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we can equally well write the result (3) in the form

. n! n*
(4) I =Eﬂl 2(z+ 1)(z+2)---(z+ n)

12. The difference equation I'(z + 1) = zI'(z). [Irom Euler’s
product for T'(z) we obtain

Pe+1) _ 2 Il (1 + )+ ]
)6
A [ D0+ 20+ ]

z ; k41 ' b4z )
241 o3ee k=i & L+z<4+1

_z y.on+1 14+2
T Am T oy
Therelore
(1) Iz 4+ 1) = 2T(z)

for all finite z except for the poles of T'(z).

If z = m, a positive integer, iterated use of the equation (1) yvields
r(m+1) =m!. Since I'(1) =1, this is another of the many reasons
we define 0! = 1.

13. The order symbols 0 and O. Let R be a region in the com-
plex z-plane. If and only il

Lim & _o¢

e In B E{-Zj -
we write
J(z) = o[g(2)], asz — cin R.
J(z)

If and ﬂl.’ll}"' if E{—z—)'

Sf(z) = O[g(2)], as z — ¢ in I2.

is bounded as z — ¢ in 2, we write
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§15] EULER'S INTEGRAL FOR 1(z) 15

H (n+a,)(n-4as)- - - (n4a.) _ r(14b)r(1+bs)---T(14b,) .
+E (n4b)(n4by) - - (n+b) — T(14a)T(14ay)---T(14a,)

If one or more of the a. is a negative integer, the product on the
left is zero, which agrees with the existence of one or more poles of
the denominator factors on the right.

Examrre: Evaluate

H{c—ﬂ+n—1}(c—b+n-—1}
amifc+n—1)e—a—=b+n-—1)

Since(c—a—-1D+(c—b—-1)=(c=-1)4+(c—a—>b—1),
we may employ Theorem 5 if no one of the quantities ¢, ¢ — a,
¢ —b, ¢ —a — b is either zero or a negative integer.  With those
restrictions we obtain

(4) H(c-—-n+n—l}{c—-h—l—n—l] re)T(ce—a—2"5)
dfe+n—NNc—a—b+n—1) Tlc—a)T(c—0b)

uler’s integral for I'(z). Llementary treatments of the

ma function are usually based on an integral definition.

Theorem 6 connects the function I'(z) defined by the Weierstrass
product with that defined by Euler’s integral.

Treorem 6. IS Re(z) > 0,

(1) r{z) = fnc-'t'—l dl.

We shall establish four lemmas intended to break the proof of
Theorem 6 into simple parts.

Lemmal. If0€a<l,14+ a=expla) (1 —a)".

Proof: Compare the three series
1+a=1+agq, exp(a)—1+a+2 (l—a)'=1+a+ X a™

n=2Tt n=?

Lemma 2. If 02 a<1, (I —a) 21— na, for n a posilive
inleger.
Proof: Forn=1,1—a=1—1"a,asdesired. Nextassume
that
(1—ea)t=1—ka,
and multiply each member by (1 — «) to obtain

(1=a)Z2(l=c¥l—4ka)=1—-(k+ Na + ka?,
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16 THE GAMMA AND BETA FUNCTIONS |[Ch.2

50 that
1= z1—(k+ e

Lemma 2 now follows by induction.

Lemma 8. If0 = ! < n, n a posilive inleger,

" =&
Déf"’—(l—-i) é.t_.f__

n H

Proof: Use o« = t/n in Lemma 1 to pet

{ { t\!
141 sen(;) 5 ‘5)
from which
t L l I -
(2) (1+5)§c§(1_ﬁ)
or
AT A"
1+ 2z (1-2),
so that

3) et — (1 - %) > 0.

But also
SR
n n

and, by (2), et = (1 + %). Hence

0 e(-eli-(-5)

Now Lemma 2 with a = £/n* yiclds

" ;]
CERE
n n

which may be used in (4) to obtain

(5) r'—(]—:-i)qgc-'[l—lq_f_:]:m

n

v

The inequalities (3) and (53) constitute the result stated in

Lemma 3.
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Lemma 4. If n 18 inlegral and Re(z) > 0,

(6) r'(z) = Lim n(l - ;,) i dt,

L T

Proof: In the integral on the right in (6) put { = ng and
thus obtain

(7) j:(l - :_:)-!'_I dt = *u'J:][l - BI"a—" dp.

An integration by parts gives us the reduction formula

; [ 1 a
Ja~aramas=2[a~prpas

iteration of which vields

! e B nin — 1in — 2)---1 I hum
[ = oo s = ey ey e
nl

T A DEF DG
Now (7) becomes

! nlnrs
-[':(l - ') P TP Sy Py

so that
; " t\" nine B
Lim . (1 B ) trtdt = Lim o G - @

by equation (4), page 12,
We are now in a position to prove Theorem 6, which states that

(8) T(z) = fmf“'l"_l di, Re(z) > 0.

The integral on the right in (8) converges for Re(z) > 0. With
the aid of Lemma 4, write

frrr.r-r dt = 1) = Lim U it — f (1 - —) - dt]
= tin [ [ = (1= D)oot [ouma.
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18 THE GAMMA AND BETA FUNCTIONS |[Ch.2

From the convergence of the integral on the right in (8) it follows
that

Lim e =i dt =0,
i "
Hence

(9) J: "t dl — T(2) = Lim ;[e" - (1 - f;)"]zrt dL.

But, by Lemma 3 and the lact that |£] = ¥«

f.[e-—t —_ (1 — E)-]p—l dl| = f‘ﬁ?“' « (Matd=t ot
0 n o

n

g _l_f "lef (fRelel 41 df.
L}

n

anf g~ !{Reta+1 (f converges, sof e~itRatn+t di js bounded. There-
1] 1]

tim [~ (1= 3) Jmr =

and we may conclude from equation (9) that (8) is valid.

fore

16. The Beta function. We define the 3eta function B{p, q) by

(1} B(pﬂﬂ = fltp_d“- - ")q-l t’”: RE(F] > U, HE{*}'] - D-

Another useful form for this function can be obtained by putting
t = sin? p, thus arriving at

i
(2) B(pg) = 2f sin?*~ly costvlp dp, Re(p) > 0, Re(q) > 0.
Li]

The Beta function is intimately related to the Gamma function.
Consider the product

3) I(p)T(g) = J; “em e dt - f “emret db,

In (3) use t = z? and v = ¥* to obtain

I'(p)Tig) = 4J:=e:~:p(—xr);|:h—| dr - _Emefo—y’}y"“ dy,
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