f}:ir{1+”
_(p+qll(p)l(g+1)
+q)T I'IF'+q

B(p.q)

fe)

r{ Tlg

_ Tip) 91"[53
Tip+g)
=q8(p.q).

i - I
_ FpIT(g)T{n)

T n
RS Tt )

" T{g+tm) T{p+g+n)
=Blg.n)B{g+mp). O

(2)
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EDOLUTIONS TO RAINVILLE'S *SPFECIAL FUNCTIONS" [1BG0)
L{p)T(g)
otion 5. fu) We know Bip, g) = , i
T{p+aq)

plip)Tig+ 1}  T(p+1)qCg)
FH{F‘H-FI}— T{P'l'q'l'” = F[P-!-IJ.—q:I =qB{P+l1q}'

fnutr p— g und g — p — ta this the symmetric properiy?)
_ TipiTiq)

r )
_ it

Tp+g+1

+

_ A oTprlg)
Tip+g+1]

T AR RN
r{p+q+1} F[’G+q+lj

T T 1]
T{p+q+1)
= Blp+ L.g)+ Blp.g+1).
(p+qlBlpg+1) = {F+=I]rf_-|l_='}qjl'j'_!11'+ 1)
_ (p+q)T(pll(g+1)

+q)T Fl.n+q
_ Tip) 91"[53}
Tip+g)
=g8(p.q).
BlpBlp+an) =l P
_ T(pIT(g)T{n)
r m
BRI T+
_ T(g+n) Tp+g+na)

Bip,q)

r{p+ +1}|+

_ T(p)lg
g n|B{g+np) O
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12 SOLUTIONS OY SYLYESTER J. PAGAND AND LEON HALL; EDITED BY TOM CUOCHTA

oblem 8. Show tha! for postéive micgruin, Bpnt+ 1= |'_P].I1! .
n+1

Solutlon 6. For mteyer noand weing Theorem 7 (py. 25),
_ Tip)n+1)
Mp+n+1)
_ e
{(p+1],T(p+1)
__ T(pnt
tp+ %JHPF[P]

=P{r:!|+1]n

- ‘_P']n+l I

Bi{pm+1)

|
o em 7. Fvaluate f 1+ 1-:]1“1{1 . I]'_id::,
-1

1
1
Solutlon 7. Let A = f (M4 2P 1 —2)7  de. Now et y = _42":_ =2y
1

1,1—::2—2]}:2[1—_;;}. Henee
1
A =Jf gP—lyp=lge=liy _ )3 lady
a

!

= prtg—1 !‘.F—l“ _qu—ld-y
i

=21 Bpq). O

Problem 8. Show that far 0 < k <n,
(—1]*{a}n

(s =

ote purttculorly the speeind cuse a = 1.
Solutlon B. Conastder {l:t]ln—h for0<k<n. Then
[2)n—k =alo+l}.  jat+tn—k-1]

_ofa4+l)..(latn—k—1)[la+n—Kkllat+n—-k+1}.. (a+n—1]|
- (a) ja+n—1lla4+n-2)._.latn-k)

a4+ n—Kk)

— CIF I —a—nh

_ (=1"a}

T l—m—nl

Note fora =1, that {[n =k} = -
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